HOMOGENEOUS POISSON STRUCTURES ON SYMMETRIC
SPACES
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ABSTRACT. We calculate, in a relatively explicit way, the Hamiltonian systems
which arise from the Evens-Lu construction of homogeneous Poisson structures
on both compact and noncompact type symmetric spaces. A corollary is that
the Hamiltonian system arising in the noncompact case is isomorphic to the
generic Hamiltonian system arising in the compact case. In the group case
these systems are also isomorphic to those arising from the Bruhat Poisson
structure on the flag space, and hence, by results of Lu, can be completely
factored.

0. INTRODUCTION

Suppose that X is a simply connected compact symmetric space with a fixed
basepoint. From this we obtain: a diagram of groups,

(0.1) G

where U is the universal covering of the identity component of the isometry group
of X, X ~U/K, G is the complexification of U, and Xy = G/ K is the noncompact
type symmetric space dual to X; a diagram of equivariant totally geodesic (Cartan)
embeddings of symmetric spaces:

(0.2) U/K -2~y

»

G/Go 2> G<""qU
Go <" Go/K

Let 6 denote the involution corresponding to the pair (U, K). We consider one
additional ingredient: a triangular decomposition of g,
g=n"+h+nT,

which is #-stable and for which t5 = h N ¢ is maximal abelian in €.
1
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This data determines standard Poisson Lie group structures, denoted II;; and
IIg,, for the groups U and G, respectively. By a general construction of Evens
and Lu ([EL]), the symmetric spaces X and X acquire Poisson structures ITx and
ITx,, respectively, which are homogeneous for the respective actions of the Poisson
Lie groups (U,Iy) and (Go,Ig,). The compact case was considered in [C] and
[FL], and the noncompact case in [FOJ.

In the noncompact case there is just one type of symplectic leaf, and this leaf is
naturally Hamiltonian with respect to the maximal torus Tp = exp(ty) C K. In the
compact case the types of symplectic leaves are indexed by representatives w of the
Weyl group of U which lie in the image of the Cartan embedding ¢: U/K — U.
Each such leaf is naturally Hamiltonian with respect to a torus T, depending on
the corresponding Weyl group element w. In a reasonably natural way, these leaves
are parameterized by double cosets R\G(/K, where R depends upon w and choice
of basepoint. We will refer to these as Evens-Lu Hamiltonian systems.

The plan of this paper is the following. In section 1 we recall standard notation
and introduce an important operator, which is used throughout the paper.

In section 2 we exhibit a family of closed two-forms on Gy/K depending on a
parameter wi € U. For special values of the parameter wy, these forms descend to
the double coset spaces R\Go/K and explicitly describe the Evens-Lu Hamiltonian
systems. The results in this section for special values of w; also follow from the
calculations in sections 3 and 4, and general facts about Poisson geometry. However
this direct approach is suggestive.

In section 3, we prove that the Hamiltonian system with w = 1 is equal to
the Hamiltonian system arising from the Evens-Lu construction in the noncompact
case.

In section 4 we prove that these Hamiltonian systems are naturally isomorphic
to the Hamiltonian systems arising from the Evens-Lu construction in the compact
case. Our proof of this involves a brutal calculation, which is lacking conceptual
insight.

All of the results of sections 2-4 generalize in a perfunctory way to loop spaces,
using the now commonplace insight that finite dimensional complex semisimple Lie
algebras and (centrally extended) loop algebras fit into the common framework of
Kac-Moody Lie algebras.

In section 5 we specialize to the group case, X = K, where K is a simply con-
nected compact Lie group. There are two main points in this section. The first
is that (X, IIx) is Poisson isomorphic to the standard Poisson Lie group structure
on K, where the isomorphism is essentially translation by a representative for the
longest Weyl group element. This translation interchanges the Birkhoff decom-
position (intersected with K), the isotypic symplectic components for Iy, with
the Bruhat decomposition, the isotypic symplectic decomposition for the standard
Poisson structure. This equivalence is a special finite dimensional feature.

The second main point is that the Hamiltonian systems which arise in this case
can all be viewed as torus-invariant symplectic submanifolds of the generic Hamil-
tonian system. This is a corollary of work of Lu ([Lu]), who has completely factored
these systems, in finite dimensions. It is natural to wonder whether this factoriza-
tion is possible for more general symmetric spaces, or in infinite dimensions.
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In the context of loop groups, one can think of these small (finite dimensional)
systems as natural cutoffs for the enveloping (infinite dimensional) system, the
primary object of interest for the authors of this paper.

1. BACKGROUND AND NOTATION

Throughout the remainder of this paper, U will denote a simply connected com-
pact Lie group, and 6 will denote an involution of U. This involution admits a
unique holomorphic extension to G and determines involutive automorphisms of
the Lie algebras of U and G, respectively. Slightly abusing notation, we will also
write @ for the extension to G and the corresponding maps of algebras. The iden-
tity component of the fixed point set of # in U will be denoted by K, and X will
denote the quotient, U/K. We will also assume that X is irreducible, in the sense
of symmetric space theory.

Corresponding to the diagram of groups in (0.1), there is a Lie algebra diagram

g=u-41iu
go=t+p u==8t+1p

where 6, acting on the Lie algebra level is +1 on € and —1 on p. It will be convenient
to write the action of § as a superscript, i.e., 8(g) = g°. We let (-)™* denote the
Cartan involution for the pair (G,U). The Cartan involution for the pair (G, Gy)
is then given by o(g) = g = g~*?. Since 0, (-)~*, and o all commute, our practice
of writing these involutions as superscripts should not cause confusion.

There are totally geodesic embeddings of symmetric spaces

U/KLU : wK —— qu—"?
| ] )
G/Gy—=G : 9Go —=gg

where the symmetric space structures are derived from the Killing form (the em-
beddings 9 in (0.2) are defined in a similar way, but will not play a role in this
paper).

Fix a maximal abelian subalgebra t, C £. By computing the centralizer hq of ty
in g, we obtain f-stable Cartan subalgebras

bo=to+ao, t=to+iag, and bh = hg
for go, u, and g, respectively, where ag C p. We write
a=bhr =it =1ty + ag,

A = exp(a), and we let Ty and T denote the maximal tori in K and U corresponding
to to and t, respectively. We also fix a #-stable triangular decomposition

g=n"+h+nT,
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so that o(nt) = nT. Let N* = exp(n®), H = exp(h), B* = HN*, and Wdenote
the Weyl group W (G, H). Note that W = Ny(T')/T ~ Ng(H)/H.

We will write z = x_ + xy + x4 for the triangular decomposition of x € g, and
x = x¢ +x, for the Cartan decomposition of = € go, and y = y¢ +y;, for the Cartan
decomposition of y € u. To do calculations we will frequently need to make use of
the R-linear orthogonal projections to the R-subspaces u, iu, p, etc. In keeping with
the above notation scheme, we will write {Z}, for the orthogonal projection to u
of Z € g, and similarly {Z},,, {Z},, for the orthogonal projection to iu, p, etc.

There are two Iwasawa decompositions of g determined by the above data:

(1.1) g=n +a+t+uand g=n" +ibg+ go-
The former leads to a global decomposition of the group G = N~ AU. The standard

Poisson Lie group structures on U (resp. Gg) that we consider are those associated
to the Iwaswa decompositions in (1.1). Given g € G, we write

(1.2) g9 =Ug)a(g)u(yg)
relative to the Iwasawa decomposition G = N~ AU. We will write pr, for the
projection g — u with kernel n~ + a, and pr,- ,, for the projection g — n~ +a
with kernel u. Similarly, pry  will denote the projection to go with kernel n™ + by,
and pr,- ;. Will denote the projection to n™ +ihy with kernel go. Note that the
Iwasawa projections pr, (resp. pry ) and the orthogonal projections {-}, (resp.
{}g,) do not agree, as the fomer has kernel n~ + a (resp. n~ + ihg) whereas the
latter has kernel iu (resp. igo).

We identify the dual of p (resp. ip) with p (resp. ip) using the Killing form. To
do calculations, we use the induced isomorphisms

(13) Go xx p — T(Go/K) = T*(Go/K),

(1.4) Uxgip—>TU/K)=T*U/K).
To keep track of functoriality, we will write [go, ], [go,¥], and so on, for tangent
vectors, and [go, @], [go,?], and so on, for cotangent vectors.

A key player throughout this paper is the “Hilbert transform” H: g — g associ-
ated to the triangular decomposition of g.

(1.5) T+ xo+ar =x— H(x) =—ir_ +ivy

The real subspaces go, igg, U, and iu are all stabilized by H, and H is skew-
symmetric with respect to the Killing form. This operator also stabilizes n= +n*
and squares to —1 there. Thus, H is similar to a complex structure on the vector
space g, except that it has a kernel, namely . However, we still have the following
result which will be important in the proof of the first theorem of section 3.

Proposition 1.1. The Nijenhuis torsion for H on g,

(1.6) N(A,B) =[A,B]+H([H(A), B] + [A,H(B)]) — [H(A),H(B)], A,Be€g,
is identically zero.

Proof. Since H is defined in terms of the triangular decomposition, we will show
that each component of the triangular decomposition of N (A, B) vanishes. Let

A=A_+ Ao+ Ay and B = B_ + By + B4 denote the triangular decompositions
of A and B. Since [Ay, By] = 0 we may write

(1.7) [A,B] = [A_ 4+ Ao, B- 4+ Bo] + ([A-, B4] +[A4, B_]) + [Ag + A4, Bo + B4 .
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The first of the three terms on the right hand side of (1.7) is in n™ since [b7,b7] C
n~. Similarly, the last term is in n™. Hence, the diagonal part of [A4, B] is the same
as the diagonal part of the middle term in (1.7). But, H leaves that term invariant,
so we have ([H(A4),H(B)])o = ([4, B])o-

We can now see that the diagonal of N'(A, B) vanishes from the formula in (1.6).
The second of the three terms on the right hand side of (1.6) is in the image of H
and hence has no diagonal part, whereas we have just established the equality of
the diagonal parts of the first and last terms.

Let us now turn to the n'-part of N'(A, B). With the previous observations
we have that the n* part of the sum of the first and third terms in the Nijenhuis
torsion (1.6) is

(1.8) ([A, B] = [H(A), H(B)])+ = [Ao + A4+, Bo + By] + [A4, B4].
Making further use of (1.7), we compute that
(L9)  ([(H(A), By = (—i[A_, By] +i[Ay, B_])s +i[A}, Bo + B:]
and likewise
(1.10) ([AHB))+ = ([A-, B4] —i[Ay, B_])4 +i[Ao + Ay, B4].
Summing the right hand sides of (1.9) and (1.10) and then applying H gives that
(1.11) (H([H(A), Bl + [A, H(B)]))+ = —[A+, Bo + By] — [Ao + A, B4]
which is the nT-part of the second term in (1.6). The sum of right hand sides of
(1.8) and (1.11) gives the n*-part of N'(4, B).

N(A,B))+ = [Ao+ Ay, Bo+ By]+ [Ay, By
(1.12) —[A4, Bo+ By] — [Ao + Ay, By]
(1.13) = 0.
The vanishing of the sum on the right hand side of (1.12) is readily apparent after
one expands the terms using bilinearity of the bracket. A completely analogous

calculation shows that the n™-part of N'(A, B) is also zero and thus completes the
proof of the proposition. O

Two additional properties of H which will be important in this paper concern
its relationship with the Iwasawa projections to u and to go. Given Z € g, we will
write Z — iZ for the complex structure on g and denote the corresponding map of
g by .

Proposition 1.2. The following diagrams commute.

(1.14) u— gy g0 —> igo
R lpr" X lprgo
u 9o

Proof. To see that the first diagram commutes, observe that the triangular decom-
position of element Z € u has the form —(Z;)* + Zy + Z; where Zy € t. Hence,
the Iwasawa projection to u of iZ is

Pr(iZ) = —(iZ:)" +iZy = ~i(~(24)") + iZ+ = H(Z)

since it = a is contained in the kernel of pr, and the involution —(-)* is complex
anti-linear.
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Similarly, Z € go has triangular decomposition (Z1)? + Zy + Z4 where Zj € .
Hence, the projection to gg of ¢Z is

pry,(iZ) = (iZ,)° +iZy = —i(Zy)" +iZy = H(Z)

as iho is contained in the kernel of pry —and the involution o is complex anti-
linear. [l

2. EVENS-LU HAMILTONIAN SYSTEMS

In this section we introduce symplectic structures on certain double coset spaces
of Gg. The double coset spaces and their symplectic structures depend on a param-
eter wi € U. For certain values of this parameter, these spaces admit Hamiltonian
torus actions for which we compute the momentum maps.

Our definition of the relevant two-forms involves the Hilbert transform H: g — g
associated to the triangular decomposition g = n~ +h+n* (cf. (1.5)) and the map
u: G — U arising the Iwasawa factorization (c.f. (1.2)).

Definition. For each w; € U we define a two-form wy,, on Go/K by the formula

(2.1) ww, ([90: %] A [g0,9]) = (Ad(u(wigo) ") o H o Ad(u(w1go))(x),y).
Theorem 2.1. For each wy € U, the two-form wy, on Go/K is closed.

Proof. Tt will be convenient to abbreviate u(wigg) by simply u, and just keep in
mind that wygo = lau. Let us define an iu-valued one-form a on Go/K by

a([go, z]) = ™.
Then w = (H(a) A ) and
(2.2) dw = (H(da) A ) — (H(a) A da).

Given X € go, let x(X) = [go, {Xgo_l}p] denote the corresponding vector field on
Go/K. Note that {X% '}, = {X% };, because X% € go. Thus,

(2.3) a(k(X)) = ({X% ) = {X090 } = (X)),

where we have used the factorization wi gy = lau and the fact that Ad(u) commutes
with the othogonal projection to 7u.
Now suppose that X, Y € go. Then

da(r(X)AR(Y)) = r(X)a(s(Y)) = s(Y)a(x(X)) - a([x(X), (Y)])
= R(X)a(k(Y)) = s(Y)a(r(X)) + a(s[X, Y])

where in the last equation we used the fact that x: go — I'(T'(Go/K)) is an anti-
homomorphism of Lie algebras.

To compute the derivative of a we must first compute the derivative of function
la. This derivative takes values in T (N~ A), which we may identify with N~ A x
(n~ + a) by left translation, so we can consider (la)~'d(la) as an (n~ + a)-valued
1-form representing the derivative.

We assert that (la)~!d(la)(k(X)) = pranra((XWl)(la)_l). Recall from section 1
that pr,- , (Z) = Z_ + (Z4)* + Z, for each Z € g..

To see this, let Y € gg and let € denote a small real parameter. Then wgge®Y =
laue?Y = lae®Y "u. After translation, the linearization of (la) at ¢ = 0 is Y

prn*+a(Yu)'
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Note that pr,-,,(Z) = pro-({Z}u + {Z}iu) = pro-o({Z}iu). Thus, after
evaluating the linearization of (la) on ¥V = r(X) = {X% }, = {X% }i, we
obtain

— —1
prn*+a({XgO i ) = PTy- +a({X }u) = prn*Jra((XWI)(la) )
as desired.
Next, we need to compute the derivative of the g-valued function

9o = Ad((la)~")(Y)

in the direction of x(X) for each Y € g. Using the chain rule, and the preceeding
assertion, we obtain the expression

—ad(pr— 4o (X¥H) 7)) (Ad(la) "H(Y)) = —[pr- o (XV)27) y 2™
for this derivative. Thus, da(k(X) Ak(Y)) = {W}i, = l(W + W*) where
W) = —fora o3, ()]
[Py (V)70 ()] [, y w00

To obtain a formula for the value of da on cotangent vectors represented by [go, «]
and [go, y] we make the substitutions X = 29 and Y = y9%. Then, XW1 = gW190 =

'@ and

(24) da((go, 2] A lgo, ) = 5 (W + W)

where

(25) W= —lpr ae®), 0% Pra o), 2 + [o,4]"
(26) = [pr (), e ()]~ [Py (), Do (5]
(27) = Ipra ), g+ [ pr ()] — )

In order to obtain (2.6) from (2.5) in the above, one: uses that Ad(u) is a Lie
algebra homomorphism to write [z,y]|" as [z",y"]; then decomposes z" and y"
under the Iwaswa decompostion; then expands to observe cancellations. Similarly,
one can use the Iwasawa decomposition to verify that (2.7) is equivalent to (2.6).
The expression in (2.7) is what will be used as it contains a minimal number of
projections.

Note that [u,iu] C 4u, which is fixed by (-)* whereas [iu,iu] C u is negated by
(\)*. Hence

W* = pry (@), %" + [2%, pro(y™)]" — [ ")
= [pry (@), "] + [, pro (v™)] + [2%, y"]
= W+ 2[z", y"].
With this expression for W*, (2.4) becomes
SOV = L W 420 )
= W% yY

(2.8) [pry (@), 4] + [, pry (y™)]-
Using (2.2) we have that dw([go, x] A [go, Y] A ]

[90
(H([pry (=), y"] + [z, pry (y™)]), 2%) — (H(z"), [pry(y"), 2" + [y", pry(z")])

z]) is equal to

)
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+ cyclic permutations of z, y, and z.

This can be further rewritten as

(2.9) —2(([pry(a), ] + [a, pr,(b)], H(c))
+ ([pry(c), a] + [¢, pry(a)], H(b))
+ ([pry (b), ] + [b, pr, (c)], H(a)))
using skew-symmetry of H with respect to the Killing form on iu and abbreviating

", y", and 2%, by a, b, and c, repsectively. Using the commutativity of the left
diagram in (1.14), we can replace pr, () with H(—i-) = —¢H(+) in line (2.9) obtaining

(2.10) 2i(([H(a), b, H(e)]) + (H(a), [b, H(c)])
(2.11) +([H(e), a, H)]) + (H(c), [a, H(D)])
(2.12) +([H (D), ], H(a)]) + (H(D), [¢, H(a)]))-

The Killing form satisfies the identities
(2.13) (X,[Y,Z]) = (Y,[Z, X]) = (Z,[X,Y])

for each X,Y, Z € g. Using the symmetry of the Killing form and applying these
identities to the terms in (2.10), (2.11), and (2.12), and simplifying gives

(2.14) 4i({a, [H(b), H(c)]) + (b, [H(c), H(a)]) + (¢, [H(a), H(D)]))-
Let us note that by making further use of the Killing form identities (2.13), the
skew-symmetry of H, and omitting the multiple of 4i, we can rewrite (2.14) as
(a, [H(b), H(c)] = H([H(b), ] + [b, H(c)]))
(2.15) = (a,[b,c] = N(b,¢))

where N (b, ¢) denotes the Nijenhuis torsion for H on g (cf. 1.6). In Proposition
1.1, the Nijenhuis torsion for H was shown to vanish. Thus,

(2.16) dw([go, ] A lgo, yl Algo, 2]) = 4i(a™, [y*, 2%]) = 4i(z, [y, 2])

as Ad(u) is a homomorphism of g and the Killing form is Ad-invariant. The final
expression in (2.16) is zero because [p, p] C € which is othogonal to p. The proof is
complete. O

The identification of U with N~ A\G gives rise to a right action of Gg on U.

U x GO — U
(u,90) +— u(ugo)
Given wy € U, we can compute the stabilizer using the uniqueness of the Iwasawa

decomposition. Since wigo = gy Wi, it follows that u(wigo) = wi if and only if
W1 —
gy € NTA.

Notation. We write R(w) for the Gy-subgroup (N‘A)""f1 NGy, i.e., the stabilizer
of wy under the Gy-action on U.

Theorem 2.2. The closed two-form wy, on Go/K descends to a symplectic form
on the double coset space R(w1)\Go/K.
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Proof. Fix wy € U. To simplify notation, we will suppress the dependence on w; by

writing simply R for R(w;), and w for wy,. To show that w descends to R\Gy/K,

we must show that w is left R-translation invariant, and that x(t) C ker(w), where

t denotes the Lie algebra of R, and x denotes the action by vector fields on Gy/K.
If r € R, then wirw; ' € N~ A and

(2.17) wirgo = Wirwy ' (wigo),

hence u(wirgg) = u(wigp). From this and the formula for w, it follows that w is
preserved by left translation by r.

As in the proof of theorem 2.1, we abbreviate u(wigg) by u and make use
of the du-valued one-form « on Gy/K defined by a([go,z]) = 2". Recall that
w = (H(a) A a)and a(k(X)) = {(X¥1)I) "}, for each X € go. If X € ¢, then
X" en +a asis Z=(XV) Thus, {Z};, = $(Z_+2Z + (Z-)*), and
QH({Z} i) = —iZ_ +i(Z-)* = —iZ_ + (—iZ_)*. With this, we have

w(k(X) Algo, y)) (H(a (F«'(X))) A a([g90. 1))
= izt (i)
%(< y*) +((=iZ-)", (y™)")
= Re(—iZ_,y")
= <Z—,y >
where we have used that y" € iu is fixed by (-)* which is an complex anti-linear

isometry of the Killing form.
Since Z = (X""l)(la)_1 €n” +a, we can write Z_ = Z — Z and

(2.18) w(K(X) Ago,y]) = Im(Z,y*) — Im(Zo, y").

The second term on the right hand side of (2.18) vanishes since Zy € a C iu and
the Killing form is real on su x {u. Substituting back Z = X (12)™'W1 into the first

term on the right hand side of (2.18), we obtain
Im(Z,y") = Im(X(la)ilwl,y“> = Im(X, y%°)

using the factorization wigy = lau. This term also vanishes because the Killing
form is real on go. Hence w descends to the quotient R\Go/K.

The next claim to be established is the non-degeneracy of w on R\Go/K. Let
us write Q(gg) for the linear transformation

(2.19) p €z Qgo)(r) = {Ad(u)"" o H o Ad(u) ()},

so that w([go, z], [0, y]) = (2(g0)(x),y). We must show that ()|, ; = ker(Q(go))-
We established one containment to show descent. For the other, it is convenient to
introduce an extension (gg) of Q2(go) to all of go. Specifically, we set

(2.20) Q(go) = I o Ad(u)~! o pr, o Ad(u)

where the linear transformation I: u — gg is the identity on ¢ and multiplication
by ¢ on ip. Relative to the decomposition gg = € + p, the extension is represented

by the block 2 x 2 matrix
~ 1 b
) = (5 o)
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for some linear transformation b: p — €. It’s follows from (2.20) that Q is the
identity on ¢. For its value on p one should note that if « € p, then Ad(u)(z) € iu,
and pr, = H(—i-) = —iH(-) on iu. Thus, for z € p,

Qgo)(z) = I(—iAd(u) ™" o H o Ad(u)(x)) = b(z) + Q(go) ()
for some b(z) € €. This shows that the compression to p of Q(go) agrees with
Q(go). We introduce this extension because there is an isomorphism = € ker(f2) —

(=bzx, x) € ker(2) and it is possible to compute the kernel of Q(go).
The extension (2 can be factored as a composition of four operators:

Ad Ad(u)~!
(2.21) 9o (90)90 T W u—L>go

where T' = pr,oAd(ugy ') = pr,0Ad((1a)~'w;). The kernel of Q2 is thus determined
by the kernel of T as the other three arrows in (2.21) are isomorphisms of vector
spaces. The operator T' maps X € gg to

()T )7+ (0BT () (07
which can be rewritten as
(222)  —((((X™) )17 ) )+ (X 4 (X)) ) (X)) 07

using the identity ((XW)2) ™), = (((X%1),)1 "), Since (2.22) gives the tri-
angular decomposition of T(X), we can immediately see that T(X) = 0 only if

(X"“)(l""r1 € b~ or, equivalently, XVt € b~. After examining the diagonal part
of (2.22), it follows that (X™t) =0 if T(X) = 0. Thus, X' € n~ + a, or equiv-
alently, X € v = (n= + ct)""f1 N go, and we have shown the desired containment

ker(Q(go)) C £(v)|,, 5, completing the proof of the theorem. O

The sub-torus Ty C T acts from the left on Gp/K in a natural way. In what
follows, we introduce other sub-tori of 7" which will act on the double coset space
R(w1)\Go/K for certain values of the parameter wy € U.

Notation. For w € W, we write
ty = {z € t: Ad(w) 0o 0(z) =z}

and
Tp={teT: wtlw™' =t}

Lemma 2.3. Denote by w the w1 K Cartan image, w = wlwl_e.
a) Ad(wi)ofo Ad(wy)~! = Ad(w) o 6.
b) If w € Ny(T) and w=wT € W, then:
i. b, a and t are 049V stable,
ity = {2z € t: 04V (2) = 2} = tN gy =tNEY, and
iii. Ty =TNGY' =TNEKY = exp(ty).

Proof. Part a) follows from the fact that fo Ad(w) = Ad(w{)of. Given the validty
of a) and the #-stability of b, t, and a, it follows that each of these is #44(W1)_stable
when wyw;? € Ny(T). For b), part ii) the set theoretic description of t, follows
from a). Since g is fixed by o, gg* is fixed by Ad(w)oo. Thus, by intersection gy
with t we obtain t,, which is the fixed point set of in t of Ad(w) o 0. For the same
reasons, we have that t,, = tNEt"* as ¢ and 0 agree and are equal to the identity

on £. The equalities in iii) follow routinely from those in ii). O
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Theorem 2.4. Suppose that w, € U is such that w = wyw;’ € Ny(T) and let
w = w1 denote the element of the Weyl group represented by w.
a) The double coset space R(w1)\Go/K is contractible.
b) The torus T, acts on R(w1)\Go/K as follows. Consider wi as fized and abbre-
viate R(w1) by R.
Ty, x R\Go/K — R\Gy/K
(t, RgoK) —  Rwy 'twigoK
Moreover, this action is preserves the symplectic form wey, .
c¢) Let t, denote the dual space of t,,. The action of T, on R(w1)\Go/K is Hamil-
tonian with momemtum map
ovi:  R\Go/K — t
RgoK  +— (iloga(wigo),-).

(2.23)

(2.24)

Proof. Suppose that w; and w are as in the statement of the theorem and regard
these as fixed. As usual, we will abbreviate R(w1) by R and wyw, by w to simplify
notation. For part a), we refer to the proof of Theorem 4 a) in [Pil] which makes
use of the assumption w € Ny (7).

Let t € Ty,. From Lemma 2.3, we know that T, = TNGy"*. Therefore, wiltwy €

Go and T, acts from the left on Go/K by (t,g0K) — t“’l—lgoK. The fact that

Ad(twfl) = Ad(wi ') o Ad(t) o Ad(w) preserves R implies that left T,,-action on

Go/K descends to the quotient R\Go/K as in (2.23). Note that
u(wi (wy 'twi)go) = tu(wigo)

and Ad(t) commutes with H. From these observations, together with the formula

in (2.1), it follows that w is T,-invariant. This proves b).

Now let X € t,,, then £(X™1 ) is vector field on Go/K representing the infintes-
imal action of X. We must show that contraction of w in the direction of k(X% 1)
is equal to the one-form d®x where ®x is the function

9o K — @x(g0K) = (iX,loga(wigo))-

First we compute d® x. Let € denote a small real parameter, let y € p, and consider
& x evaluated along the curve e — gope®Y K. Observe that

de log a(wigoe®™) = [g0, {y" }al
€le=0

since the orthogonal projection to a and the Iwasawa projection to a give the same
result. Thus

d®x ([90,y]) = (i X, {y"}a) = (iIX, V") = (iX" " |y)

since X € t,, C t. This shows that d®y is represented by the class [go, {X“fl}p].
We must show that this agrees with the class representing the contraction of w in

the direction of £(X™1 ) = [go, {X™190)7"},]. Let us write wygo = lau to simplify
notation. Computing w(/f(XWfl) A [90,y]), one obtains

(Ad(u™") o H o Ad(u)({Ad((w1g0)")(X)}p), )
= L(HoAd(u)(XW190) ™" 4 (X (Wig0)"Tyx) gy
(2.25) = SH(XOD7 4 (X027)) y)
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making use of the facts that: 1) X(wW190)™" ¢ go, since X € t,; 2) given Z € gy,
the projection {Z}, = 1(Z + Z*) since 6 agrees with —(:)* on go; and 3) Ad(u)
commutes with (-)*. To continue, note that X0 ¢ p~ as X € t, C t. Then,
using (2.25), 2w(/$(XW1_1) A lgo,y]) equals

(R0, ) 4 (R (X175, 0

(2.26) = (=X g (X1, )
(2.27) = IOy — (X (y))
(2.28) = —2Re(i(X1 ) _ ym).

In the above, (2.27) is obtained from (2.26) using that complex anti-linear map (-)*
intertwines the projections to n* and n~, and that y“* € su, which is fixed by (-)*.
Observe that (X1 ")_ = X0 _ X since X" ¢ p~ and (X1 "), = X
since X € t,, C t. With this, we continue from (2.28), finding that

WX ) Algo ) = —Re(i(X ) v
= Re(iX,y") — Re(X(la)_l,y“>
(2.29) = Re(iX,y") — Re(iX, y™19)
(2.30) = Re(iX,y") — Re(X™1 ,iy®)

making use in (2.29) and (2.30) of the factorization wigy = lau. By ii. of part b)

in Lemma 2.3, X1 € go. Thus, the second term in (2.30) vanishes since iy?° is
in igg, and the Killing form is purely imaginary on gg X igg. Furthermore, the first
Killing form pairing on the right hand side of (2.30) is real since X and y" are in
iu. Thus, we have shown that

-t . u .yu?t
w(K(X™ ) Algo,y]) = (iX,y") = (X", y) = d®x([g0,y])
completing the proof of the theorem. O

3. THE NONCOMPACT CASE

We will write X for the non-compact symmetric space Go/K. The Evens-Lu
Poisson structure on Xy is given by the formula

(31) HXO([QOa(b] A [9071/)]) = <Q(90)(¢)7¢>7
where
(3.2) Q(g0)(¢) = {Ad(go) ™" o H o Ad(go)(¢)},-

Given the commutativity of the right diagram in (1.14), the transformation Q(go)
can be rewritten as

(3.3) P36 Qg0)(9) = {(prg, (16°))% ),

which is how this formula first appeared in [Pil]. (See section 5 of that paper for a
derivation of this formula from the general construction in [EL].) In this section, we
explicitly describe the geometry of the symplectic foliation for IIx,. This structure
is regular and we can compute a Casimir. Lastly, we show that along the symplectic
leaves in Gy /K, the two-form H}i agrees with the restriction of the global two-form
Wy, (introduced in section 2) with the parameter w; =1 € U.
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We will write g9 = lau = laga;u for the Iwasawa factorization of gy together
with the further factorization a = apa; where ag € Ag. It will be convenient to
introduce an extension Q(go) of (3.2) as in (34) of [Pil]. Specifically,

(3.4) Q(go) = Ad(go) " o pry, o Ad(go) o

where the linear transformation I: go — u is the identity on £ and multiplication
by ¢ on ip. Relative to the decomposition £ + p,

(35) () = (5 o)

for some linear transformation b: p — ¢ depending on gg. This extension can be
factored as a composition of four operators

Ad T Ad((ag 'go))*
(3.6) o I u (u) u (90) o a; go))
where T'(go) = Ad(ag ') o pry, o Ad(la). Because ag € Go N H the operator Ad(ag)
commutes with o and stabilizes the triangular decomposition. Hence, it also com-
mutes with the Iwasawa projection to go, which means that T'(go) = pry, o Ad(L)(x)

05

where L = ag Naga;. The value of T(gg) on X € u can be written in two equivalent
ways:

(3.7) T(g0)(X) = (X™)4)7 + (X)p, + (XT)4
or (as in [Pil])
(3-8) T(g0)(X) = ((X1)%)+)7 + Xoo + (X)) + (X)5)4

both of which will be of use in what follows.

Remark. In [Pil], displayed line (37), 1’ should have been set equal to I’ = ag Nag
rather than aglag ! However, this has no effect on the remaining results in that
paper.

For later purposes, we now establish a number of facts about the operator T'(go).

Lemma 3.1. For each gy € Gy:
a) ker(T(go)) = iap.
b) The adjoint of T(go), relative to the Killing forms on u and go,
T"(g0): 9o — u
is given by the formula
(39) T 00)m) =5 (o +200% )+ 20 — (o +20 0% ) )7).
¢) The cokernel of T(go) is

ker(T*(g0)) = {(y" =)+ 2y + (" —y)7: y € ap}.

d) The image of T(go) consists of y € go such that the ho part of y is in the image
of the following map.

to+nt — ho

3.10
(3.10) o+ re g+ @)

Given such a y € go, the solution of T'(x € uSiay) =y is solved in stages by

rho= ()" g oo = (24)*
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and

2y =y — {(@4) -
The moral is that it is easy to solve for T(go)~t if one knows that there is a
solution.

Proof. For part (a), note that the containment iay C ker(T'(go)) is clear. For the
reverse, we make use of the formula for T'(go)(z) in (3.8). From that formula one
can see that if T(z) = 0, then (x4 )Y = 0 from which it follows that z = 0 and
x4, = 0. Since z_ = —(x4)*, it must be the case that x € iay.

Let z € u and y € go. Then z¢, = xy,, and so the diagonal part of T'(go)(z) can
written z¢, + ((z4+)¥)p, = ( + (24)%)p,. Using (3.7) we compute

(3.11) T*(y,x) = (Tz,y) = (&))" y+) + ((@)po, Yno) + ("), y-)-

Since y € go, y+ = (y—)° and thus the first term on the right hand side of (3.11)
can be rewritten as {((x4)¥)?, (y_)?) which is equal to the conjugate of the third
term on the right hand side of (3.11). Hence,

(3'12) <T*y7 Z‘> = 2Re<(m1‘)+,y_> + <(mL)f)07ybo>'

To compute the ho-part of % we first take the orthogonal projection to go and then
compute the diagonal part. Since this term is paired with yp, in the Killing form,
this diagonal projection may be dropped. Therefore

(3.13) 2<(xL)f)ovybo> = 2<{xL}907ybo> = <xL7yho> + <($L)07 (yho)g>
using that yy, is fixed by o. It follows from (3.13) that
(3.14) {(@%)po» yno) = Re(a™, ypo) = Re(z, ()" )

Now, because L € B~ and yy, is diagonal, (yho)Iﬁ1 = ((yhO)Lfl),—i—ybO. Continuing
from (3.14) we have that

-1
(3'15) <(xL)h07yh0> = Re(‘x-‘rv ((yho)L )—> + <xto7yt0>
since the real part of the pairing of z and yy, is the pairing of their to-parts.
Next, we rewrite the first term of (3.11) as 2Re(z4, ((y—)* ')). Combining this
with the result in (3.15), gives that (T*z,y) equals
1 * L L *
3= @) o +zgs ((ygo +29-)" )=+ 240 — ((yno +24-)7 )-)7)-

This calculation, together with part (a) establishes (b).

Now suppose y € go and T*(y) = 0. Then from part (b) we know that y¢, = 0,
SO Ya, = Yn,- Since the lower triangular part of T*(go)(y) must also vanish, we
have that

—1
0 = ((yno +2y-)" )
—1
= (Yoo +20-)"  — Yuo
—1 -1
= ((ao)™ )= +2W-)" " + Yao — Yao-

by the usual manipulations involving the action of L=! on elements of h and n~.
It follows that —2y_ = (((yaO)L_l),)L. This can be further simplified:

~2y- = ((9)" )" = ()™ = ¥a0)™) = —((Ya0)" = o)

-1
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yeilding that y_ is determined by y,,. Specifically,

Yy- = %((yao)L - yao)'

After rescaling y to 2y, the description of the cokernel in (c) follows immediately.

The first part of (d) concerning the image of T'(go) is follows easily after exam-
ining the formula for T'(go) in (3.8). Let € u©iag and y be in the image of T'(go).
Then

(3.16) yi = (@)Y = ()" + 2

where z € b~. Using that L™! € B~ we obtain that ((y+)L71)+ =z,. Once z; is
determined, we know that we can find x¢, by the equation

(3.17) 2t = Yoo — {(@1) " Foo = v — {(z4) )
This completes the proof of the lemma. O

Lemma 3.2. The tangent vector [go, x| is tangent to the symplectic leaf through
goK if and only if Ad(u)(x) is perpendicular to ag relative to the Killing form on
.

Proof. As usual, write go = lau for the Iwasawa factorization of gy. The sub-
space tangent to the symplectic leaf through goK is the image of the anchor map
H}%O :T*(Go/K) — T(Gy/K) at goK. In terms of our working identifications

1%, ([90, ¢]) = [g0, (g0) ().

Note that Q(go) € so(p) for each go € Go. Thus, its image is equal to the orthog-
onal complement of its kernel. It follows from (3.5) that there is an isomorphism
ker(Q(go)) 2 ¢ — (—bo, d) € ker(Q(go)). The factorization of Q(go) in (3.6) to-
gether with part (a) of Lemma 3.1 shows that

1

ker(§(go)) = 17" 0 Ad(u) ™ (ker(T(g))) = I (Gl ).
This lemma follows. O

Proposition 3.3.

a) The Poisson structure Ilx, is regular.
b) The image of the anchor map H?&(O: T*(Go/K) — T(Go/K) defines a flat con-
nection for the principal bundle

Ao Go/K Ao\Go/K.

¢) The symplectic leaves are the level sets of the function ag.
d) The horizontal parameterization for the symplectic leaf through the basepoint is
given by the map s: Ag\Go/K — Go/K

(3.18) AogoK — s(AogoK) = ag 'go K
where go = laga;u.

Proof. We continue to write gg = lau for the Iwaswa factorization of gy. Essentially,
parts (a) and (b) were established in [FO]. We supply alternative arguments here.
For part (a) it sufficient to show that the map

(3.19) ao — {ad }p
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is injective for each gy € Gy. Let x¢ € ag, the 3:5‘71 € iu and hence its projection
to p agrees with its projection to gg. Thus,

(3.20) (a8 Y = ({2 g0)% = ({(2l)- + 20} ge)%

because u~! = gglla and Ad(gal) commutes with the projection to gg. Since

{(30) - + 20}tgo = 3 ()~ + 220 + ((2)-)°
it is clear that the right hand side of (3.20) is zero if and only if g = 0. This proves
(a).
Given part (a) it suffices to show infinitesimally that the Ag-orbits have trivial
intersection with the symplectic leaves. Flatness of the connection then follows

because the symplectic leaf distribution is integrable. The tangent space to the
Ap-orbit through goK is

{lg0, {Ad(g5 ") (y0)}p]: yo € a0}

It is clear that at the basepoint this subspace intersects the subspace tangent to

the symplectic leaf only at zero. In general, let yg € ap and suppose that there
—1

exists * € p with 2% L ag such that {y)° }, = z. Let k € € be such that

Ad(gy M) (yo) =k + . Given 2z € ag, the pairing (Ad(ugy*)(yo), 20) can be written

in two equivalent ways. On the one hand Ad(ugy')(yo) = Ad((1a)™")(yo) so

(3:21) (Ad(ugy ) (y0)s z0) = (Ad((1a) ") (1), 20) = (yo, 20)
since yo € h and (la) € N~. On the other hand
(3.22) (Ad(ugg ") (wo), 20) = (K" + 2", 20) = (K", 20)

since % L ag. The right hand side of (3.21) is real whereas the right hand side of
(3.22) is purely imaginary since k € u, so they must both be zero. This implies
that  must be zero, proving (b).

For part (c), identify the tangent bundle to Ay with Ag x ag using left translation.
Then day is identified with the ag-valued one-form [go,z] — {2"}4,. From the
preceeding lemma, it follows that the symplectic leaves are the level sets of ag.

We now turn to part (d). Let ag € Ag.

apgo = apglaga;u = 1"%apapau

Since Ad(ag) stabilizes N, it follows from the uniqueness of the Iwasawa decom-
position that the Ag factor of apgo is apag. This shows that the cross section (3.18)
is well-defined. It remains to show that the image of s is horizontal.

Let £ be a small real parameter so that given « € p, the map € — gpe**K is a
smooth curve passing through goK at € = 0. Then

L slo0e ) = lag g0, — ({2 a0}y
e=0

To show that this is horizontal, we must check that the pairing

(3.23) (= {({2"a0)% }p)™ 30)

vanishes for yo € ag. Again, the projection to p in (3.23) may be replaced with the
projection to iu as it is being applied to an element of go. Thus, (3.23) becomes

(3.24) (@, y0) — ({2 Fao) ™™ Fias0)
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using the factorization go = lau and the fact that Ad(u) commutes with the pro-
jection to iu. Note that if Z € it C iu, then the diagonal part of {Ad((la)~1)(Z)}.u
is Z since la € N~. Apply this observation to Z = {z"},, we have that the second
term in 3.24) is

2" a0) ™ Y y0) = ({2%Yag, 90) = (2%, %0)-

Therefore (3.23) vanishes. The proof is complete. O

Theorem 3.4. Along the symplectic leaves, H;(i agrees with the restriction of the
closed two-form wy, from (2.1) with wy = 1.

Proof. To compute the inverse of Iy, we make use of the extened operator (3.2)
and the factorization (3.6). Suppose that [go,z] and [go, y] represent vectors tan-
gent to the symplectic leaf of IIx, passing through goK. By lemma 3.2, we know
that x = Ad(u)(z) is perpendicular to ag. Thus, the by part of Ad(ay'go)(x) =
Ad(ag '1a)(x), which equals

(3.25) A+ ()™ ),

is in the image of the map (3.10). By Lemma 3.1, part (d), there exists a solution
X to the equation T'(go)(X) = Ad(ay '1a)(x) with

(3.26) Xy =x4, Xo=—(x4)"
and
(3.27) X = X8 + (k)™ e — {x) P} = X3

Thus X, = x{ = 0 because x € u. From the factorization in (3.6) we have that
(Q(go)) M(z) = I o Ad(u)(—(z™)_ + (z)4) and hence
T3 (190 ] Algorl) = (17 o Ad(w)(=()— + (&%)1), )
= —(Ad(u)"!oH o Ad(u)(ix), iy)
= ww, ([90, %] A g0, 9])
withw; =1€U. O

4. THE CoMPACT CASE

The Evens-Lu Poisson structure on X = U/K is given by the formula

(4.1) Iy ([u; o] A fu, 9) = () (), )
where the linear transformation Q(u): ip — ip is given by
(4.2) Q(u) = {Ad(u) "' o H o Ad(u)(®) }ip.

See [C] for a derivation of this formula for the Evens-Lu construction. Recall that
Gy acts from the right on U through the Iwasawa decomposition,

U x GQ — U

(u,90)  — u(ugo)
It was shown in [FL] that the symplectic leaves of IIx are the projections of the

Go-orbits in U to U/K. Building on this work and that of [Pil], a finer description
was given in [C] using the connection with the Birkhoff decomposition.
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Corresponding to the triangular decomposition g = n™ + b + n* there is a
decomposition of the group

G =[] Sw, where £, = N"wHN"
weW

into submanifolds ¥,, whose codimension increases with the length of the indexing
Weyl group element. The symmetric space X inherits a decomposition into the
pre-images of the X,, under the composition

X=U/K——U—>@G

where the first arrow is the Cartan embedding and the second is inclusion. As a
variety in U, the image of the Cartan embedding is connected component containing
the identity of {u™! =’} C U. As in [C], the pre-image of ¥, will be referred
to as the layer of the Birkhoff decomposition indexed by w. Literally viewing the
Weyl group W = Ny (T)/T as the set of connected components of the normalizer of
T in U one obtains that the layers of the Birkhoff decomposition of X are indexed
by those elements w € W such that w N {u™! = u’}g # 0. Each layer may consist
of multiple connected components.

With the assumption that the triangular decomposition of g is #-stable, (as taken
in this paper) the symplectic foliation of ITx aligns with the Birkhoff decomposition.
Each connected component of a given layer is foliated by contractible symplectic
leaves. When restricted to a given layer, IIx is regular. The torus T, = {t €
T: wt?w=! = t} (cf. section 2) acts on the layer indexed by w preserving the
symplectic leaves. The action on each leaf is Hamiltonian and has a unique fixed
point. The images of the T,-fixed points under the Cartan embedding are the
elements of the intersection of the image of the Cartan embedding with w C U. We
thus label the symplectic leaves of (X, IIx) by the representatives w € wN {u~! =
UG}O.

Notation. We will denote by S(w) the symplectic leaf of (X,IIx) corresponding
to w. When we write, “Let S(w) be a symplectic leaf,” we implicitly declare that
w is in Ny (T) and in the image of the Cartan embedding. By Il,, we denote the
restriction of the Poisson tensor IIx to the symplectic leaf S(w).

Let S(w) be a symplectic leaf. Fix a choice of w; € U such that wiw;? = w.
The map u: Gg — U

go — U(W1go)

is equivariant for the right actions of K on Gy and U, invariant under the left action
-1
of R(wy) = (N~ A)™1 NGy on Gy and descends to a T,-equivariant diffeomorphism

(4.3) u: R(w1)\Go/K — S(w).
The main result of this section is the following theorem.

Theorem 4.1. Let S(w) be a symplectic leaf. Fiz a choice of wi € U such that
wlwfe =w. Then the map u induces an isomorphism of T,,-Hamiltonian spaces

(4.4) (R(w)\Go/ K, ww,) — (S(w), IIG})

where wy, s as in (2.1).
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We remark here that there is a sense in which this result does not depend upon
the choice of wy. Let k € K. Note that conjugation by k=1 maps R(w1) to R(w1k).
The following diagram of isomorphisms commutes.

(ROWi\Go/ K wa,) — D (5(w), 1151

W
conj(k—!
2 )l (w1 k()

(R(Wlk)\GO/Ka lek)

In order to prove theorem 4.1, we first compute an explicit formula for the
symplectic structure It on S(w). To do this, as in the noncompact case (cf.
section 3), it will be convenient to introduce an extension Q(u) of Q(u) to all of u.
Specifically,

Q(u) = Ad(u) " o pr, o Ad(u) o I,
where the linear transformation I is the identity on £ and multiplication by ¢ on
ip. This extension is the identity on £ and the commutativity of the left diagram
in (1.14) implies that its compression to ip agrees with Q(u). With respect to the
decomposition u = ¢ 4 ip, Q(u) has the form

(4.5) Q) = ((1) Q&))

for some linear transformation b: ip — € depending on u. Furthermore,

(4.6) I ([, @] A [u, 9]) = (2(u)(4), ¥)-

Let S(w) be a symplectic leaf and uK € S(w). Since S(w) is the projection
modulo K of a Gg-orbit in U, it is the case that u = u(wygg) for some gy € Go
and some wy; € U such that wlwl_e = w. Write w9y = lau for the Iwasawa
factorization of wygo. Given these choices, the operator Q(u) admits a factorization
as a composition of four operators

T (u w) !
(4.7) ut do Ad(go) do 1 ( )uAd( ) u
where
(4.8) T, (u) = pr, o Ad((1a) twy).

The factorization in (4.7) implies that the kernel of Q(u) is the inverse image under
Ad(go) o I of ker(Tw, (u)). As an operator on g, the right hand side of (4.8) has
kernel
Ad((la)~'wy) "™ +a) = (07 + o)V

Thus, ker(Tw, (u)) = (n™ + a)""f1 N go = t(wy). Notice that v(wy) is precisely the
Lie algebra of the subgroup R(w1) appearing in the statement of theorem (4.1).

Let X € go. Using the identity (X2 'w1) = ((X¥1), )7 ) it follows
that

(4.9) (T, (w)(X) 5 = (X)) 07,
and
(4.10) (T (w) (X)) = (X 4 (X)) 07,

Since Ty, (u)(X) is in u its n~-part is determined by its n*-part using the involution

-



20 ARLO CAINE AND DOUG PICKRELL

Lemma 4.2. Assume the hypotheses of theorem 4.1. Given u representing uk €
S(w) find go € Go such u=1(go) = u(wigo).

a) The derivative of the G-map is given by

Goxgp — U Xk ip
l90,y] = [u,{Ad(u"") o H o Ad(u)(—iy)}ip-

b) The adjoint of the derivative map in a) is given by

(4.11)

Uxgip — Go Xk p
[u, ¢l — g0, {Ad(u") 0 iH o Ad(u)(¢)}p]-

¢) The tangent space to S(w) at uK is
(4.13) {[u,z] : % L v(wy) in go}.

(4.12)

Proof. Let £ denote a small real parameter. A curve representing [go,y] is € —
goeY K. A curve representing the image of [go, y] under the derivative of u is

(4.14) e — u(wigoe™)K.

Now, w1 goes¥ = laue®V = lae¥" u. Therefore, the linearization at of (4.14)ate =0
is given by

[, {(pry (y™)™ " Yip)

since u(wygpe?) equals uu~! exp(epr, (y*))u to first order. The expression in (4.11)
follows using the commutativity of the left diagram in (1.14).
Part b) follows from part a). For part ¢), we first observe that

T (S(w)) = {lu, Q) (2)]: @ € ip}.

The range of Q(u) agrees with the orthogonal complement of its kernel because
Q(u) is skew-symmetric on ip. In light of (4.5),

ker(€(u)) = {ker u)}ip = i{Ad(gy ") (c(w1))}-
Let z € ip and let Y € v(wy). Then
0= ({Y" }p,z) = (Y% iz) = (V,ia")
which completes the proof. O

Throughout this section, we will write

A 0 B
(4.15) Adw)=[0 w 0
C 0 D

relative to g =nt +h+n".

Lemma 4.3. Assume the hypotheses of theorem 4.1. Given u representing ukK €
S(w) find go € Go such that uw = u(go) = u(wigo). Let [u,x] and [u,y] represent
tangent vectors to S(w).

If w=w; =1¢cU then

(4.16) I ([, 2] A Ju, y]) = (Ad(go) ™" o H 0 Ad(go) (), )-
In general

(4.17) I ([u, 2] A [u, y)) = (Ad(wigo) ™" o Hy 0 Ad(W1go) (), y)
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where Hy, : (Range(l — Co) C gy't) — go * is given by

1+Co
(4.18) X —i
Proof. We will prove the general case, as the specific case follows from the fact
that C' = 0 when w = 1. To compute IT;" we invert Q(u) on the complement of
its kernel as (4.5) shows that the compression to ip of Q' (u) agrees with Q' (u).
From the factorization of Q(u) in (4.7), it follows that

X— + ix+-

I ([w, 2] Au,y]) = (171 o Ad(go) ™" o T (u) 0 Ad(u) (@), y)
(4.19) = (T (u) ("), iy™)

where “TyH(u)(x*)” denotes a solution X € go to the equation Ty, (u)(X) = z*.
Such a solution is unique modulo t(wy).

Write x = %19 € igf* and note that z* = X(larl € u. We seek X € gg such
that Ti, (u)(z*) = x® ", Using the formulas in (4.9) and (4.10), the equality of
the n*-components gives (XV1), = x,, and the equality of the h-components gives
that {X™'}¢ = {x}¢. By ¢) of lemma 4.2, iz% L v(wy), thus ix L ((n=4+a)Ngy?).
In particular, {ix}s = i{x} =0, and hence {X%¥'}, = 0.

We now know that XW' = L +d+ x4 for some L € n_ and d € gj* Na. The
fixed point set of Ad(w) oo is gg* (this follows from part a) of lemma 2.3). Thus,
Ad(w) o o(XW1) = X™ because XV € gi'*. Using the triangular decomposition
of X and the matrix representation of Ad(w) in 4.15, this equation implies the
following two equations for the n~ and nT-components of X"V.

(4.20) Ad(L) = (1 - Bo)(x+)
(4.21) (1—Co)(L) = Do(x+)

The minus one eigenspace of Ad(w) oo on g is igy " which contains x. The equa-
tion Ad(w) o o(x) = —x implies the following two equations for the n~ and n™-
components of x.

(4.22) Boxy = —x+ — Aox—

(4.23) Dox+ =—(1+Co)x-

Equations (4.21) and (4.23) together imply that

(4.24) (1-Co)(L)=—-(1+Co)x-

whereas (4.20) and (4.22) together give

Ao (L) = 2x4 + Aox—.
The condition that (1 — Co)(L) and Ao(L) both vanish is equivalent to the the
statement that L € n~ belongs to gg'*. Thus (4.24) implies that

= - 1 i_ gZx_ modulo n™ N gg'™.
Therefore X = Ad(w})_l(L—&—XJr)+af""171 modulo n%1 ' Ngo. Note that d € ang®™,
and thus d¥1 € a™: Ngp. So, in fact,

X = Ad(wi (L + x4) = Ad(wih) o Hy(—ix) modulo t(w)
where H,, is as in (4.18). Substituting this for 7% (u)(x*) in (4.19) completes the
proof of the lemma. |
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Lemma 4.4. wigou(wigo) % = w(la)?.
Proof. The left hand side equals
lauu~? = (la)((la) " *w(la)?).

First assume w; = 1.
Lemma 4.5. Suppose that « € p. Then
Ad(go)({Ad(u™") o H o Ad(u)(x)}p).
= —i(%Ad(la)((m“)o) + Ad(la)((z")-) +
Fo(~i(5Ad(a)((r)o) + Ad(a)((a*) )
= (R (Ad(a) (™)) + Ad(la)((a))) ~ (i),
Fo(=il5(Ad(la)((x")o)) - + Ad(la)((z") )
The proof is a long calculation:

Ad(go)({Ad(u™") o H 0 Ad(u)(x)}p)
= %Acl(go)(Aal(u)_1 oM o Ad(u)(x) — Ad(u=?) o H o Ad(u?)(z?))

(Note: 2 = —z, and use the Lemma (4.4))
_ %(Ad(la) oH o Ad(la)" (2%) + Ad((1a)") o H o Ad((la)~*) (%))

(4.25) = —=(Ad(la) o H o Ad(la) *(29°) + 0 0 Ad(la) o H o Ad(la) ! (x%))

1
2
(Note: o(z9°) =9, and c o H =Ho o)
= %((Ad(la) oH o Ad(la)™" — H)(x%) +

oo (Ad(la) o H o Ad(la)™* — H)(29)) + H(z).

Lemma 4.6. Let p_, pg, and py denote the projections corresponding to the tri-
angular decomposition g =n~ & hdnT. Then

a)
Ad(la) o Ho Ad(la) ™t —H =iZ

where Z : g — n~ + b equals
—pg o Ad(la) ™t opy + 2p_ o Ad(la) o p; o Ad(la) ™t o py +
p_Ad(la) o pg o Ad(la) ™' o py + p_ o Ad(la) o py.
b)
(4.26) Z(x%) = —((=")o = (29)o) + 2(Ad(la)((z")+) - +
(4.27) (Ad(la)((z")o))--
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Proof of Lemma 4.6. Relative to the triangular decomposition, written in the order
nt +bh+n, Ad(la), H, and Ad(la)~! are represented as 3 x 3 matrices,

a 0 0 1 0 0 A 0 O
o 1 0], 0 0 0], and A1 0],
NI ) 00 —i C D D

respectively, where a = p; o Ad(la) o p4, etc. Note that
oA+ A, yA+§A +6C, and & +6D

all vanish. Then

0 0 0
Ad(la) o H o Ad(la)™" — = i A 0 0
i(yA—9C) —iéD’ 0
0 0 0 0 0
= zo/A 0 0] = —iA’ 0 0
i(2vA+d0'A") —i6D" 0 i(2vA+0'A") i 0

This last expression is equivalent to (a).
For part (b),
Z(x9°)
= —poo Ad(la) " ((z9),) + 2p_ o Ad(la) o p; o Ad(la)~*((x9°) ) +
p_Ad(la) o pg o Ad(1a) ! ((z9°) ) + p_ o Ad(la)((x9°)o)
= —((@")o = (@%)o) + 2(Ad(la)((«")+)- +
(Ad(la)((z*)o — (27°)o)) - + (Ad(1a)((z%)o) -
= —((«")o = ()o) + 2(Ad(la)((z")+)) - +
(Ad(1a)((z")o))--

Proof of Lemma 4.5. Lemma 4.6 implies that (4.25)

= U2+ o2 + Hw)

= 5(=((@%)o = (2%)o) +2(Ad(la)((z")+))- + (Ad(la)((z™)o))-

—o(=((&")o — (z%)o) + 2(Ad(1a)((z")+)) - + (Ad(la)((x")o))-))
+H(z9)
= %(—(3«““)0 +2(Ad(1a)((z")+)) - + (Ad(la)((z")o)-)
—o(=(z")o + 2(Ad(la)((z")+))- + Ad(la)((z")o)-))
+H(z9%).

‘We now use

(H(z%)) - = —iAd(la)((z")-) — i(Ad(la)((z")o) - — i(Ad(1a)((z")+))-
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and the fact that H(z%) € go. When this latter expression is plugged into our
calculation, there are cancellations, and we obtain

- %(_(Iu)o - (Ad(la)((l‘u)o))_) — ZAd(]a)((zu)_)
“FU(%(_(QJ“)O - (Ad(la)((xu)o))i) _ iAd(la)((x“)f)

_ ;Adaax(xwo) — iAd(la)((z")-)

+a(;Ad(la)((x“)0) —iAd(la)((z")-)
O

This proves the Lemma.

Proof of Theorem. We must now plug the first formula in Lemma (4.5) this into
the first formula in Lemma (), our formula for the symplectic form when w; = 1.
The operator H kills zero modes. Also (o(v),w) = (v, o(w))*. Thus

(M o Ad(go)({Ad(u™") o H o Ad(u)(x)}y), Ad(go) ({Ad(u™") o H o Ad(u)(y)}p)) =

(H(L Ad(a) (")) + iAd(a) () ), o 2 Ad(a) (4")o) + iAd() (4) )
+c.c. =

i Ad(1a) (2)o)— 5 (+)o - Ad(1a) (")), 5 Ad((12)°) (5" o)+ Ad( (1)) (5" ) )
+c.c. =

L1y 1, 0
z<§(x )o, 5(2/ Jo)—
N 1 u u 1 g 119 o ug
i{5Ad(1a)((z%)o) + Ad(la)((2™)-), 5 Ad((1a)?)((y™ )o) + Ad((12)")((y™ )+))
+c.c. =
(use z*, y“e € it + p, implying (z")o, (y“e)o € a and the first inner product is real,
hence cancels when added with its complex conjugate)

(128) il + (%) g Ad(ma ) (o) + Ad(ua~)((*).))
+c.c.
First observe:
i3 ()0, 5 Ad(u=) (3" )o) + Ad(wu)(5*")))
il ()0, 3 Ad(uu ) (5 o) + Ad(uu~)(5*) )
1 0
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(), Ad(au) (2 (5" Yo + iy ) )+

= Sl ) - 5 (), Adua) ()

This implies the Theorem in the case wi = 1.

We now consider the modifications necessary to deal with a general wy.

Lemma 4.7. Suppose that © € p. Then
Ad(w1go)({Ad(u™") o H o Ad(u)(2)}p)-

= —i(1 - CU)(%Ad(la)((fE“)o)f + Ad(la)((2%)-) = ((i2%)s,,)

+iAo(%Ad(la)((x“)o)_ + Ad(1a)((z") )

25
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We calculate:
Ad(w1g0)({Ad(u™") o H o Ad(u)(x)}y)

1
= §Ad(wlgo)(Ad(u)_1 o H o Ad(u)(x) — Ad(u=%) o H o Ad(u’)(2?))
(Note: 2 = —z, and use the Lemma)

= L (Ad(la) o H o Ad(la) (x™1%) + Ad(w(la)”) o H o Ad((la) ") (z"T))

1
= i(Ad(la) oH o Ad(la) ! (z¥19°) + Ad(w) o o 0 Ad(la) o H o Ad(la)™ ! (z™19°))
(Note: U(xgo) — x.‘]o’ and coH =Ho O')

= %((Ad(la) oMo Ad(la) ™ — H)(z™9%)+

Ad(w) oo o (Ad(la) o H o Ad(la) ™' — H)(x™¥19)) + %(H + Ad(w) o o 0 H)(a™199).

Lemma 4.8. Let p_, pg, and py denote the projections corresponding to the tri-
angular decomposition g =n~ & h®nT. Then

(a)
Ad(la) o Ho Ad(la) ™t —H =iZ

where Z : g — n~ + b equals
—po o Ad(la) " opy 4+ 2p_ o Ad(la) o py o Ad(la) "' o py +
p_Ad(la) o pg o Ad(1a) "' o p, +p_ o Ad(la) o py.

(b)
Z(2W19°) = — (%) — (2™19°)o) + 2(Ad(1a)((z™)4)_+
(Ad(la)((z")o)) -
(c) For an element x € gg'*
S+ Ad(w) 0 5 0 H) ()

=—i(1-Co)x- +ido(x-).

Proof. Relative to the triangular decomposition, written in the order n* +h +n~,
Ad(la), H, and Ad(la)~! are represented as 3 x 3 matrices,

a 0 0 i 0 0 A 0 0
o 1 0|, oo o, ana (4 1 o],
VI L) 00 —i C D D

respectively, where a = p; o Ad(la) o p;, etc. Note that
oA+ A, yA+§A +6C, and & +6D’

all vanish. Then

A —6C) —2(5D’

0 0 0 0
= i/ A 0 0= —zA’ 0
i(27A+8'A")  —isD' 0 i(2yA+5'AT) i

This last expression is equivalent to (a).

0
Ad(la) o H o Ad(la)™! —H = ( ia’ A )
(
0
0
0
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For part (b),
Z(xWr90) =
—po o Ad(la) ™! ((z™19) ) + 2p_ o Ad(la) o py o Ad(la) ! ((2™19°) )+
p_Ad(la) o pg o Ad(la) 1 ((z™19°), ) + p_ o Ad(la)((z™19°))

= —((@%)o = (z™9)0) + 2(Ad(la)((z")+) -+
(Ad(1a)((z%)o — (£™19)0)) ~ + (Ad(la)((z™9)o) -

= —((@%)o = (z™19)0) + 2(Ad(la)((z")+)) -+

(Ad(1a)((z")o))--
Part (c) follows from the identities (4.22) and (4.23) (with the sign on the RHS
changed, because x in those identities is in igy'*). |

(Continuation of Proof of Lemma(4.8)). Returning to our calculation

= %(iZ(zwlgo) + Ad(w) o o (iZ(x™19°)) + %(H + Ad(w) o g o H)(z%19°)
= %(_(@u)o — (@™19)0) + 2(Ad(1a)((«*)+)) - + (Ad(la)((z")o))-
—Ad(w) o o (=((x%)o — (z™1%)o) + 2(Ad(1a)((z")+)) - + (Ad(la)((z*)o))-))

+%(H + Ad(w) 0 0 0 H) (x™1%°)
= 5 (2(Ad(la)()1)- + (Ad(la)((a")o)-) — i(a"),
—Ad(w) 0 7(2(Ad(la)((z"))) - + Ad(la)((x")o)-))
%(H + Ad(w) 0 0 0 H)(z%°).

w

= L= Co)@(Ad(a) (2)1)) - + (Ad(1a)((@)0)-) — i(™);
L Ao (2(Ad(a) (2).) - + Ad(la)((+*)) )
+%(H + Ad(w) 0 o o H) (z™19).
(Using (c) of the lemma(4.9))
= (1= Cop(Ad(1a)((a™)))- + (Ad(1a)((a™)o)-) — i(a")

w

2 Ao(2(Ad(1a)((#*) 1)) - + Ad(a) ((+)o) )+
(—i(1 - Co) + iAc) (Ad(la)((z¥)) + (Ad(la) (%)o) - + (Ad(la)((z")))-)

= —2(1- Co)((Ad(1a)(#*)0) ) — i(a*).,

+%A0(Ad(la)(($u)o)7))
—i(1 — Co)(Ad(la)((z")-))+
iAo (Ad(la)((z")-))
This proves the Lemma. -
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Proof of Theorem.
Ad(wigo)(—i{Ad(u™") o H o Ad(u)(y)}p)

=-(1- CU)(%Ad(la)((y“)oL + Ad(12)((y")-) = ("))

+A0(3 Ad(1a)((4")0) + Ad(la)((5"))
= x(v)

1+ Co . .
X- =ix4 +iL

Hwx = ix+ — T 0o

Huw 0 Ad(w1go)(—i{Ad(u™") o H o Ad(u)(x)},)
— i (1= Co) G Ad(a) ("))~ + Ad(1a)((a*)-)

+ido (3 Ad(a) (")) + Ad(la) ("))

We calculate:
(HwoAd(w1go)(—i{ Ad(u™")oHoAd(u)(z)}p), Ad(W1go)(—i{Ad(u™!)oHoAd(u)(y)}p)) =

= i{(1+ Co) (5 Ad(1a) (a")o) - + Ad{la)((") ),
Ao (5 Ad(1a)(y")o) - + Ad(a) (4") )
~i{Ao (g Ad(a) (")) + Ad(a) (")),

(1 — Co) (5 Ad(la)((™)o) - + Ad(la)((5)))}
=T +11
where

1= i((3 Ad(a)((#*)o) - + Ad(la) (2*) ),
Ao Ad(a)((y")o) - + Ad(1a)(5") )
~i{Aa (5 Ad(la)((z*)o)- + Ad(ia)((a*)-),
(3 Ad(a)(5*)o) - + Ad(1a)(4™) )
T = i(Co (3 Ad(a)((s*)o) - + Ad(la) (a*) ),
Ao (3 Ad(a) (y*)o) - + Ad(1a)(4*))
~i(Ao(§ Ad(a)(2)o)- + Ad(la)((+*)),

1 u u
—Co(54d(la)((y*)o)- + Ad(la)((y*)-)))
‘We will show below that 11 vanishes.
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In evaluating I, we initially replace Ao by p; o Ad(w) oo. We can omit the p,,
because (n~,h +n") = 0. We also write

(Ad(la)((z%)o)) - = Ad(la)((z")o) — (z")o,

and similarly for y. We can write
1= i{(5 Ad(la)((+*)o) + Ad{la)((+*) ),
Ad(w) o U(%Ad(la)((y“)o)— + Ad(la)((y")-))
—i{Ad(w) o o5 Ad(1a)(#)o) - + Ad(1a)((z") ).

(5 Ada)((5")) + Ad{la)((5"))))

because

~i({(5 ()0, Ad(w) 0 0 Ad(a) ((4")o) - + Ad(1a) (5") )

—i{Ad(w) o (5 Ad(1a)(#*)o) - + Ad(1a)(2*) ), (5 (")) = 0.
We can further simplify

1= i((3 Ad(a)(#*)o) + Ad(la)((*) ),
Ad(w) o (5 Ad(1a)(4")o) + Ad(1a) ((5*) )
~i{Ad(w) o o (5 Ad(1a)((#")o) + Ad(la) (")),

(5 Ad() (5")o) + Ad(1a)(4*) )
because
(5 Ad(1a)(#*)o) + Ad(la) () )
Ad(w) 0 o(5(5™)o)

—i{Ad(w) o 0 (5 Ad(1a)((2)o)),
(5 Ad(a)((3")0) + Ad(1a)((s*) )

= i{(5 Ad(la)((+")0))

1

Ad(w) 0 o(5(5*)0)

~i(Ad(w) 0 o{5 Ad(1a) (+")0)).

(5 Ad(a)((5")0))) =0

‘We now see that

I= (50 + (),
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1 ) )

Ad(ua=) (G (5" o) + ("))

(apply 0 to the second Killing form pairing, and use invariance)

I= (5" + (*)),

1 0 0

Ad(uu=)(5 (5™ o) + (™))

This now is the same as (*) in the w; = 1 case. So the same argument proves
the Theorem, assuming that we can show that II vanishes.

(i)IT = (Co (5 Ada)((x*)o) - + Ad(a) (")),
Ao(5Ad(1a)((3")) - + Ad(la)((4") )
Ao (G Ad(la)((+*)o) - + Ad(la) ("))

Co (5 Ad(1a) (™)) - + Ad(la)((4")-))
= (Co Ad(Ia) (")) + Ad(1a)((")-),
Ad(w) 0 05 Ad(1a)(4")o) - + Ad(1a)(4")))
Ao (3 Ad(a)(a*)o) + Ad(la)((+*))
Ad(w) 0 05 Ad(1a)((4")o) - + Ad(1a) ("))
= (Ad(w) 0 o(5 Ad{la)((x*)o)- + Ad{la)((z*))).

Ad(w) 0 03 Ad(1a)(4*)o)- + Ad(1a)(4*))) = 0.
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5. THE GROUP CASE

Let K be a simply connected compact Lie group. With respect to the invariant
metric induced by the Killing form, K may be viewed as a compact symmetric
space X. In this case, the diagram in (0.1) specializes to

G=KC®x K€
KCZGO U=Kx K
A(K)

where A(K) = {(k,k): k € K} is the diagonal embedding of K in U, and Gy =
{90 = (9,97*): g € K€}. The involution @ in this case is the outer automorphism
8((g1,92)) = (92,91). Here

Xo=Go/A(K)~ K®/K, and X =U/A(K) ~ K,

where the latter isometry is (ky, ko) A(K) — k = k1ky '

To distinguish between g and €€, we will adopt the (admittedly cumbersome)
convention of denoting structures associated with £© using superchecks.

We fix a triangular decomposition

(5.1) g=tC=n_+h+n,.
This induces a 6-stable triangular decomposition for g
(5.2) g= 0" xn")+(hxbh)+ @ xah)
—_— Y~ Y
n— b nt

Let @ = hg and f = id. Then

to={(x,z):z€t}, and ap={(y,—y):y€a}.

The standard Poisson Lie groups structure on U = K x K induced by the decom-
position in (5.2) is then the product Poisson Lie group structure for the standard
Poisson Lie group structure on K induced by the decomposition (5.1).

Let us denote the Poisson Lie group structure on K by 7wx and the Evens-Lu
homogeneous Poisson structure on X = K by IIx. The identification of £ with its
dual via the Killing form allows us to view the Hilbert transform H associated to
(5.1) as an element of £ A €. As a bivector field

g =H —H!

where H" (resp. H') denotes the right (resp. left) invariant bivector field on K
generated by H. Whereas I = H"+H' as shown in [C]. The following proposition
illustrates the relationship between these two structures.

Proposition 5.1. Let wg € Ng(T) be a representative for the longest element of
the Weyl group. The map L,,: K — K

(5.3) K>k~ wkeK
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is a Poisson diffeomorphism carrying the Poisson Lie group structure mx onto (the
negative of ) the Evens-Lu (K X K,mg ® 7 )-homogeneous Poisson structure I1x
on X =K.

Proof. Identify the dual of € with £ using the Killing form, and use right translation
to trivialize T*K as K x . From [C], we have that

(5.4) i ((k; 0), (k) = (H — Ad(k) o H o Ad(k)~")(¢), )
and
(5.5) g ((k,¢), (k,¢)) = (H+ Ad(k) o H o Ad(k)~")(4),¢)

for each (k,¢) and (k,v) representing contangent vectors at k € K. With the
tangent bundle to K trivialized as K X £ using right translation, the derivative of
(5.3) is (k, X) — (wok, Ad(wo)(X)) and the transpose map is
(wok, @) = (k, Ad(wo) " (¢))-

Then Lwo*ﬂ-K((’kaa ¢)7 (kaa 1/’)) i

= (H o Ad(wo)™'(¢), Ad(wo) "' (¢))

—(Ad(k) o H o Ad(k) ™" o Ad(wo) " (¢), Ad(wo) ™' (¥))

= (Ad(wo) o H 0 Ad(wo) (), %)
(5.6) —(Ad(wok) o H o Ad(wok) ! (4), 9)).
The operator H is conjugated to —H by Ad(wp) as conjugation by wq interchanges
7~ and at. Thus (5.6) becomes

—((H + Ad(wok) o H o Ad(wok) ™ *)(¢), %)
= _HK((w0k7¢>7(w0k7w))

The proof is complete. O

The symplectic leaves of Il foliate the strata of the Birkoff decomposition of
K induced by (5.1). The top stratum, S consists of those elements admitting a
unique factorization as k = Imau where l e N~ ,mecexp(f) =T, a € exp(a) =
A and v € N*t. This stratum is an open dense subset of K. The symplectic
leaf through the identity, S(1), consists of those elements whose factorization has
m = 1. We will write {5 : m = 1} for this leaf in the following discussion of the
Hamiltonian system in this generic component.

The isomorphism in the theorem of section 4 is given by

AKC/K - {sK m=1}: AgK — k=a"'1"Y(a 1)
where g = lak. In this group case there is an obvious global coordinate
AKC/K o N~ o {28 m=1}: AIK ol k

where k € K has triangular decomposition k = la(k)u, I = al~'a~', and a(k) =
a~2. From the noncompact perspective, [ is essentially a horocycle coordinate, and
from the compact perspective, [ is a standard affine coordinate for the flag space
K/T.

In the case K = SU(2), this coordinate is given explicitly by

= D ero=( D6 D)6 ).



HOMOGENEOUS POISSON STRUCTURES ON SYMMETRIC SPACES 33

where a = (1 +|¢|?)~'/2. The symplectic form is
S(L+IC)7Mde A dC

The following is a reformulation of results in [Lu] on the standard Poisson struc-
ture. We denote the symplectic form on N~ simply by w (w1, from the noncompact
point of view, Hf17 from the compact point of view).

In the following statement, § = > Aj, the sum of the dominant integral func-
tionals. This equals half the sum of the positive roots, when g§ is finite dimensional.

Corollary 5.2. Fizw e W.
a) The submanifold N-Nw 'Ntw c N~ is T-invariant and symplectic.
Fiz a minimal factorization w = ry..r1, in terms of simple reflections r;
corresponding to simple positive roots ;. Let w; = rj..11.
b) The map
C"— {8 m=1} - N nw 'NTw
(= (Cna o Cl) - k(C) = w;ili"/n (kn(gn)wn—l"i’h(kl(gl) = l((:)>
where k = 1(Q)au, is a diffeomorphism.
¢) In these coordinates
i

1 _
_ 1 — E d . d .
W|N M N <’Yj7’yj> (1 |CJ|2) Cj " CJ

n T .
W'/l = [ ————a(k)’dAn-1ruw-1 N+w (D),
1;[ <67 wjjl ’ 7j>
and the momentum map is the restriction of —(%log(a),-) to this submanifold,
where

a(k‘(()) = H(l + |Cj|2)7%w;*llh"fjwj—1.

Proof. (First Proof) There exists a minimal factorization of wq of the form wy =
TN-Tpt1Tn..T1. Translation by wg, as in the Proposition, maps the top Bruhat
leaf, with the standard symplectic structure, to {3 : m = 1}, with the Evens-Lu
symplectic structure. We can now directly translate Lu’s results into our context.
The point is that the product structure in [Lu] is compatible with the claimed
product structure in the Corollary. |

This proof has the deficiency that it depends on the existence of a longest Weyl
group element, a special feature of finite type Kac-Moody groups. However one
can modify the arguments of Lu to apply directly to our setting, without reference
to a longest Weyl group element. The point is that this second proof is valid also
for affine Kac-Moody groups (some of the consequences of this generalization will
be pursued in [Pi3]). We will now briefly discuss this second proof, referring to the
Appendix for some of our notation (for flag manifolds) and details (concerning the
extension to symmetrizable Kac-Moody groups).

Via the projection,

K — K/T = G/B+,
{2K . m = 1} is identified with X1, the unique open Birkhoff stratum in the flag
manifold. There is a surjective map

SL(2,C) x .. x SL(2,C) —» w™'C, :
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(5.7) (Gns - 91) — w’r_Lili’Yn (gn)wn—l--wl_li’yz (92)w1iy, (91)B+
This map has the remarkable property that the notion of generic is compatible with
factorization: the preimage of w='C,, is precisely

SL(2,C)" x .. x SL(2,C),

where

SL(2,C) = {(‘c’ 2) ca 0}

This follows from corollary 6.4.
In terms of the affine coordinate N~ for G/BT,

(5.8) N™Nw 'NTw « w1 C,.
Lu observed that (5.7) and (5.8) induce a diffeomorphism
C" & {EfU@) tm =1} x .. x {EfU(Q) :m=1} - N nw 'Ntw
(Cnv "’Cl) « (kn(gn)v =y kl(Cl)) - Z(C)

where
n
— . . Ad(wnf )(h )
wnilz% (kn)wp—1..i4, (k1) = 1(C) | | a; RARCIT
1
u € NT. This is a unitary cross-section for the map (5.7), versus the more conven-
tional complex analytic cross-section in proposition 6.1.
In these coordinates
i 1
(vi» 750 (L +1651%)
which follows from a relatively straightforward modification of the arguments in
[Lu].
The last part of (c¢) follows from proposition 6.5.

d¢; A dC; = W N-ruw-1 N+w

6. APPENDIX

In this appendix we will review some of the ideas in [Lu], relevant to this paper,
from a slightly different perspective. The main rationale for including this appendix
is that the basic arguments are valid in the more general Kac-Moody category.
Throughout this appendix, we will use the notation and basic results in [Kac].

We start with the following data: A is an irreducible symmetrizable generalized
Cartan matrix; g = g(A) is the corresponding Kac-Moody Lie algebra, realized
via its standard (Chevalley-Serre) presentation; g = n~ @ b @ nt is the triangular
decomposition; b = h @ n* the upper Borel subalgebra; G = G(A) is the algebraic
group associated to A by Kac-Peterson; H, N* and B are the subgroups of G
corresponding to b, n*, and b, respectively; K is the “unitary form” of G; T = KNH
the maximal torus; and W = Nk (T')/T ~ Ng(H)/H is the Weyl group.

A basic fact is that (G, B, N¢(H)) with Weyl group W is an abstract Tits system.
This yields a complete determination of all the (parabolic) subgroups between B
and G. They are described as follows.

Let ® be a fixed subset of the simple roots. The subgroup of W generated by
the simple reflections corresponding to roots in ® will be denoted by W (®). The
parabolic subgroup corresponding to ®, P = P(®), is given by P = BW(®)B.

Given w € Nk (T), we will denote its image in W/W (®) by w.
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The basic structural features of G/P which we will need are the Birkhoff and
Bruhat decompositions

(6.1) G/P = |_|zw, Yo =N"wP

(6.2) G/P=||Cs,,  Cu=BwP,

respectively, where the indexing set is W/W(®) in both cases. The strata 3, are
infinite dimensional if g is infinite dimensional, while the cells C, are always finite
dimensional. Our initial interest is in the Schubert variety C,,, the closure of the
cell.

Fix w € W/W(®). We choose a representative w € N(T') of minimal length n;
for definiteness we will always take w of the form

(6.3) W =17y T

0
-1 0
SLy onto the root subgroup corresponding to the simple root ;.

where 7; = i, ), and i,, : SLy — G is the canonical homomorphism of

Proposition 6.1. For w as in 6.3, the map

rnexp(g—r,) X .. X riexp(g—~,) = G/P : (p;) = pn..p1 P

is a complex analytic isomorphism onto C.,.

This result is essentially (5) of [Kac] together with Tits’s theory. We will sketch
a proof for completeness.

Proof of 6.1. Let AT denote the positive roots, A*(®) the positive roots which
are combinations of elements from ®. The “Lie algebra of P” is p = Xg_g @ b
where the sum is over 8 € AT (®); this is the Lie algebra of P in the sense that
it is the subalgebra generated by the root spaces g, for which exp : g, — G is
defined and have image contained in P. The subgroups exp(g,) generate P. We
also let p~ denote the subalgebra opposite p: p = > g_~, where the sum is over
v € AT\ At (®). The corresponding group will be denoted by P~.

The cell Cy, is the image of the map N* — G/P : u — uwP. The stability
subgroup at wP is Nt NwPw ™!,

At the Lie algebra level we have the splitting

(6.4) nt =nTNAd(w)(p) ®n™ N Ad(w)(p™).
The second summand equals
(6.5) nh =®gg

where the sum is over roots 3 > 0 with w™!3 € —(A* \ A*(®)). These roots 3
are necessarily real, so that exp : nf — N C NT is well-defined.

For ¢ € Z% let N;‘ denote the subgroup corresponding to n(']" = span{gs :
height(B) > q}. Then N* /N is a finite dimensional nilpotent Lie group, and it is
also simply connected. By taking ¢ sufficiently large and considering the splitting
(6.4) modulo n;r, we conclude by finite dimensional considerations that each element
in NT has a unique factorization n = nyng, where n; € N5 and np € NtNwPw L

(6.6) Nt~ NI x (NTnwPw™!).



36 ARLO CAINE AND DOUG PICKRELL

The important point here is that modulo N we can control N* nwPw~! by
the exponential map.
The following lemma is standard.

Lemma 6.2. In terms of the minimal factorization w = r, - - 11, the roots § > 0
with w=18 < 0 are given by

Bi=rn-ria(y) =ra-ori(=y),  1<i<n
Because w is a representative of w € W/W (®) of minimal length, all of these (;
satisfy w™13; € —(AT \ AT(®)). Otherwise, if say w™'3; € —AT(®), then
(6.7) W_lr@jw =7ry-rj_arrj—1---m € N(T)N P
and w' = w(w~lrg w) = r,---7;---r; would be a representative of w of length

< n (here we have used the fact that W(®) = N(T) N P/T, which follows from the
Bruhat decomposition). For future reference we note this proves that

(6.8) Nf=NTN(N)*=NTn(P)"
and (2.4) shows that
(6.9) NF x w2 O,

Now for any 1 < p < ¢ <n, @,<;<, 9, is a subalgebra of n}. Thus by (6.6)

(6.10) exp(gp,) X - X exp(gp,) X w = Cy.
This yields Proposition 6.1 when we write

(611) exp(gﬁj) :rn"'rjexp(g‘y’j)rj"'rn-

We now note several important corollaries of Proposition 6.1.
For each j, let P; denote the parabolic subgroup i.,(SL2)B. Let

(6.12) Tw = Py xp- xpPi/B
where

(6.13) P,x---XPxBx---xB—>P,x---xP,
is given by

(6'14) (pj) X (bj) - (pnbmbglpn,lbn,l, s 7b§1p1b1)~

We have written “I'y,” instead of “I',” to indicate that this compact complex
manifold depends upon the factorization.

Corollary 6.3. The map
1—‘w - Cw : (pj) — Pn plP
is a (Bott-Samelson) desingularization of C.,.

Let

(6.15) SI, = f{g— (‘C‘ Z) € SL(2,C) : a £ 0}.

Corollary 6.4. Consider the surjective map
SLy x - x SLy — Cy : (gj) = Tl (gn) = 10y, (91) P.

The inverse image of Cy, 18 SLy X -+ x SL}.
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Proof of Corollary 6.3. Let 0 = ryp_1---r1. It suffices to show that for the natural
actions

(6.16) Tniy, (SLy) x Cg — Cu,
(6.17) Tpin, (SLa \ SL5) x C5 — Cly,
and

(6.18) Tpin, (SL2) X (C5 \ C5) — Cy \ Cop.

The first line, (6.16), follows from Proposition 6.1 since i, (SL5) C exp(—g—_-, )B
and B x C5 C C5. The second line follows from

) 0 b . c b
(6.19) Trin, <c d> -Cs =1y, (O d) -Cs C C5.

For the third line it’s clear that the image of the left hand side is a union of cells,
since we can replace ryi-, (SL2) by P,. This image is at most n — 1 dimensional.
Therefore it must have null intersection with C,,. O

Fix an integral functional A € h* which is antidominant. Denote the (algebraic)
lowest weight module corresponding to A by L(\), and a lowest weight vector by
ox. Let @ denote the simple roots v for which A(h,) = 0, where h, is the coroot,
P = P(®) the corresponding parabolic subgroup. The Borel-Weil theorem in this
context realizes L()) as the space of strongly regular functions on G satisfying

(6.20) flgp) = f(g)A(p)~"

for all g € G and p € P, where we have implicitly identified A with the character
of P given by

(6.21) AMugwexp(z)uz) = exp A(x)

for z € b, up,us € N*, w € W(®). Thus we can view L(\) as a space of sections
of the line bundle

(6.22) Ly=G x\C — G/P.

If g is of finite type, then L(\) = H°(L,); if g is affine (and untwisted), then L())
consists of the holomorphic sections of finite energy, as in [PS].
Normalize oy by ox(1) = 1.

Proposition 6.5. Let w € W/W(®), and let w = ry, ---1r1 be a representative of
minimal length n. Let w; = r;..r1. The positive roots mapped to negative roots by
w are given by

T=wi(y),  1<i<n
let A\j = —X(hx,), where h; is the coroot corresponding to 7. Then
o (rniy, (gn) -~ T1iy, (91)) =

n

-1 . 1. . Aj
O-)\(wnill’)/n (gn)Wn—1..w; 1%2 (g2)wiiy, (91)) = Haj]
1

where g = (Z Z) € SLs.
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Proof. Proof of Proposition 6.5 The claim about the 7; follows from lemma 6.2.
None of these roots lie in AT (®), by the same argument as follows (A.8). Thus
each A; > 0. It follows that Ha?j is nonzero precisely on the set SL, x -+ x SL5.

Now oY, viewed as a section of £y — G/P, is nonzero precisely on the w-
translate of the largest strata,

(6.23) wYg =wP~P = (P )YwP.
We claim the intersection of this with C,, is C\,. In one direction
(6.24) Cyp = (N+ N (P_)“’) wP C (P7)YwP

by (6.8). On the other hand (N N (P~)%) is a closed finite dimensional subgroup
of (P7)¥. Since (P~)" is topologically equivalent to wXg, the limit points of C,,
must be in the complement of w¥y. This establishes the other direction.

It now follows from Proposition 6.1 that ¢}’ is also nonzero precisely on SLj x
- x SLL, viewed as a function of (gn,- - ,g1).

Write

O (w;ili’m (gn)wn—lw;igivnfl (gn—l)wn—Q e i71 (91))

(625) =0 (iTn (gn)imq (gn—l) clgy (91))
where i, (-) = w; " i, (-)w;_1. Because
(6.26) w; Yy (i) >0,

ir; + SLy — G is a homomorphism onto the root subgroup corresponding to 7;
which is compatible with the canonical triangular decompositions.

For g = (Ccl Z) € SL,, write g = LDU, where

1 0 a 0 1 a b
oo 1(h %) pe (s ). ve ().

Then for (g;) € SL5 x --- x SLj, (6.25) equals
O (ir, (LnDnpUp) -+ - ir, (L1 D1UY))

= o(ir, (LnU’I{L)iTn—l (L:z—lUr/L—l) ol (LllU{)iTn (Dp) -+ +ir, (D1))

(6.28) = 07 (ir, (LaU}) -+ i, (LY UY)) e
where each L’ (U) has the same form as L; (Uj, respectively). This follows from
the fact that H normalizes each exp(g1,).

Now each LU} € SLj, so that iy, (L,,Uy) - ir, (L1U]) is in X9, We now conclude
that

(6.29) UA(iTV,L(LnUrlz) gy (LllU{)) =1,

by the fundamental theorem of algebra, since this is polynomial and never vanishes.
O
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