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Valued fields: basic definitions
: :

» If K is a field and V an ordered abelian group, a valuation is
a homomorphism v : K* — V satisfying

v(x+y) = min{v(x),v(y)}

This is generally extended to make v(0) =
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Valued fields: basic definitions
: :

» If K is a field and V an ordered abelian group, a valuation is
a homomorphism v : K* — V satisfying

v(x+y) = min{v(x),v(y)}

This is generally extended to make v(0) = oo.

» The valuationring is ¢ := {x € K | v(x) > 0}. &' is a local
ring with maximal ideal m := {x € & | v(x) > 0}.

= & - = 9ae
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Valued fields: basic definitions

» If K is a field and V an ordered abelian group, a valuation is
a homomorphism v : K* — V satisfying

v(x+y) = min{v(x),v(y)}.

This is generally extended to make v(0) = oo.

» The valuationring is ¢ := {x € K | v(x) > 0}. &' is a local
ring with maximal ideal m := {x € & | v(x) > 0}.
» The residue field of K is R := 0 /m.

o P = 2a¢
:

:
The relative structure of valued fields ucB




Valued fields ACVF Henselian fields Decomposition Quantifier elimination Applications

@®0000 00000 0000000 0000000 [e]e]e} 0000000
I

:
Valued fields: basic definitions
:

v

If K is a field and V an ordered abelian group, a valuation is
a homomorphism v : K* — V satisfying

v(x+y) = min{v(x),v(y)}.

This is generally extended to make v(0) = co.

The valuation ring is ¢ := {x € K | v(x) > 0}. O is a local
ring with maximal ideal m := {x € & | v(x) > 0}.

The residue field of K is R := &' /m.

We assume throughout that char(K) = 0.

v

v

v
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Valued fields: topology
: :
Valued fields have a topology defined by balls.
Definition

A ballis a subset of K of the form

Boy(a) = (x€ K |v(x—a) > 7}

(an open ball) or B>, () (closed ball).
K and 0 are also included.

(=] = = = A
:
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Valued fields: topology
Valued fields have a topology defined by balls.
Definition
A ballis a subset of K of the form

Boy(0) = {x €K |v(x—a)>7}
(an open ball) or B>, () (closed ball).
K and 0 are also included.
Definition

A swiss cheese is a subset of K of the form B\ (C,U...UC,),
where B,Cy,...,C, are all balls, with C; C B.

The relative structure of valued fields
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Valued fields: Example 1
:
Example

» The p-adic valuation: In Q, if ged(a,p) = ged(b,p) =1, let

wp'3) =n
ThenV =ZandR=TF,.

(=] = = = A
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Valued fields: Example 1
: :
Example

» The p-adic valuation: In Q, if ged(a,p) = ged(b,p) =1, let

v(ps) =n
ThenV =ZandR=TF,.

» In the field of rational functions C(z), define

W P(1)

(1)

) = deg(Q(1)) — deg(P(1))
ThenV=Zand R=C.
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Valued fields: Example 2
:
Example

Let R be any field, and V any ordered abelian group. The Hahn
field R((t")) consists of the formal power series over R:

Z 65l6
sev
where the support {6 | c¢5 # 0} is well-ordered.
Taking

(Y c5t®) =min{5 | c5 # 0}

R((¢V)) has residue field R and value group V. Moreover, Hahn
fields are complete with respect to the valuation.

The relative structure of valued fields
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Valued fields: Example 2
:
Example

Let R be any field, and V any ordered abelian group. The Hahn
field R((t")) consists of the formal power series over R:

Z 65l6
sev
where the support {6 | c¢5 # 0} is well-ordered.
Taking

(Y c5t®) =min{5 | c5 # 0}

R((¢V)) has residue field R and value group V. Moreover, Hahn
fields are complete with respect to the valuation.
E.g.: C((1))
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Henselian valued fields
: :
Definition
K is henselian if it satisfies Hensel's Lemma:

and f(b) = 0.

For every f(x) € Ojx] and a € O, if v(f(a)) > 0 and
v(f'(a)) = 0, then there exists b € & such thatb=a € R

E.g.: The p-adic numbers Q,.

(=] = = = A
:
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Henselian valued fields

: :

Definition

K is henselian if it satisfies Hensel's Lemma:
For every f(x) € Ojx] and a € O, if v(f(a)) > 0 and
v(f'(a)) = 0, then there exists b € & such thatb=a € R
and f(b) = 0.

E.g.: The p-adic numbers Q,.

Hahn fields are henselian, which shows that for any field R and
ordered abelian group V, there is a henselian valued field with
residue field R and value group V.

In particular, no assumptions can be made about the value
group or residue field of an arbitrary henselian field.

: :
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Algebraically closed valued fields
:
fields (ACVF).

Contrast this with the situation with algebraically closed valued
If (K,v) is algebraically closed, then:

=} = = E DA
:
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Algebraically closed valued fields
:
fields (ACVF).

Contrast this with the situation with algebraically closed valued
If (K,v) is algebraically closed, then:

» R is also algebraically closed, and therefore strongly
minimal

(=] = = = A
:
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Algebraically closed valued fields

: :

Contrast this with the situation with algebraically closed valued
fields (ACVF).

If (K,v) is algebraically closed, then:

» R is also algebraically closed, and therefore strongly
minimal

» V is a divisible ordered abelian group, and therefore
o-minimal

= & - = = 9ae
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Algebraically closed valued fields

: :

Contrast this with the situation with algebraically closed valued
fields (ACVF).
If (K,v) is algebraically closed, then:

» R is also algebraically closed, and therefore strongly
minimal

» V is a divisible ordered abelian group, and therefore
o-minimal

In particular R and V both admit quantifier elimination, and this
is necessary to show that ACVF itself admits quantifier
elimination (Robinson, 1956).

: :
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Algebraically closed valued fields
:

Recall that a swiss cheese is a subset of K of the form
B\ (C1U...UC,), where B,Cy,...,C, are all balls, with C; C B.

Robinson’s quantifier elimination is a key element in:

Theorem (Holly, 1995)

Every definable subset of an algebraically closed valued field
(K,v) can be expressed uniquely as a finite union of disjoint,
non-trivially-nested swiss cheeses.

u]
o)
I
ul
it
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Algebraically closed valued fields
:
Definition

Let S C M" be a definable set in a (multi-sorted) model M. S is
coded in M if there is a formula ¢ (x,y) and a € M such that

VbeM (S=¢(M,b) < b=a)

=} = = E DA
:
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:
Algebraically closed valued fields

Definition
Let S C M" be a definable set in a (multi-sorted) model M. S is
coded in M if there is a formula ¢ (x,y) and a € M such that

VbeM (S=¢(M,b) < b=a)

Holly proved that in ACVF if we add to the 3-sorted structure
(K,V,R) new sorts B and C for the open and closed balls, then
one-dimensional definable subsets of K are coded:

Theorem (Holly, 1997)

Suppose char(R) = 0. If S C K is definable, then S is coded in
(K,V,R,B,C).

[m] = =
;

:
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Algebraically closed valued fields
A main impetus for Holly’s work was to give a first step towards
elimination of imaginaries for ACVF.
Definition

A theory T admits elimination of imaginaries if for every M =T
and definable S C M", S is coded in M.

= & - = 9ae
:
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Algebraically closed valued fields
:

A main impetus for Holly’s work was to give a first step towards
elimination of imaginaries for ACVF.

Definition

A theory T admits elimination of imaginaries if for every M =T
and definable S C M", S is coded in M.

Or, if for every 0-definable equivalence relation E on S, there is
a 0-definable function f : § — T such that

Va,b € S(Eab <= f(a) =f(D))

(The equivalence classes are the ‘imaginaries’.)

:
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Algebraically closed valued fields

A main impetus for Holly’s work was to give a first step towards
elimination of imaginaries for ACVF.

Definition

A theory T admits elimination of imaginaries if for every M =T
and definable S C M", S is coded in M.

Or, if for every 0-definable equivalence relation E on S, there is
a 0-definable function f : § — T such that

Va,b € S(Eab <= f(a) =f(b))

(The equivalence classes are the ‘imaginaries’.)

Every model M can be expanded to one which eliminates
imaginaries, M®9, simply by adding new sorts for every
0-definable equivalence relation. The point is to optimize the
expansion in some way.
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Algebraically closed valued fields
It was conjectured that the same language from Holly’s
theorem might also suffice to eliminate imaginaries in ACVF. It

turns out, however, that to code higher dimensional sets, a
higher dimensional analog of the balls is needed.

= & - = 9ae
:
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Algebraically closed valued fields

: :

It was conjectured that the same language from Holly’s
theorem might also suffice to eliminate imaginaries in ACVF. It
turns out, however, that to code higher dimensional sets, a
higher dimensional analog of the balls is needed.

Note that both open and closed balls centered at 0,

B>y(0) = {xe K [v(x) > 7}

are modules over 0.
Balls centered away from 0 are cosets of these modules.

: :
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Algebraically closed valued fields

It was conjectured that the same language from Holly’s
theorem might also suffice to eliminate imaginaries in ACVF. It
turns out, however, that to code higher dimensional sets, a
higher dimensional analog of the balls is needed.

Note that both open and closed balls centered at 0,

B>y(0) ={x € K|v(x) > v}
are modules over 0.

Balls centered away from 0 are cosets of these modules.

Theorem (Haskell-Hrushovski-Macpherson, 2006)

ACVF eliminates imaginaries in a language expanded to
include sorts for definable ¢'-submodules of K" and cosets of
those modules.
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Relative completeness
:

Theorem (Ax-Kochen, 1965)

If K and L are henselian and char(Rk) = char(R.) = 0, then

Rk =R, & Vg =V, <— K=L.

(=] = = = A
:
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: :
Relative completeness
:

Theorem (Ax-Kochen, 1965)
If K and L are henselian and char(Rk) = char(R.) = 0, then
Rk =R, & Vg =V, <— K=L.
Since Robinson proved completeness for ACVF, this is the first

example of a relativized version of a theorem in ACVF holding
for henselian fields (of characteristic 0).

o & - DA
:
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Quantifier elimination
: :
longer, but there is

The relative version of Robinson’s quantifier elimination took
Theorem (Cohen, 1969)

The theory of the p-adics Q, admits quantifier elimination, and
is decidable.

(=] = = = A
:
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: :
Quantifier elimination
: :
longer, but there is

The relative version of Robinson’s quantifier elimination took
Theorem (Cohen, 1969)
is decidable.

The theory of the p-adics Q, admits quantifier elimination, and

This underscores how having a nice theory of henselian fields

depends on nice theories for the residue field and value group:
Q, has residue field F,, and value group (Z,+).

The relative structure of valued fields
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: :
Leading term structures

A full relative quantifier elimination for characteristic 0 henselian
fields was first proved in 1994 by Kuhlmann (following a special
case by Basarab, 1991).

One reason it may have taken longer is that the language with
the residue field and value group is not really the right one. . .

[m] = )
: :
The relative structure of valued fields
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©000

Leading term structures

A full relative quantifier elimination for characteristic 0 henselian
fields was first proved in 1994 by Kuhimann (following a special
case by Basarab, 1991).

One reason it may have taken longer is that the language with
the residue field and value group is not really the right one. . .

Definition
The leading term structure RV of K is K* /(1 +m).

The leading term of x € K* is the image rv(x) of x under the
quotient map.

One may also define higher order structures RVs for0 < é e V
as K*/(14+mg), where ms = {x € K | v(x) > 8} (S0 RV =RV)).
These will only be needed in the mixed characteristic case.
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:
Leading term structures

Example

In the valued field C((z)), two elements will have the same
leading term of order n if their value is the same and their first
n+ 1 coefficients coincide:
Let

x = 24 14224844

y = 24t 14141

Then rvo(x) =1vo(y), rva(x) = rv3(y), but rva(x) # rva(y).

The relative structure of valued fields
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:
Leading term structures
:

Example

In the valued field C((z)), two elements will have the same
leading term of order n if their value is the same and their first
n+ 1 coefficients coincide:
Let

x = 24 14224844

y = 24t 14141

Then rvo(x) =1vo(y), rva(x) = rv3(y), but rva(x) # rva(y).

rv(t~2 +1) contains the information only that the leading term is
2.

So rv(t~2+1) = rv(+~2) and this is enough to know that

rv(t 2 +1) +rv(t2) should = rv(2¢72).

u]
o)
I
ul
it
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:
Leading term structures
:

Example

In the valued field C((z)), two elements will have the same
leading term of order n if their value is the same and their first
n+ 1 coefficients coincide:
Let

x = 24 14224844

y = 24t 14141

Then rvp(x) = v (y), rva(x) = rvs(y), but rva(x) # rva(y).

rv(t~2 +1) contains the information only that the leading term is
2.

So rv(t~2+1) = rv(+~2) and this is enough to know that

rv(t 2 +1) +rv(t2) should = rv(2¢72).

But we can’t say anything about what rv(t=2 +¢) —rv(¢s~2) should
be.

[m] = = =
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Leading term structures
Addition in RV
Besides the multiplication, RV also inherits addition from K,
but this addition is only partially defined. Define a relation:
Ds(x,y,z) —
dx,y,z€ K(x=r1vs(x) ANy =rvs(y) Az =1V5(2) Ax+y=2)
=] F = = £ DA
:
The relative structure of valued fields
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Leading term structures

Addition in RV

Besides the multiplication, RV also inherits addition from K,
but this addition is only partially defined. Define a relation:

@5(X,y,Z) —

Ix,y,ze K(x=rvs(x) ANy =r1vs(y) Nz =1V5(z) Ax+y=2)

Proposition

Given any x,y € K, v(x+y) = min{v(x),v(y)} iff for all z such that
v(z) =rv(x), rv(z+y) =rv(x+y).

We generally write x+y = z rather than @©5(x,y,z), but the
proposition shows that the z is only uniquely defined if

v(x+y) = min{v(x),v(y)}.

u]
o)
I
ul
it
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Leading term structures

RV can be seen as a way of wrapping up the algebra of the

residue field and value group into a single structure, as well as
the topology of balls:

Fact

For all nonzero x,y € K, the following are equivalent:
1. rv(x) =1v(y)
2. vix—y) >v(x)
3. v(x) =v(y) andres(y/x) =1

Also, rvs(x) = vs(y) iffy € Boyr)15(x)

[m] = =
: :
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Valued fields ACVF Henselian fields Decomposition Quantifier elimination Applications

00000 00000 00000080 0000000 [e]e]e} 0000000
I

:
Leading term structures
:

RV can be seen as a way of wrapping up the algebra of the
residue field and value group into a single structure, as well as
the topology of balls:

Fact

For all nonzero x,y € K, the following are equivalent:
1. rv(x) =1v(y)
2. vix—y) >v(x)
3. v(x) =v(y) andres(y/x) =1

Also, rvs(x) = vs(y) iffy € Boyr)15(x)

It follows that R and V are both interpretable in RV.

However, the two-sorted RV language is somewhat weaker
than the three-sorted one.
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Collisions
The key complication arises where the addition in RV is not
well-defined.

As noted earlier, rvg(P(x)) is a well-defined function of rvg(x)
. d .

only when v(P(x)) = min{v(ax')} (for P(x) = ¥ a;x’).

=0

(=] = = = A
:
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: :
Collisions

: :

The key complication arises where the addition in RV is not
well-defined.
As noted earlier, rvg(P(x)) is a well-defined function of rvg(x)

only when v(P(x)) = min{v(a;x')} (for P(x) = .)% a;x’).

This motivates the definition =

Definition .

P(x) has a collision at B around « if, for P(x) = i)::()a,-(x —a),
v(P(B)) > min{v(a:(B — @)")}.

Notice that this idea of collision is not intrinsic to the polynomial
alone, but depends on how P is expanded as a sum of
monomials.

: :
The relative structure of valued fields ucB




Valued fields ACVF Henselian fields Decomposition Quantifier elimination Applications
I 00000 00000 0000000 @®000000 000 0000000 I
Collisions
In residue characteristic 0, collisions can only occur near a root
of one of the (nonzero) derivatives of P
Proposition
Let char(R)

0, and suppose P(x) =

Z a;(x— o)’ has a collision
at B around a. Then there aren < d agd A € K with
(iy P (L) =0, and
(i) v(A — o)

(h—B)>v(B—a)

(B —a), and in particular,

The relative structure of valued fields
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:
Collisions
:

Proof.

» Let m be maximal such that
min;<g{v(a;(B — &)")} = v(an(B — a)")
» Define 6 :=a,(B—a)” and Q(x) := LP((B — a)x+ «)

(o2

» S0 Q€ O[x], and v(Q(1)) > 0 (since Q(1) = LP(B) and

o

v(P(B)) > v(am(x—a)™) = v(o) by definition of collision).

We will attempt to find a root of a derivative of Q using Hensel’s
Lemma.

2a¢
:
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Collisions
:

Direct computation of valuations shows that

m 1 S i! i1i—m
v(@" (1)) =v gizzmma,-(ﬁ—a)l —v(m!) =0
So, let n < m be least with v(Q"*+1)(1))

=0.

=} = = E DA
:
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Decomposition
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:

Quantifier elimination
00®0000

000 0000000
:
Collisions
:

Applications

Direct computation of valuations shows that

d il .
(@™ (1)) =v (é )3 (i_'m)!a,-(ﬁ - a)‘l‘m> =v(m!)=0

So, let n < m be least with v(Q"**1) (1)) = 0.

Apply Hensel’'s Lemma to Q) (x) to find a root u € K of Q) with
i=1.

The desired root of P (x) is A := u(B — o) +

o. O

= &
:
The relative structure of valued fields
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Collisions
In residue characteristic p, this proof breaks down because
v(m!) £0if m > p.

However, it can be shown that if Hensel’s Lemma cannot give
us a root of Q, then the ‘severity’ of the collision is bounded:

(=] = = = A
:
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Collisions
:

In residue characteristic p, this proof breaks down because
v(m!) £0if m > p.

However, it can be shown that if Hensel’s Lemma cannot give
us a root of Q, then the ‘severity’ of the collision is bounded:

Proposition

Assume char(R) =p > 0. If P(x) has a collision at B around ¢,
then either there exists a root A of a derivative of P as in the
previous Proposition, or there is an integer n > 0 such that
v(x—a)=rv(f — o) implies

rl_ngitrll {v(ai(x—a))} <v(P(x)) < rllg? {v(ai(x—a)") } +v(n)
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Decomposing K into swiss cheeses
:
The next result uses this to decompose K into swiss cheeses

on each of which v(P(x)) is simple, being a function of v(x — &)
for some a. We again assume char(R) =0

(=] = = = A
:
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: :
Decomposing K into swiss cheeses

The next result uses this to decompose K into swiss cheeses

on each of which v(P(x)) is simple, being a function of v(x — )
for some a. We again assume char(R) = 0.

Proposition

Given P(x) € K[x|, there exist (disjoint) swiss cheeses Vi,...,V,
partitioning K, and «,...,a, € K such that for all x € V;,

V(P(x)) = min {v(ay(x - a:))},

with P(x) = f aj(x— o).

j=0

[m] = )
: :
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Decomposing K into swiss cheeses
: :
Vaguely:

there.

The proof proceeds by seeking out a collision, finding a root A
of a derivative P") near them, and recentering P as ¥ b;(x — A )’

Since there are only finitely many such A, this process must
stop, at which point there can be no further collisions nearby.

In particular, the ¢; in the proposition can be chosen from
among the roots of derivatives P,

The relative structure of valued fields
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Decomposing K into swiss cheeses
Finally, translating this into the language of leading terms gives
Proposition

d
Assume char(R) =0. Let P(x) = Y. a;(x— a)' € K[x]. Then there
i=0

are disjoint swiss cheeses V1, .. .TVn partitioning K and
a,..., 0, € K such that for all x € V;,

d
v(P(x)) = Zérv(a,-j) rv(x— oy)
J:

d .
is well-defined. (As before P(x) = ¥, a;i(x— a;).)
j=0
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Applications
:

The proposition provides a method of pushing questions about
the field into the RV structures.

Two applications illustrate how definability in characteristic 0
henselian fields is controlled by the leading terms:

» decidability relative to the leading terms

» a characterization of definable subsets of K in terms of
definable subsets in the leading terms

:
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°

Applications

The proposition provides a method of pushing questions about
the field into the RV structures.

Two applications illustrate how definability in characteristic 0
henselian fields is controlled by the leading terms:

» decidability relative to the leading terms

» a characterization of definable subsets of K in terms of
definable subsets in the leading terms

Both require relative quantifier elimination, namely in our theory
every formula is equivalent to one with no field-sorted
quantifiers.
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: QE proof sketch |
Start with a formula of the form (suppressing parameters and
free variables, where ¢ is a definable predicate in the RV
language and the f; are polynomials):

Ixe K (@ (tv(fi(x)),...,1v(fu(x))))

(=] = = = A
:
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: :

QE proof sketch
: :

Start with a formula of the form (suppressing parameters and
free variables, where ¢ is a definable predicate in the RV
language and the f; are polynomials):

Ixe K (@ (tv(fi(x)),...,1v(fu(x))))

)

i, ym €K (/\gi(yi) =0 A x(yvix—y1),... ,rV(x—ym)))>
This can be translated into a formula of the above form using
the decomposition. Now v is another predicate definable in RV
and the g; are polynomials with degrees < max {deg(f;(x))}.

: :
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:

:
QE proof sketch
:

Iy, ym €K Agi(yi) =0 A Ix(yavix—y1),...,tv(x —ym)))

L

Now, in the new formula, the 3x can be eliminated by replacing
each rv(x —y;) with a new bound RV-variable z; (this is the base
case for an induction, which we’ve omitted).

If the degrees of the g; are actually strictly less than the
degrees of the f;, we can proceed inductively.

The relative structure of valued fields
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QE proof sketch

1

Iy, ym €K (/\gi(yi) =0 A Elx(l//(rv(x—yl),...,rv(x—ym)))>

Now, in the new formula, the Jx can be eliminated by replacing
each rv(x —y;) with a new bound RV-variable z; (this is the base
case for an induction, which we’ve omitted).

If the degrees of the g; are actually strictly less than the
degrees of the f;, we can proceed inductively.

Otherwise, we finally have to turn to a more involved argument
of making successive approximations and as before relying on
the fact that we know only finitely many things can go wrong.
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Decidability
:

Applications
@®000000

The quantifier elimination proof yields an explicit process of
producing a field-quantifier-free formula, so that

» Given a decision procedure for the RV structure, we have
also a decision procedure for the valued field

structure

» Alternatively, there is a decision procedure for
characteristic 0 henselian fields given an oracle for the RV

o & - DA
:
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: :
Expansion on the RV sorts
: :

Note that the same proofs will work under any expansion of the
RV sorts.

This is especially useful because we may wish to

» add a cross section (to make RV bi-interpretable with
RxV)

» expand RV to RV®Y (to work towards a relative elimination
of imaginaries)

The relative structure of valued fields
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Definable subsets of K
Holly proved that if K is algebraically closed, then every
union of swiss cheeses.

definable subset of K has a canonical presentation as a finite

(=] = = = A
:
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: :
Definable subsets of K

: :

Holly proved that if K is algebraically closed, then every
definable subset of K has a canonical presentation as a finite
union of swiss cheeses.

Using the relative quantifier elimination and the swiss cheese
decomposition, we can now show:

Theorem
Every definable subset of a characteristic 0 henselian field K
can be written as

{xeK|(rvs(x—0n),...,rv5,(x— ) € D}

where D is definable inRVs x ... xRV, .

: :
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: :
Definable subsets of K
:

Holly’s swiss cheeses in ACVF can be seen as the combination
of a pullback of a finite set (from the residue field) and an
interval (the value group).

The pullback of an interval [y,e) C V to K produces a ball
B>,(0) around 0. Shifting to balls centered elsewhere can be

taken as analogous to our shifting by (¢, ..., o) in the theorem.

o = - DA
:
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: :
Definable subsets of K
: :

To obtain a one-dimensional elimination of imaginaries, Holly
reasoning that:
Theorem

introduced new sorts for the balls. It follows by the same

Definable subsets (in one variable) of henselian valued fields of
characteristic 0 are coded in the leading term language after
of the form

expanding RV to RV¢9 and adding new sorts for definable sets

{xeK| (rvs(x—au),...,rvg (x— o)) € D}.

The relative structure of valued fields
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: :
Elimination of imaginaries?
: :

Just as a key insight in proving elimination of imaginaries for
ACVF came in finding the proper generalization of the balls to
higher dimensions, it seems likely that the same thing may be
true in our case. ..

= & - = 9ae
:
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: :
Elimination of imaginaries?

: :

Just as a key insight in proving elimination of imaginaries for
ACVF came in finding the proper generalization of the balls to
higher dimensions, it seems likely that the same thing may be
true in our case. ..

It is an immediate consequence of the relative quantifier
elimination that definable subsets of K" all take the form

{<X1,...,xn> €K| <I‘V31 (fl()'c)),...,rv(;k(fk()'c))) EE}

where E is definable in RV x ... x RV, and each
fi € K[x1,...,x,).

: :
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: :
Elimination of imaginaries?
: :
Therefore a trivial result:
Theorem

The theory of a henselian valued field (K,v) of characteristic 0
eliminates imaginaries in the leading term language expanded
to include new sorts for sets of the form

{1, x) €K | (tvg ((R), ... 1vs, (fe(%))) € E}.

= & - = 9ae
:
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: :
Elimination of imaginaries?
: :
Therefore a trivial result:
Theorem

The theory of a henselian valued field (K,v) of characteristic 0
eliminates imaginaries in the leading term language expanded
to include new sorts for sets of the form

Question

{1, x) €K | (tvg ((R), ... 1vs, (fe(%))) € E}.

Is there a natural subclass &2 of polynomials over K such that in

{(x1,...,xn) €K | (v, (fi (X)), ..., 1v5 k(X)) € E}
we can take thef; € & 7?

The relative structure of valued fields
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