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Let X be a non-compact complete manifold (or a graph) which admits a quasi-pole and
has bounded local geometry. Suppose that X is Gromov-hyperbolic and the diameters
(for a fixed Gromov metric) of the connected components of X (co) have a positive lower
bound. Under these assumptions we show that X has positive Cheeger isoperimetric
constant. Examples are also constructed to show that the Cheeger constant h(X) may
be zero if any of the above assumption on X is removed.

Applications of this isoperimetric estimate include the solvability of the Dirichlet
problem at infinity for non-compact Gromov-hyperbolic manifolds X above. In addition,
we show that the Martin boundary da X of such a space X is homeomorphic to the
geometric boundary X (co) of X at infinity.
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The main purpose of this paper is to estimate the Cheeger isoperimetric constant for
non-compact Gromov-hyperbolic manifolds and graphs with quasi-poles. Gromov-
hyperbolic spaces considered in this paper do not necessarily have compact quo-
tients. In addition, it is known that some Gromov-hyperbolic spaces do not have
positive Cheeger isoperimetric constants. For example, the real line R! is Gromov-
hyperbolic, but its Cheeger isoperimetric constant h(R!) is zero. However, using
some new techniques, we shall show that a large class of Gromov-spaces have posi-
tive Cheeger isoperimetric constants.

In fact, it will be shown that there are interesting relations between the geometry
at infinity of a Gromov-hyperbolic space X and its Cheeger isoperimetric constant.
It is clear that the geometric boundary at infinity of a real line consists of only two
isolated points. Under the assumption that each connected components of X (c0) is
not reduced to a single point and other mild assumptions, we show that h(X) > 0.

The isoperimetric estimate h(X) > 0 is closely related to the project of Ancona
on the space of positive harmonic functions of Gromov-hyperbolic manifolds,
(cf. [1-3]). Ancona actually considered the so-called coercive elliptic operators.
A second order elliptic operator £ is called coercive if the bottom, Ai(L), of

511



512 J. Cao

the spectrum of L is positive. Ancona was able to obtain a series of results
for Gromov-hyperbolic manifolds, under additional assumptions that A1(L) > 0.
When £ = Ax is the Laplace operator on X, a theorem of Cheeger implies that
M(X) = M(Ax) > W. Our goal in the present work is to show that the
Cheeger isoperimetric constant is indeed positive (and hence A1 (X) > 0) for a large
class of spaces that Ancona has considered. Therefore, the main results of this paper
are needed to complete the geometric part of Ancona’s project.

The recent work of Brin and Kifer [11] introduced the Brownian motion on
piecewise smooth manifolds. The techniques of estimating isoperimetric constant
in this paper can be applied to the piecewise spaces that Brin and Kifer recently
considered as well.

More examples of non-compact Gromov-hyperbolic manifolds with arbitrarily
prescribed topological structures at infinity will be constructed in Sec. 4 below.
In following sections we will discuss isoperimetric inequalities and the Dirichlet
problem at infinity for Gromov-hyperbolic spaces with quasi-poles.

1. Main Theorem and Applications
1.1. The statement of main theorem

Let us first recall one of equivalent definitions for manifolds and graphs that are
hyperbolic in the sense of Gromov:

Definition 1.1. (cf. [25, 14] p. 328, [34]) Let X be a complete Riemannian manifold
(or a graph). The space X is said to be Gromov-hyperbolic if there exists a constant
C = ¢(X) such that the following holds on X: For any pair of geodesic rays {01, 02}
with the same initial point p and with d(o1(to), 02(t0)) > C for some tg, any path
from oy (to +7) to o2(to +r) lying outside B(y,4,)(p) has length greater than eréc
for any r > C.

Suppose that M™ is a simply-connected Riemannian manifold of dimension n
and that there exists a constant g > 0 such that every closed curve o of length
L(o) bounds a disk ¥ of area A(X) < pL(c) in M. Then the manifold M™ is
Gromov-hyperbolic (cf. [34]). The inequality A(X) < pL(o) is often referred to as
the Gromov linear length-area isoperimetric inequality. It is a fact that a simply-
connected Riemannian manifold M (with compact quotient) is Gromov-hyperbolic
if and only if M satisfies a Gromov linear length-area isoperimetric inequality. We
will discuss more examples of Gromov-hyperbolic spaces in Sec. 4 below.

If M™ is a complete non-compact Riemannian manifold, its Cheeger isoperi-
metric constant of M™ is defined to be h(M™) = ian{vo‘llgl‘nil((g)m}, where () ranges
over all compact domains with rectifiable boundaries in M™. Suppose that I' is an
infinite graph. The combinatorial Cheeger isoperimetric constant of I is defined to
be
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where A ranges over all non-empty finite subsets of vertices in T', 04 = {v €
Tldr(v, A) = 1} and |A| denotes the cardinality of A.

For general manifolds and graphs, Gromov-hyperbolicity does not imply posi-
tivity of the Cheeger constant. For example, when X = 5% x R! or X = [0,00), X
is Gromov-hyperbolic but the Cheeger constant h(X) of X is zero.

Let G be a Gromov-hyperbolic group. Suppose that G is not roughly quasi-
isometric to Z, the group of integers. Then h(G) > 0. However, Gromov-hyperbolic
spaces considered in this paper do not necessarily admit co-compact group actions.

The existence of examples of Gromov-hyperbolic spaces with zero Cheeger con-
stant led to a natural question:

Problem 1.1. Let X be a complete Gromov-hyperbolic manifold (or graph) with
bounded local geometry. Under what additional conditions does X have positive
Cheeger constant?

We say a Riemannian manifold M™ has bounded local geometry provided that
about each © € M™ there is a geodesic ball B,(z) of radius a (independent of x)
and a diffeomorphism F': B,(z) — R™ with

%d(z,y) <|IF(z) — Fy)| < cd(z,y)

for all z, y € B,(x), where c is independent of . If M™ has positive injectivity radius
and a lower bound on its Ricci curvature, then M™ has bounded local geometry,
(cf. [5]). A graph I is said to have bounded local geometry if there exists a constant
w such that each vertex has at most p neighbors in I'.

Gromov-hyperbolicity is preserved by rough quasi-isometries, (cf. [34]). Recall
that a (not necessarily continuous) map f: X — Y between metric spaces X and
Y is called a “rough quasi-isometry” if (i) there exists a sufficient large dy > 0
such that the dp-neighborhood of the image of f in Y coincides with Y itself and
(ii) there are constants a > 1 and b > 0 such that

Sd(z1,2) ~ b < d(f (), f(22)) < ad(wr,72) + b

for x1, zo € X.

Suppose that M™ is a complete manifold with bounded local geometry and that
M™ is roughly quasi-isometric to I'. Then by a theorem of Kanai [29], h(M™) > 0
if and only if A(T") > 0.

Throughout this paper, all geodesics and geodesic segments are assumed to have
unit speed and to be length minimizing. In order to study Problem 1.1, we introduce
the following definition:

Definition 1.2. (compare [24] p. 5, Proposition 7.3 of [2, p. 20]) A complete man-
ifold (or graph) X is said to have a quasi-pole in a compact subset  C X if there
exists C' > 0 such that each point of X lies in a C-neighborhood of some geodesic
ray emanating from (2.
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In Proposition 7.3 of [2], Ancona assumes that for each point z € X, there
exists a length-minimizing geodesic ray o starting at O such that d(z,0) < C for
some C' = ¢(X). Ancona’s assumption implies that the space X has a quasi-pole
at O by Definition 1.2. It should be pointed out that the main results of [2, 3] are
independent of Proposition 7.3 of [2].

Given a compact subset 2 C X, let R denote the union of all length-minimizing
geodesic rays from ). If a C-neighborhood of Rq is equal to X for some C > 0, by
definition X has a quasi-pole in (2.

Recall that a Riemannian manifold M™ has a pole p if the exponential map
exp,,: Tp(M™) — M™ is a diffeomorphism ([24]). Clearly, all manifolds which admit
poles also admit quasi-poles. There are many other examples of manifolds which
possess a quasi-pole. For instance, by a theorem of Cheeger and Gromoll (cf. [18]),
we know that all complete non-compact manifolds with non-negative curvatures
have compact souls. Hence, these manifolds also have quasi-poles.

If X is Gromov-hyperbolic, o(c0) denotes the asymptotic class of o and X (00)
denotes the space of all asymptotic classes of geodesic rays. If 01 and o9 are two
geodesic rays with the same initial point g, the Gromov metric is defined to be

diy,c(01(00), 02(00)) = lim inf e—elt=3d(o1(®),02())]
—00
It is known that for sufficiently small €, the function d,, . is a distance function on
X (00), cf. [23]. In this case, dy, (-, ) is called a Gromov metric on X (co0). We now
state our main theorem:

Main Theorem 1.1. Let X be a non-compact complete manifold (or a graph) which
admits a quasi-pole and has bounded local geometry. Suppose that X is Gromov-
hyperbolic and the diameters of the connected components of X (00) have a positive
lower bound (with respect to a fixred Gromov metric). Then X has positive Cheeger
isoperimetric constant.

Earlier results related to the main theorem can be found in [32, 36, 31] and
[15]. The main theorem can also be used to estimate A;(M™), the bottom of the
spectrum of the Laplacian on M"™. For a complete and non-compact Riemannian
manifold M™, the bottom of the spectrum of the Laplacian A is defined by

2
A (M™) := inf Jor - AT = inf S IV 1] ,
20 [ f? F20 [yn I2
where f ranges over all smooth functions with compact support on M". If X is
as in the main theorem, then h(X) > 0 which implies A1 (X) > 0 by a theorem of
Cheeger (cf. [17]). If M™ has bounded local geometry, then h(X) > 0 < A (X) > 0,
(cf. [13]).

The conclusion of the main theorem fails if one removes the assumption that
the diameters of the connected components of X (co) have a positive lower bound.
For example, if X is a complete surface with constant curvature —1, finite area and
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three cusps, then X (00) is of zero-dimensional since it consists of three points. Such
a surface X has zero Cheeger constant. In addition, the surface X does not admit
any bounded non-constant harmonic function. In particular, the Dirichlet problem
at infinity for such a surface is not solvable.

We emphasize that the conclusion of the main theorem also fails for certain
manifolds with no quasi-poles. For instance, let I'; be a plane graph roughly quasi-
isometric to the hyperbolic plane H? of constant curvature —1. Choose an un-
bounded sequence {p;};>1 in I'1. For each 7, we attach an interval [0, 7] (with integer
vertices) to I'y at p;. The resulting graph I' = T'y Uy, ;>1) [0,4] has the property
I'(c0) = H?(00) = S1. The graph I' does not have a quasi-pole, but it satisfies the
other conditions of the main theorem. It is easy to check that the Cheeger constant
of I is zero, because h(T") < lim; o h([0,]) = 0.

1.2. Two corollaries of the main theorem

For any given continuous function ¢ defined on M"(c0), one considers the Dirichlet
problem at infinity:

(Au)(z) =0, for x € M™,
lim u(z) = ¢(§),  for £ € M"(c0).

The definition of Laplacian operator acting on graphs will be reviewed in Sec. 2.

Corollary 1.1. Let X be as in the main theorem. Then the Dirichlet problem at in-
finity is solvable on X. Consequently, X admits infinitely many linearly independent
bounded non-constant harmonic functions.

In order to study the space of normalized minimal positive harmonic functions
on a manifold (or graph) X, one considers the so-called Martin boundary da X of
X. The precise definition of Martin boundary can be found in [6]. Using the main
theorem and the work of Ancona [1-3], we can extend a theorem of Anderson—
Schoen [6] (and the work of Kifer [31]) to certain Gromov-hyperbolic manifolds:

Corollary 1.2. Let X be as in the main theorem. Then the Martin boundary Oa X
of X is homeomorphic to X (o0).

Corollaries 1.1 and 1.2 follow immediately from the main theorem since for X
Gromov-hyperbolic with A\;(X) > 0 and bounded local geometry, they are special
cases of known results, (cf. [2, 3]). In other words, because of the main theorem,
Corollaries 1.1 and 1.2 become special cases of Ancona’s theorems.

We also emphasize here that there are no assumptions made about sectional
curvature in the main theorem and Corollaries 1.1 and 1.2, Proposition 4.1 and
Corollary 1.2 also provide new examples of manifolds whose Martin boundaries
have prescribed non-trivial topological types (other than spheres).

The study of positive harmonic functions on non-compact manifolds has been
advanced by various authors including M. Anderson, Y. Kifer, W. Ballmann,
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F. Ledrappier, D. Sullivan, A. Ancona, R. Schoen and S. T. Yau. In 1983,
M. Anderson [4] and D. Sullivan [35] independently solved the Dirichlet problem
at infinity for simply-connected manifolds with strictly negative sectional curva-
ture —b2 < K < —b? < 0. Earlier work in this direction was done by Kifer
for manifolds with co-compact quotients. The Dirichlet problem at infinity was
also solved for co-compact manifolds of rank one in the sense of Ballmann [7]. In
1985, Anderson and Schoen [6] showed that for any simply-connected manifold M™
with strictly negative sectional curvature —b? < K < —b? < 0 is homeomorphic
to the sphere at infinity. They also provided a simple proof of the earlier result
of Anderson and Sullivan. Anderson and Schoen’s result was extended to simply-
connected uniform visibility manifolds of non-positive curvature by Ancona (cf. [1]).
Kifer [31] was able to further extend the result to simply-connected uniform visi-
bility manifolds with no focal points. Kifer’s results [31] were special cases of our
main theorem and Corollaries 1.1 and 1.2. Every point in a manifold with no focal
points is necessarily a pole. Most of the results above have very strong restric-
tion on the underlying manifolds M™, whose universal cover must be diffeomorphic
to R™.

It should also be pointed out that Ancona’s results [1-3] do not imply our
isoperimetric estimate in the main theorem of this paper. Neither does Ancona’s
work [1-3] alone imply Corollaries 1.1 and 1.2 mentioned above. In fact, for the case
of Laplace operator, in papers [1-3] all manifolds and graphs X under the considera-
tion are required to have positive Cheeger isoperimetric constants (or A1 (X) > 0).
Our new contribution in this paper is to show that certain Gromov-hyperbolic
manifolds (or graphs) have A1(X) > 0 so that Ancona’s work can be applied. In ad-
dition, the method presented in this paper is more geometric, and hence completely
different from Kifer’s probabilistic approach.

Our proof of the main theorem introduces several new ideas. One of them is the
use of combinatorial isoperimetric inequalities for graphs embedded in manifolds
to estimate the classical Cheeger isoperimetric constant for smooth Riemannian
manifolds.

The rest of the paper is organized as follows. Section 2 provides an isoperimetric
estimate for Gromov-hyperbolic manifolds with poles, where we use combinatorial
isoperimetric inequalities on graphs embedded in Riemannian manifolds. We con-
sider more general manifolds (or graphs) with quasi-poles in Sec. 3, where the main
theorem will be proved. We will also discuss more examples of Gromov hyperbolic
spaces in Sec. 4.

2. Isoperimetric Inequalities for Spaces which Possess a Pole

We first recall the notion of length and geodesics in metric spaces. Let (X, d) be a
complete metric space. If n: [a,b] — X is a continuous curve, we let

2

L(n) = lim sup {Z d(n(ti),n(tiz1))a=to <t1 <+ <tpy1 = b} .

max; {d(n(t:),n(ti+1))}—0
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A curve n: [a,b] — X is called a geodesic segment if d(n(s),n(t)) = |s — t| for all s,
t € [a,b]. If any pair of points p, ¢ € X can be joined by a geodesic segment n with
d(p,q) = L(n), then X is called a geodesic metric space.

We also let I denote a connected graph with vertex set V' and edge set E. For
vertices x, y € V, we write x ~ y if x and y are adjacent and joined by an edge,
which will be denoted by xy. Each element in the set

N(z)={yeVi]z ~y}

is called a neighbor of z. The number of neighbors of z is |[N(z)|, called the valence
of x. Here we consider locally finite graphs i.e. every vertex has a finite number of
neighbors.

In this section, we prove our main theorem in the special case of a manifold
with a pole. The general case will be discussed in the next section. Let S?~! denote
the unit (n — 1)-sphere. Suppose that M™ has a pole at p. We consider the map
F,: B;(0) — M U M(c0) such that F,(S"~1) = M(occ) by setting

v .
exp,, (_7> ) if v <1
Fp(v) = L=l (2.1)

oy (+00), if |lv|| =1,
for o, a geodesic ray with o] (0) = v.
Theorem 2.1. Let X be a complete manifold (or a graph) as in the main theorem.
Suppose that X is roughly quasi-isometric to a manifold M™ with a pole p, and

that the above map F, is a homeomorphism between M™(c0) and S™~! with n > 2.
Then the Cheeger isoperimetric constant of X is positive.

In order to prove Theorem 2.1 we would like to recall a result of Kanai. A graph
T’ is said to be p-uniform if each vertex p of I' has at most p neighbors, i.e.

sup{|N(p)|lp eV} <pu

where |A| denotes the cardinality of a subset A C V and V is the vertex set of I'.
There is a natural metric structure on each graph. A sequence o = (pg, ..., Pm) is
called a path of length m = Lp(0) if each p; is a neighbor of p;_;. For any p, ¢ € V,
we let

dr(p,q) = inf{Lr(c)|o is a path joining p and ¢} .
Given a subset A C I, we define its boundary 0A by setting
0A ={peT|dr(p,A) =1}

and (0A)g = {e=uazy|lz € A,y € 0A}.

The combinatorial Cheeger isoperimetric constant of I' defined in Sec. 1.1. The
combinatorial isoperimetric constant h(T') of a §-graph is related to the original
Cheeger isoperimetric constant h(M) of complete manifold M as follows.
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Let us recall the definition of a -graph in a complete manifold. Suppose that M
is a complete Riemannian manifold and dj; is the induced metric on M. A subset
I' of M is said to be d-separated for 6 > 0, if dps(p,q) > d forallp # g €T. A 6-
separated subset is called maximal if it is maximal with respect to the order relation
of inclusion. Let I be a maximal d-separated subset of M. The neighboring relation
N on T is given by N = {N(p)|p € T'} and N(p) = {q € T'|0 < dar(p,q) < 26} for
each p € I'. A maximal d-separated subset of a complete Riemannian manifold M
with the graph structure described above is called a §-graph in M.

The following result about combinatorial isoperimetric constants is due to
Kanai.

Proposition 2.1. ([29]) Let M™ be a complete n-dimensional Riemannian mani-
fold with bounded local geometry, and let T' be a d-graph in M™. Then the com-
binatorial isoperimetric constant h(T) of T is positive if and only if the Cheeger
isoperimetric constant h(M™) of M™ is positive.

In addition, for any other graph 'y roughly quasi-isometric to the manifold M™
above, h(I'y) > 0 if and only if h(M™) > 0.

In what follows, we will find sufficient conditions for manifolds (or graphs) to
have positive Cheeger constants. Let us first make the following observation for
manifolds and discuss its counterpart for graphs afterwards.

Proposition 2.2. Let M™ be a complete Riemannian manifold. Suppose that there
is a vector field & on M™ satisfying the following:

(i) the vector field & is uniformly bounded: ||€(y)|| < e,
(i) div(§)(y) > c2 > 0;

where ¢1 and c2 are independent of y € M™. Then h(M™) > i—f > 0.

Proposition 2.2 is a direct consequence of Stokes Theorem, because for any
compact domain 2 C M™ one has

e vol, () < /Q div(€)d vol = /8 (Em)dA < 1 Area(09)

where n is the outward unit normal vector of 9.

We would now like to formulate a result analogous to Proposition 2.2 for graphs.
Given a real-valued function f on the vertex set of ', let V f and Af be its gradient
and Laplacian respectively. The gradient of f assigns the following value to each
ordered pair of vertices z, y € T’

vzyf = f(y) —f(.CE)

The gradient V f can also be considered as a function on oriented edges: if e = xy
then Ve f =V, f.
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The Laplace operator A is defined on the space of functions f of the vertex set
of T as follows (compare [19]):

Af(z) = fz) — Av f(z) =

Z Ve ! s

yGN(I)

where Av f(z) = Wlxn ZyEN(m) f(y).

Proposition 2.3. Let ' be a p-uniform graph. Suppose that there is a function f
defined on the vertex set of I and satisfying the following:

(i) the gradient of f is uniformly bounded on the edge set of T'; |V f| < e
(ii) Af(z) > ecq >0,

for each vertex x and edge e, where ¢y and co are independent of x and e. Then
h(T) > = > 0.

He1

Using Proposition 2.3 one can show that any binary tree (or homogeneous k-tree
with k > 2) I has k(') > £ > 0. The Proof of Proposition 2.1 uses the following
discrete version of Green’s formula (cf. [19], Sec. 6.3). If v and v are two functions
on the vertex set V' and one of them has finite support then

1
> Au(@)v(x)|N(z)| = B Y (Vayu)(Vayv) . (2.2)
zeV z,yev
The factor % appears in the second term because each edge is counted twice.

Proof of Proposition 2.3. For any given finite subset A of the vertex set V of T,
we let x4 be the characteristic function of A:

() 1, ifzeA
XA\T) =
0, ifz¢gA.

Since x4 has compact support, using Green’s formula (2.2) we get

1
A <Y Af@xa@)IN@)| =5 Y (Vay/)(Vayxa)
z€A z,y€A
<er Y IN@) < oA
r€0A
In particular,
04]
h(T in f .
( ) |A| lffcl O

Using Proposition 2.3, we will prove the main theorem for the special case of
manifolds with a pole. If o is a pole of M™, by Gauss’ Lemma one can show that the
injectivity radius of M™ at o is infinite. Therefore, any geodesic ray o, : t — exp,(tv)
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emanating from o is a length-minimizing curve for ¢ € [0, 00). We now re-state the
main theorem for the special case of manifolds with a pole.

Theorem 2.2. Let M™ be a complete manifold with a pole and bounded local
geometry. Suppose that M™ is Gromov-hyperbolic and that the map F, of (2.1)
gives rise to a homeomorphism between M™(co) and S™~1 with n > 2. Then M™
has positive Cheeger isoperimetric constant h(M™) > 0.

For the proof of Theorem 2.2, we need to use the exponential divergence pro-
perty of geodesic rays in Gromov-hyperbolic manifolds:

Lemma 2.1. ([34], p. 36) Let X be a complete, geodesic metric space. Suppose that
X is Gromov-hyperbolic. Then there exists § > 0 such that the following holds: if o1
and oo are two geodesic rays emanating from a point x with d(o1(r),o2(r)) > § > 1,
and ¢: [0,€] = [X — Byy4(x)] is a path joining o1 (r +1t) and oo(r +1t) lying outside
of Bryt(x), then

L(¢) > 2572
for any r, t > 0, where L(¢) denotes the length of ¢.

The result above leads us to consider the distance function outside a geodesic
ball. For any pair of points y, z € [X \ B,(z)], we define

dr(y,z) = inf{L(o)|o: [a,b] — X is a piecewise smooth curve,
o C[X\ Br(z)],0(a) =y,0(b) = 2}.
The following is a refinement of Lemma 2.1.

Lemma 2.2. (Compare [14], p. 328) Let X be a complete, geodesic metric space.
Suppose that X is Gromouv-hyperbolic. Then there exists § > 0 such that the follow-
ing holds: If o1 and o9 are two geodesic rays emanating from x with unit speed and
if df(o1(r),o2(r)) > 26, then the inequality

Elor(r 40,020 +) > 3 (7)) dior(r). o).

holds for any t > §, where § is independent of x, o1 and os.
Proof. By a result of [14], there exists § > 0 such that if d®(o1(r), 02(r)) > 0 then
(01 (r 1), 02(r + 1)) > 2d7(01(r), 02(r)) —
for any ¢ > 0. Hence when dZ(o1(r),02(r)) > 2d, we observe that
3
dr i (o1(r+1t),02(r +1)) > §df(01(r),ag(r)) >30>26.

Similarly, if t > kd then one has

k
Elor(r 40,020 +) > (3 ) Eor(r). )
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for any positive integer k > 1. Let k be the largest integer less than or equal to %.
It follows that

a4 0,020 40) 2 (3) | dElen).02(r)

holds for any ¢ > 6. O

In what follows, we fix a base point z, assume that xg is a pole of M™ and let

dr(y,2) = di°(y, 2) -

Using this extrinsic distance function d, restricted to S,(zo), we further let

Y,(y) = {z € S(20)ldr(2,y) < p}

for each y € S,.(xg). There exist a family of projection maps:
T M™ — {ZL‘()} — St(III()>
expg, (z) >

r — ex t
Pao ( [expad ()]

Let us now return to the Proof of Theorem 2.2.

Proof of Theorem 2.2. By Proposition 2.1, it is sufficient to show that M™ is
roughly quasi-isometric to a graph I" with A(T") > 0.

Our construction of the graph I' uses Lemma 2.2. Let xzg be a pole of M™.
It follows that [M™ \ B,(x¢)] is diffeomorphic to [R™ \ B,]. By our assumption,
dim(M™) = n > 2. Therefore, the subspace [M™ \ B,(z9)] is path-connected for
any r > 0. Thus, the distance function d, = d?° is non-trivial for any r > 0.

For each unit tangent vector v € Ty, (M"), we let o, (t) = exp, (tv). Let § be the
constant given by Lemma 2.2. Since F, is a homeomorphism between M"(c0) and
S"=1 C T,,(M™), no two distinct rays o,, and o,, from the same initial point zg
are asymptotic. In particular, the diameter function f, = sup{d(z,y)|z,y € S-(z0)}
is an unbounded function.

Let us now choose r; > 0 such that Diam(S,, (z¢)) > 100, where ¢ is given by
Lemma 2.2. When r > r1 + 24, it follows from Lemma 2.2 that Diam(S, (zg)) > 108
as well. Recall that X,(y) = {z € Sy(20)|d-(2,y) < p} stands for a metric ball in
Sy(xo) centered at y € S,.(z9). We now consider a new n-dimensional domain
associated with ¥ = X,(y) by setting

Q=)= |J m®),

r<t<r+4p

t -1
where m(z) = expmo[” ::1?;0? ZZ”] for any z € M™ — {zo}. The following assertions

play important roles in the construction of the graph I':
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Assertion 2.1. Let 0,(t) = exp, (tv), y = 0u(r)p = 0u(r + 2p) and Qu,(X,(y))
be as above. Suppose that r > r1 + 26 and p > 26. Then Be(p) C Qup(X,(y)) for
any y € Sy(xo).

Assertion 2.2. Letry, v > r1 423 and p > 26 be as in Assertion 2.1. Suppose that
M™ has bounded local geometry and that {q1,qz2, - ..,qm} is a mazimal 2p-separated
set in the sphere Sy.(xo) with respect to the metric d,.. Then there exists a constant
C = C(p) such that k; = #{q;|dr(qj,q) < 4p} < C fori=1,2,...,m

We postpone the proofs of Assertions 2.1 and 2.2 to the end of this section.
Let us return to the construction of the graph I' with A(I') > 0. Choose 19 =
max{ry, 40, t,(6)} where

tn(0) = logs »{[8C(160) + 1]20} .
Let us now divide M™ into a family of concentric spherical shells {2;}5°, where
Q; ={x € M"|irg <d(z,x0) < (i+1)ro}.

Clearly M™ = U$2,€);. For i > 1, each spherical shell §2; has two boundary compo-
nents: the inner sphere S, (zo) and the outer sphere S(;;1)r,(0)-

We shall further divide the spherical domain €2; into a disjoint union of sub-
domains by using the radial projection map. For this purpose, we choose a maximal
discrete subset {pi o }ot, in S;n, with respect to the metric d;,.,. More precisely, let

= {A|A is a4d — separated subset of S;,, }. The subset {p; o },-; is maximal in
Ml with respect to the inclusion relation.

Setting

Yia ={Y € Sirg (®0)|diry (¥, Pia) < ggg{diro (y,pi8)}}

we consider the domain

‘/i,a - U 7Tt(£i,a> - Qro(zi,a)a
i’r‘ogtg(iJrl)To
with base %, o, and height r¢, where 7,(q) = expwo[uzlﬂ] for any g # xo. When

i =0, we let mp =1 and Vp1 = By, (x0). Thus we obtain a partition {V; o} and

400 my;

-Un-UUw.

i=0 a=1

By Assertion 2.1, for each (¢, &), we can choose a point v; o € V; o such that V;
contains an open ball Bs(v; o). Let the vertex set of ' be V = {v; 0|1 < o <my,i =
0,1,2,...}. To define the set of edges £ of I', we say that v; o and v; g neighbor
each other if V; o and Vj g are adjacent. Equivalently, dr(v; o, v;s) < 1 if and only
if ‘_/;'705 n Vj,ﬁ 75 0.

Note that V; o contains an open ball Bs(v; o) for some v; o € V; o. Furthermore,
by our construction we get Diam(V; o) < dop = 2rg + 8¢ for all i, a. Recall that
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M™ = UV, , and M™ has bounded local geometry. Therefore, M™ is roughly quasi-
isometric to I'. Since M™ has bounded local geometry, I' is a uniform p-graph for
some g > 0.

It remains to check A(I") > 0. For this purpose, we need to define a function f
on the vertex set V as follows:

fWia) =i

for all ¢, a. It is clear that |V, f| < 1 if x and y are adjacent. We now need to
compute (Af)(v;,o). For i > 1, by our construction and Assertion 2.2, we observe
that

N~ (Vi) = #{vi-1,8Via N Vi1 g # 0}
< #{pi gldir, (Pi,8; Di,a) < 160}
< C(160) = C*.
On the other hand, by Assertion 2.1, Lemma 2.2 and our construction we obtain
N*(vi,a) = #{vit1,6Via N Vig1,5 # 0}
S Diam ;4 1)r, [T(i11)ro (Zi,0)]
- 46

where Diam;;1),,(A) denotes the diameter of a subset A C [M™ \ B(;}1),] with
respect to the distance function d(;41),,. Therefore, we have

./\/Ur(vl"a) —Ni(vi,a) > g
H M

for all ¢ > 1. Thus, Af(vi) > min{%*,ml} for all 7, a. It follows from Proposi-
tion 2.3 that hA(T") > 0. This completes the proofs of Theorem 2.2, except for the
verification of Assertions 2.1 and 2.2. O

—1>2C(166) = 2C*

Af(via) 2

Proof of Assertions 2.1 and 2.2. To prove Assertion 2.1 we argue by contra-
diction. Suppose that there is a point z € Bs (p) N [M™ \ Q4,(3)]. Then we would
have

P
d(z,p) < 1

Let s1 = %. The contradiction will be obtained by showing that

dT+51 (771“—0—51 (Z>7 Tr+4s1 (p)) < P

via triangle inequalities, and that dys, (Trts; (2), Trts, (P)) = 7p via Lemma 2.2.
The details follow.

Recall that p = o(r+2p) with d(p, zo) = r+2p. Let ¢: [0,1] — M™ be a length-
minimizing geodesic segment from p to z. Because s; = %, d(p,z9) =7+ 2p and
d(z,p) < §, the geodesic segment ¢ must lie outside of B(xo,7+51). By the triangle
inequalities for the distance functions, one can verify that r+s; < d(z,z0) < r+ %p.
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It follows that d(z,m1s,(2)) < §. Hence, one can find a broken geodesic joining ¥
from 7,45, (p) to 45, (2) of length less than or equal to p such that ¥ lies outside
of B(zg,r + s1). Thus, we get

drs1 (Trt5,(2), Trgs, (D)) < p- (2.3)

Notice that %p > 3J. Using the assumption that z ¢ Q4,(X), we obtain
d(mr(2), 7 (p)) > p > 26. Applying Lemma 2.2 we derive

2/3\° 9
drges, (Trps, (2), Trps, (P)) 2 3 <§> p= Zp;

which contradicts (2.3). Assertion 2.1 has now been verified.

With regards to Assertion 2.2, we first observe that if M™ has bounded local
geometry then for any pa > p; > 0 there exists a constant N = N(py, p2) > 0 such
that any metric ball B,,(y) contains at most N many disjoint balls of radius p;.

Recall that {q1,q2,-..,qm} is a maximal 2p-separated set in the sphere S, (z¢)
with respect to the metric d,.. Let

i = {y € Sr(zo)ldr(y, ¢:) < I?;?{dr(y7qj)}}'

Clearly, Diam(%;) < 4p. If ¥; N X; # 0, then d,(g;,y) < 8p for any y € ¥;. Let us
consider the set Q; = Ur<s<y14,m(2;). It follows that ©; C Big,(g;). On the other
hand, it follows from Assertion 2.1 that 2; contains

ki = #{jldr (g5, @) < 4p}
P

disjoint balls of radius 4. Since M™ has bounded local geometry, we have k; <
C(p) = N(16p,%). Thus Assertion 2.2 has been verified. O

3. Isoperimetric Estimates for Spaces which Possess a Quasi-Pole

In this section, we shall derive isoperimetric estimates for a space with a quasi-
pole and complete the proof of the main theorem. Our goal is to demonstrate the
following:

Theorem 3.1. If X is a space satisfying all conditions in the main theorem, then
X is roughly quasi-isometric to a graph T' with h(T) > 0.

The main theorem then follows directly from Theorem 3.1 and Proposition 2.1.
The Proof of Theorem 3.1 will use the techniques developed in the last section. We
first consider a special class of Gromov-hyperbolic spaces for which the Proof of
Theorem 2.2 can be applied.

Suppose that ¥ is a compact metric space with diameter D = D(X). We let
X =X x [0,00) and define a new metric dx on X as follows:

dx:(p,q) + max{e~t e *}D
x (), (0,9) = 21og (SPOL AL TIDY
e 2
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Such a metric space (X, dx) is called a hyperbolic quasi-cone of ¥, which we denote
by Con"(%).

For each point p € ¥ we consider the ray o, : t — (p,t) for ¢t € [0,00). A
computation shows that d(o,(t),op(s)) = d((p,t), (p,s)) = |t — s|. Hence, each o,
is a length-minimizing geodesic ray. Furthermore, if p; # ps € %, then

d(, (£), 0, (1)) = 2t + 2log [M N }

D

and hence lim;_, o, d(op, (t), 0p, (t)) = co. Therefore, o, and o,, are not asymptotic
as long as p; # pa.

Proposition 3.1. ([10]) Let &, X = ¥ x [0,00) and Con"(X) = (X,dx) be as
above. Then

(1) Con"™(%) is a Gromov-hyperbolic space with [Con™(X)](c0) = .
(2) A Gromouv-hyperbolic metric space X has a quasi-pole if and only if X is

roughly quasi-isometric to a Gromov-hyperbolic metric on the hyperbolic cone
Con" (X (00)) over X (c0).

We now formulate the bounded local geometry condition for general metric
spaces.

Definition 3.1. A metric space X has bounded growth (at some scale) if there
are constants ro > r; > 0, and an integer IV such that every open ball of radius ry
in X can be covered by N open balls of radius ;.

Any manifold (or graph) X with bounded local geometry has bounded growth
(at some scale).

Theorem 3.2. Let ¥ be a compact metric space, X = ¥ x [0,00) and Conh(Z) =
(X,dx) be as above. Suppose that X has bounded growth (at some scale) and that
the diameters of the connected components of ¥ have a positive lower bound. Then
X is roughly quasi-isometric to a graph T with h(T") > 0.

The proof of Theorem 3.1 is similar to that of Theorem 2.2. We will replace xq
by the bounded set ¥ x {0} in the proof. For this purpose, we introduce

B, ={z € X|d(z,X x {0}) <r} =X x [0,7]
and
Sy ={z € X|d(z,2 x {0})=r} =2 x {r}.
Similarly, for any pair of points y, z € [X \ B,] we define
dr(y,z) = inf{L(o)|o: [a,b] — [X \ B,] is a continuous curve,

o(a) =y,o(b) =z}.
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The following is a variant of Lemma 2.2:

Lemma 3.1. Let ¥, X = ¥ x[0,00) and Con(X) = (X, d;) be as above. Then there
exists §* > 0 such that the following holds: If 01(t) = (p1,t) and o2(t) = (p2,t)
are two geodesic rays emanating from ¥ and if dZ(o1(r),o2(r)) > 26*, then the
inequality

Elor(r 4 0,020+ > 5 (3) 7 dr() o).

holds for any t > 0%, where § is independent of o1 and os.

Using Lemma 3.1, we can carry out the Proof of Theorem 3.1.

Proof of Theorem 3.1. Using the extrinsic distance function d, restricted to S,
we let

Ep(y) = {Z € Sr|dr(zyy> < P}

for each y € S,. We also consider the projection maps {7 };>0 where

m: X — S

(p,5) = (p,1) -

Our construction of the graph I' uses Lemma 3.1. Let us now choose r; > 0
such that Diam(S,,) > 106*, where ¢* is given by Lemma 3.1. When r > rq + 25%,
it follows from Lemma 3.1 that Diam(S,) > 105* as well.

Recall that X,(y) = {z € S, (x0)|d-(2,y) < p} stands for a metric ball in S, (zo)
centered at y € S,. We now consider a new domain  associated with ¥ = 3,(y)
by setting

Q:i=Qu(X) = U m(2) .
r<t<r+4p
Using Lemma 3.1 one can prove the following assertions in the same way as in
Sec. 2.

Assertion 3.1. Let y = (p,r), o(t) = (p,t) and Qu,(X,(y)) be as above. Suppose
that v > 1 + 26" and p > 26*. Then B (p) C Quy(X,(y)) for any y € S..

Assertion 3.2. Let r1, v > r1 + 26 and p > 2§ be as in Assertion 2.1. Suppose
that X has bounded growth (at some scale) and that {q1,4q2,...,qm} is a mazimal
2p-separated set in the sphere S, with respect to the metric d.. Then there exists a
constant C = C(p) such that k; = #{q;|dr(g;,q:) <4p} <C fori=1,2,...,m.

Using Assertions 3.1 and 3.2 above, we can construct a graph I' C X with
h(T") > 0 as in the Proof of Theorem 2.2 such that X is roughly quasi-isometric to
I'. We omit the straightforward details here. O
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Theorem 3.1 now becomes a direct consequence of Theorem 3.2 and Proposi-
tion 3.1. As we pointed out earlier, the main theorem follows from Theorem 3.1
and Proposition 2.1.

4. Examples of Gromov-Hyperbolic Spaces

We now show that any non-compact manifold of finite topological type carries a
complete Gromov-hyperbolic metric.

Proposition 4.1. (Compare [10] Sec. 7, [25] Sec. 1.8) Let Y™ be a compact manifold
with non-empty boundary Y and let M™ = int(Y) be the interior of Y. Then M™
admits a complete Riemannian metric g* such that (M™, g*) is Gromouv-hyperbolic,
it has a quasi-pole, and furthermore M™(c0) = Y.

Proof. We begin with a Riemannian metric dy on Y. Therefore, its boundary 9Y
has the induced metric dgy. Let {X1,..., 3, } be the connected components of 9Y.
For each path-connected component 3 = ¥; of 9Y’, there is a Gromov-hyperbolic

metric d on ¥ x [0, 00):
ds(p,q) + max{e~t e *}D
d((p, t)a (q7 3)) = 2log < E( ) —(S-H){D } :

The metric d is not necessarily a smooth Riemannian metric. We can approximate

(4.1)

e

the metric d by a Riemannian metric g* in such a way that d and g* are roughly
quasi-isometric. The construction of g* goes as follows: There exist constants a > 1
and b such that ds and d|s (o} are (a,b)-roughly quasi-isometric. We choose go =
ds.. For each integer i > 1, we choose a Riemannian metric g; on ¥ x {¢} such that
gi is (a, b)-roughly quasi-isometric to the metric d|s ;3. When t € [i,i + 1], we let

gt =(i+1—1t)gi+ (t —i)git1.
Finally, we consider a warped-product metric g* on ¥ x [0, 00):
g* =g +dt?

Clearly, the metric g* is roughly quasi-isometric to d on ¥ x [0, 00). We now glue
the space (X x [0, 00), g*) back to Y along X. The resulting manifold M = int(Y) U
(Uy<j<m Zi % [0,00)) is diffeomorphic to int(Y").

Our manifold M admits a complete Riemannian metric g* which is Gromov-
hyperbolic. Furthermore, M (c0) is homeomorphic to Y. Clearly, M has a quasi-
pole p € int(Y). The second assertion follows from Proposition 3.1. O

We have pointed in Sec. 1 that for certain Gromov-hyperbolic manifolds, the
Martin boundary is equal to the Gromov geometric boundary. It is natural to ask
“under which conditions on M(co) endowed with Gromov topology T¢ is M (00)
homeomorphic to the unit sphere?” We will derive an affirmative answer for the
case when M is a simply-connected uniform visibility manifold with no conjugate
points.
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A complete Riemannian manifold M™ is said to have no conjugate points if any
pair of points {p,q} C M™ can be joined by a unique geodesic segment. If M™ has
no conjugate points, all points in M™ are poles.

In the early 1970’s, P. Eberlein and B. O’Neill (cf. [22]) introduced so-called
visibility manifolds. In what follows, we let M be a simply-connected manifold with
no conjugate points. If p, ¢ are distinct points of M we denote by o, the unique
geodesic joining them parameterized so that o,4(0) = p and o,4(a) = ¢, where
a=d(p,q). If p € M and ¢ € M is distinct from p, we define v(p, q) = 0,,,(0). If
p € M and z1, x2 are points of M distinct from p, we then define <, (z1,z2) =
<(v(p,x1),v(p, z2)), the angle at p subtended by z; and z5.

Definition 4.1. (Visibility Manifolds, [21] p. 153) Let M™ be a complete, simply-
connected Riemannian manifold with no conjugate points. M™ is said to satisfy
the visibility axiom if for each point p € M™ and € > 0 there exists a constant
R = R(p,e) > 0 such that if o: [a,b] = M™ is a geodesic segment satisfying the
condition d(p,c) > R then <,(o(a),o(b)) < e. If the constant R = R(p,¢) above
can be chosen to be independent of p, M™ is called a uniform visibility manifold.

If a Riemannian manifold M™ with no conjugate points has a compact quotient
M™ /T with the induced metric, then the visibility and uniform visibility axioms
are equivalent. When M™ /T is a compact Riemannian manifold with non-positive
curvature, the universal covering space M"™, endowed with lifted metric, is a uni-
form visibility manifold if and only if M™ contains no totally geodesic isometric
embedding of the plane R?, (cf. [21]). In the presence of non-positive curvature,
Gromov-hyperbolicity is equivalent to the uniform visibility axiom:

Lemma 4.1. Let M™ be a simply-connected and complete Riemannian manifold
with non-positive sectional curvature. Then M™ is a uniform visibility manifold if
and only if M™ is Gromov-hyperbolic.

Proof. Proposition 1.14 of [16] was stated for surfaces of non-positive curva-
ture. However, its proof is also applicable to simply-connected manifolds M™ of
dim(M™) > 3 as well. Hence, we omit the argument here. O

When M™ does not have non-positive curvature, we make the following
observation.

Lemma 4.2. Let M™ be a simply-connected manifold with no conjugate points. Let
o1 and o2 be two unit speed geodesics with 01(0) = 02(0) = p and o1(0) # 05(0) in
T,(M™). Suppose that M™ is a visibility manifold. Then

2t —2¢ < d(o1(t),02(t)) < 2t,

for t >0, where c = R(p, %) and 6 = <,(0}(0), 05(0)).
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Proof. If M is a visibility manifold, we can choose a constant ¢ = R(p, g) given by
the visibility axiom. Let ; be the geodesic segment joining o (¢) and o2(t). Since
Tp(o1(t),02(t)) = 0 > 4, there exists a point g € 7, such that

0
It is clear that

L(ve) = d(o1(t), q) + d(g, 02(t)) (4.3)

where L(7;) denotes the length of the geodesic segment ;. It follows from (4.2) and
(4.3) that

d(o1(t), oa(t)) = L(7t)
> [d(p,01(t)) — d(p, q)] + [d(p, 02(t)) — d(p,q)] > 2(t —¢c).

It is clear d(o1(t),02(t)) < d(p,o1(t)) + d(p, 02(t)) = 2t. O

If M is a visibility manifold, Lemma 4.2 implies that for any given point p € M
and a point £ € M(oo) there is a unique unit speed geodesic o : R — M with

o(0) = p and o(+o0) = &. In this case, for each point p € M, let B1(0) be the

closed unit ball in T, M and define a bijection Fj,: B1(0) — M U M (oc0) such that
F,(8"71) = M(c0) by setting

v
exp, | —— | , if ||v] <1
Fy(v) = P (1 - |v||> Il (4.4)

oy(+00), if [lo] =1,

for o, a geodesic ray with o7 (0) = v.

When M is a visibility manifold, for each p € M and each point £ € M (c0) there
is by Lemma 4.2 a unique geodesic op¢ that belongs to £ and satisfies op¢(0) = p.
Hence, M (00) can be identified with the unit tangent sphere S"~! C T},(M) at the
point p.

Forpe M,£ € M(oo),e >0and R > 0, welet Ug..(p,&) = {y € MUM (c0)|y #
P, <p(y,€) < € and d(p,y) > R} be a truncated cone. For a fixed p € M, we let Tf
be the topology generated by open sets of M and the truncated cones with given
vertex p. Thus, (M UM (c0), 7)) is homeomorphic to B;(0) via the map F,, defined
by (4.4).

On the other hand, for a Gromov-hyperbolic space M, Gromov also introduced
the topological structure 7 at infinity, (see [34]). Gromov’s compactification is
related to the following function:

()0 = 51d(,0) +d(y,0)  dlz, )],
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where o is a given base point in M. The Gromov’s topology on M U M(o0) is
generated by open subsets in M and open subsets C¢ , = {z € M UM (00)|(£, 2)0 >
k} for all £ € M(oc0) and k > 0.

Theorem 4.1. Let M™ be a simply-connected Gromov-hyperbolic visibility mani-
fold. Then there exists a natural homeomorphism

®: (M US" 1 (o0) TE) — (MUM(OO),TG)

»I'p o

from the Eberlein compactification of M to the Gromov compactification, for any
p € M™. In particular, the Gromov geometric boundary M(co) endowed with the
topology ¢ of M is homeomorphic to the unit sphere S~ 1.

Proof. We will use the same notations as in [34]. Let o, denote the geodesic from
z to y and d(o,04,) = inf{d(o,2)|z € 044 }. Then by the triangle inequality, it is
easy to check that

(xay)o < d(o, Uz,y) .

If x € M, we let ®(z) = z. If 0: RT — M is a geodesic ray with unit speed,
then Gromov observed that {o(i)};£° converges to a point £ in M (oco) in the sense
of Gromov, i.e.

lim (0(i),0(j))o = +00
1,J——+00
for any base point o in M.

Fix a base point 0 € M™, let S"~! C T,(M") be the unit tangent sphere of M"
at o. It follows from Lemma 4.2 that the space of asymptotic geodesic rays can be
identified with S"~1. It follows from Propositions 2.1 and 2.2 of Chap. 2 in [20]
that the map

$: S B (M™)/ ~ a(+00) — [{o(i)}F],

is bijective, where o is a geodesic ray with initial point ¢(0) = o.
In what follows, we are going to show that the inverse ® ! of ® is a continuous
map, where

O (MUZ(M™)/ ~,78) — (M uS"1 7F) (4.5)

and M is a visibility manifold. If z € M, ®~! is clearly continuous at z. We only
have to show that ®~! is continuous at points of M (c0).

Since the map ® is bijective, any point £ € M(co) can be uniquely expressed as
the endpoint of a geodesic ray o: R — M such that ¢(0) = o and & = [{o(i)};-].
By definition, ®71(¢) = o(+00) is the asymptotic class of . For any truncated
cone

Urg ={y € M UM(c0)|<(y,0'(0)) < 0,d(y,0) >r}
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we choose an integer k > max{r+1, Ro(§)+ 1}, where R,(%) = R(o, §) is given by

the visibility axiom. We claim that the open subset C¢ , = {z € MUM (c0)|(&,2), >
k} is contained in ®(U,g). It follows that

d(o,z) > (&,2) >k >r. (4.6)
Furthermore, if o,¢: RT™ — M is a geodesic ray joining z and &, then
0
d(o,0.¢) = ienf d(z,0) > (&,2)0 > k> R, (§> . (4.7
TECOz¢
Hence, by (4.7) and the visibility axiom we have that
0
<Io(z,§) Z 5 < 0
The argument above shows that
C&k C @(Ur,g) (4.8)

holds for any k > max{r + l,Ro(g) + 1}. Therefore, we have shown that ®~! is
continuous.

Recall that the topological space M U M(c0) is compact. Theorem 4.1 now
follows from the fact that a bijective and continuous map between two compact
spaces is a homeomorphism. O
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