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Let M"™ be a complete, non-compact and C>-smooth Riemannian manifold with non-
negative sectional curvature. Suppose that S is a soul of M"™ given by the fundamental
theory of Cheeger and Gromoll, and suppose that ¥: M" — S is a distance non-
increasing retraction from the whole manifold to the soul (e.g. the retraction given by
Sharafutdinov). Then we show that the retraction ¥ above must give rise to a C
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Guijarro [Gu] proved that the fiber Fq is indeed a C?-smooth submanifold for
each q S. In this paper, we prove that the fibres are C -smooth.

Theorem 1. Let M" be a complete non-compact and C -smooth Riemannian
manifold with non-negative sectional curvature SupposeS is a soul of M". Then
any distance non-increasing retraction: M" S must give rise to aC -smooth
Riemannian submersion

Consequently if R* = N4(S,M ") is the normal space of the souB in M" at g,
then the “ber Fy = \I/gl(q) = Equ(Rk) is a k-dimensional C -smooth submanifold
of M", forany q S.

Professor Wilking kindly informed us that he has recently obtained a simi-
lar result (cf. [9]). His method is completely independent of ours. Our proof of
Theorem 1 uses a flat strip theorem associated with Cheeger—Gromoll exhaustion
(cf. Theorem 4 below), an uniform estimate for cut-radii of convex subsets in [2]
and a smooth extension theorem for ruled surfaces.

For each compact convex subset @ M", weletU () ={x M"|d(x,Q)< }.
Its cut-radius is given by = sup{ |there is a unique nearest point projection
P:U([) Q}.

Foreachx M?", we let Injy » (X) be the injectivity radius of M " at X. Similarly,
let Tnjy » (A) = sup{Injy ~ (X)|X A}.

A subset 2 of a complete Riemannian manifold M " is said to be totally convex
if for any pair of points {p,q¢  Q and for any geodesic segment  joining p and
g, the geodesic segment is contained in 2. There is a totally convex exhaustion
{Qu}u o of M" given in [2]. By comparing the inner angles of geodesic triangles,
we have the following semi-global estimate for cut-radius.

Lemma 2 ([1], [2, Lemma 2.4]). Let A Qr be a connected convex and
compact subset in a Riemannian manifoldM " with non-negative curvature let
Ko = max{K (x)|]x  Qr+1} be the upper bound of sectional curvature oy, ,
Injy - (21 ) and S be as above. Suppose thatim(€2r ) = n. Then the subsetA has
cut-radius bounded below by

. :
A 0(T):4m1n{InJMn(QT), Ko,l},
where o(T) is independent of choices ofA with A Q.

Let us briefly recall the Cheeger—Gromoll convex exhaustion. According to [2],
there is a partition ag = 0 < a; < - < ampm < Am+1 = of [0, ) and an
exhaustion {Qu}y o of M" such that the following holds:

(1) M" = | oQ. Ifu>apy then dim[Qy] =n.Ifu am, then dim[Q,] <n.

(2) Qo = S is the soul of M" which is a totally geodesic C -smooth compact
submanifold without boundary.

(3) If u > 0, Q is a totally convex, compact subset of M" and hence £,
is a compact submanifold with a C -smooth relative interior. Furthermore,



The Smoothness of Riemannian Submersions with Non-Negative Sectional Curvature 139

dim(y) = ky > 0 and Q, has a non-empty (ky S 1)-dimensional relative
boundary y;

(4) For any Up [&,8+1]and 0 t upS g, the family {Qu,st}t 0.uoSa,] 18
given by the inward equidistant evolution '

Quest = {x Qu0|d(X, Quo) t}. (1)

(5) If u>apm then uS an = max{d(x, Q)x Q)}. 0 j m S 1 then
a+1 Sa =max{d(x, Qa,,,)X Qa,,,} and hence dim[Q,,] < dim[Q4,,,] for
i o

Assume that kK = dimM"] S dim[S] = dim(Fq) for all ¢ S . Since
M" = 1 ofr, it is sufficient to verify that the subset [U 1)(2r) Fq] has a
k-dimensional C -smooth interior, where ¢(T) is given by Lemma 2 and T > an,.

For this purpose, we need to study the geometry of the equidistant hypersurfaces
from €. Federer [3, p. 435] studied the smoothness of the outward equidistant
hypersurfaces [U ()] for 0 < < . Following his approach, we consider the
outward normal cone of Q) as follows:

N* (QM™) ={(p,V)lp Q dExpy(tv), Q) =tlv|, for 0 tlv]< }.

If {2} is the Cheeger—Gromoll convex exhaustion as above and u > 0, then the
relative boundary €y is not necessarily smooth. When u > 0, we let int(€2y, ) be the
relative interior of the convex subset ;. We are going to study the corresponding
decomposition of N* (Q,M™):

Ny (Q,M™) [Nr;r (Qu, int(Qu+ ) N (int(Qu+ ),M "), (2)
where N (Qy, int(Qu+ )) is defined by
N (Qu,int(Qu+ ) ={(p,V)Ip  Qu,d(Expy(tv), Q) =tlv],
for 0 tlv|< ,Expy(tv) int(Qu+ )}.
Our next step is to choose sufficiently small so that (i) there is a nearest point
projection P: int(Qu+ ) Qu; and (i) Qu = {x  Qus+ [d(X, Qu+ ) } holds.
We first find j so that & u<ajs+1 forsomeO j m.LetT =u+amn +1and

o(T) be given by Lemma 2. It follows from a result of Yim that there is a constant
Ct such that, for 0 u; <u, T, we have

max{d(x, Q)X .} Cr(uzSuy), (3)
see [11, Theorem A.5(3)]. In what follows, we always choose
. = T
0< = u < mln{[aj+]_ S u], ;éT)}, (4)

where u  [g,&+1), T=U+am +1and o(T) is given by Lemma 2.
With such a choice of = by (4), the geometry of N (2, int(Qu+ )) is
determined by its minimal normal vectors which we now describe.
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Definition 3 (Minimal normal vector). Let Q,, Qu+ and N* (Qy, int(Qu+ ))
be as above. Let (pvy: [0, ]  M" be a geodesic given by () (t) = Exp, (t |z|),
where v = 0. If (py) is a length-minimizing geodesic from p  Qy to Qu+ , then
V is called a minimal normal vector in N (Qy, int(Qu+ ).

It is known that any other normal vector w N ; (€y,int(Qu+ )) can be
expressed as a linear combination of minimal normal vectors at p. Moreover, the
convex hull of minimal normal vectors at p is equal to N (Qq, int(Qu+ )) (cf. [10,
Proposition 1.7]).

Foreachp M", welet Vo =Ty(F( p) and Hp = [Vp] . A geodesic : [a, b
M " is said to be horizontal, if (t) F( (1) forallt [a,l. We need the following
flat strip theorem for the proof of Theorem 1.

Theorem 4. Let {Q,} be the Cheeger...Gromoll totally convex exhaustion Mf"
as above Suppose that¥: M" S be a distance non-increasing retraction and
Fq = \Ifgl(q) be a “bre for someq S . Thenfor p Fq €y and any (p,v)
N*(Qu,M"), we have

U[Expy ([R{Vv}])] = ¥(p) = q. (5)

Moreover, if dim(S) 1,v. Ny (Q,M")andifw H has|w| =1 = |v|,
then the surfaceEaW = Exp, [R{v} R{w}] is totally geodesic immersed "at plane
in M".

A result similar to Theorem 4 was proved in [1] via a totally different method.

Proof of Theorem 4. Theorem 4 was proved by Perelman [7] for the case of
Qo = S. Applying Perelman’s argument for the case of p /S , Guijarro [4] found
the following sufficient condition for (5).

v V , stays vertical under parallel transport along
any horizontal broken geodesic. (6)

Guijarro showed that (5) follows from (6). Moreover, if (6) holds and ifw H ,
has |w| = 1 = |v|, then the surface 25,W = Expp[R{v} R{w}] is totally geodesic
immersed flat plane in M" (cf. [4, Theorem 3.1]).

In order to see that N* (Qy,M") V j holds, we recall that any horizontal
geodesic is contained a tubular neighborhood of the soul S, by Perelman’s theorem
[7]. Hence, is contained in a compact totally geodesic subset Q7 for a sufficiently
large T. It follows from [2, Theorem 5.1] that Qy for some u (cf. [5]).

Any horizontal geodesic with  (0) Q2 must be entirely
contained in Q. SinceQ, =S(J[  u( © )], we have
Ho T ( Q) To(),
where T3 ( Q ) is the tangent cone of Q at p. (7)
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Recall that int(€2) is the relative interior of the convex subset Q. If p  int(€y)
and if v. N J(Qu,M"), Guijarro [4, Corollary 3.2] showed that v satisfies (6),
because int(£2y) is totally geodesic and (7) holds.

It remains to consider the case when p Qu. Recall that by (2), we have

Ny (Qu,M") [N (Qu,int(Qu+ ) N 5 (int(Qus ),M™)].

For v in either N (Qu,int(Qu+ )) or Ng (int(Qu+ ),M "), we will show that
such a v satisfies (6).

It follows from [2, Theorem 1.10] (or [10, Corollary 1.4]) that any minimal
normal vector v of N 7' (Qu, int(€2y+ )) stays minimal under parallel transport along
any geodesic in . Since the convex hull of minimal normal vectors is equal to
the outward normal cone (cf. [10, Proposition 1.7]), the bundle N * (Qy, int(Qu+ ))
is invariant under parallel transport along any geodesic in  €),. This together with
(7) implies that if v. N 7 (Qu, int(Qy+ )) then v satisfies (6).

For v. N J (int(Qu+ ),M"), the assertion (6) follows from [4, Corollary 3.2].
In fact, since int(Qu+ ) is totally convex and totally geodesic, both T (int(Qu+ ))
and N* (int(Qu+ ),M") are invariant under parallel transport along any geodesic
in int(Qyu+ ). This together with (7) implies that (6) holds for any vector v
Np (int(Qu+ ),M").

Therefore, (6) holds for any v N 7 (Qy,M"). This completes the proof of
Theorem 4.

In order to see that Theorem 4 implies Theorem 1, we need to establish a boot-
strap argument for the smoothness of ruled surfaces. A Cl-smooth one-parameter
family of a straight lines in R gives rise to a ruled surface. Suppose that { (s),Vv(s)}
are Cl-smooth vector valued functions with [ (s) + tv (s)] v(s) = 0 for all
(s,t) (a,b) x (c,d). Then we have a corresponding C'-smooth immersed ruled
surface.

F:(abx (c,d R3
(s,1) (s) + tv(s).
Our bootstrap argument is motivated by the following observation.

Lemma 5 (The smooth extension for ruled surfaces in R3). Let F ((a,b) x
(c,d)) = X2 be an embedded ruled surface i®* and let F: (a,b) x (c,d) R3 be
a C1-smooth embedding map be as above. Suppose that a subset= F ((a, b) x
(1, 2)) isaC -smooth embedded surface dk3, where ( 1, 2) (c,d). Then the
whole ruled surfaceX? is a C -smooth surface ofR3.

Proof. By our assumption, F is an embedding map, and hence the surface 32 =
F((a,b) x (1, 2)) is foliated by straight lines. Because the surface 32 and each
orbit (each straight line) are C | the quotient space Q = [i]z/ ]isa C -smooth
1-dimensional space as well, where is the equivalent relation induced by the orbits
(the ruling straight lines). Thus, we have a fibration (1, ) $2 Q. We may
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assume that the quotient space Q is diffeomorphic to an open interval (0,1). Let
232 Q be the quotient map. Because the fibration is topologically trivial,
we can find two disjoint C -smooth cross-sections

hi: Q 32,
u  hi(u),
for i = 0,1, where (hij(u)) = 0. (Since the fibre is 1-dimensional line, we may

assume that the graph of the cross-section h; lies above that of hg.) Because ho(Q)
and h;(Q) are disjoint, we obtain a new C -smooth parametrization of the ruled

surface

G:QxR R3
[h1(u) S ho(u)]
(U, ) ho(l.l) -+ hl(u) S ho(u) .

Clearly, G is a C -smooth map with ¥ G(Q x R). Because F is an embedding
map, on the subset Gél(Ez)7 one can check that G remains to be injective and
with non-vanishing Jacobi G, G = 0. Hence, G|g-1( 2) is an embedding as well.
Thus, Y2 is a C -smooth embedded surface.

The proof of Lemma 5 can be applied to the proof of Theorem 1 as follows. Let

Qu be a totally convex subset as above. By a theorem of Federer, the hypersurface

[U (Qy)] is Ctt-smooth if the positive number is less than the cut-radius of €,

(see [3, Theorem 4.8(9), p. 435]). Assume that T >u andd= 1S > 0. Let v(x)
be the outward unit normal vector of [U ()] at X. There is an embedding;:

F: [U@Q)]x (c,d M",
(x,t)  Exp,[tv(x)]. (8)
wherec= S .

Proposition 6 (The smooth extension for the ruled sub-manifold). For
eachy  [U ()], we letB*Si(y) [U (Q)] be a small(k S 1)-dimensional ball
around y which is C1-di eomorphic to B*S1(0) RS andlet(y,,, t,c,dandF
be as above. Suppose th& is an C1'*-smooth embedding and that a smaller subset
SK=F(BfS(y)x (1, 2)) isaC -smooth embedded-submanifold of M ", where
(1, 2) (c,d). Then the whole ruled submanifold:* = F (BF>*(y) x (c,d)) is a
C -smooth submanifold ofM ".

Proof. The proof of Proposition 6 is the same as above with minor modifications.
By our assumption, K is foliated by C -smooth open geodesic segments. The
quotient space Q = [2¥/ ]is a C -smooth (k $ 1)-dimensional open manifold.
Because the fibration ( 1, 2) Sk Q is trivial, we can choose two two disjoint
cross sections hg: Q SK fori = 0,1. If : 3K Q is the quotient map, then

hi(u) = u for all u Q. Since the two cross-sections are disjoint, we may
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assume that r(hy(u)) > r (ho(u)) for allu  Q, where r(y) = d(y, [U (Q)]). For
each u Q, we consider the unit vector

Expi gy [ha.(W)]
Expﬁol(u) [hl(u)]

at the point hg(u). Similarly, we consider a new C -smooth parametrization

(u) =

G:QxR M",
(u, ) Exppryyl (W)
Clearly, we have Xk = F (B:‘Sl(y) x (c,d)) G(Qx R). This completes the proof.

With Lemma 2, Theorem 4 and Proposition 6, we are ready to prove Theorem 1.

Proof of Theorem 1. Let {4} be a Cheeger—Gromoll convex exhaustion
described as above. It is sufficient to verify that the subset [U j1y(2r) Fq] has a
k-dimensional C -smooth interior for any given T > am and q S, where o(T)
is given by Lemma 2.

Fix T > an with dim[Qr] = n. Let Cy be given by (3). Choose a partition
0=up<uji<---<un =T of [0,T] such that u éujg1< 20((:TT) forj =1,...,N,
where N = Nt is a number depending on T.

We will prove the following assertion by induction on j =0,1,...,N.

Assertion j. The sub-level sefU  (1)(Qu,) Fq] has thek-dimensional C -smooth
interior , whereq S and k = dim[Fq].

It follows from Perelman’s theorem or Theorem 4 that Expg[Ng (S,M™)]  Fyq.
Since the soul S has the cut radius ~ o(T) and Sis C -smooth, Assertion 0 holds.

Let 1 = 01(6T) and p = Og). We consider

A(Qu_71r11r2):{z Fq|0<rl<d(z1QU_7‘)<r2}'

It is clear that A(Qy,, 1, 2) U 1)(S). It follows from Assertion 0 that the
subset ¥ = A(Qy,, 1, 2) Fq U o(T)(S) is C -smooth k-dimensional open
sub-manifold. By Theorem 4, we let ¥ = A (Qul, 01(6T), o(T)) be the ruled

k-dimensional submanifold. Recall that XX is CYl-smooth by a theorem of
Federer. Since ¥ is C -smooth by Assertion 0, it follows from Proposition 6
(the smooth extension theorem for the ruled submanifold) that XX is a C -smooth
k-dimensional submanifold of M ". Observe that the subset [U 7y (€u;) Fq]is con-
tained in the union {[U ,(1)(S) Fgq] XX}. Since X% isa C -smooth, Assertion 1
follows from Assertion 0.

Similarly, using Theorem 4 and Proposition 6 we can verify that if Assertion
(j S 1) is true then Assertion j holds as well for j 2. In fact, by induction
we see that A(Qu,, 1, 2) U, 1) (Qu,_,) Fq]is C -smooth. It follows from
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Theorem 4 and Proposition 6 that the ruled submanifold EJ-k =A(Qu;, Og) , o(T))
must be of C -smooth as well. Since [U |(7)(Q,;) Fq]  [U o1)(,_,) Fql
EJ!(, Assertion | follows. Theorem 1 follows from Assertion Nt for any arbitrarily
large T.
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