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Abstract

The reaction-di usion system modeling the dorsal-ventral paterning during the zebra sh
embryo development, developed in [Y.-T. Zhang, A.D. Lander,Q. Nie, Journal of Theoretical
Biology, 248 (2007), 579{589] has multiple steady state sations. In this paper, we describe the
computation of seven steady state solutions found by discitezing the boundary value problem
using a nite di erence scheme and solving the resulting poynomial system using algorithms
from numerical algebraic geometry. The stability of each ofthese steady state solutions is
studied by mathematical analysis and numerical simulatiors via a time marching approach.
The results of this paper show that three of the seven steadytate solutions are stable and the
organizer of the zebra sh embryo plays an important role in the selection of the steady state
pattern in this multi-stability system.
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1 Introduction

The proper functioning of tissues and organs requires that &ch cell di erentiates appropriately
for its position. In many cases, the positional information that instructs cells about their
prospective fates is conveyed by concentration gradients fomorphogens bound to cellular
receptors. Morphogens are signaling molecules that, whendund to receptors, assign di erent
cell fates at di erent concentrations [8, 10]. Morphogen ation is of special importance in
understanding development, as it is a highly e cient way for a population of uncommitted
cells in an embryo to create complex patterns of gene expreiss in space [5].

In [11], a nonlinear reaction-di usion model on both three-dimensional and a simpli ed
one-dimensional spatial domains was developed for computatal analysis of BMP morphogen
gradient formation in dorsal-ventral patterning of the zebra sh embryo. The model predicts
that the dorsal organizer of the zebra sh embryo plays a key ple in forming a stable non-
homogeneous morphogen gradient, and the prediction agreesgell with the existing biological
experiments [6]. We brie y describe the model in the followng paragraphs.

Consider the dorsal-ventral axis of the zebra sh embryo. Themodel simpli es it to a one-
dimensional segment 0 X  Xmax With the dorsal organizer being located at the corner of
the dorsal region, as shown in Figure (1).
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Figure 1.1: The simpli ed one dimensional geometry of wild type zebra sh embryo.
The dorsal organizer is located at the end with the size% of the whole embryo.

Let [L] and [LR] denote the concentration of the morphogen BMP and the concetration of
BMP-receptor complexes (to which BMP signaling is assumed tdbe proportional), respectively.
The concentration of the free molecule Chordin (an inhibitar of BMP) and the concentration
of BMP-Chordin complex are denoted by [C] and [LC], respectively. Let Ry denote the total
receptor concentration and letD |, D¢, and D s represent the three di usion coe cients for
BMP, Chordin, BMP-Chordin complexes, respectively. The valuesKon, Koff , Kdeg, jon: Joff »
and are the binding and degradation rates for BMP, Chordin, and their complexes. With



this notation, the reaction-di usion model that is formulat ed in [11] is as follows:
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(1.1)

whereVc and V_ are the production rates of molecules Chordin and BMP, respetively, de ned
by
Vemax  Vemin | Veorge *; if x EXmax;

Ve = Vemin +
o) Cmin 1+ c[LR] o: otherwise.

(1.2)

VLmax VLmin

VL = Vimin +

The terms Vcorg€ at and Vimat € P! represent the maternal production rates of Chordin and
BMP [11].
The system (1.1) is subjected to the no- ux boundary conditions

@] _ @cj]_ @c

@x @x @x
Although no boundary condition is assumed for [R], the initial data for [ LR ] does satisfy the
no- ux boundary condition. Thus, by using the system (1.1), we also have

@LR]
@x

Parameter studies were performed in [11] and, with the follawing biological reasonable
parameters

=0 for X =0;Xmax: (1.4)

=0 for x =0;Xmax : (1.5)

Xmax = 0:088m;
D.=Ds =Dc=8:5 10 ‘cm?s 1 kon=0:4M 1s %
Ro=3:0M; Kof =4 105 1
jon=10M ‘'s % jof =1:0 10 5s L
=0:01s % Kdeg=5:0 10 s %; w6
Vemin =8:0 10 *Ms 1 Vemax =8:0 10 ?Ms 1 '
Veorg =6:68 10 *Ms % c=10M 1
a=0:016% *; Vimn =1:0 10 °Ms 1
Vimax =6:0 10 3Ms 1 L =10 M;
Vimat =5:01 10 ?Ms 1 b=0:016% *;



a hon-homogeneous spatial BMP morphogen gradient is formedThe high concentration region
of BMP-receptor complex will develop into the ventral tissue of the zebra sh, and the low
concentration region will become the dorsal part of the sh.

In this paper, we study multiple steady state solutions of the reaction-di usion system
(1.1). We obtain seven steady state solutions by numericajl solving the corresponding bound-
ary value problem using a combination of a nite di erence discretization of the di erential
equation and numerical algebraic geometric methods for swing the resulting nonlinear alge-
braic system. The stability of each steady state solution isstudied using mathematical analysis
and numerical simulations via a time marching approach. We kow that three of the seven
steady state solutions are stable and the organizer of the #a sh embryo plays an important
role in the selection of the steady state pattern in this multi-stability system.

Yong-Tao Zhang proposed the problem of nding stable solutims for the zebra sh model
in this article. His student Yuan Liu approached the problem by looking at the limits of
the di usion problem by time-marching methods. Andrew Sommese proposed solving com-
pletely the nonlinear polynomial system associated to the wtionary problem for a modest
grid, choosing appropriate solutions from those found, ande ning them to a larger grid. The
work of setting up the polynomial systems and deciding how tae ne was done primarily by his
student Jonathan Hauenstein with contributions by Sommesés student Wenrui Hao. Bei Hu
gave guidance on numerous issues connected with the systemdamodi cations for numerical
solving. He also led the investigation into the stability of the solutions found, with the main
work on numerical veri cation done by Yuan Liu followed by Jo nathan Hauenstein.

2 Multiple steady state solutions

The steady state solutions of the system (1.1) satisfy the ftbowing boundary value problem:

0= DL@C';[I)%] Kon[LI(Ro [LR]) + Kot [LR] jon[LIC]+ (jort + )ILC]+ Vi;
0=Kon[L](Ro [LR]) (kott + Kdeg)[LR];
diLe (2.1)
0= 015 CoZl 4 jollic] G + LCH
- 0= DC@@E;’] jon[L][C]+ joff [LC]"' VC;
where
0= Xmin X Xmax =0:08&m; (2.2)
_ VCmax VCmin .
Ve = Vemin + 1+ o[LR] (2.3)
and Vi v
_ ] Lmax Lmin
VL = Vimin + 1+ [LR] (2.4)



subjected to the no- ux boundary conditions

@] _ @cC]_ ac]_
@x_ @x _ @x_ (2.5)

The following section describes the computation of the sewe steady state solutions we
obtained for system (2.1).

2.1 Computing multiple steady state solutions

Steady state solutions to the boundary value problem (2.1) vere found by discretizing and
computing all solutions of the resulting system of equatiors using the software package Bertini
[1, 2].

Observe that system (2.1) can be simpli ed by replacing the rst equation with the sum
of the rst three equations and by replacing the last equation with the sum of the last two
equations. Upon clearing denominators, we obtain the boundry value system
8

@IL] @[LC]

0=(LR]+ L) DL@ Kgeg[LR]+ Dis @3

+ Vimin+ +(Mimax  Vimin )[LR];

0= Kon[L]I(Ro [LR]) (kott + Kaeg)[LR];

@[LC]

0= DLS @%

+jon[L][C] (ot + )ILC];

@[C]

0= (1+ C[LR]) D [LC]"'VCmin +VCmax VCmin:

(2.6)

where 0 = Xmin X Xmax = 0:08&m with boundary conditions (2.5). This system is
discretized using the second order central di erence scheefor the interior conditions and
left- and right-sided second order di erence schemes for thédoundary conditions with x =

X Xomi o
w, whereN 3. The boundary conditions for [L] become

3L]o
3[LIn

4[L]s  [Ll
A[LIn 1 [LIn 2

with similar conditions for [LC] and [C].
Using the system (2.6), the boundary conditions for [R] are

Kon[L]o(Ro [LR]o) = (Kot + Kaeg)[LR Jo;
Kon[LIN(Ro  [LRIN) = (Kot + Kaeg)[LR]n:

As suggested by (1.5), we could also utilize the no- ux bounday condition

3LRJo = 4[LR]1 [LR];
SLRIn = 4[LRIn 1 [LRIN 2

@ILR

Either way, since (2.6) does not depend uponi [LR]o and [LR]n only appear in the

boundary conditions for [LR ] in the discretized system This means that they can be compted
after the other values are known.



N | lin. prod. bound | solutions overC | solutions overR | computing nodes| time
3 25 16 6 serial 2.7s
4 125 98 16 serial 14.4s
5 625 544 28 1 21.1s
6 3,125 2,882 184 5 51.6s
7 15,625 14,896 930 25 2m43s
8 78,125 75,938 3,720 25 35m2s
9 390,625 384,064 17,974 25 11h3m
Table 2.1: Summary of solving the discretized system for 3N 9

With these simpli cations, the discretized polynomial system that we solved consisted of

4(N 1) quadratic polynomials in 4(N 1) variables. For 3 N 9, we computed all

solutions of this polynomial system using Bertini [1, 2]. Betini is a software package in the
eld of numerical algebraic geometry that implements homotopy continuation based algorithms
to numerically compute all solutions of polynomial systemsover C. For more information on
homotopy continuation and the eld of numerical algebraic geometry, see [7].

As suggested by (2.6), this polynomial system has an obviouknear product structure [9],

one such linear decomposition, foi =1;:::;N, is
fLLRTig  f L[LRJi;[LLi a5 [LLis[Lli+a;[LCT o [LCTi;[LCli+1 g
fL[LR]g f 1 [L]ig
fLLlig f L[C)Li;[LCli 1;[LC]i;[LCli+1 g
fL[LR]g f LILCLi;[Cli 1;[Cli;[Cli+10:

This linear product structure reduces the bound on the numbe of isolated solutions overC for
the discretized system from its total degree bound of N 1 = 16N 1 to 5N 1. This bound
is nearly sharp with our computations revealing that there are actually 5N 1+ 3V 1 solutions
over C.

For3 N 9, we used Bertini v1.1.1 with adaptive precision tracking B, 4] to solve the
discretized polynomial system. We ran Bertini on a cluster onsisting of a manager that uses
one core of a Xeon 5410 processor and up to 25 computing nodesch containing two Xeon
5410 processors running 64-bit Linux, i.e., each node consssof 8 processing cores. Table 2.1
lists the linear product bound, the number of solutions overC, the number of solutions over
R, the number of computing nodes utilized, and the time neededo compute all solutions of
the discretized polynomial system.

Using the real solutions, we constructed an approximate seition of the discretized system
with 80 grid points by using a cubic spline. Each of these appoximate solutions was re ned
and the resulting solutions that contained negative real vdues were discarded. This process
yielded seven positive real solutions.

3 Stability of the steady state solutions

The analysis of the steady state solutions utilized eigenvaie computations and numerical simu-
lations via time marching. The eigenvalue analysis was comyted using the non-dimensionalized
system described in the next section.



3.1 The non-dimensionalized system

To non-dimensionalize system (1.1), we introduced the follwing normalized quantities:

D X
T= t; X = ; 3.1
Xhax Xmax (31)
X2 . .
ffiigihuifsihss sg= =% fKorr iKdegi konRoijort sjonRo; G (3.2)
1
fA;B:C;Sg= o fILIILR[LCT[Clo: (3.3)
0
fWemin ; Wemax s Weorgs Wemin 3 Wimax s Wimat 9
X%ax (3.4)
= fVemin 5 Vemax s Veorgs Vimin 5 Vimax ;s Vimat 9
DRy
1
fd ;dis;dcg= —fD.;Drs;Dcg; <= cRo; T= = (3.5)
D Ro

where D is the maximum of D, D s and D¢ in (1.6), namely
D=8:5 10 ‘cm?s k

With these normalized quantities, we rewrote the system (11) in the following dimension-
less form:

8
%gﬁ- dLgQ hiA(L B)+ f LB hgAS+(fs+ §)C+ W,
@B
= fL+ B;
aT htA(L B) (fL+au)B;
“ (3.6)
@cC C
%@T dis @XZ+ hsAS (fs+ s)C;
@S @S
T =" e —o + + We:
aT dc @x hsAS + fsC c,
where
0 X 1
and PT 7
Wecmax  Wemin Wcorge "5 if X g
Wc = Wemin + + 3.7
¢ cmin 1+7¢cB 0; otherwise. 3.7)
with
X2
P= —rlgax a; (3.8)
and W Wi
Wi = Wimin + L:Ta_l: —B lem + Wimat € QT; (3.9)
with
2
Q= ~mp: (3.10)

7



The non-dimensionalized parameters corresponding to thosi (1.6) are:

do = dis = dc =1; h, =1:0924 10%

fL =0:0364 hs =2:7310 10>

fs =0:091Q s = 91:0326

gL =4:5516 Wemin = 2:4275 (3.11)
Wemax = 242:7536 Wecorg =2:0270 103;

¢ =30; P =152:0244

Wimin = 0:0303 Wi max = 18:2065

— =3:3333 Wimat = 152:0244 Q = 152:0244

3.2 Eigenvalue analysis of the steady state solutions

The exponential terms in (3.7) and (3.9) correspond to the maernal production terms for the
original system (1.1). These terms decay exponentially wit Q = P = 152:0244, as shown in
(3.11). Since we are considering the local stability of the teady state solutions, we drop the
maternal production terms in the analysis of (3.6).

Assuming that 0 R 1 0 1

%E§=% § "% §+O<"2>
S

the linearized system is

(WLmax WLmin)T.

("L + Bo)? ’
Bir = htA1(1 Bo) hLAeB: (fL +aL)Buy;

+B;

8
§A1T = Aixx hitA1(1 Bo)+ hpAgB1+ fLB1 hsA1Sy hsAgSi+(fs+ s)Ci
%C 1= Cixx + hsA1Sp+ hsApS: (fs+ s)Cy;

W Wecmin) ¢©
Sit = Sixx  hsA1So  hsApS1+ fsCy Bl( Smax_Womn)c.

(1+ ~¢cBo)?
(3.12)
For

Al(X T)
B1(X;T)

YeaT) = Ci(X;T)
Si1(X;T)

the system (312) can be written as
0 1
1
@Y 0

1

8



where

0 L 1
hi(I Bo) hsSp hLAp+ fL + (WLmﬁ Wi min) & fs+ s hsAo
("L + Bo)?
M = ho(1  Bo) htAo (fL+a) 0 0
hsSo 0 (fs+ s) hsAp
(Wemax  Wemin) ©
hsSo (1+ SBo)? fs hsAo

The seven steady state solutions consist of a constant solisn and six non-constant so-
lutions. The following establishes that the constant soluion is unstable and three of the six
non-constant solutions are also unstable.

I) Constant solution analysis.

For the constant solution, the vector (Ag; Bo; Co; Sp) is constant as well as the matrix M .

With the no- ux boundary conditions and separation of variab les, we can always write

ps
Y(X;T)= !bn(T) coshX ); 0 X L

n=0
The system (3.13) yields
20 1 3
(n)?
gpq(T): g% 0 (n )2 §+M2h1(T); n=0;12 (3.14)

(n )?

Since fcos( X )g forms an orthogonal basis, the system (3.12) is asymptotidy stable
at the constant solution if and only if each system (3.14) is aymptotically stable for all
n=0;12

For eachn, let 0 1

(n)?
0

m= (n )? K+
(n )2

The ODE theory implies that the system (3.14) is stable if and only if each of the four eigen-
values for eachA, have negative real part. EvaluatingM at the non-dimensionalized constant
solution, both A; and A, have a real positive eigenvalue, namely, 3373 and 03634, respec-
tively, yielding that the constant solution is not stable. 2

I) General solution analysis
By separation of variables, we can write

Y(X;T)= el J(X): (3.15)

The system (3.13) yields that
0 1
1
0
BJ:% 1 §Jxx+M J=J

1



with the boundary conditions
(Jj)x©)=(Jj)x(@)=0for j =1,3;4

Although the boundary condition is not assumed forj = 2, the discussion earlier (see (1.5))
indicates that the no- ux boundary condition is also satise d for | = 2.

It is clear from the explicit solution (3.15) that if the abov e eigenvalue problem admits an
eigenvalue with positive real part, then the system is unstéle.

Our expectation is that if  is large enough, then the operatorB + | is invertible and
(B + 1) lis a Fredholm operator. It follows that the only spectrum of this operator are
eigenvalues. Notethat(B + | ) th= h; h 60ifandonlyif 60; Bh=( Hh;h 60.
It follows that the only spectrum for B are the eigenvalues, and the stability depends on the
real part of all eigenvalues being negative.

Let 0 1
J1(X)
_ B J2X)
“X*‘%JQX)
Ja(X)
and

M(X)= (Mg (X)) iy 4
we calculate the numerical solutions of the eigenvalue prdem. With grid points 0 = Xg; Xq;:5;
XN 1;XNn =1, here, N =320 in our computation, the boundary conditions yield

4J(X1) J(X2).

X0 = 3 (3.16)
I(Xn) = 4 (XN 1)3 J(Xn 2).
Then the eigenvalue problem is discretized as
0 1
% 0 2 §(J(Xk+1) 2(Xi)+ IXk 1)+ M(Xy) I(Xy)= I (Xk);  (3.17)
r]2

or, more speci cally,

x4
N?(J1(Xke1)  2J2(Xk) + J1(Xk 1)) + myj (Xi)Jj (Xk) = I 1(Xk); 1 k N 1
=1
X4 |
mzj (Xk)Jj (Xk)= J 2(Xk); 0 k N;
=1
J »
n?(J3(Xke1)  2J3(Xk) + Ja(Xk 1))+ mzj (Xk)Jj (Xk) = I 3(Xk); 1 k N 1
=1
o
n2(J4(X k+1) 2J4(X k) + J4(Xk 1)) + Myj (X k)\]j (X k) =J 4(X k); 1 k N 1
j=1

10



Letting

J2(Xo)
J1(X1)
J2(X1)
J3(X1)
Ja(X1)

Ji(Xn 1)
J2(XN 1)
J3(Xn 1)
Ja(Xn 1)
J2(XN)

and denoting the coe cients matrix of (3.18) by G, we can rewrite (3.18) in the matrix form
G V=V (3.19)

So nally, the eigenvalue problem reduces to calculate the igenvalues of the matrix G.
For each of the seven steady state solutions on 320 grid poist we computed the matrix G
and its eigenvalues, and obtained the following results:

Solutions 1 and 2 These two solutions have the same eigenvalues. All the eigealues have
negative real parts as shown in Figure 3.1. The eigenvalue @ach solution with maximum

real partis 0:1455 1:471486.

2
15} *
i
05}
or * * F K kK kolonkrkisHNN- *
0.5
ERs
15 *
%0 25 20 15 10 5 0 5

Figure 3.1: The distribution of the eigenvalues on the compteplane for solu-
tions 1 and 2

Solution 3 (constant solution) To verify our computations, we recomputed the eigenvalues
for the constant solution using this discretization and vei ed the two positive eigenvalues

of 0:3373 and 03634.

11
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Figure 3.2: The distribution of the eigenvalues on the compteplane for solu-
tion 4

Solution 4 All the eigenvalues have negative real parts and are displad in Figure 3.2. The
eigenvalue with maximum real part is 0:2826.

Solution 5 This solution has a positive eigenvalue, namely 2812.
Solutions 6 and 7 These solutions have a positive eigenvalue, namely.4351.

In summary, the solutions, denoted as solutions 1, 2, and 4, dwe eigenvalues which have
negative real parts yielding that they are stable. 2

3.3 Numerical veri cation

By time marching the system (1.1) without the maternal production terms, we numerically
veri ed the local stability of the seven steady state solutions. This was accomplished by using
a random perturbation of a solution of the boundary value prablem as the initial condition as
computing the steady state solution.

We rst perturbed each steady state solution of size [ 0:05; 0:05]. The results, summarized
in Figure 3.3, demonstrate that the four solutions which hawe an eigenvalue with positive
real part, as computed in Section 3.2, do not converge back tthe un-perturbed steady state
solution. They converge to one of the stable steady state sotions.

The three solutions which only have eigenvalues with negatie real parts converge back to
the un-perturbed steady state solution. By changing the sizeof the perturbation, we computed
a local stability region for the three stable steady state stutions. In our tests, both solutions
1 and 2 converged to itself if the perturbation size was [ 0:23; 0:23] and solution 4 converged
to itself if the perturbation size was [ 1:52;1:52].

Hence we numerically veri ed that 3 of these 7 steady state slotions are locally stable,
while the other 4 are unstable.

12



Solution3_LR

Figure 3.3: The steady state solutions by time-marching the syste(1.1) with-
out the maternal production terms. Randomly perturbations ¢ the boundary
value problem solutions serve as initial conditions. The pertbation size is
[ 0:05 0:05]. Green: the boundary value problem solutions plus a ranaoper-
turbation serving as the initial data. Red: the steady state by ime-marching,
at time t = 100h.

4 Role of the organizer

The organizer plays an important role in the selection of the steady state pattern in this
multi-stability system. In this section, we numerically solved the full time-dependent system
(1.1), with the maternal production terms. All molecules have zero initial concentrations in
the simulations.

4.1 Organizer location

The numerical simulation results shown in Figure 4.1 demongate that the location of the

organizer determines which stable steady state the systemilconverge to. When the organizer
is located close to the right end of the interval, the time-marching solution converges to the
stable steady state solution 1, and, if the organizer is loced close to the left end of the interval,
the time-marching solution converges to the stable steady site solution 2. The time-marching

13



52 6
[—=Xmax ; == Xmax ] [gxmax ?gxmax 1 [5Xmax P Xmax -

72

Figure 4.1: The evolution process of [LR] with dierent orgaizer location.
The organizer location is presented right below each graph.n leach graph,
Green longdashed: the concentration of [LR] when= 3:5h; Red dashed: the
concentration of [LR] whent = 50h; Black solid: the concentration of [LR]
whent = 100h.

solution converges to the stable steady state solution 4 iflie organizer location is close to the
middle of the interval.

4.2 Organizer size

The system is robust with respect to the change of the organier size, which is consistent with
the biological experiments [6]. In our simulations, we assmne that the organizer is located at
the right end, just as the wild type case [11]. We vary the orgaizer size from% of the whole

14



1
[Exmax X max ] [gxmax P X max ] [Exmax P X max -

7
[?Xmax X max ] [Exmax T Xmax ] [Exmax P Xmax ]

Figure 4.2: The evolution process of [LR] with di erent orgaizer size. The
organizer region is presented right below each graph. In eagnaph, Green
longdashed: the concentration of [LR] whem = 3:5h; Red dashed: the con-
centration of [LR] whent = 50h; Black solid: the concentration of [LR] when

t = 100h.

domain to only 23—% of the domain, and study the e ect on the steady state pattern. The results
of these simulations are summarized in Figure 4.2 and show it the steady state solution is

independent of the organizer size.

15



References

[1] D.J. Bates, J.D. Hauenstein, A.J. Sommese, and C.W. Wam|er, Bertini: Software for
numerical algebraic geometry. Available at www.nd.edu/ sommese/bertini.

[2] D.J. Bates, J.D. Hauenstein, A.J. Sommese, and C.W. Wamier, Il, Software for numeri-
cal algebraic geometry: a paradigm and progress towards itsnplementation. In Software
for algebraic geometry volume 148 ofIMA Vol. Math. Appl. , 1{14. Springer, New York,
2008.

[3] D.J. Bates, J.D. Hauenstein, A.J. Sommese, and C.W. Wamier. Adaptive multiprecision
path tracking. SIAM J. Numer. Anal. , 46(2):722{746, 2008.

[4] D.J. Bates, J.D. Hauenstein, A.J. Sommese, and C.W. Wamler. Stepsize control for
adaptive multiprecision path tracking. To appear in Interactions of Classical and Nu-
merical Algebraic Geometry, D. Bates, G. Besana, S. Di Rocco, and C. Wampler (eds.),
Contemporary Mathematics 2009.

[5] A.D. Lander, Morpheus Unbound: Reimagining the Morphogen GradientCell, 128 (2007),
245{256.

[6] L. Saude, K. Woolley, P. Martin, W. Driever, and D.L. Stem ple, Axis-inducing activities
and cell fates of the zebra sh organizerDevelopment, 127 (2000), 3407{3417.

[7] A.J. Sommese and C.W. Wampler, Il. The numerical solution of systems of polynomials
arising in engineering and science World Scienti ¢ Publishing Co. Pte. Ltd., Hackensack,
NJ, 2005.

[8] A.A. Teleman, M. Strigini, and S.M. Cohen, Shaping morphogen gradientsCell, 105
(2001), 559{562.

[9] J. Verschelde and R. Cools, Symbolic homotopy construébn, Appl. Algebra Engrg.
Comm. Comput., 4(3):169{183, 1993.

[10] L. Wolpert, R. Beddington, J. Brockets, T. Jessel, P. Lanrence, and E. Meyerowitz,
Principles of Development 2002, Oxford University.

[11] Y.-T. Zhang, A. Lander, and Q. Nie, Computational analysis of BMP gradients in dorsal-
ventral patterning of the zebra sh embryq Journal of Theoretical Biology, 248 (2007),
579{589.

16



