CE 341/441 - Review 1 - Fall 2004

REVIEW NO. 1

TAYLOR SERIES

 Find f(x) away fronx = a giverf(a) and the derivativesfgk) evaluated-ata

2 42 34,3 4 4

f(x) = f(a)+(x—a)ﬂ‘ +(X_Ia) d f2 +(X_la) d 2 +(X_|a) d 1;
dXX:a 2! d x B 3! d x B 41 d x B
X=a X=a X =a

n 4n n+1
e L(x-a)* asgsx
n! dx" (n+ 1)! an+1E
X=a

* Notes
e f(a) and the derivatives df evaluatedkat a are constanhanddependent.
* When we use Taylor Series we do not carry all terms!

» Our derivations typically carry enough terms to allow us to establish the error in our
formula.
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* Depending on what our purposes are, we may:

« Truncate the series and only carry tgx— a)" term

, (x=a)°d’f

X=a 2! dx

+O(Xx— a)3

X=a

f(x) = f(a)+ (x—a)gi

e The error term iSE = O( x— 61)3

» Carry enough terms so that we have a detailed form of the largest portion of the error

term
2 42 3,3
f(x) = f(a)+(x—a)d| +&x=df A Sal: VN N P VNS
dXx:a 2! dX2 3! dX3
X=a X=a
_a)3d°®
* The error term ist = (x-a)'d |
31 gy
X=a

e The O(x—a)" term is carried to ensure that we know that this next term is
where we systematically truncate all terms
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« Carry even more terms so that we have information about the leading error terms as
well as subsequent error terms.

) = fla) s df| , (x=a’d’f| | (x=a’df| x-a'd|
() = Ha)*+ (x-a)g, 21 42 CTRNE TR
X=a X X=a X X=a X X=a
5,5
L (X 5|a) d ; +O(x—a)°
©odxT|
X=a
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« Carry only the remainder term which represatitserms in the truncated series

2,2 3,3
f(x) = f(a)+(x—a)d| L= dl  (x-adf a<f<x
dX 2! d 2 3! 3
X = a X | dx | _
X=a x=¢&
3,3
e Errortermisg = (x—a) df
3! 3
dx7|, _ ¢

* We note thag = &(x) therefore depends on where you're evaluatk)g

« Typically we just estimat&€ as a starting or a mid point in the interval as a
constant!

 However when you differentiate or integrate the error terms which invélve
you must be very careful. It is best to consider a sequence of terms evaluated at
X =a
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NUMERICAL SOLUTION T O LINEAR SYSTEMS OF ALGEBRAIC EQ UA-
TIONS

» Solve the system of linear algebraic equations
AX =B

Dir ect Methods
 All direct methods are based on some type of triangulation

Gauss elimination

» Develop an upper triangular matrix by manipulatthg Bnd. o(n)® operations

» Perform backward solution sweep o(n)° operations

p. R1.5
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LU decomposition - Cholesky decomposition (a factor method)

« Decomposer = L U where is alower triangular matrix &hd is an upper triangular
matrix

SolveLUX =B O L(UX) =B

Let
e UX =Y - Solve using dackward substitutiosweep

LY = B - Solve using &orward substitutiorsweep

Advantage- LU decomposition take©(n)® operations while the backward/forward
sweeps takeO(n)” operations wheare the size of the matrix

Therefore LU decomposition is beneficial when  remains the sama&and changes
many times (as in the case of time stepping solutions to p.d.e.’s.)
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Matrix conditioning

« lll-conditioned matrices lead to inaccurate solutionsxor
» Diagonally dominant matrices are not ill-conditioned.
» We use pivoting to improve structure/conditioning of the matrix

» Roundoff effects how badly ill-conditioning effects the solution

» Use larger word size
. . 2 3 :
» Use iterative methods only O(n)® versusO(n)” operations

Matrix storage
o full

banded

symmetrical
skyline

non-zero locations only (must still store pointers to identify matrix locations)
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lterati ve Methods

« Based on using a starting approximation to all terms in every equation except the term
on the diagonal which you solve for

Point Jacobi Method:Iterate using values from the previous iteration. It is the simplest
method

Gauss-Seidel:Like Point Jacobi except you update all values with the most recently
computed value

Point Relaxation Methodsimprove estimates based on previous estimates (either
average or extrapolate out)

Stability of iterative methods is only guaranteed if the matrix is diagonally dominant.
The solution may or may not be stable if the matrix is diagonal.

lterative methods are useful for

* very large sparse systems (benefits include storage and number of operations)
* ill-conditioned systems
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INTERPOLATION

« Approximate function f(x) with g(x) by passingg(x) through functional and/or
derivative values at specific nodes (data points)

Lagrange Interpolation

 Given N+1 data points-. pass anN™ degree polynomial through thdunctional
values at these nodes

y

Xy Xy Ko Xg Xy o Xy
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Method 1 to derie g(x): Fower series

« Set up generidl" degree polynomiaf(x) = a,+a;x + a2x2 + ...+ aNxN

« Force g(x) = f; at i = 0,N nodegor data or interpolation points)

 Solve for unknown coefficientg i,= 0,N  from the resulting constraint equations

Method 2 to derie g(x): Lagrange basis functions

« Each Lagrange basis function is associated with a data point/node

* Results in the same functiag{x) @ as method 1.
N
g(x) = Z fiVi(x)
I=0

Vi(x) = (X =Xg) (X=X ) (X =Xo) e (X=X _ ) L) (X=X 4 ) --- (X =Xy)
i (X = Xo) (% = X) (X; = X5) ... (X = X _ 1) (Xj = Xj 4 1) - (X; = X))

i = ]
vity) :%10 i # ]
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« Example for a 3 data point quadratic interpolation function

g(x) = f V,(x)+ fV(X) + V(%)

A
101 1.0V, (X)
- —4¢ > X
=3 x1=\ 4 %=°
A
201 —20Vi(¥
} = X
A
4.0+ 4.0 V2(X)
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g(x) = 1.0 Vy(x) + 2.0V, (X) + 4.0V,(X)
~

%QS ﬁ;4 &¥5

» Error for Lagrange Interpolation

e(x) = f(x)—g(x)

(X =X)(X=X1)...(X=XN) (N +1)
(N +11)! =) XoSE<X

e(x) = oS

» We typically approximatef(N *U)  atsome point in the interval. We can also use a
difference approximation to estimaté' “ ()
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Method 3 to derie g(x): Newton érward interpolation

A 1 g 1 NS
g(x) = f0+(x—xo)——h—°+§(x—xo)(x—x1) h20 +§(X—Xo)(X—X1)(X—X2)—F]§9

AN

+ ... +%(X—XO)(X—XD(X_XZ)---(X_XN—l) hNo

where

i T Af, A%t N At

0| f, |Af, = f,—f | A, = Af,—Af | A°F, = A°F —A°F, | A*F, = A°F,—n°F,
1| f, |Af, = f,—f, A°F, = Af,—AF, | 0°F, = A°F,—A°f,

2 | f, | Af, = fo—f, Af, = Af,—AT,

3| fy|Afy=f,—f,

4 | f,
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« Establishes theameN" degree polynomial interpolating function as Lagrange except
using forward difference operators

 However it is much more efficient to implement computationally as compared to the
Power series or Lagrange basis functions methods

» The error is again given by:

o(2) = 1) -g() = T R g Ky <E<x

and can be approximated as:

(X=X )(X=Xp)...(x=xy) AN"*f

(N +1)! AN+ 1

(0]

e(x) [
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Interpolation using Chéyshev roots

 If you selectN +1 nodes (data points) within a given interval to be the roots of the

N+ 1™ degree Chebyshev polynomial, then you minimize the polynomial term in the
general error expression for polynomial interpolation

Thus if you select the roots afy . ,(x)  to be the nodes/data/interpolation points

€00 = 001"V

Py +1(X) has the minimum maximum value ovex, X, ] of any polynomial.

Therefore we have effectively minimized the maximum error.

Find the roots of the Chebyshev polynomial and use these roots as data points in
Lagrange interpolation formulae
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Extrapolation

» Extend the interpolation to range outside of the range of the data points

Hermite Inter polation

« Develop an interpolating function which passes througk+1  functional values as

well as the 1st, 2nd and subsequent derivatives atlthe1 data points
— )o( SN s — X
P N
f,, £1. £ G
0T W @ IR AT AR
11

* Needtosetupdp+1) (N+1)-1 degree polynomial to match up tqothéerivative
atN + 1 data points.
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ROOT FINDING ALGORITHMS

Bisection Method br Finding Roots

« Solve for the roots of nonlinear algebraic equations
e Based on interval halving and the sign of the function changing on the interval

* Problem with double roots, multiple roots in an interval and singularities

Newton-Raphson Method

« Iterative formula for finding roots derived by developing a Taylor Series expansion for
f (x) and using only two terms of the Taylor Series and setting this to zero.

f(x) = f(x)+ fM(x)(x—x)+H.O.T.
« Since we are trying to find the root such that) = 0

00 f(xy)+ F M (x)(x —x,)
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e Start out with a guesg - computex,

* Apply the formula recursively

p. R1.18
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