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Introduction

The purpose of this article is to reformulate the algebraic geometric concept of
ampleness of a vector bundle E in differential geometric terms. As expected the
condition involves the concept of a Finsler metric along the Fibers of a holomorphic
vector bundle. By a Finsler metric (see section 4 for more details) on £ we mean a
non-negative function h on E with the following properties:

(1) h is of class C° on E;

(2) h(z, Av) = |A|h(z,v) for all X € C;

(3) h(z,v) >0 on E \ {zero — section};

(4) for z and v fized the function h*(z,\v) is smooth even at A = 0.

For example the Kobayashi metric is a Finsler metric on the tangent bundle. Trivial
examples are provided by the norm of a hermitian metric on E. Indeed the norm
function satisfies, among others, the following additional properties:

(5) h is of class C* on E'\ {zero-section};

(6) h is strictly pseudoconvex on E, \ {0} for all z € M.

This last two properties are not shared by some of the naturally defined Finsler met-
rics, e.g., the Kobayashi metric. However, without these last 2 conditions differential
geometric concepts become very complicated, if not impossible, to deal with. For
this reason we shall only work with Finsler metrics satisfying properties (5) and (6).
These shall be referred to as pseudoconvex (along the fibers) Finsler metrics smooth
outside the zero section. With these conditions the mixed holomorphic bisectional
curvature of E can be defined (see sections 2 and 4). The term mixed referred to
the fact that we shall be taking one direction in the space direction and one fiber
direction. If F is the tangent bundle and A a hermitian metric this coincides with the
usual notion of holomorphic bisectional curvature. The main result is the following
Theorem (see Theorem 3.2 and Theorem 4.5)

Theorem. Let E be a rank r > 2 holomorphic vector bundle over a compact complex
manifold M and for any positive integer k let OFE be the k-fold symmetric product
and Lprpy be the "hyperplane bundle” over the projectivized bundle P(®FE). Then
the following statements are equivalent:

(1) E* is ample;

(2) Lp(p) is ample;
(3) OF E* k> 0 is ample;
(4) Lperp), k > 0 is ample;
(5) there exists a Finsler metric along the fibers of ©OFE with negative mized holo-
morphic bisectional curvature;
(6) there exists a positive integer m and a Hermitian metric along the fibers of

O™ E with negative mixed holomorphic bisectional curvature.
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Note that in condition (6) the metric is hermitian not merely Finsler and The
positive integer m can be taken to be any integer so that ,UP?( ) 18 very ample. The
preceding Theorem can also be formulated in terms of the dual bundle :

Theorem. Let E be a rank r > 2 holomorphic vector bundle over a compact complex
manifold M. Then the following statements are equivalent:

(1) E is ample;

(2) Lpg+) is ample;

(3) ©F E k> 0 is ample;

(4) Lperpe), k >0 is ample;

(5) there exists a Finsler metric along the fibers of ®*E with positive mized holo-
morphic bisectional curvature;

(6) there exists a positive integer m and a Hermitian metric along the fibers of
O™ E with positive mixed holomorphic bisectional curvature.

In the special case of the tangent as well as the cotangent bundle we can say a little
more (see Theorem 3.9 and Corollary 4.6):

Corollary. Let E = T*M be the cotangent bundle of a compact complex n-dimensional
manifold M then the following statements are equivalent:

(1) TM is ample;

(2) Loy is ample;

(3) the anti-canonical bundle IC;,%T*M) is ample;

(4) GF TM, k> 0 is ample;

(5) Lp@rrean, k > 0 is ample;

(6) there exists a Finsler metric along the fibers of *T*M with positive holomor-
phic bisectional curvature;

(7) there exists a positive integer m and a Hermitian metric along the fibers of
O™T' M with positive holomorphic bisectional curvature.

Condition (3) is only true for the tangent bundle. The local calculations towards
these results are valid even in the non-compact case. We take this opportunity to
address the following question: suppose that M is a Kahler manifold and E is a
holomorphic vector bundle over M; is F Kahler? The answer is clearly yes if M is
compact. We are only able to get some partial results (see Theorem and Corollary
2.2 and Corollary 3.5). The general case remains open.

In the last section we include explicit formulas relating the bisectional curvatures
of a vector bundle and the associated tensor bundles.

1. RIEMANNIAN METRIC ON TTM

Before dealing with Kahler manifolds we review briefly the case of Riemannian
manifolds (see Besse [B]). Let (M, g) be a Riemannian manifold of dimension n and
m: TM — M the tangent bundle. It is quite obvious that the most natural way to
put a Riemannian metric on TT'M is to decompose the bundle in some natural way
as a direct sum of a "vertical” and a "horizontal” sub-bundle each with a natural
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metric and the direct sum of these is a metric on TT'M. The vertical sub-bundle is,
by definition, the kernel of =,:

V=kerm, CTTM

where 7, : TTM — TM is the differential of 7. In other words, it is the sub-
bundle consisting of all vectors tangent to the fibers of 7 : TM — M. There is a
distinguished section, the position vector field P, of the vertical bundle. The most
convenient way to describe this is via local coordinates. In terms of a local coordinate
system (U;z!,...,2"), an element v € T,M is of the form

v:ZvZaIi]p.

=1

Obviously we may identify T, M with R" via the identification:

n

Zv pp |, = (v', ..., 0™).

i=1

hence, on 7~ 1(U) = U x R"™ we have the natural coordinate system (z!,...,2";

vl ...,v"). In terms of these, a local section V € I'(x~Y(U), TTM) is of the form:

V:;a(x;v)%%—;b (ZL‘;U)%.

We have used the same notation 9/9z' which maybe considered as a vector field on

U or on 7~ (U). We shall, at times, write &; = 0/0z% and 9o= 9/9v°. It is clear that
the vertical sections are spanned locally by 0/0v*, a =1, ..., n:

0
L(r (U ={V|V = b (z;v) =—
GOV = VIV = DB g
is a sub-bundle of rank n. Alternatively,

V|7r—1(U) = {V | W*dxl(V) =0,1=1, ,n} C TTM’N—1(U)
The position vector field

E vt (%a, (U1, .y V)

is, by definition, vertical. The Rlemanman metric g on M induces naturally an inner
product on V:

<V, W >, Z gi; (T (W) VW,

i,j7=1

V=" ViZw=Y" Wiey,

The horizontal sub-bundle is defined via the Riemannian connection V associate
to the metric g. The naturally induced connection on 7TT'M is denoted by V. The
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restriction @|V is a connection on V. Let P be the position vector field defined above
then the bundle map

y:TTM —V, y(X):=VxP

is a surjection. The kernel, denoted by H, of ~ is referred to as the horizontal sub-
bundle. Thus we have an exact sequence of vector bundles:

0—kery=H—->TTM LV —0

which implies that V = TTM/H. Moreover, the differential restricted to the hori-
zontal sub-bundle 7|3 : H — T'M is an isomorphism. Using this isomorphism we
define a metric on ‘H by pulling back the Riemmian inner product on TM, i.e.,

< ZW >y=<mns,mW >, ZWecH.

This together with the inner product on ) defines an inner product <, >¢ on TTM;
more precisely, for Zy € H and Wy, € V the inner product

< LW >a=<W,Z >5=0

and for any Z,W € T'T'M there is a unique decomposition Z = Zy + Zy, and W =
Zy + Wy into horizontal and vertical components then

< LW >a=<Zy, Wy >y + < Wy, Wy >y, .

Beginning in the next section we shall extend the preceding construction to Kahler
manifolds, in fact we shall deal with a more general situation, namely, the holomorphic
tangent bundle of a hermitian holomorphic vector bundle over a Kéahler manifold.
As we shall see, the main difficulty there is that the canonical Riemannian metric
constructed above is in general not Kdhler.

2. THE TANGENT BUNDLE OF A HOLOMORPHIC VECTOR BUNDLE

In this section the construction of the preceding section shall be extended. Vertical
and horizontal sub-bundles of the tangent bundle of a general holomorphic vector
bundle E will be defined. The main point is that the vertical bundle is a holomorphic
sub-bundle of TE but the horizontal bundle is in general only a smooth but not a
holomorphic sub-bundle. Let (M,g) be a complex hermitian manifold of complex
dimension n. Let 7 : E — M be a holomorphic vector bundle of rank r and the
induced map 7, : TE — T M. Let eq, ..., e, be a local holomorphic frame for E over a
local holomorphic coordinate system (U;z = (2!,...,2")). Elements of E|y are of the
form v = 3", v'e; and 9/92',...,0/9z";0/dv', ...,0/0v" is a local basis for TE| 1.
The vertical sub-bundle is, by definition, the kernel of 7,:

(2.1) V =kerrm, CTE.



and is a holomorphic sub-bundle of rank r. It is clear that 7,0/0v’ = 0 hence

0
ovt }

V’ﬂ——l(U) = {V I~ TE‘ﬂ.—l(U) ‘ V = Z bi(z; U)
=1

The position vector field

(2.2) P(z;v) = Zviaa

U= (v, ..., v")
i=1

is a holomorphic section of V. Let h be a hermitian metric along the fibers of E:

(2.3) <v,w >p= Z hij ()W, v,w € E..
ij=1
This defines, tautologically, a hermitian metric along the fibers of V:

(2.4) <VW >y= 3 () VW,

ij=1
V=3 V& W= W eV Denote by V¥ the hermitian connection on
V with connection forms:

; - 6]’%7 7
(25) 0(=.0) Z%k E, () = 3 S iz)
=1
(1 <i,j <r) depending only on z. The curvature forms of the hermitian connection:
(2.6) O € dp] - > 0F NGl =dol + > 6] A0
k=1 k=1

are of bidegree (1,1) so ©) = 9¢) which is equivalent to the condition that:

(2.7) 007 =3 "0 NOL=00] +> 6L N OF = 0.
k=1 —
The components of the curvature forms are given by
(2.8) = 00) = Z Kj —dz A dz
k=1
with
a%Jk
szkl B
0zk07! 0zk 0zt
0?hig Ohig Ohps -
= Y pa Y ZPS pap ST
0zk0Z! 92k 93

p7q7s
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The curvature depends only on the base variable z = (z1, ..., z,,) but not on the fiber
variable variables v = (v, ...,v,). The connection VY defines a surjective bundle map:

(2.9) v:TE -V, y(X)=V%P

where P (see (2.2)) is the position vector field. In terms of local coordinates the map
v takes the following form:

vip = i{dzﬂ ) + Z V0 (X W
= Z v —I—ZZ%kva e

i=1 k=1

for any vector field

Z Z a
X:;a zvaz+2b Zv@ful

It is clear (for if X € V then a' = 0 for all i) that ~|y is the identity map on V.
Notice that ~ is smooth but, in general, not holomorphic (this is again clear because
the definition of 7 involves the connection). The kernel of v, denoted H, is referred
to as the horizontal sub-bundle which is a smooth (but not holomorphic in general)
sub-bundle of T'E. However H is smoothly isomorphic to the quotient bundle TE/V
which is holomorphic as V is a holomorphic sub-bundle of T and

0—-V—>TE—-TE/H=Q—0
is an exact sequence of holomorphic vector bundles. On the other hand, we have an
exact sequence

0—kery=H—TE -V -0

of smooth vector bundles and a smooth decomposition TE = H & V. Thus the
restriction of the map m, : TE — T'M to 'H:

7T*|H1Hi>TM

is a smooth isomorphism. Using this isomorphism an inner product can be defined
on ‘H by pulling back the Kahler inner product on T'M, i.e.,

(2.10) < ZW >y=<mZ,mW >, Z W eH.

This together with the inner product, induced by the hermitian metric h of £, on V
defines an inner product <, > on T E. More precisely, if Z € H and W € V then <
ZW >a=<W,Z >5=0 and for any Z,W € T'T'M we have unique decompositions
Z = Zy+ Zy and W = Zy + Wy, into horizontal and vertical components then

d

(2.11) < ZW >a elC< Ly, Wy >4+ < Wy, Wy, >y

is a well-defined inner product on T'E.



Given a vector field V(z) =", a"(z)ﬁ/az" on M the vector field

0= () S w2y

7j=1 k=1

is horizontal and shall be referred to as the horizontal lifting of V. The horizontal

lifts of the local basis {0; = 8/3zi i=1,..,n}of TE:

i 822 Zf)/]zvj k’Z_l }

Jk=1

is a basis of ‘H. By definition, we have:

< OIL 01 >¢ (2,v) =< i i >4 (2) = gi5(2),

i 2 Yg azz’ aZ]
9 0 g 0
< 5 g 70 (z,v) =< 55 927 Tt (2) = hi;(2)

and < 0%, 52 >¢=0 for all i and j. Let

n

ni= Y apd" +Zbddu 1<i<n,
k=1 =

Gj = ZO&jdek + Zﬂjkdvk, 1< ] <r
= =1

be the basis dual to {J]", dvg |i=1,...,n;j5 =1,...,7}. The conditions that n;(d]*) =
1,m:(0]*) = 0 for I # i and n;(9/' ) =0 for all 4 and [ are equivalent to the following
identities

mi(0f) = @i — X icjper Vb =1, 1 <i <,

m(0f) = aq — D oi<iker %’%Ujbik =0, 1<l#1<n,

ni(zr) = ba =0, 1<i<n1<I<r

which imply that a; = 6! for 1 < 4,1 < n. Analogously, w;(4= 0y =1 wl( ) = 0 for

1 <1l#i<randw(d*) =0 for all i and [ resulting in the followmg identitics:
0i(557) = Bii = 1<i<m,
(gozﬂz 1<l#i<r,
0;(01") = ijlyﬂvﬁzk—(] l1<i<rl<li<n

which imply that

Zvélvj:ail, 1<i<nrl1<i<n.
j=1
In other words, the dual basis is given by:

{ni:dzi, 1<i<n,

2.12 | o . 4
(2.12) 0 =300 1 D v’ de Hdvt = dv' + 300 Ok, 1 <i<r
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and, with respect to this basis, the fundamental form of the metric G defined by the
Kahler metric g on M and the fiber metric h on E takes the form:

(2.13) Z g9i5(2) dz' N dF + Z his(2) 6 AG).

1,7=1 1,j=1
The next Theorem identifies the obstruction of n from being Kahler assuming that
(M, g) is Kdihler:

Theorem 2.1. Let (M, g) be a complex Kdihler manifold and (E, h) be an hermitian
holomorphic vector bundle of rank r over M. Let n be the fundamental form of the
hermitian metric G as defined above then

dy=v=1( Y hgteinl — Y hgo' AT'E))

1<i,j,k<r 1<i,j,k<r
=V=1( Y hgo0' G — > hgt' AOO)
1<i,jk<r 1<i,jk<r

where §° = dv' + Y, 0i0%, (v!,...,v") are the fiber coordinates and 0%, O} are resp. the
hermitian connection and curvature forms of the metric h.

Proof. The first term on the right hand side of (2.13) is closed as it is the Kéhler
form of the metric g. Thus exterior differentiation yields,

dn=v—1 Z (dhﬁ NG /\gj + hiidei A gj - hiiei A daj)'

1,j=1

We have (by the hermitian condition hy; = Ry, the identities (2.5) and (2.12)),
dhij = Zekgm + Z 0} g1; = Z 0 hug + Zejhm,
= Zdv A +Zd9kv

k k
o’ = " dv* Ao+ doot

k k

O NG =dv' Ade + Y Trd AT+ Y O Ade + Y ot G,
k

hence,

dhi; N0 AT = Z higbf A do' AP + Y b8 A dv' A de B
k
=N byt dv' AEAT =S hgttde’ ATA
k1 k,l

+ 3 higo' 0 G A Y~ b6 NG, A
k,l



+ 3 hygol ok A6 NG, Z L NN A
k,l,m
hidd' NG = hgdd" ANGLAT + > hi;vkdag N
k k
= > " gl Adv* Adw + Y hgt'det A6 NG
k k.l
+ 3" hgotddy A de + Y hgototdd A G
k k,l
—h:6' Adf = — Z hisw' A do* A Gy — Z hi0*w' A dB,
= —the,f/\dv A di* +thv dv* A Oi N D,
- Z hio dv' A dB, — Z N

Summing the above over ¢ and j yields

Ay =V—1(= Y hgt'dv' AO; NG+ Y hygo'E A6 A dD

1,5,k i,j,k,l
+ h—»vl@me’mei/\é hv'omo! /\8 /\0
kj i l ik l

i,7,k,l,m 2,5,k,l,m
+ Y hgotdoi A dv + Y hgotvtdoy A G,

i7j7k7l i7j7k7l
=Y hgttdv' Adly = > higo'vh0] A dy)

i?j7k7l i$j7kl7l

The right hand side above can be expressed in terms of the curvature (see (2.6) and
(2.7)) and we arrive at the following expression for dn:

dp=v—1(= > hgo*dv' AO, + Y h50" 0} A dv'F;
i,5,k,1 i,5,k,1
+ 3 ngot o0, AT — Y hioldh6l A O})

i7j7k7l i7j7k7l

Z hi0" O} A (dv? + v ‘97 Z hij(dv' +0'6]) A 7+07)

7 ] k l ivjvkvl
= VI htt O A0 — N b0t £ TTEY).
,5,k,l ,5,k,l

Next we observe that

00"+ 00" =do' =Y dv" NG+ 90i0F + Y 90k
k k k
k k k
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and comparing bi-degrees yield
(2.14) 90" = okog, =) et
k k

hence , ,
dn =V=10>_hz06' NG = h0" A0
i,9,k .5,k
as claimed. QED
Corollary 2.2. Let G be the metric in Theorem 2.1. Then the following conditions
are equivalent
(1) G is Kdihler
(i1) the one forms {0%,i = 1,...,n} are holomorphic
(i13) the curvature of the vertical bundle V satisfies the conditions:
Z himvk@z =0,1<m<r;
1<i,k<r
(iv) the curvature of the vertical bundle V is zero.

Proof. Tt is clear that the holomorphicity of {6%,i = 1,...,n} implies that dn = 0. For
the converse, we see from the expression (see (2.8))

OLNG =3 Kj d? AdZA (4 + Y S AT dz)
p,q=1 s=1 s=1

that, for any 7, 7, k,m

n
Lo O NG =61, ) Kjodz? Az
p,g=1
where 1, denotes interior product with the vector field 9/0v™. This shows that

tondn = V=1 him* O} = V=1  hindb'

ikl i

(Yo vkOL =96 i = 1,...,r by (2.14)) for all m and that
> WM dn = V=1 Whi; 000 =/=1Y 500" = V=196

m
for all j. From these it is clear that assertions (i), (ii) and (iii) are equivalent. From
the identities >, v*OL = 90,7 = 1,...,r and the fact that the curvature forms {©j}

are independent of v, as v = (v!,...,v*) ranges over all v € E,, 2 € M we infer that

©i =0 for all i and k if and only if 9¢° = 0 for all i. QED
If E=TM is the tangent bundle and (E,h) = (T'M, g) then

Corollary 2.3. Let G be the metric in Theorem 2.1 with (E,h) = (T'M,g). Then
the following conditions are equivalent
(1) G is Kdihler
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(1) the one forms {0',i =1,...,n} are holomorphic
(i73) the curvature of the vertical bundle V satisfies the conditions:

Z himt*©L =0, 1 <m <r;

1<, k<r

(iv) the curvature of the vertical bundle V is zero;
(v) the curvature of (M, g) is zero.

Proof. The first 3 statements are the same as Corollary 2.2. Under the present
assumptions that h = g the curvature O of Vm defined by £, is the same as that of
the curvature €2}, of the metric g on M. QED

Corollary 2.2 shows that the natural metric GG is generally not Kahler so we look
for other means of producing Kahler metrics. We need a technical Lemma which is
quite useful in local calculation:

Lemma 2.4. Let (E,h) be a hermitian holomorphic vector bundle over a complex
manifold M. Then at any point xo € M there exists a local holomorphic frame
€1, ..., €, over an open neighborhood of xo which is unitary and parallel at x, i.e.,
hii(x0) =< e, e; > (x0) = 0] and dhg(zo) =0 for all 1 < 4,5 <r. In particular, all
connection forms relative to this local frame vanishes at xo and the curvature at xq is
given by (OOR)(z).

Proof. Since h is hermitian it is clear (by diagonalization and re-scaling) that there
is a local holomorphic frame e = (ey, ..., €,) over an open neighborhood U of z( such
that h;;(zo) = 55 at the point xg. Choose (U,z = (2!,...,2")),n = dim M to be a
local coordinate neighborhood so that ¢ is the origin. Let H(z) = I, + A(z) where
I, is the r X r identity matrix and

LI : Oh
A(z) = (kz:; Al <ijar, Al = — azkj (0).

Define a new frame é = eH. Denote by h. the matrix (< e;,e; >5)1<; j<, and h; the
matrix << é,’, éj >h>1§i,j§7‘ then

he = H hH = (I, + A)'ho(I, + A).
Since h. = I, and A = 0, (the r x r zero matrix) at 0 (i.e., the point x,), we have:
he = I, and dh; = d(A') + dhe + dA

at xo. By construction dA = —0h, at xy and so, by the hermitian property of h,

dA' = —0h. at zy. These imply that dh: = 0 at 2, and so € is the required frame.
The connection matrix 6 relative to the frame € is, by definition, (Ohs)h;* = 0 at
xo. This implies that, at the point z,

Oz = d; — 0; N0z = dfz = d((Ohe)h; ') = (00hs)h;' — Ohs A dOh;!
hence ©; = 00h; as he is the identity matrix and dhj: = 0 at the point z,. QED

The preceding Lemma extends the well-known fact that, for a Kahler metric, nor-
mal coordinates exist at any given point. For a hermitian but non-Kéahler metric on
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the tangent bundle a normal holomorphic frame may not come from a local holomor-
phic coordinate.

Let (M, g) be a hermitian manifold and (E,h) a hermitian holomorphic vector
bundle over M. Consider the global (1, 1)-form on E:

(2.15) V=100||P||3, = v=100||P|}, = V=190 ) _ hjj(z)v'v’

ij=1

where P is the position vector field as defined in (2.2). A direct calculation shows
that

V=100 P|[¢;

&L oPhy )
=V- Z;{hw 2)dv' A dv’ + U’Uj § aZka;l(z)dzk/\clzl}
8h
+ V- {Z{Z 8 2)dz* /\va+Zv] (z)dv' A dZ'}.
=1 k=1

By Lemma 2.4 we may choose a local frame of E which is normal at any given point
z* and, with respect to such a frame, we have, at the point z*:

0zk07!

k=1

V=100||P||g = V=1 {dv' Adv' + 't dzF A dz'Y.
=1

It is clear from this that /—190||P||% is positive definite in the vertical direction.
Moreover the curvature at z* is given by (see (2.8))

azkawzldz A dz

k=1

thus the second sum in the expression above is a curvature term:

V=100||P||g; = V=1 {dv' Adv' — 00" Y Kjd2* A dz'}
1=1

k=1
=V=1Y hgdv' Adv) — /=1 < K(-,-)P,P >,
ij=1

where the position vector field P = Y v'0/0z" is identified with the position vector
(v',...,v") and K is the curvature operator which, in terms of the curvature matrix,
is given as follows:

KU—Z@j Z—Z zkli
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and that

(2.16) < Kv,u >p= Z h;©v' T = Z( Z hjqu}glfviﬂq) dz* A d7

irjrg=1 k=1 ij,q=1
forv=>" ve,u=>_ u'e in E and for any tangent vectors X, Y of type (1,0)
on M,

K(X,Y)o =Y 6lX,Y),
i=1
<KX,Y)u>,=Y > hjKl XY v,
kl=11i,5,q=1

If ||X]||y # 0 and ||v||, # 0 the mized holomorphic bisectional curvature of (E,h) is
defined to be:

< K(X, X)v,v >y
(2.17) k(X,v) =
IRYIFIGIT

. X eT,M,veFE,.

Identifying the position vector field with the position vector we shall write k(X, P)
instead of k(X,v) The preceding calculation shows that:

Theorem 2.5. Let P be the position vector on E where (E,h) is a hermitian holo-
morphic vector bundle of rank r over a complex hermitian manifold (M, g). Let G be
the metric along the fibers of TE defined by g and h then the (1,1)-form v/—190||P||%
is positive definite on E \ {zero — section} if and only if the mixzed holomorphic bi-
sectional curvature k(X, P) is strictly negative for all non-zero X € T, M.

Proof. This is quite clear from the identity

V=100||P||g = V=10 _dv' ndv' = " 00’ Kjyd2* A dz)
=1

i=1 k=1

as the first term on the right guaranteed that the (1, 1)-form is positive definite in
the fiber directions while the second term is positive definite in the base directions if

and only if the mixed holomorphic bisectional curvature k(X, P) is strictly negative.
QED

In the current situation £ = T'M and h = g hence we may write v =Y € T, M
and
<R(X,X)YY >,
XIZIY IS

k(X,Y) =

it X,Y € T, M are non-zero tangent vectors at z. We recognize from the definition
that k(X, X) (in which case we shall write simply (k(X) instead of k(X, X)) is the
usual holomorphic sectional curvature of g and k(X,Y') is essentially the holomor-
phic bisectional curvature of g. More precisely, for X,Y linearly independent the
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holomorphic bisectional curvature of ¢ is defined to be
<RX,X)YY >,
X AY]

b(X,Y) =

(note that b(X, X) does not make sense and is the main reason that we use k(X,Y)
instead of b(X,Y)) thus

X151 113
———k(X,Y)

X AY[S

which shows that b(X,Y') and k(X,Y’) have the same sign and we get from Theorem
2.5 that

Theorem 2.6. Let P be the position vector field on T M where (M, g) is a complex
hermitian manifold. Then the (1,1)-form /=180||P||% is positive definite on TM \
{zero — section} if and only if the holomorphic bisectional curvature of g is strictly
negative.

b(X,Y) =

In the next section the preceding Theorem shall be formulated on the projectivized
bundle rather than on E. The reason for working on P(£) rather than E is that
P(F) is compact if M is compact.

3. THE TANGENT BUNDLE OF A PROJECTIVIZED VECTOR BUNDLE

Let (M, g) be a Kéhler manifold with holomorphic tangent bundle py, : TM —
M =TM and let (E, h) be a hermitian holomorphic vector bundle of rank r > 2 over
M with projection

(3.1) pE: E— M.

Denote by E. = E \ {zero — section} then there is a natural C* = C\ {0} action on
FE, and the quotient

(3.2) []: E. — P(E) = E,/C*

shall be referred to as the projectivized vector bundle. The natural projection map

shall be denoted by

(3.3) [pe] : P(E) — M.
As the notations suggested, the following diagram commutes:
E., = FE,
[] ] lpE
P(E) P2

The quotient map (3.2) induces a bundle map between the tangent bundles

(. :TE, — TP(E).
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The kernel of | ] is the trivial line bundle < P > spanned by the position vector field
P (defined in (2.2)) and we have a short exact sequence of holomorphic bundles

(3.4) 0 »< P> TE, BTP(E) - 0.

The pull-back [pg]*F is a sub-bundle of P(F) x E over P(F) and inherits projection
maps p; : [pe|"E — P(FE) and ps : [pg|"E — E such that the following diagram is
commutative:

[pe]"E - B
Im lpe
PE) 2 v
The tautological line bundle, denoted £P( &) 18 a sub-bundle of [pg]*E defined by:

(3.5) Loim = {((z, [v]), M) € [pe]"E | (2, [v]) € P(E), A € C}.

The dual, denoted Lp(g), shall be referred to as the "hyperplane bundle” over P(E).
We shall often write, for simplicity, £ instead of Lpg). The following definition is
standard:

Definition 3.1. Let E be a holomorphic vector bundle of rank r > 2 over a complex
manifold M. The dual bundle E* is said to be ample (nef) if the line bundle Lp(g)
over P(E) = E,/C* is ample (resp. nef).

If the base manifold is compact then it is well-known that the existence of an ample
vector bundle over M implies that M is projective.

Let P be the position vector field on T'E then the function (see (2.15))

[|P(z,0)||7 = Zhw '

i,7=1
is globally well-defined on F and is non-vanishing outside the zero section hence
log ||P(z,v)||? is well-defined on F,. Moreover, since

log [|P(z, M)|[; = log ||P(z,v)|[} + log |\

for all A\ € C* the (1,1)-form %85 log ||P||? descends to a well-defined (1, 1)-form
¢ on P(FE). Indeed , we may consider ||P||, as a metric along the fibers of the
tautological line bundle £7! and

VI
78810g||P||i

descends to —¢ = ¢;(L£71), the first Chern form of the line bundle £7!; equivalently,

VI
78810g||PHi
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to ¢ = ¢1(L£) which is the first Chern form of the dual line bundle £. Being a form
on P(E) we have ¢V ~! = 0 where dimP(E) = dimE — 1= N — 1 thus

(001og || P||)N ! = 0.
Indeed the position vector field is a zero eigen-vector of 90 log || P||?, i.e.,

tp0dlog || P||7 = 0.

Theorem 3.2. Let P be the position vector field on a holomorphic vector bundle
(E,h) of rank r > 2 over a hermitian manifold (M, g) of dimension n. Then the
(1,1)-form +/—189log ||P||? descends to a well-defined form ¢(= 2mci(Lp(r))) on
P(E) moreover the following conditions are equivalent:

(1) ¢ is positive definite (resp. positive semi-definite);

(79) the mized holomorphic bisectional curvature k(X, P) of (E,h) is strictly neg-
ative (non-positive) for all non-zero X € TM and where P is the position vector field
along the fibers of E.

Proof. Since

00|| Pl _ ollPI[; A ollPIl;
P15 1711

(3.6) 9D log || P2 =

we obtain in terms of a normal holomorphic frame at a point z* (see Lemma 2.3),

a(i hijv'v7) = Z 95 hij — 'l dzy, + Z hi; v dv’,

2,7=1 3,7=1 2,7=1
T
_ o Oh;
0 hi:0"07) = il dzy, + hyv'do?
" 0z K
ij—=1 ig=1 =<k ij—=1

and from the computation of 99||P||? in the last section (in the proof of Theorem
2.4),

V100l0g | P2 = v I iy 0 AT =3 v A o
- h — - 4
1PIl;

< K(-,-)P,P >

— VoI
1P

where K is the hermitian curvature of h. The first term on the right is | |*wpg where
wrs is the Fubini-Study metric of the fiber P(E.«) and [ ] : E. — P(F) is the quotient
map. Thus
< K(?)Pvp >h

Idlis

(3.7) V=1001og||P|[;, = [J"wrs — V=1

from which we infer easily that ¢ is positive definite in the fiber direction (the Fubini-
Study metric is positive definite and, from (2.16), the second term is the pull-back of
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a form on M) and is positive definite in the base direction (by Theorem 2.4) if and
only if the mixed bisectional curvature:

< K(X,X)P,P >,

k(X,P) =
IXIZHPIR

is strictly negative for non-zero X € T'M. This shows that (i) and (ii) are equivalent.
QED

Since %85 log ||P||7 is the first Chern form of Lp(x) and the positivity of the
Chern form implies the ampleness of £ (which, by definition 2.1 this is equivalent
to the ampleness of £*). In other words, either of the condition implies that E* is
ample (resp. nef). A necessary and sufficient condition will be established in section
5. Actually the proof above says a little more, namely we get from (3.7) that ¢1(Lp(g))
is non-negative if and only if the mixed holomorphic bisectional curvature k(X, P) is
bounded from above by zero.

Note that the hermitian curvature matrix is skew hermitian, consequently the
mixed holomorphic bisectional curvature of a holomorphic hermitian bundle (E, h) is
positive (resp. negative) if and only if the mixed holomorphic bisectional curvature of
its dual (E*, h*) is negative (resp. positive). Theorem 3.2 applied to the dual (E*, h*)
of (E,h) yields:

Theorem 3.3. Let P* be the position vector field on (E*, h*) the dual of a holomor-
phic vector bundle (E,h) of rank r > 2 over a complex hermitian manifold (M, g)
of dimension n. Then the (1,1)-form \/—1001og ||P*||?. descends to a well-defined
form (= 2mci(Lpe~))) on P(E*) moreover the following conditions are equivalent:

(1) 1 is positive definite (resp. positive semi-definite) ;

(73) the mized holomorphic bisectional curvature of (E*,h*) is strictly negative
(resp. non-positive);

(13i) the mized holomorphic bisectional curvature of (E, h) is strictly positive (resp.
non-negative);
Fach of these conditions implies that E is ample (resp. nef).

Just as in section 3 the condition on the mixed bisectional curvature in Theorems
3.2 and 3.3 is reduced to the usual bisectional curvature if (E,h) = (T'M, g).

Fix hermitian metrics (M, ¢g) and (£, h) and let p1 5, be the supremum of the mixed
holomorphic bisectional curvature k(X, P); more precisely:

(3.8) mgn(xr) = sup  k(X,P), fign = sup mgp.

XETyM,0€E, zeM
Obviously the function mgp(x) is continuous and, if M is compact, p, is a finite
constant. However pi,; may be infinite if M is non-compact, in which case it is
necessary to work with my(z). In any case, we have, by definition:

\/_—1< K(, ')0’70- >h

ol = Hones
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where w, is the fundamental form associate to the metric g. This together with (3.7)
implies that, for p, 5, finite

c1(Lpm)) + clpe]'w > wrs + cpp]*w — pgnlpE] w,.

([pe] : P(E) — M is the projection map) for any constant ¢ and any (1,1)-form w
on M. If M is compact Kahler we may take w to be a Kahler form on M then there
exists a constant ¢ >> 0 such that cw — 14w, is positive definite (in particular, if w,
is Kéhler we mat take w = w, and ¢ to be any number strictly larger than s, ). With
this choice we see from the preceding inequality that ci(Lp(g)) + c[pr]*w is positive
definite as wrg is positive semi-definite and is positive definite in the fiber directions
while c[pp|*w — pgnpe]*w, is positive semi-definite and is positive definite in the
horizontal directions. If in addition w is Kéhler then ¢;(Lp(g)) + c[pe|*w is a Kéhler
metric on P(E). This is equivalent to the condition that /=190 log||P|? + cpiw
(pg : E — M is the projection map) is positive semi-definite on E \ {zero-section}
and is positive definite in all directions transversal to the radial direction (i.e., the
direction spanned by the position vector field P. This is equivalent to the condition
that v/—190|| P||? + cpjw is positive definite on E.

The construction above, however, does not work if M is non-compact because (14,
may be infinite. In the non-compact case we have to deal with the function mg . This
can be done if M is Stein (i. e., there exists a strictly plurisubharmonic exhaustion
function f on M) or, slightly more generally, by dropping the exhaustion condition
(i.e., each of the level set of f is compact) on the strictly plurisubharmonic function
f. On such M we may take the Kahler form to be the Levi form of f:

w, = V/—100f.
By definition, at any point x

s KCARP >,
1PI

Let x : R — R be a positive convex increasing function then
V=100(x 0 f) = X ()V=100f + X (HV-10f AIf = X (f)V=190f
thus, by choosing x such that
(3.9) X (f(2)) > [mgn(z)|
(it is clear that such a function y exists) then

< K(,)P,P >
_\/__1 (a)27 h
127

< —mgﬁ\/—l@gf = —Mg pWy.

< [mgnlwy < v _185(X o f)
and consequently,
ci(Lem)) + [Pe]™vV —100(x o f)

= wps + [pe]"V=109(x o f) — \/—_1< KC )PP >

P17
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is positive definite on P(E) and
V=199||P|]* + ppv—109(x o f)
is positive definitive on £. We summarized the above in the following Theorem:

Corollary 3.5. Let (M, g) be a Kdhler manifold and [pg] : (E,h) — M be a hermitian
holomorphic vector bundle, of rank > 2 over M. If M is compact then there exists a
constant ¢ > 0 such that /—100||P||? + cplyw, is a Kihler metric on the bundle space
E. Here P is the position vector field on E and w, is the Kdhler form associate to
the metric g. If M is non-compact and admits a strictly plurisubharmonic function
f then there exists an increasing convex function x : R — R such that /—100||P||?
+pi/—100(x o f) is a Kihler metric on E.

The case of a general non-compact Kahler manifold remains open.

Let [pgl. : TP(E) — TM be the differential of the projection [pg| : P(E) — M.
The projectivized vertical sub-bundle [Vg| = ker[pg|. consisting of tangent vectors of
P(F) tangential to the fibers of [pg]. Note that ker pg = Vg where pgp : TE — TM
and [Vg| = [ |.Vg where | ] : E'\ {zero — section} — P(FE) is the quotient map (see
(3.2)). The kernel of the quotient map is spanned by the position vector field P hence
[Ve] = Ve/ < P >c. There is an exact sequence (which shall be referred to as the
Euler sequence over P(E) see []):

(3.10) 0 — C — [pe|"E ® Lp) A [Ve] — 0

where Lp(g) is the "hyperplane” bundle as defined in (3.5) and C is the trivial line
bundle spanned by the tautological section

r

T(z, [v]) = Zvi ® e;

i=1

with v = >~ vle; (if M is a single point then £ = C” and the preceding reduces to
the classical Euler sequence for projective space is the exact sequence (see [])

0—-C—-C'®Lpr-1=0Lp—1 — TPt 50

where Lpr—1 is the hyperplane bundle on P""!). The homomorphism p in (3.10) is
given as follows. A local section o of [pg|*E ® Lpg) is of the form

Za, ) ® es(z, [v])

where each o; is a local section of EP(E). The section o determines a vector field on

[pE]"E:
V, = Z P L) P
’ ov'
which, by definition, is vertical (vl, .y, Up are fiber coordinates) and

p(0) € 1.V,
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It is clear that the kernel of p is spanned by the tautological section (corresponding
to the position vector field), i.e.,

T

T:ZUi®ei<:>‘/T:P:ivi®aii
i=1

=1

hence [ |V, = []«P = 0. Denote by [V;] the dual of Vg. The Euler sequence implies
that
(3.11) c1([Vp]) = —c1(pe]"E ® Lpr)) = —c1(pe]"E) — rai(Lpr))

where we have also used the case k = 1 of the following identity for Chern classes of
tensor product of a line bundle F and a rank r vector bundle &:

k ,
r—1 »
w(E®F) = ; (k B i)ci(é')c'f (F).
Note that in the classical Euler sequence this reduces to (as F is the trivial bundle)

the well-known fact that ¢, (Kpr-1) = —recy(Lpr-1). On the other hand, we have (by
definition) an exact sequence:

0— [Vg] = TP(E) - TE/[Vg]| — 0

where TP(E)/[Vg] is C*-isomorphic to the horizontal sub-bundle Hg (which is holo-
morphically isomorphic to TM under the map [pgl. : TP(E) — TM). By duality we
get a C*> exact sequence:

0— [pe]'T*M — T*P(E) — V5] — 0
which implies that ¢ (T*P(F)) = c1([pe]*T*M) + ¢1(V}), i.e.,
(3.12) a1 (Kem) = alpe]" ) + a1 ([VE])

where Kp(g) and Ky, are the canonical bundles of P(E) and M respectively. The
preceding identities imply (cf. Griffiths [?], Kobayashi-Ochiai [?7]):

Theorem 3.8. For any holomorphic vector bundle E of rank r > 2 over a complex
manifold M, we have

where EIQ’(”E) is the dual of the r-fold tensor product of the "hyperplane bundle” Lp(g);
consequently, we have

Cl(’CP(E)) = [pE]*{Cl(ICM) + cl(det E*)} — ’I“Cl(EP(E)).
Proof. Recall that an exact sequence of vector bundles
0—FE — FEy— E;3—0

induces an isomorphism: det F; ® det E3 = det F5. We get from the dual Euler
sequence (see (3.10))
det Vi = [pg|" det E* ® L.
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On the other hand, by (3.11), it is clear that
hence
Kee) = [pe]"(Kyu) @ [pp]” det E* ® Lo,
as claimed. QED
Let £ =TM in the preceding Theorem then det £* = IC); and we get
/CP(TM) = [pTM]*IC?\/[ ® ‘CI;?TM)

where n = dim M; equivalently, lC;éTM) =~ pru)Kif ® Loray- Let B =T"M in
the preceding Theorem then det E* = K;} and we get

Ke @) = EE’?T*M)

where n = dim M; equivalently, IC;%T* ay = Lo

Corollary 3.9. Let M be a complex manifold then KE%T*M) = E%(T*M),n = dimen-

sion of M, hence T*M 1is ample if and only if the anti-canonical bundle IC;,%T*M) of
P(T*M) is ample.

4. FINSLER METRICS

Let E be a holomorphic vector bundle of rank r > 2 over a complex manifold M
and let £L7! = E;,%E) over P(F) be the "tautological” line bundle. By definition the

bundle space of £7! is the blowing up of the bundle space of E along the zero section.
Thus there is a canonical isomorphism

L7\ {zero — section} = E \ {zero — section}

compatible with the respective C* structure associated to the respective bundle struc-
tures. Let H be a hermitian metric along the fibers of £=! which, via the preceding
isomorphism, determines uniquely a function

(4.1) h:E — R, h(z,v) = [|87(z,0)||m

(where 3 : L7! — E is the blowing up map) with the following properties:

(FM1) h is of class C° on E and is of class C* on E \ {zero — section};

(FM2) h(z, A\v) = |A|h(z,v) for all X\ € C;

(FM3) h(z,v) >0 on E\ {zero — section};

(FM4) for z and v fized the function h*(z, \v) is smooth even at A = 0.
A function on E satisfying properties (FM1), (FM2), (FM3) and (FM4) above shall
be referred to as a Finsler metric of class C*°. In the literature some authors do not
include property (FM4) in the definition. With condition (FM4) a Finsler metric on
E determines uniquely a hermitian metric along the fibers of £~ via (5.1). Note that
we do not require that h*(z,v) be of class C* along the zero-section; indeed, with this
extra condition the Finsler metric is the norm of a hermitian metric along the fibers
of E and we are in the situation of section 2. A Finsler metric is said to be strictly
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pseudoconvex along the fibers if the following condition is satisfied:

(FM5)  h|g, is a strictly pseudoconvex function on E, \ {0} for all z € M.
Note that we require that F' be strictly pseudoconvex only in the fiber directions. Let
G = h? then

(4.2) G(z,\v) = |\*G(z,v)

for all A € C. Taking A = eV~ yields G(z,eV""%) = G(z,v) and we see that a level
set {G = c¢}(c a constant) of G is invariant by the circle action. A set invariant under
the circle action is said to be circular. We derive some basic formulas of the derivatives
of G which are needed in later calculations. It is understood that all differentiations
are carried out off the zero section. It is clear that the homogeneity property (5.2)
remains valid for all partial derivatives of G in the base variables, i.e.,

8a+bG anrb G

(4.3) (2, 20) = [A]?

(z,v).

8za1...8zaaaéﬁl...§ﬁb azal...@zaaaZm...Zﬂb

On the other hand, differentiating (4.2) with respect to the fiber variables v =
(vl ...,0v") yields (for A € C*,v € E. \ {0})

G ~0G G oG
%(2, Av) = )\%( v), 9% ——(2,\v) = )\ﬁ(z,v).

The identities (4. 2) (4.3) and (4 4) imply that

ZGz)\U 82 z)\vdz _ZG 321 2,0}z’

(4.4)

oG
ZGz)\v)ﬁz(Z)\v (') ZGZU 81}1 (2, v)dv’.

In other words, 9,logG,d,log G (r_esp. 0.1og G, 0,log G) are invariant by the C*
action on E where 9., 0, _(resp. 0., 0,) are the base component and fiber component
of the operator 0 (resp. d) on E. More precisely, we have

r 1 4
A (0. log G(z,v)) = Z G—%(Z’ A)dz' = 0,log G(z,v),

(z )\'U) 0z
A (0, log G(z,v) aG(z \v)d ') = 0,1og G(z,v)
=108 « G(z )\v) 0z ( = 0B E
and, as (G is real-valued, a smnlar set of formulas for 0;log G(z,v). This also implies
that the level set {G(z,v) = c} is non-singular for any positive constant c¢. The
identity (4.2) and (4.3) imply in particular that
1 2 1 2
(4.5) 0°G 0°G

—(z,\0) = ——
G(z, \v) 0z'0Z7 (2, Av) G(z,v) 0707 (2.0)
and differentiating the first identity of (5.4) with respect to ©’ yields:
9*G 0*G

(46) 31}1863 (Z7 U) = 81)@3173 <Z7 U)v




23

in other words, both G='0,0,G and G~'9,0,G are invariant by the the C* action..
Since

| - _
502826’ —0.logG N0, logG,

_ 1 _
0,0, log G = aﬁvﬁvG — OylogG N O, log G

0,0, log G =

we conclude, from the preceding calculations that both 0.0, log G and 9,0, log G are
invariant by the the C* action. To deal with mixed derivatives we differentiate (r.4)
with respect to z then
0?G - 0°G 0?G 0?°G
A A — —(z,\v) =\ . .
dui07 M) = A g5 ) Gage (M) = Agagn ()

and these imply that G=10,0.G and G~'0,0,G are both invariant by the C* action:

1 0°G (
G(z, \v) Ovi0zI

(4.7)

N (0,0.G(z,v) 2, \)d(M') A dZ = 0,0.G(z,v),

1 9*°G . . _
=i =3\
M (0,0.G(2,v) E Gl w) 0200 (z, \)dz’ N d(A\Y) = 0,0,G(z,0).
Since
001og G = é@gG — 0log G A dlog G

_ é(&ﬁzG + 0,0,G + 0,5.G + 0.9,C)
— (9.10g G + 0, log G) A (0,10og G + 0, log G)

we conclude that 90log G is also invariant by the C* action. These show that both
00log G,0.0.1og G and 0,0,log G descend to well-defined (1, 1)-forms on P(E).
Moreover, if the Finsler metric is strictly pseudoconvex along the fibers then (5.3)
implies that the restriction of the Levi-form 8,0, log G, to the maximal complex tan-
gent bundle of {G' = ¢} N E,, is strictly pseudoconvex for all ¢ > 0. This is so because
the maximal complex tangent bundle of {G = ¢} N E, is annihilated by 9,log G. In
other words we have shown that

Lemma 4.1. Let F be a Finsler metric along the fibers of a holomorphic vector
bundle, of rank > 2, over a complex manifold. Then /—1001og G (G = F?) descends
to a well-defined (1,1)-form ¢ on P(E). If G is strictly pseudoconvex then ¢ is positive
definite when restrict to a fiber P(E.).

The final set of formulas are obtained by differentiating the identity (4.2) with
respect to the variable A and A resulting in the identities

n n

(4.8) Zvi%(z, M) = AG(z,v); Zv g—f(z Av = AG(z,v);

1=1 =1
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in particular, we have

PG(z,\v) =Y ng(z v)=G(z,v) = 0 gf( v) = PG(z, \v).

i=1 i=1
where P = >, v'd/0v" is the position vector field. Differentiating (5.8) with respect
to A and using (5 7) yields

, ~ .. 0%G
(4.9) Z V' 81}1803 (z,\v) = Z V'’ R (z,v) = G(z,v);

2,7=1 i,7=1

in other words PPG(z, \v) = PPG(z,v) = G(z,v). On the other hand, differentiat-
ing (5.7) with respect to A yields

- . 0*G
4.10 v’ "y = 0.
(10 Uzzzlv 81}8@] - ZU 31}183 20)
Note that
8G d - 0*G
> s
avl (%J = (%J = V vidvi
hence, we see from (4.8) that (4.10) is equivalent to the condition that
(4.11) P2G(z,\v) = A\G(z,v).
Inductively we get
kG
4.12 =0
( ) Z 1/U 81}11 avlk
..... =
for k > 2 and
: o @
11 enJl  7J —
(4.13) Z vkt D l@vil...avikaﬁjl...aﬁjl =0

U1 yeeny Bk, J 150 J1=1

for k > 2,1 > 0. In fact we see, by differentiating (4.6) with respect to A (resp. \)

that:

- PG ! PG

k 00— !

kg OvioTIdvk 0 Z OVt oI v

and hence
L 9%G
14 Pk — —

(5.14) Z oV ovI 0

for all k > 1 where P = > v'd/0v" is the position vector field. Note that, by property
(FM4) of a Finsler metric, formulas (4.7)-(4.14) are valid even at the zero section.

If h is a hermitian metric along the fibers of E:

< zZ,w >p= Z hi; (2)v'w’
0]
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then its norm

F(z,v) = (Z hiz (2)v'e?)1/?

is a Finsler metric strictly pseudoconvex along the fibers with the following additional
properties:
(FM6) G = F? is smooth even at the zero-section,

(FM7) G;; = afjaGm‘ is independent of v for all i, .

Indeed either of these properties characterizes the norm of a hermitian metric on F
(see, for example []):

Lemma 4.2. A Finsler metric F' is the norm of a hemitian metric on E iff the
function G = F? is smooth at the zero section iff the functions {G;3,1 <i,j < r} are
independent of v.

Given a Finsler metric F' which is stricly pseudoconvex along the fibers we define
a hermitian inner product on the vertical bundle ¥V C TE by:

0*G

_ i} i L

ij=1
for V.=>,V9/ov', W =3, W'd/0v" € V. In section 2 the hermitian inner product

along the fibers of the vertical bundle is defined by a hermitian metric on £ and

formula (2.4) is the same as (4.15) except that the functions G;; in (2.4) depend only

on the base coordinates (z',...,2™) but not on the fiber coordinate (v',...,v"). The

hermitian inner product (4.15) defines uniquely a hermitian connection (known as
the Chern connection) VY and the connection forms are given by (compare (2.5)):

T

(4.16) 0F = (0G5 G = "Thde"+ Y Ahdv!
a=1 =1

j=1
where the horizontal and vertical Christoffel symbols are given respectively by:
T ST Gk,
— Oyl
J=1
If F' comes from a hermitian metric then, by Lemma 4.2, the vertical Christoffel

symbols v% vanish and (4.16) reduces to (2.5). The curvature forms of a hermitian
connection are always of type (1, 1) hence

4.17 OF =dF —d O NOF=do¥+ D 08 A6 =006
7 7 i ! 7 l 7 7
j=1 j=1
equivalently

00F —> 0L NOF =06F +> 0f A6l =0.

j=1 j=1
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These formulas are the same as (2.7) and (2.8) except that there are now horizontal,
vertical and mixed components:

= Z Kfaﬂdz Adz? + Z lifjl—dvj A dit

aﬁ—l dl=1
+ZZMW 2% A dv' —|—Zzywdv]/\dz
a=1 I=1 j=1 p=1

The components are given as follows:

oy, ok ork v}
k k__ ~ g k__ i ko _ )
(4.18) Kmﬁ a S50 it = 81)1 NS _a@l s Viig = BECh

As in section 2 (compare (2.9)) the connection VY defines a surjection
v:TE -V, 9(X)=VYP

for any X € TE and where P =), v'd/dv" is the position vector field. This map
is now more complicated, in terms of coordinates

T

VP =) {d(X)+ Z 00l (X W

j—l
) o 0
(4.19) = Z v + Zl Zl 7 v'a® + ‘;1 ') 5
— Z v + 2 ; I W

for any vector field

(z0)

vt

The last identity of (4.19) follows from the definition (4.16) of 7/, and identity
(4.13). The kernel of v is the horizontal sub-bundle H. Given a vector field V (z) =
> a'(2)0/02" on M the vector field

U o
Z{a azz =YY T )

i=1 a=1

is horizontal and shall be referred to as the horizontal lifting of V. The horizontal
lifts of the local basis {0, = 0/02%, a=1,...,n} of TE:
0 - 0
H k
{8 ﬁ—ijZIFjaU avk’a—l }

is a local basis of H and these together with {9Y = 0/0v',i = 1,...,r} form a local
basis for TE. Let g be a Finsler metric on M inducing a hermitian inner product
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<, >y along the fibers of ‘H and we define an inner product < >rg along the fibers
of TE by taking the direct sum:

(4.20) < Srp=<, >+ <, >p.

We shall alsp use the notation < , >, instead of < , >y and < , >, instead
of < , >y indicating the fact that the inner product depends only on the Finsler
metrics g and h respectively. Let P be the position vector field and, as is clear
from the previous sections, the (1, 1)-forms /—109||P||? on E and v/—199log||P||?
on E\ {zero-section}. The expressions for these forms in terms of the metrics are
formally the same but the computation is more complicated. We have

V=100||P||; = V=190 ) _ Gijv'v’

ij=1
=v- Z{G dv' A\ dv? + 0" 2”: "G 7dz" N dz 5
g 02207zP
i,j=1 a,f=1
- zg ang
+v- {Z{Zv —— e /\dv]+2v3 Y dy' A dz?}
i,j=1 a=1
Z] 0G5 1
+v- {Zv dv® /\dv]—l—z T—Ldv' A dv'}
zgk 1 ,7,l=1 U
QGU
+ V= Uglvvjavkavldv A dit.

By (4.9) the last 3 term on the right above vanish:

r

1) _ 7 ] k -7
vV — Zvavkdv A div’ = Zv—ﬁvi dv® N dv? =0,

i,5,k=1 i,5,k=1

V- Z’J ”dv Adot = v/— UJZ%dvi/\dvl:O

i,5,0=1 i,5,0=1

0°G5 0°G
—7 ij _ kl l
v - g vvaka ldv A dot = /— g (%avd ANdt' =0

i,5,k,1=1 i,5,k,l=1

thus we have:

Gij
V—190||P|} = V- Z{Gwdv A dv? + v Z 020‘825dz A dzP}

i,7=1

—I—\/_{Z{ZU ZJalz /\dvj—i—ZU]aG”dv A dzP}.

i,j=1 a=1
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By Lemma 2.4 we may choose a local frame of E which is normal at any given point
z*, i.e., we may assume (as positivilty or negativity is independent of the choice of

holomorphic frames) that G; = = ,0G;5/02% = 0 and so

\/_68||P||h—\/_{2dv A dv' —I—ZUUJ Z

i,j=1

Gij
32 550 Fdz" A dz°}

at the point z*. Moreover, by (4.18), the second term on the right above is the base
direction of the curvature hence,

V—189||P|? = V-1 Z{dv A dit — Z v’ Z K5a5dz® A dZ°}.
4,j=1 k=1
For 0 = Y/ v'e;,;7 = > T'¢; in E, (which maybe identified with the tangent
vectors > 0'0/0v" and > 770/0v7) define the (1, 1)-form < K(-,-)o, 0 >p:

<KUY )orr == 3 3 Gl X = 3 3 b X Vo

i,j,k=1 a,f=1 1,j=1 a,8=1

and tangent vectors X, Y of type (1,0) on M and where K Zja 3 is the base component
of the curvature as defined in (4.18). The preceding computations show that

V=100||P|lz = V=1)_ Gydv' Adv’ — /=1 < K(-,-)P,P >,
ij=1

The first term on the right above is an (1, 1)-form in the fiber variables and is pos-
itive definite (in the fiber direction) by the assumption that the Finsler metric F' is
strictly pseudoconvex along the fibers. The second term is an (1, 1)-form in the base
variables, hence v/—190|| P||? is positive definite if and only if the second term is also
positive definite (in the base direction) on E \ {zero — section}. We define the (base
component) of the holomorphic bisectional curvature by

<K(X,X)P,P >
X132

k(X,P) =

We have:

Theorem 4.3. Let (E,h) be a Finsler holomorphic vector bundle over a complex
Finsler manifold (M, g). Assume that h is strictly pseudoconvex along the fibers and
let K be the curvature of the Chern connection associated to the Finsler metric h.
Then the (1,1)-form /—100||P||% is positive definite on E \ {zero — section} if and
only if the base component of the mixed holomorphic bisectional curvature is strictly
negative in the direction of X and P and on E \ {zero — section}:

< K(X,X)P,P >= Z Z Kis0' @ XX < 0.

1,j=1k,l=1

for all nonzero tangent vector X of type (1,0) on M.



29

The expression for 90log || P||? can now be carried ouy just as in section 3:

00||PIli; _ ollPIli A ollPIl:
1117 P15

09log || P|l; =

In terms of a normal holomorphic frame at a point z*, we get

8(26 G0'v7) = Zr: v'dv,
i=1

ij=1
I8 IS
o> Gy =Y v
ij=1 j=1

and from the computation in Theorem 5.3,

_ PIESY_ dvi Adot — ST wividot A do?
\/—_]_aal()gHPHi _ \/__1H Hh Zz_l ||P||421,]—1
h

12117

< K(-,-)P, P >,
=[J'wrs —v—1
17117

where K is defined as in (4.17), wpg is the Fubini-Study metric of the fiber P(E,«)
and [ ] : E, = E \ {zero — section} — P(F) is the quotient map. Thus ¢ is positive
definite in the fiber direction and (see Theorem 3.2)

Theorem 4.4. Let P be the position vector field on a holomorphic vector bundle E of
rank r > 2 over a complex manifold M of dimension n with a Finsler metric F' which
is strictly pseudoconvex along the fibers of E. Then the (1,1)-form /—190log || P||?
descends to a well-defined form ¢(= c1(Lpm))) on P(E); moreover ¢ is positive defi-
nite if and only if the base component of the mixed holomorphic bisectional curvature
< K(X,X)P, P >}, is strictly negative in the direction of P on E \ {zero — section}
and non-zero tangent vector X € T'M.

As pointed out at the beginning of this section, a Finsler metric on E is identified
with a hermitian metric along the fibers of the ”tautological” line bundle £~ over
P(F). Abusing the notation we shall denote by h these two metrics. The (1,1)-form
v/ —1901og || P||? descends to the Chern form of £ with the dual metric h*. Thus the
existence of a Finsler metric such that ¢;(Lpgy, h*) is positive definite is equivalent
to the condition that the line bundle £ is ample. This is equivalent to the condition
that £™ is very ample for some positive integer m. Let {oy,...,on} be a basis of

global holomorphic sections of L™ then
® = [og,...,on] : P(E) — PV

is a holomorphic embedding and that £™ is the pull-back of the hyperplane sec-
tion bundle Opx~ (1) with the dual canonical metric hj, i.e., ¢;(Opn(1),h) is the
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Fubini-Study form on P¥. Moreover the Chern form mc; (£, h) = ¢; (L™, h™) is coho-
mologous to ¢;(Opn (1), hY). The canonical metric hy on the tautological line bundle
Opn~(—1) is by definition:

ho([wo, .., wy]) = (Z w2, [w, ..., wy] € PY(C)

where [wy, ..., wy| are the homogeneous coordinates on PY. Thus

(4.21) he = (P ho)™ ZOZ ®T;) 1/2 ZOZ ®T;) 2m

is a well-defined hermitian metric on £7! with ¢;(£, h}) = £ ®*c;(Opn (1), h§) > 0.
The corresponding Finsler metric on E can be similarly expressed via Grothendieck’s
Theorem:

Theorem. (Grothendieck) Let E be a holomorphic vector bundle of rank r > 2 over
a complex manifold M. Let p = [pg| : P(E) — M be the projection map then for any
coherent sheaf S over X :

DL @ p'S) 2 O"E ® S
for all m >0 and
R'p (Lppy @p"S) =0

for allm >0 and i > 0 where R'p, denotes the i-th direct image. Consequently, the
corresponding cohomology groups are also isomorphic, i.e.

H'(P(E), Lppy @ p'S)) = H(X,0"E" @ S)
for all integers i > 0 and m > 0.
For negative powers we have:

Theorem. Let E be a holomorphic vector bundle of rank r > 2 over a complex
manifold M. Then for any coherent sheaf S over X:

Rip* (L ®@p'S)=0
forallm >0 and i #r —1 and
R (Lol @p'S) 20" "E®S
for allm >0 (by convention ®*E = 0 if k > 0). Consequently,
H'(P(E), Ly @p"S)) = HH(X,0""E®S)
for all integer m > 0.

Denote by v : H*(P(E),L™) & H°(M,®™E*). Under this isomorphism the ba-
sis 09, ...,on of HY(P(E), £L™) is identified with a basis wy, ...,wx of H*(M,®™E*),
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ie., Y'w; = 0; where ®"FE* is the symmetric product. The Finsler metric on F
corresponding to hge will be denoted, by abuse of notation, also by he and is given by

(4.22) he(a) = (< a®™, a®™ >,)/?™ = ( Z|w my2)L2m - e B

Observe that the basis of sections {w;} of H°(M, @mE*) actually defines a hermitian
inner product on @™ E:
N
(5.23) <A,B>,% Y wi(A)wi(B), A Beo"E.
1=0
Moreover, the norm || Hm of the inner product is the Finsler metric he on E:

(5.24) 10]1ha = Zwl @) (@) /> = || @™ v|[4>™, v € E.
This is clear as the homogeneity condition, ||[Av||p, = [|A™ @™ vHi,{zm = || M\]|ny =

|Al||v]]ng, is clearly satisfied. We summarize these in the following Theorem:

Theorem 4.5. Let E be a rank r > 2 holomorphic vector bundle over a compact
complex manifold M and for any positive integer k let Lprp) be the "hyperplane
bundle” over P(OFE). Then the following statements are equivalent:

(1) E* is ample;

(2) Lp(p) is ample;

(3) there exists a positive integer m such that EQ(E) 1s very ample;

(4) there exists a hermitian metric along the fibers of Lpgy with positive definite
Chern form;

(5) there exists a Finsler metric along the fibers of E with negative mized holomor-
phic bisectional curvature in the direction of the position vector field on E and any
non-zero tangent vector X € T'M ;

(6) there exists a Finsler metric along the fibers of ®FE with negative mizved holo-
morphic bisectional curvature in the direction of the position vector field on ©FE and
any non-zero tangent vector X € TM;

(7) there exists a positive integer m and a Hermitian metric along the fibers of
O™E with negative mized holomorphic bisectional curvature in the direction of the
position vector field on @™ E and any non-zero tangent vector X € TM ;

(8) @F E* k> 0 is ample;

(9) Lp@rpy, k > 0 is ample.

Proof. By definitions (1), (2), (3) and (4) are equivalent. Since cl(ﬁlf,(E)) = ke (Lery)
(4) and (8) are equivalent. By definitions (8) and (9) are also equivalent. The
equivalence of (4) and (5) is a consequence of Theorem 5.4. The discussion preceding
the Theorem shows that (3) is equivalent to (7). The equivalence of (5), (7) and (8)
follows from the definitions. QED

The Theorem applies of course to the tangent as well as the cotangent bundle and,
in the later case we get from Theorem 3.3 and Corollary 3.9 that:
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Corollary 4.6. Let E = T*M be the cotangent bundle of a compact complex n-
dimensional manifold M then the following statements are equivalent:

(1) TM is ample;

(2) Loy is ample;

(3) the anti-canonical bundle IC;,%T* ary is ample;

(4) there exists a positive integer m such that EQ(T*M) s very ample;

(5) there exists a hermitian metric along the fibers of Lp i« with positive definite
Chern form;

(6) there exists a Finsler metric on M with positive holomorphic bisectional cur-
vature;

(7) there exists a Finsler metric along the fibers of ©T* M with positive mized holo-
morphic bisectional curvature in the direction of the position vector field on OFT*M
and any non-zero tangent vector X € TM;

(8) there exists a positive integer m and a Hermitian metric along the fibers of
O™T' M with positive mized holomorphic bisectional curvature in the direction of the
position vector field on @™ TM and any non-zero tangent vector X € TM;

(9) @*TM,k > 0 is ample;

(10) Lporrnr), k > 0 is ample.

If (M, g) is a Kéhler metric then Theorem 3.1 extends also to (E, h) where h is only
a Finsler metric. The calculation is formally similar but more complicated we include

the calculations below for the sake of completeness. A calculation as in section 2 (and
section 3) shows that

a:di 1< <
(4.25) {77 = =a=T

0" =dv' + 375 > Tiv/de, 1<i<r

is a dual basis (compare (2.12)). In terms of the dual frame, the fundamental form
of the inner product on T'E is given by (compare (2.13))

(4.26) n=nr=nre =V-1Y g3(z)dz' NdZ + Y Gi5(2,0) 0 AT

a,f=1 ij=1
where the first term on the right is the Kahler form on M. The obstruction of n from
being Kéahler is given analogously (in fact formally the same; cf. Theorem 2.1) by :

Theorem 4.7. Let (M, g) be a complex Kihler manifold and E be a holomorphic
vector bundle of rank r over M with Finsler metric h which is strictly pseudoconvex

along the fibers. Let n = nr be the fundamental form of the hermitian inner product
<, >rg as defined in (5.20) then

dy=v=1( Y. Gureing — > G0 A7"6})

1<i,5,k<r 1<4,5,k<r
=V=I( Y G500 NG — > G6' AOT)
1<i,j<r 1<i,j<r

where 0" = dv' + >, 0io".
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Proof. The notations were set up so that the proof is formally the same as that of
Theorem 2.1. The first term of (5.26) is closed hence

dp =Y (dGy NG AT + Gydd' NG — G30' N dB).
ij=1
We have,
do' =Y " dv* NG+ doj"
k k
&g =" dv* £ 6+ dopot
k k
O NG =dv' Ade + Y Trd AT+ Y Ol A de + Y ot A,
k
and .
dGy; = Z ‘9?% + Z 9?91& = Z Qkaﬁ + Z ejGiTc;
k k k k
hence,
dG; N6 NG = Z G50 A dv' A di? + ZG-,;@'“ A dv' A di,
- ZGW dvi AOE N — Zsz ‘4o’ N O A B,

+ Z Gyj'0F A6} A D7 — Z Gp0'6i N O, A o)
l

+ 3 Gl T 0 A O AT, — S G T 0L A G AT,
k,l

k,l,m

Gydd AT = =3 Gl Ndo* AT + Y G;Z;ﬁldvk NOEND
k k,l
+ Z G0*d6i A dv? + Z G 0*0'd6L A 6]
—G6' A df = Z G0, A dv' A do* + Z Gv'do* A6 AT
—~ Z Gv*dv' A dfy, — Z Gﬁv 5hGi A dBy.
k,l
Summing the above over i and j yields

ok — . .
= Ggtdv' NG NG+ D G0 A6 A dD
1,5,k, ,7,k,l

+ Y GG AT, — Y Gaomo AT AT,

i,5,k,l,m i,7,k,l,m
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+ 3" Ggotddi A + S Ggutalds A6,

1,5,k 2,5,k

§ : ki A ) Z o l=kpi A 77
— GUU dU A\ d@k — Glj/U v Ql A ko

i7j7k7l i7j7k7l

The right hand side above can be expressed in terms of the curvature (see (5.17) and
(5.18)) and we arrive at:

N Ggitdvt ABL+ Y Gty A dv?

i7j7k7l i7j7k7l
+ ) G O A G - Y Gp'tte A 6y,
ikl ik
= Z G 00 A (dv? + v '67) Z Gj(dv' +0'6)) A 7O,
0,5,k,1 0,5,k,1

Next we observe that

00" + 00" = do' =" dvF NG+ 90k + > 005"
k k k
and comparing bidegrees yields
=Y dF A6+ o6y, 900 =) oo, =) et
k k k k
Thus the identity for dn above can also be expressed as:

dn=v=10)_ G0 00, NG — > G0" A T"0,)

i,k 1,7,k
= V=10 _ G50 6;) A ZGUQ’/\G( k).
1,5,k 1,9,k

Since J(v*0i) = d(dv' + v*0:) we get
dp=v—1>_ G500 NO — G600 10

1,J ]

QED:

Corollary 4.8. With the same assumptions as in Theorem 5.3 the following condi-
tions are equivalent:
(1) the metric <, >7g in Theorem 4.7 is Kdhler;
(i1) the one forms {0%,i = 1,...,n} are holomorphic;
(i73) the curvature of the vertical bundle V satisfies the conditions:

0*G
Vo™ (2,0)

Z Gimv" 0k =0, Gim(z,v) =

1<i,k<r

for all m.
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Proof. 1t is clear form the second expression for dn in Theorem 5.3 that the holomor-
phicity of {#%,i = 1,...,n} implies that dn = 0. For the converse, since {9Y} and {0;}
are dual frames

0=tpdp=v—1( Y Gilligpd0) NE + 65,00} + 3 Gt A (10 08)

1<i,j<n 1<i,j<n

where yv denotes interior product with the vector field 9/0v™. Thus we have

N Gt =~ Y Giltgpd) AT + Y G A (190 07)

1<i<n 1<ij<n 1<ij<n

and since the left hand side above is of type (1, 1) we conclude, by comparing types,
that

3" Gt A (1 08) =0
1<i,j<n
and
1<i<n 1<i,j<n
where ¢yv denotes interior product with the vector field 9/0v™. These two identities
imply that
90'=— Y G™MGy(1pn00) N = 0.
1<i,j<n
Using the first identity of Theorem 5.3 we get
ondn =V=I( Y Gmt"Oi+ Y G{v*(10,00) AT + 6 AT 1, 0,)
1<i,k<r 1<i,j,k<r
for all m and, if the left hand side above is zero then comparison of types yields the
identities
> Gyt Ah1, 05 =0,
1<i,j,k<r
Z Gimvk@z + Z Gijvk(bam@z) A gj =0
1<i, k<r 1<i,j,k<r
for all m.It is clear that these imply that
> Gmt*6, =0

1<i k<r
for all m. QED
Remark 4.9. Since the curvature froms {0} } depend on the base variables (21, ..., 2")

and the fiber variables (v', ooy v") we cannot, as in the case of Corollary 2.2, conclude
that the curvature forms {©},1 < i,k < r} vanish.
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5. TENSOR PRODUCT OF VECTOR BUNDLES

It is well-known that the ampleness of a vector bundle implies that the tensor
products ®*E are also amples for any positive integer k. By Theorem 4.5 this can be
formulated as saying that the negativity (resp. positivity) of the mixed bisectional
curvature of E implies the negativity (resp. positivity) of the mixed bisectional
curvature of ®*FE. In this section we work out the precise relation between the
respective curvatures.

For a Hermitian holomorphic vector bundles (F, h) and (F, k) the tensor product
E ® F is equipped with the Hermitian metric H = h ® k, i.e.,

(5.1) <aRa,b® P >per=<a,b>p< a, [ >,

more generally, for s; ;,¢,, € C,

< Zsi,jai & Qj, Ztﬂﬂl’bﬂ X ﬁl, >hek= Z 8i7jt_u,,j < ai,b“ >p< Ozj,ﬁl, >k
i J 1,051,
Let {e1,....,e;}, {f1,..., fs} be local frames for £ and F then {e;; = ¢; ® f;,1 <1 <
r,1 < j <s}isalocal frame for E® F. For 1 <i,7,p,q <mn,

Hiijytpay =< €ijs epg >H=< €5, ¢ >n< fj; fq >n= hipkijq.

If (E,h) and (F, k) are Finsler bundles we cannot, in general, define its tensor prod-
uct on £ ® F even though for simple elements a ® b,a € E,b € F,H(z,a ® b) =
h(z,a)k(z,b) is well-defined but there is no natural way of extending this definition
to the general elements. However, if h and k are strictly pseudoconvex along the
fibers we may proceed as follows. Let n = h? and x = k? then, as was seen in the
preceding section,
2 2
hljza—n_, k‘ﬁ: a K/_A
vt Ov7 vt ov7

are hermitian metrics on the vertical bundles Vg and Vg respectively. Now the tensor
product of these two hermitian metrics is a hermitian metric of the bundle Vg ® Vp. It
is easily seen that Vg ®@Vp is the vertical sub-bundle of T(E® F), i.e., VEQVp = Vggr.
In what follows we shall be working with the Hermitian and Finsler cases at the same
time with the understanding that, in the later case we are working on Vi ® Vg
instead of £ ® F. The connection of the tensor product is the tensor product of the
connections, i.e.,

(5.2) Vie®a)=(Va)@a+a® Va.

For simplicity of notations the same symbol is used for the 3 different connections.
The connection is extended to general elements by enforcing linearity (over C) and
Leibnitz rule. We have, by (4.10):

Ve = V(e @ f;) = (Ve) ® fi+ e @ Vi =Y 6(E)ey; + > 04(F) fig
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where 07(E) and 0](F) are the connection forms of £ and F' respectively (in the

Finsler case, 0](Vg) and 07(Vp) are the connection forms of Vg and Vr). On the

other hand, denoting by 03] fl}} the connection forms relative to the frame {e;;}, then

Ve =Y 0 e
pq

from which we infer that

0;(E) (67 (VE)) if =,

O = | O(F) B/ (Vr)) i p=1i.
0 otherwise.
For the curvature of the tensor product observe that
V(a®b)=V((Va) @b+ a® Vb)
= (V) ®@b— (Va) @ Vb+ (Va) @ Vb +a ® Vb
= (V%) ®@b+a® V2
hence we have as in the case of connections,
Or(E) (0;(VE)) ifq=j,
o =S OUF) (OF(vr)) ifi=p,

0 otherwise.

where {@gﬁ} are the curvature forms relative to the frame {e;;} and ©7(F), ©j(F)

(©7(Vg) and ©F (Vr)) are the curvature forms of (E, h) and (F, q) (Vg and Vi) relative
to the frame {e;} and {f;} respectively. For

o= Zaijeij = Za”ei(@fj EEQF (Vg® Vp)
.7 [2¥}

define for each iy and j

ol — Zaiojfj € F (Vp); o’ = Z a’e; € E (Vi)
j %

then 0 = >, e; @ 0» = > 07 ® f;. For the computation that follows we choose the
frames {e;},{fi} to be unitary. For unitary frames it is easily seen that

lollher = D llo"E =D llo”Il3
i J

Denote the curvature operator of the tensor product E® F (Vg ® Vi) by K and that
of E and F' (Vg and Vr)) by K and Kr respectively. By definition we have

Kpo® = Zaij®g(F)fq, Kgo’ = Zaij@f(E)ep

J:q %,p
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hence

% _ ij o ipat
< Ko,0 >per =< Z a”@{ij} €pgs 0 >hok

,7,p,q
=< > a0 (E)ey;, 0 >pen + < Y a"OUF)eig, 0 >nan
4,J,p 4,J,9

=< Z(KEU’j) ®f]‘,20’j ®fj > ek
J J
+ < Z@i & (KFO'i7),Z€i ®Ui’ > ek

(and the same formula replacing £ by Vg and F by Vr in the Finsler case). By the
definition of A ® k the last term on the right above is equal to

Z < Kpo’,o? >,< fir fo >k —1—2 < ej,eq >p< Kpo®, o >,

Jp i,q

and, as the frame is unitary we arrive at the identity:

< Ko,0 >per= Z < Kgo’, o7 >, —|—Z < Kpob, 0% > .
j i

This implies that (replacing E by Vg and F' by Vg in the case of Finsler metrics)

< Ko,0 >nen B |o®||2 < Kpo®, 0% >
lollier S llollar [0
+Z o2 < KEU’j', ol >,
NolBex 1109

It is clear from the preceding formula that the mixed holomorphic bisectional cur-
vature of (F ® F,h® k) is < 0 (resp. < 0) if the mixed holomorphic bisectional
curvatures of (E, h) and (F, k) are both < 0 (resp. < 0). By induction, we have:

Proposition 5.1.  Let (E;, h;),i = 1,...,m be Hermitian (resp. Finslerwhichispseudoconvexalongthe fil
holomorphic vector bundles over a complex manifold M. If the holomorphic bisec-

tional curvature of (E;, h;) are < 0(resp. < 0 resp. >0, resp. > 0) fori=1,...m

then the holomorphic bisectional curvature of (7 E;, @1 hi) (R4 VE,, @™ 1 h;) for Finsler metrics)

is < 0(resp. <0 resp. >0, resp. > 0).

The case of exterior product is similar. For a hermitian holomorphic vector bundles
(E, h) the wedge product A" E(m < r = rank F) is equipped with the metric H =
A"h, i.e.,

(52) <ar N ...\ ap, bi A ... A\b,, > amp= det(< a;, bj >h)1Si,jSm'

If A is only a Finsler metric which is pseudoconvex along the fibers of E then it
defines a hermitian metric on Vg and hence also a hermitian metric along the fibers
of A"™Vg. In the following we shall work with the case of hermitian metric with the
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understanding that the Finsler case is analogous and is obtained by replacing E by
Vg in the following discussions. Denote the set of increasing indices by:

Ty =L = (i1, ceryim) |1 <ig < oo <y <7}

Let {e1,...,e,} be a local frame for E then {e;|I € Z,,,} is a local frame for A™E.
In terms of these frames the components of the metric H are given by

H17 =< ey, €5 >amp= det(hikjl)lﬁi,jgm = det(< €iy,» €5, >h)1§k,l§m‘

The associated connection V on A™E (which will be denoted by the same notation)
is given as follows:

(5.3) V(ar Ao Nam) =Y a1 A e AV A Ay,

i=1
The preceding defining identity can be verified by skew symmetrizing the connection
for tensor products. For example if m =2 then a Ab= 3(a ®b—b® a) hence

V(e Ab) = %(V(a 2b) = V(b®a))

1
:5{(Va)®b+a®Vb—(Vb)@a—b@Va}
= (Va)ANb+a A Vb.

The general case is verified in an analogously way using the identity

1
ar N .. N\ ay, = - Z sgn(0) 1) @ ... ® Ao(m)

’ O'ESm

where o ranges over the symmetric group on m elements. In terms of the given frame
the connection forms are given by
Ve I = Z 9}]6 J
J

and, on the other hand, by

m
Ve, = Zeil A AVey A Ne,
j=1
m T
= efjeil /\/\(ek)J/\/\eer
j=1 k=1

where 07 are connection forms for (E, h). The notation e; A...A(ex);A...Ae;,, indicates
that e;; is replaced by ej. Since e;, A...A(ex);A...Aes, = 0if k€ I; = {i1, ..., in } \ {75}
it is clear that, in the expression above, we may sum only those indices that are not
in [;:

m
V@IZZ Z ijeil/\.../\(ek)j/\.../\eim.

J=1 1<k<rk¢I;
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The indices (i1, ..., (k)j, ..., i) Where ¢; is replaced by k ¢ I; may not be increasing
but we can always, by rearrangement, arrived at an unique I ; € Z,,,, containing the
same set of indices as (iy, ..., (k);, ..., %m) and is increasing. It is clear that e;, . and
eiy N ... A (ex); A ... Ae;, are equal modulo a =+ sign, i.e.,

elk’j = sgn(il, ceey (k))j, ceey Zm) €i1 NN (Q’c)j VANRTAAN Cip -
We infer from the above that

8‘]— Sgn(il,...,(k)j,...,im) 92, lfJ:[k’],
L 0, otherwise.

An analogous comutation as in (5.2) yields

m

(5.4) V@ A Aa) =Y a1 Ao AVZa A A .

i=1
hence the formulas for curvature forms are analogous to those for the connection
forms:

@J: Sgn(il,...,(k)j,...,im) @Z, lfJ:IkJ,
0, otherwise.
For example if m = 2 then
V(@il VAN €i2>

T

= Z(Qflek A€, + 0Fei, Aey)

k=1
T T
= Z sgn(k, i) OF ex A es, + Z sgn(ir, k) 0F e;, A ey
k=1, ks k=1 ki,

hence )
o Sgn<k72.2) 0517 if (jlvj?) = Sgn<k7i2) (k7i2)7
9511322 - Sgl’l(il,k) 07{27 if (jlaj?) - Sgn(ilak) (i17k)7

0, otherwise

with sgn (i,7) =1 (resp. —1) if i < j (resp. ¢ > j) and analogously

N (Sgn(ka 7/2) @fla if (jl?j?) = Sgn(k7 22) (ka iZ)a
91»1]2 = sgn(il, k’) @Z, if (jl,jg) = Sgn(il, k’) (il, k’),

1112

W otherwise.

An element o € ATE is of the form
m
o= Z a'er = Z Z(—l)jflaﬁ Ner,
I T =1

where Ij = (il, -‘-7ij—17ij+17 7Zm) and o7 is defined by
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To simplify the computation we choose the frame {e;} to be unitary so that

m
lollZen =D > ol

I j=1

Denote the curvature operator of A"E by K and that of E by K. By definition we
have

Ko} = g a”“"m@fjek,
k
hence

< KO’ O >prp, =< ZGI@IGJ,O' >arh

=< Z Z Z alsgn(lm)@fje[k’j,a ZATh

I=(i1,...im) 3 ke€{i;}

= Y Y 6 e, 0

I=(i1,....im) J keI\{i;}

m
Ik
ST D 9 ST
I=(i1,. ,im) k=1 j

m

=< ZZ k 1 KUI Ner,., ,ZZ l 1011/\611 >Arh -

where I(k); = (i1, ..., (k)j, ..., im) and Iy ; is the rearrangement of I(k); with increasing
indices. Since the frame is unitary, we see from the definition (see (4.10)) of A™h that
the last term on the right above is simply

Zi < Kok ob >,

I k=1
hence
m
< R’a,a > arp= ZZ < Kolf,alf >
I k=1
This implies that

< Ko,0 >pm B Zi l|o*|? < Ko¥, ok >,
llol1Aen = ollien Mot

and that

Proposition 5.2. Let (E,h) be an hermitian (resp. Finsler which is pseudoconvex
along the fibers) holomorphic vector bundle over a complex manifold M. If the holo-
morphic bisectional curvature of (E,h) is < 0(resp. < 0 resp. > 0, resp. > 0) then,
for 1 < m < r, the mized holomorphic bisectional curvature of (N"E,\™h) (resp.
(AN"™"Vg, A™h) is < 0 (resp. <0 resp. >0, resp. > 0).
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For a hermitian holomorphic vector bundle (F,h) the symmetric product ®?E is
equipped with the metric H = h® h = &%h :

1
(5.5) <a®a,b® f >pen= §(< a,b>p< a, B>+ <a,f >p< a,b>p).
More generally, for s; ;,t,, € C,
< Z S;,50; © g, Ztu,ubﬂ © By >hen= Z Sijtuy < a; © u, by © By >pon -

] i’j’l"”ll

If A is Finsler metric which is pseudoconvex along the fibers the same argumnt applies
th the bundle ®™Vg. Let {es,...,e,} be a local frame for E then {e;; =¢; ®e;,1 <
i < j <r}isalocal frame for E® F. For 1 <i < j <r/1<p<q<r, the
components H;jyipqy of the metric H = h ® h are given by

Hiijyipgy =< €ij, €pqg >0

1
= §(< €i,€p >p< €j,6q >p + < €5,64 >p< €5, 6 >h)
1
= §(hiﬁhjf7 + highjp)-
The connection of the symmetric product is the symmetric product of the connections:
(5.6) V(ie®a)=(Va) ®a+a® Va.

The connection is extended to general elements by enforcing linearity (over C) and
Leibnitz rule. For the frame e;;, we have:

V@ij = V(ez © 6]') = (Vez) ® €; +e © V@j = Z Qf(E)e[m} + Z Qg(E)e[lq]
p q

where 67(E) is the connection forms of E and the notations ef;,) means that
eipa if ¢ S b,
e[ip} = if .
€pi, WP <.
In other words,
Ve = > 04Eeg+ > 04E)eiq+ »  00(E)ey+ Y 0P(Eey,
1<g<i 1+1<g<r 1<p<j J+1<p<r

On the other hand, denoting by «93’] .q}} the connection forms relative to the frame

{eij }1<i<j<r, then
Ve = Z eizf]}}em
1<p<q<r
from which we infer that, for 1 <i<j<rand 1 <p<gq<r,
0i(E) ifp=i<yq,
o = on(E) itp<i=q,
0 otherwise.
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For the curvature of the symmetric product observe that
V3(a®b)=V((Va) ®b+a® Vb)
= (V) ®b— (Va) ® Vb+ (Va) ®© Vb+a® V?b
= (V%) 0b+a® V3
hence we have as in the case of connections,
O = 0(E) ifp<j=gq,
0 otherwise.

Choose unitary local frame {e;} for £. It is clear that the frame {eg;y,1 < i < j <7}
is also unitary. Let o =37, ;... a”eq;; and define, for j fixed,

ol = Z ale; € B

1<i<j

ot = Z aijej cF

1<i<y

and for 7 fixed,

so that o = Zj oJ ®e;. Denote by K (resp. K) the curvature operator on ®?E (resp.
E) then

< [A(U,O' >hoh = Z a”m@%iﬁ

,J:0,q
— E a’a 10! + E a”apri©
1<i<j,q<r 1<i,p<j<r

= Z < Ko7, oV >hoh +Z < Ko®, o" >hoh -
j i
Thus the mixed bisectional curvature:
< KU,O’ >hoh < Ko?,07 >pen <Ko%, 0% >pon
1 X[2]o][? =2 [IX 2ol 2 [IX 12 l]e| 2

J )

= < Ko7, 07 >non lo7li T < Ko" 0" >pen |l0"|[;
IXIPlo? 15 Nollhon IXIPlo (15 ollRen

j i
An entirely similar calculation can be carried out for the symmetric product ©™F
for any positive integer m and we have:

Proposition 5.3. Let (E,h) be an hermitian (resp. Finsler which is pseudocon-
vex along the fibers) holomorphic vector bundle over a complex manifold M. If the
holomorphic bisectional curvature of (E,h) is < 0(resp. < 0 resp. > 0, resp. > 0)
then, for 1 < m < r the holomorphic bisectional curvature of (®™E,®™h) (resp.
(@™Vg,@"h)) is < 0 (resp. <0 resp. >0, resp. > 0).
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For the symmetric bundle the converse is also true. This can be seen as follows.
The bundle E is embedded in ®%FE via the diagonal map:

L E2ACOE, s— &%

thus ¢, : TE = TA C T(®*E) = G*TE. Let H be a hermitian metric on ®@™E
and h = H|a be the induced metric. Choose an unitary basis fi, .., fx of ®?E such
that fi = e; ®eq, ..., fr = e, ® e, is an unitary basis of A. Let D (resp. D) be the
hermitian connection of H (resp. h) with respect to the basis chosen

N
Df; = Z Qf.fj
i=1
for 1 <7 < N and the connection on E:
Dfi=Y _0/f;, 67 =0/
i=1

for 1 <i<r. Let Q = ®*E/A be the quotient bundle with the quotient metric and
the quotient connection and define an operator

A=D|a—D:T(A) - T(Q)

then the connection matrices are related by
j— Op tA
A b

of 1-forms. The curvature forms are given by:

Il it e

N N
D= 6@ fi, OF =dbf - > 01 N 6"

i,k=1 j=1
for 1 <¢< N and
D’fi=) Of® fi, OF =dof =) 6/ N0}
i,k=1 j=1

The curvature matrices are related by (see [])

é— @A—tZ/\A *
- * Og + AN A
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where AN A = (AF = > r1<i<N al A a§)i<ik<r Thus, for o =377/ f; € A,

T T
<Ko,o>p=<)Y d®lf,) dfi>py
k=1

4,j=1

=< > a0 = AN, Y a fi >
k=1

i=1
' '

=< Ko,0>, — < Za]Affj,Zakfk >h
j=1 k=1

The second term on the right above is positive (see []) hence we have a partial converse
of Proposition 4.12:

Proposition 5.4. Let E be a holomorphic vector bundle and suppose that, for some
positive integer m there exists a hermitian metric H on ©@™FE such that the mixed
holomorphic bisectional curvature of (0™E, H) is < 0(resp. < 0), resp. > 0) then
the mized holomorphic bisectional curvature of (E,h) is < 0(resp. < 0) where h is
the hermitian metric induced by H via the diagonal embedding of E in ©®™E.

References

[A] Aikou, T.: Complex manifolds modeled on a complex Minkowski space. J. Math.
Kyoto Uni., 35, 83-101 (1995)

[A-P] Abate, M. and Patrizio, G.: Finler Metrics - A Global Approach. Lecture Note
in Mathematics, vol. 1591, Springer-Verlag (1994)

[B] Besse, A. L.: Manifolds all of whose Geodesics are Closed. Erg. Math., vol.
93, Springer-Verlag (1978)

[B-C1] Bao, D. and Chern, S.-S.: On a notable connection in Finsler geometry. Hou-
ston J. Math., vol. 19, 135-180 (1995)

[B-C2] Bao, D. and Chern, S.-S.: Finsler Geometry. Contemporary Math., vol. 196,
AMS (1995)

[C] Chen, B.-Y.: Some topological obstructions to Bochner-Kdhler metrics and their
applications. J. Diif. Geom., 13, 347-358 (1978)

[C-M] Chern, S,-S. and Moser, J.: Real hypersurfaces in complexr manifolds. Acta
Math., 133, 219-272 (1974)

|G-G] Green, M. and Griffiths, P.: Two applications of algebraic geometry to entire
holomorphic mappings. The Chern Symposium 1979 (Proc. Interat. Symp., Berkeley,
Calif., 1979) Springer-Verlag, New York (1980), 41-74

[G] Grothendieck, A.: La theorie des classes de Chern. Bull. Soc. Math. France 86,
137-154 (1958)

[K] Kobayashi, S.:Negative vector bundles and complex Finsler structures. Nagoya
Math. J. 57, 153-166 (1975)



46
[P-W] Patrizio, G. and Wong, P.-M.:Stability of the Monge-Ampére foliation. Math.
Ann., 263, 13-29 (1983)

[We] Webster, S.M.: Pseudo-hermitian structures on a real hypersurface. J. Diff.
Geom. 13, 25-51 (1978)

[Wol] Wong, P.-M.: On umbilical hypersurfaces and the uniformization of circular
domains. Proc. Symp. Pure Math., 41, 225-252 (1984)

[Wo2] Pit-Mann Wong: Twistor spaces over 6-dimensional Riemannian Manifolds.
Illinois J. of Math. 31, 274-311 (1987)



