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1 Introduction

This paper provides an analytical framework for the implementation of the
Shadow Hybrid Monte Carlo (SHMC) method [5] allowing the additional param-
eter required by SHMC, on which the efficiency of the method and quality of
observables is dependent, to be determined explicitly. The SHMC method [5] is
a generalization of the Hybrid Monte Carlo method (HMC) which samples from
the extended phase-space of the shadow Hamiltonian. This approach overcomes
the exponentially decreasing acceptance rate of the HMC method with increasing
system size N or time step At. The formulation of the SHMC method requires
the introduction of a parameter ¢ since the shadow Hamiltonian H can have a sig-
nificant separation from the original Hamiltonian H as seen in Figure 1, which is
generally positive for molecular dynamics simulations. Both the re-weighting and
momenta generation steps are determined by exponential functions of the Hamil-
tonian difference AH = H — ‘H, the parameter c is used to reduce this difference
to an acceptable value by choosing the Hamiltonian used for sampling as

H = max{H,H —c}. (1)

In the original work [5] the ¢ parameter was determined empirically, usually by an
iterative procedure based on some initial guess for the value.
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Figure 1: Hamiltonian H, average Hamiltonian (H) and shadow Hamiltonian H for
a box of 216 flexible water molecules with a time-step of 1.0fs. Here AH = H —H.

It has been shown [6] that using a symplectic numerical integrator when prop-
agating the equations of motion derived from a Hamiltonian that the numerical
results are the exact solution to a shadow Hamiltonian, which can be determined
either by an asymptotic expansion in the time-step or numerically using a cheap
and arbitrarily accurate approximation [2]. Since the shadow Hamiltonian is ex-
actly conserved the molecular dynamics (MD) step in the SHMC method will have
a very high probability of acceptance but the resulting observables then need to be
re-weighted to eliminate the bias introduced by the shadow Hamiltonian and ob-
tain the correct canonical averages. It was observed by Izaguirre and Hampton [5]
that the variance of observables generated by SHMC was greater than that when
using HMC and is dependent on the additional SHMC parameter ¢. In addition
the asymptotic expansion for the shadow Hamiltonian shows that the probability
density function (pdf) is not separable in momenta p and position x requiring that
a novel method be introduced to generate momenta with the correct pdf. Again it
was shown [5] that and that the momenta generation (MG) stage can have a poor
acceptance rate and is dependent on c.

The Authors provide proofs that both the increase in the variance of the ob-
servables and the acceptance ratios for both the MG and MD stages are dependent
only on the parameter ¢ and the mean pas and variance O'QAH of A'H, the difference
between the shadow Hamiltonian and the Hamiltonian when calculated for sets of
momenta drawn from the Boltzmann distribution. The fundamental assumptions
made in the analysis are given in Section 2.

The MD stage acceptance will be dependent on the values of AH which are
accepted at the MG stage, denoted AG with corresponding variance U2Ag and mean
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Figure 2: Distribution of the Hamiltonian for the 216 water molecule model with
time-step 1.0fs.

pag, and the values of AH during the MD stage, denoted AD with variance 035,
and mean puap. In Section 3 we derive the relationship between these parameters
and papn and oay - In Section 4 the relationship between the efficiency of the
method and c is determined leading to a comparison of the efficiencies of the HMC
and SHMC in Section 5. In Section 6 the issue of the increase in the variance of
the observables is addressed.

2 Assumptions.

The main assumption made in the proofs is that the values for the Hamiltonian
are normally distributed, which is observed in practice for many systems as seen
in Figure 2 for an example of a box of 216 water molecules with a time-step of
1fs. We would also expect this from a theoretical analysis; if the solution for the
phase-space variables were exact then we would have H constant but since the
numerical solution is exact only for the shadow Hamiltonian H the variation in H
comes from the additional terms in the asymptotic expansion [6]

» At2 NT Ar—1y71/ Tar—1ytas—1 4

H = H+ﬂ(—(U)M U +2p" M~'U"M ™ 'p) + O(AtY, (2)
where M~! is the matrix of inverse masses, p the momenta, U’ the derivative of
the potential energy w.r.t. the positions and U” its Hessian. If we ignore terms
in At* and higher then for sufficiently large systems, where the HMC method
performs poorly, we could reasonable expect that different parts of the system are
sufficiently decoupled to be regarded as independent variables and we would then
expect the term in A¢? to be normally distributed from the Central Limit theorem.
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Figure 3: Change in variance of ‘H with N for boxes of water molecules when
simulated with a time-step of 1 fs.

From (2) we have that oy oc At? and hence the variance 0% scales with At?.
For independent variables A and B we have 0124 iB= 0'124 + O‘% and for many molec-
ular systems, including our boxes of water and many solvated proteins, different
parts of the system are sufficiently decoupled such that if the number of molecules
is increased then the variance of the Hamiltonian will increase in direct proportion.
For our calculations we will assume that the variance of a system is proportional
to IV, the number of atoms, which coincides with the results for various size boxes
of water in Figure 3.

3 The mean and variance of AH for successful MG
steps and the MD stage.

Where the derived results are dependent on the mean and variance of AH
for choices of momenta which were accepted by the MG stage we need to know
the relationship to puay and O'QAH which is the mean and variance for all of the
momenta drawn from the Boltzmann distribution. We will denote this subset of
AH as AG with mean and variance puag and O'QAg. We then have

Proposition 3.1 For AG(x,p) € AH(x,p) where AG(x,p) has been selected s.t.
momenta p with p.d.f. p(x,p) « exp(—FH) has been accepted with probability
min{1,exp (—B(AH — ¢))} we have

Boin
L+ fi(kan, oan, ¢, B) (3)

HAG = HAH —
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Proof: The MG rejection ratio will depend on puap and UQAH and we can relate
these values to uag and aig since the latter terms are derived from the set of
generated momenta which have been accepted according to the above probability.
As described in Section 1, H and hence AH (assuming H is constant) will be
normally distributed which will lead to the following expression for the expected

value of AG
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similarly we can derive (AG?) to find o35 = (AG?) — pAg. O

In addition the variance and mean of the subsequent MD stage, denoted pap
and O'2AD, are required to calculate the average acceptance probability for the MD
stage. The relationship of yuap and (TQAD to uag and JQAQ is shown in the following
proposition.

Proposition 3.2 For values of AH generated during the MD stage we have

LAD = [AH, 9)
OAp = OAn+BoAn. (10)

Proof: The values of AH generated during the MG stage have to be accepted
according to min{1,exp (—B(AH — ¢))} since it is clear that phase-space points



which have a higher probability in H than in 'H cannot be generated using the
proposed scheme. However the resulting AH steps during the MD stage have no
such restriction and the expected value is given by

ffooo x exp (—0z) exp (%’ﬁﬁ)?) dx

HAD = s o pan)?
J o exp (—Bx) exp (W) dx
= pan — BoAy.
similarly we can derive (AH?) for the MD stage to find o3 p = 04y O

4 The dependence of the method efficiency on c

Since the SHMC method uses a Monte Carlo method to select the initial mo-
menta, and several MD steps are required to calculate the Shadow Hamiltonian, a
large rejection ratio at this stage can have a significant effect on the efficiency of
the method. For example the box of 216 water molecules simulated with a step size
of 1.0fs and ¢ = 3.2 accepts an average of 1 in 122 momenta generation steps and,
for Hg), we require 5 MD steps giving a total average of 610 steps. This compares
poorly with the 300 steps which were being used in the MD stage (for this test
set) giving scope for almost a factor of 3 improvement in efficiency. Since the MG
acceptance probability is P4 = exp(—3(AH — ¢)) then the value of ¢ could be se-
lected to reduce the number of MG steps, however as ¢ approaches (AH) then half
of the MD steps will be accepted based on the original Hamiltonian at both the
start and end of the MD stage and hence, for large systems with large time-step,
will generally be rejected. Clearly there will be some value of ¢ that will provide
optimum efficiency and we can estimate this by considering three calculations; (i)
The dependence of the MG acceptance ratio on ¢, (ii) The dependence on ¢ of
the number of MD stages where H dominates the acceptance and finally (iii) The
amount of work apportioned to the MG and MD stages.

4.1 The dependence of the MG acceptance ratio on c

During the MG stage the shadow Hamiltonian H and Hamiltonian H values will
be calculated for each set of momenta generated to sample from the Boltzmann
distribution, leading to a difference A’H with mean pa7; and variance UZAH. The
acceptance ratio for the MG step will be the integral over all possible values of
AH of the product of the probabilities of acceptance of the momenta P4 and the
probability for that value of AH, which is assumed to be normally distributed as
shown in Section 1.

Proposition 4.1 The acceptance ratio of the MG step is

1
Ryc =~ exp <26(2c—|— BoAy — QMAH)> for 0<c<puap — Boky (11)

6
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Figure 4: Predicted and experimental MG rejection ratio data for a 216 molecule
box of water model.

Proof: The MG acceptance ratio Ry is just
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We can compare data calculated from (11) to the experimentally obtained
results, where uan = 6.6120, O'2AH = (0.6892 and § = 1.6667, as seen in Figure 4
where the number of momenta attempts is 1/Rpsq.

4.2 The dependence of the number of MD stages where H domi-
nates the acceptance on ¢

The value of ¢ will determine the values for which the Hamiltonian H is greater
than H — ¢ (hereafter called “H-points’) and hence the MD stage acceptance is
dependent on H (as in the original HMC scheme). First we need to determine the
ratio of the number of H-points to the total number of samples, S.

Proposition 4.2 The ratio of the number of H-points to the total number of sam-



ples, where AH has expected value and variance of i and o? respectively, is

S = ;—;erf<li/;;>. (12)

Proof: The ratio of the number of H-points to the total number of samples can be
found by integrating the probability function for all values above the point H — ¢
(the range of the H-points), then assuming again that the Hamiltonian is normally

distributed
1 [ —(z— u)2>
S = / ex ( dx

1 1 f<u—c>
= -~ — —er :
2 2 V20

Since the probability of acceptance of the non-H-points is close to 1, as the
shadow Hamiltonian is almost exactly conserved, a lower bound on the acceptance
ratio will just be (1—Syp)(1—Swma) where Syrp is the number of H-points during
the MD stage and Sjs¢ the number after successful MG sections.

O

A more accurate bound can be determined by considering the points which
were H-points after the MG section but where not at the end of the MD stage.
This condition will occur with probability (1 — Sasp)Sye and are guaranteed to
be accepted as the total energy is less at the end of the stage when considering H.
The remaining contributions will be small for large NV as the variance of AH will
be large, giving

Py = (1_SMD>(1_SMG)+(1_SMD>SMG- (13)

Data calculated from (13) and the experimental results, again with puag =
5.5386, 0’2Ag = 0.6651 and 8 = 1.6774, show good correlation as seen in Figure 5.

4.3 The amount of work apportioned to the MG and MD stages

Given the number of molecular dynamics steps required for the MG step is
nya, and the number for the MD step is ny;p we can find the minimum average
total steps based on the value of c¢. For the 216 water molecule model using the
Hjg shadow Hamiltonian we used 10 steps for each MG attempt and 400 steps
for each MD attempt. If we further assume that failed MD steps are lost even
though the original data is retained for that point then we can find the average
total number of steps ng as
nuG | muD
Rye  Pg
In Figure 6 the average number of steps is plotted against ¢ using both the MD
stage probability bounds Pp. The value of ¢ = 4.7 is the minimum requiring 570
steps.

(14)

ng =
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Figure 5: Predicted and experimental MD acceptance ratio data for a 216 molecule
box of water model.
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Figure 6: The average number of MD steps required using the MD stage probability
bound Py a with varying ¢, with minima at ¢ = 4.7.



5 Comparison of HMC and SHMC efficiency

Using the analysis above we can now compare the efficiency of the HMC and
SHMC methods. For the HMC method the MD step is accepted with probability

PAgye = min{lexp (-8 (HI)—H(I)))},

where I" are the phase-space variables before the MD stage and I"” the resulting
phase-space variables after the MD stage.

If we assume that H, with puy = pay and oy = oA, is normally distributed
then the average acceptance ratio Ryyc = (PAgac) is

—(x — pan

[e§) 2
Ryve = \/Tﬂi‘m{/—oo min{exp (—fx),1} exp <202AH)> dzx. (15)

From normalization and the symplectic property of the numerical integrator [5] we
have

(exp (-BAH)) = 1,

which is equivalent to saying that the moment-generating function for random vari-
able AH evaluated at —( is equal to 1 and hence can be expanded into cumulants

ki, ko, - -
1 = exp (Z(_ﬂn)‘nkn>

n=1

Since AH is normally distributed we have k1 = puay, ko = aiH, kn,=0Vn > 2,
giving

MAH = §U2AH' (16)
From (15) and (16)
RHMC = erfc <2\1/§/60'AH> . (17)

In Figure 7 the acceptance ration for the HMC method is compared to the
efficiency of the SHMC (where the MG stage requires 5 MD steps and the MD
stage 200) for the optimal choice of ¢ for a range of the variance O'2AH. The SHMC
method suffers from poor MG acceptance with virtually no acceptance above a
variance of 4.

To calculate the improvement in computational efficiency we can find the ‘ef-
ficiency’ of the SHMC method for a range of ooy and find the corresponding set
of oAy for the HMC method which gives the same ‘efficiency’. The ratio of these
variances represents the time-step ratio raised to the fourth power, the time-step
is inversely proportional to computational efficiency for a fixed length MD stage.
In addition we can calculate the associated oap and hence the increase in the
observable variance. The results can be seen in Figure 8.

10
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Figure 7: Comparison of the efficiency of the SHMC with 5 MG steps and 500 MD
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SHMC observable variance.
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6 Variance of observables

Since the Shadow Hybrid Monte Carlo (SHMC) method samples from the ex-
tended phase-space of the shadow Hamiltonian the observables must be re-weighted
according to the following method In order to calculate unbiased values

(Apnvr = S (18)
g D i Wi
where A is the observable of interest, m is the number of samples and the w; are
defined as

w; = exp(BAH(TY)). (19)

Here = 1/kpT for temperature T, I'; = (xj, p;) are the phase space variables
when A; was sampled and AH = H — H where H is the original Hamiltonian for
which the observables are required and H is the Hamiltonian from which the data
is being sampled, as described in [5]. We note that the nomenclature AH is used
to denote the values for AH = H — H which have been accepted at the end of
the MD stage of the method and the mean and variance of AH are related to the
mean and variance of AH, the set of H — H for all generated momenta, as shown
in Section 4.

It was observed by Izaguirre and Hampton [5] that the variance of observables
generated in this fashion was greater than that when using HMC. To understand
this we look at the Hamiltonian and shadow Hamiltonian for a 216 water molecule
model using periodic boundary conditions, integrated with the Leapfrog algorithm,
as shown in Figure 1.

We can rewrite (19) as follows

e | &P (B(AH))

= exp (B(AH(T) — (AH))) exp (B{AH)) - (20)
Let w; = exp (B(AH(T;) — (AH))),w = exp (B(AH)) then we can write (18) as

A T WA WA
(A)pnvr = ZZ?% = ZZ}% — (21)
iy Wi > iy Wi
since w is a common factor. Hence the re-weighting is only dependent on the
variations in H (i.e. its variance), not the separation between the Hamiltonian
and the shadow Hamiltonian (AH) for accepted MD values.

We might reasonably expect that the distribution of the Hamiltonian for large
systems would be gaussian with a known variance, as we can see from Figure 2
for our water model over 50 ps with a time-step of 1.0fs (where the variance is
approximately 0.7).

12



Given an observable A which has a gaussian distribution with a know variance
o4, we can easily calculate the variance of the re-weighted observable using (21)
since AH — (AH) is just the variation in the original Hamiltonian. We introduce

where 114 is the average value of A, and re-write (21) as

(A) Ny = = S

= ,uA+<wiAi>. (23)

From this the variance of the re-weighted observable o, will be equal to the vari-
ance of the A;w;/(w) and is not dependent on f 4.

Proposition 6.1 The re-weighted observable A has variance o2, given by
o = exp (B20hy) ok, (24)

where 0124 is the variance of the original observable and O'QAH is the variance of
AH.

Proof: Given a normally distributed variable Z with mean pz and variance O'%
we can transform to the lognormal distribution [1] by X = exp(Z) with median
exp(uz), mean exp(pz + 0% /2) and variance

ot x = exp(2uz)exp(oy)(exp(oy) —1). (25)

If the term AH — (AH) has variance 044, and (clearly) mean p = 0 then the
variance of the re-weighting factor w;, from (25), is

J}% = exp (ﬁQUAHHQ) (exp (ﬂzaQAH) —1). (26)

To find the variance of the product of the A; and the re-weighting factor we use
the ‘variance of products’ equation [4]

aif = ,uicr? + ufcai + 0;0124. (27)

The identities var(aX) = a*var(X) and (W) = exp(u+ $%0%4,/2), for a lognormal
distribution, allows us to find the variance of the 0 Aw; /()

1
At i) = (a0} + nioh + ojoi)
= 1 (exp (B%°0ay) — 1) +exp (B%0ay) o4 (28)

13



From (22) we have that 0A has mean pa = 0 giving our re-weighted observable
variance as

02 = exp (ﬁQJQAH) 3. (29)
O

Simulations of variables with differing mean and variance are re-weighted at
300K by Hamiltonians with different variance as depicted in Figure 9. The vari-
ance of the re-weighted variables have been determined using the block averaging
method of Flyvbjerg and Peterson [3] and are compared to the exact result com-
puted from (24) with good correlation.
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Figure 9: Change in variance for observables for different Hamiltonian variance.

If the maximum permissable ratio R = o2 /0% is known we can determine the

maximum target variance 0% in the Hamiltonian from (24)
In(R)
— 7 (30)

This target variance can then be used to determine the maximum simulation time-
step Atp, given the Hamiltonian variance aiH for some known time-step Aty. For
the Leapfrog method (or any second order method) we have

Aty = Aty )22 (31)
OAH

Since the value of ¢ effects the variance of the Hamiltonian data that is accepted
at the MD stage it could be used to adjust the variance of the observables. However,
since we are already selecting ¢ for to gain the maximum efficiency for the method
this is not desirable.

14



7 Algorithm

The analysis from Sections 4 and 6 can be used to define an algorithm for the
explicit determination of the parameters ¢ and At given a user defined maximum
ratio between the variance of an observable and its re-weighted result from the
simulation, R.

Algorithm 1

(1) o parameter Stage: Set At = 1fs and ¢ = 0, repeat until At un-
changed.
(a) Generate n MG steps with At = 11s, recording H, H.
(b) Find paw, oan, oag from the data.
(c) Calculate new At from user defined R and (30), (31).
)

(d) Repeat step.
(2) ¢ parameter Stage:

(a) Calculate ¢ for minimum average steps from (11), (12) and (13) from
last set of data from stage (1).

(3) SHMC stage:

(a) Run SHMC steps for the desired simulation length using the above
parameters.

(3) Post processing stage:

(a) Re-weight observables.

We envisage that step (1) would not be repeated more than once. The number
of MG steps in step (1), n, is user defined and should be a reasonable large number,
but small in relation to the total simulation length, for example n = 1000 was used
for the 216 water molecule simulation which is 2-3 times the number of steps in
the MD stage.

8 Conclusion

It is clear from Sections 4 and 6 that if we know the mean and variance of the
difference between the shadow Hamiltonian and the Hamiltonian then we can find
the optimal values for both ¢ and At. The proposed method shown in Section
7 should allow the optimally efficient SHMC method with only a small initial
overhead in calculating the time-step and ¢ parameter. The efficiency gains over

15



HMC are dependent on the length of the MD trajectories and for 100, 200 and
500 fs the ‘speedups’ are 1.32, 1.45 and 1.62 respectively.

It is also clear that, although modest gains in efficiency are available through
the use of SHMC, the difficulty in generating momenta with a p.d.f. corresponding
to the shadow Hamiltonian is a severe restriction on the efficiency of the method,
especially with respect to MD trajectory length. This is compounded by the
need to evaluate several MD steps to calculate the shadow Hamiltonian using the
interpolated scheme. Although there is still an upper bound on the efficiency of
the method due to the increase in the variance of the observables a more efficient
method is required, in place of the MG stage, for the advantages of SHMC to be
realized.
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