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Abstract

The main work in this paper is attempting to introduce linear switched systems methodologies to intermittent

feedback stability analysis. The paper first presents an overview of some recent results on stability analysis of

linear switched systems and intermittent feedback. First, slow switching theory from switched systems is utilized to

analyze the stability of intermittent feedback. Second, an oracle-based algorithm derived from stability conditions in

intermittent feedback is proposed to find the time interval constraints for exponential stability. Finally, an example is

given and the simulation results are provided.

I. INTRODUCTION

A switched system is a dynamic system that consists of a finite number of time-driven subsystems and a logic

rule that orchestrates switching between these subsystems. Mathematically, these subsystems are usually described

by a collection of indexed differential or difference equations [1], [9]. In switching control design, specifics of

the switching mechanism are of great importance [7]. Switched systems with all subsystems described by linear

differential or difference equations are called switched linear systems, and have attracted most of the attention.

Recent efforts in switched linear switched systems typically focus on the analysis of dynamic behaviors, such

as stability, controllability. In [8], the author presents a survey of recent results on stability and stabilizability of

switched linear systems.

Another fundamental concept to be used in our research is intermittent feedback. The basic idea of intermittent

feedback is simple [2]: rather than doing closed loop control all the time, apply closed loop control only for a

certain interval, then go back to open loop. After a certain period of time, apply closed loop control again and

so on. Essentially, the goal is to only apply closed loop control when it is needed, and thus to reduce the overall

control effort and the needs for collecting and sending feedback information. The potential of intermittent feedback

in networked control systems is of special interest to us. The concept is extremely appealing in that it effectively

addresses one of the key concerns, that of saving bandwidth by reducing the use of network as much as possible.

In [2], the author derived a necessary and sufficient condition for the stability of model-based networked control

system (MB-NCS) with intermittent feedback.

The remaining part of this paper is organized as follows. In Section II, recent research results about switched

linear systems and intermittent feedback are presented. The results are mainly concerned about the stability analysis



2

for switched linear systems and stability conditions for MB-NCS with intermittent feedback. In Section III two

stability analysis directions are presented. One is from a switched linear systems point of view in which a MB-NCS

with intermittent feedback is reformulated as a switched linear system. Then slow switching theory is implemented

to find time interval constraints for exponential stability. The other direction is from the necessary and sufficient

condition of MB-NCS with intermittent feedback. An oracle-based algorithm that tests eigenvalues of stability matrix

is proposed. Finally, a conclusion is given in Section IV. An appendix is also attached to give further reference or

detailed techniques.

II. PREVIOUS RESULTS REVIEW

In this section, recent main results on switched linear systems and intermittent feedback are briefly presented. In

this linear switched system review, the focus is mainly on stability analysis aspect. In the stability analysis, we focus

on switched systems under constrained switching. In the intermittent feedback review, the focus is on intermittent

feedback control applied on model-based network control systems. First, we define two types of switched linear

systems for further reference.

The first type is the systems with subsystems as continuous LTI systems

ẋ(t) = Aix(t), t ∈ R+, i ∈ I (1)

and the second type is the systems with subsystem as discrete LTI systems

x(k + 1) = Aix(k), k ∈ Z+, i ∈ I (2)

where the state x ∈ Rn and Ai ∈ Rn×n for all i ∈ I, I is the index set of all subsystems. The switching signal is

given by σ(t).

A. Stability under constrained switching

The restrictions on switching signals may be either time domain restrictions (e.g., dwell-time, average dwell-time

switching signals that will be defined below) or state space restrictions (e.g., abstractions from partitions of the

state space).

First, we will discuss the time domain restrictions. Intuitively, if one stays at stable subsystems long enough

and switches less frequently, one may trade off the energy increase caused by switching or unstable modes, and

maintain stability. These ideas are proved to be reasonable and are captured by concepts like dwell time and average

dwell time switching proposed in [3], [4], [15]. It showed that it is always possible to maintain stability when all

the subsystems are stable and switching is slow enough, in the sense that the dwell time or average dwell time

is sufficiently large. The results above are under the assumption that all subsystems are stable. However, there are

cases where switching to unstable subsystems becomes unavoidable, In this case, slow switching is not sufficient

for stability; it is also required to make sure that the switched system does not spend too much time in the unstable

subsystems. In [15], it shows that if the average dwell time is chosen sufficiently large and the total activation time of



3

unstable subsystems id relatively small compared with that of Hurwitz stable subsystems, then exponential stability

of a desired degree is guaranteed. The detailed definitions and theorems in slow switching is in the appendix, part

B.

In addition to the time domain constraints, there are state space restrictions which can be analyzed in the

framework of multiple Lyapunov functions (MLF). The basic idea is that multiple Lyapunov or Lyapunov-like

functions, which may correspond to each single subsystem or certain region in the state space, are concatenated

together to produce a non-traditional Lyapunov function. Piecewise quadratic Lyapunov function could be an

attractive candidate if we focus on the linear case. In [13], [6], [14], [5], the stability conditions in the MLF

theorems are formulated as LMIs for which efficient software solution packages exist.

B. Intermittent feedback applied to MB-NCS

In this section, we focus on the application of intermittent feedback to a class of networked control systems

known as Model-based Networked Control Systems (MB-NCS), introduced by Montestruque and Antsaklis [12].

The MB-NCS architecture uses an explicit model of the plant in order to reduce the network traffic while attempting

to prevent excessive performance degradation. In the previous work done in MB-NCS [10], [11], the updates given

to the model of the plant were performed in instantaneous fashion. With intermittent feedback applied, the system

remains in closed loop control mode for more extended intervals, i.e., it makes the system closed for some fixed

interval then open for another interval. The detailed setups are presented in the appendix, part C.

III. MODELING AND STABILITY ANALYSIS OF INTERMITTENT FEEDBACK

In this section, we first model the MB-NCS as a switched linear system. Then using slow switching theory,

a pair of time interval constraints (closed time interval and open time interval) are obtained to make the system

exponentially stable under a given plant and model description. Next, motivated by the necessary and sufficient

stability condition of MB-NCS with intermittent feedback, an optimal solution of time interval constraints can be

numerically found by using an oracle-based algorithm. The “optimal” is in the sense that the closed-loop time

interval is as small as possible when the whole update period is fixed, or the whole update period is as large as

possible when the closed-loop time is fixed.

A. Modeling MB-NCS as switched systems

The system can be reformulated as a switched linear system with two subsystems (closed-loop system and

open-loop systems). During the open loop case, we have

ż = Λoz (3)

where Λo =

 A+BK −BK

Ã+ B̃K Â− B̃K

 . The closed-loop case is a simplified version of the case above, as the

difference resides in the fact that the error is always zero. Thus we have

ż = Λcz (4)
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where Λc =

 A+BK −BK

0 0

 . This should be clear in view of the error being always zero, while the state

progresses in the same way as before. According to the system description above, an equivalent switched linear

system formulation can be set up as illustrated in Fig. 1.

Figure 1. MB-NCS modeled as a switched system

It can be seen from Fig. 1 that the original system can be interpreted as a switched system switching between

open-loop system and closed-loop system. The switching signal is time-dependent, characterized by a closed-loop

time interval and an open-loop time interval. Generally, we assume that the closed-loop system is stable and the

open-loop system is unstable. This assumption is reasonable since (i) the controller is always chosen to stabilize

the plant; (ii) the modeling error between the plant and model will make the state error diverge when the loop is

open.

B. Stability analysis with time interval constraints

Slow switching based analysis: Using the MB-NCS model formulated in the previous section slow switching

theory in switched system can be applied to find the time interval constraints for stability requirement. The general

idea is that we restrict the time interval on open-loop system to be relatively small compared with the time interval

on closed-loop system.

An example is given to show how such time interval constraints are obtained. In the example, we find a switching

law requiring T−(t0,t)
T+(t0,t)

≥ 2, and the average dwell time is computed as ≥ τ∗α = 152. In order to satisfy both the

switching law and the average dwell time condition, we choose activate the open-loop system and close-loop system

with time period 102 and 204. The detailed derivation and calculation are included in the appendix, Part D.

Stability condition based analysis : Another stability analysis is based on the necessary and sufficient stability

condition of MB-NCS with intermittent feedback. Generally, as the portion of closed-loop time interval τ in the

full period h becomes larger the whole system will be “more stable” since it approaches the performance of the

closed-loop system. On the other hand, as the portion of closed-loop time interval τ in the full period h decreases

the whole system will be “more unstable”. Therefore we can consider the question what is the min time interval

τ the system can stay at closed-loop system without jeopardizing stability for a fixed h. Similarly, it is also worth

finding out how big h can be for a fixed τ .
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Motivated by Theorem 5, an oracle-based algorithm can be derived to solve the questions above. The so called

“oracle-based” refers to telling whether the system stable or not by testing whether the eigenvalues of (9) are strictly

inside the unit circle or not. Fig. 2 shows that how maximum eigenvalue magnitude evolves as closed-loop time τ

increases for a fixed h = 43.6.
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Figure 2. Maximum eigenvalue for MB-NCS modeled as τ increases, h = 43.6

From Fig. 2, we find that all eigenvalues will eventually be within the unit circle as closed-loop time intervals τ

increases as a portion of h. Moreover, an interesting but counter-intuitive behavior is that the system will become

unstable as τ increases for a specific time interval. As shown in Fig. 2, we can see that the system is stable when

τ is around 5 but is unstable when τ is around 6. Considering this situation, we proposed a “backward searching

algorithm” which means that we set τ equal to h at first and then decrease τ as a portion of h. For each step of

decreasing, the max eigenvalue magnitude is tested. When the maximum magnitude hits 1, the corresponding is

the “optimal” solution.

Using the above algorithm, the “optimal” τ as a portion of h can be obtained for various values of h, as shown

in Fig. 3. From the figure, we can find that the “optimal” τ increases as h in general except for some points. Also,

the “optimal” τ is significantly smaller compared to when is large enough. The similar result is shown in Fig. 4

when trying to obtain the “optimal” h for various τ .

IV. CONCLUSION

In this paper, we gave a review of the main stability literature results on switched linear systems and intermittent

feedback and tried to study intermittent feedback by switched system theory. Future work may be concerned on

some interesting behaviors of intermittent feedback.
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Figure 3. The optimal τ for different h
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Figure 4. The optimal h for different τ
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APPENDIX

A. Three Notions of Stability

Here three notions of stability will be introduced. They are asymptotic stability, exponential stability and quadratic

stability.

Consider a time-invariant system

ẋ = f(x) (5)

where x ∈ Rn. The origin is said to be a stable equilibrium of (5), in the sense of Lyapunov, if for every ξ > 0

there exist a δ > 0 such that we have

|x(0)| ≤ δ ⇒ |x(t)| ≤ ξ, ∀t ≥ 0. (6)

The system (5) is called asymptotically stable if it is stable and δ can be chosen so that

|x(0)| ≤ δ ⇒ x(t)→ 0 as t→∞. (7)

The set of all initial states from which the trajectory converge to the origin is called the region of attraction. If

the above condition holds for all δ, if the origin is a stable equilibrium and its region of attraction is the entire

state space, then the system (5) is called globally asymptotically stable.

The system (5) is called exponentially stable if there exist positive constant δ, c and λ such that all solution with

satisfy the inequality

|x(t)| ≤ c |x(0)| e−λt, ∀t ≥ 0.

If this exponential decay estimate holds for all δ, the system is said to be globally exponentially stable. The

constant λ is occasionally referred to as a stability margin.

The notion of quadratic stability is based on a quadratic Lyapunov function defined as V (x) = xTPx with a

positive definite matrix P . Quadratic stability means that there exists a positive constant ε such that V̇ (x) ≤ −εxTx.

It can be seen that quadratic stability is a even more strict stability sense than exponential stability since some

systems are exponentially stable but quadratic Lyapunov functions satisfying the conditions above do not exist.



8

B. Slow switching

Definition 1. A positive constant τd ∈ R is called the dwell time of a switching signal if the time interval between

any two consecutive switchings is no smaller than τd.

Definition 2. A positive constant τa is called the average dwell time for a switching signal σ(t) if

Nσ(t,τ) ≤ N0 +
t− τ
τa

(8)

holds for all t ≥ τ ≥ 0 and some scalar N0 ≥ 0, where Nσ(t,τ) denotes the number of mode switches of a given

switching signals over the interval (τ, t). Here the constant τa is called the average dwell time and N0 the chatter

bound.

If both Hurwitz stable and unstable subsystem exist in (1), we assume without loss of generality that A1, . . . Ar(r <

N) are unstable and remaining matrices are Hurwitz stable. Then, there always exist a set of scalar λi>0 and ai

such that 
∥∥eAit

∥∥ ≤ eai+λit, 1 ≤ i ≤ r∥∥eAit
∥∥ ≤ eai−λit, r ≤ i ≤ N

Now, for any piecewise constant switching signal σ(t) and any t > τ , let T+(τ, t) (resp., T−(t0, t)) denotes

the total activation time of the unstable subsystems (resp., the Hurwitz stable system) during [τ, t), and define

λ+ = max1≤q≤r λq and λ− = maxr+1≤q≤N λq . Then for any given λ ∈ (0, λ−), we choose a scalar λ∗ ∈ (λ, λ−)

arbitrary to propose the following switching law:

Proposition 3. Determine the switching signal σ(t) so that T−(t0,t)
T+(t0,t)

≥ λ++λ∗

λ−−λ∗ holds for any t > t0.

Now the theorem based-on Proposition 3 is presented below.

Theorem 4. Under the switching law in Proposition (3), there is a finite positive constant τ∗a such that the switched

system (1) is globally exponentially stable with stability degree λ over Sa[τa, N0] for any average dwell time τa ≥ τ∗a
and any chatter bound N0 > 0, where τ∗a = a

λ∗−λ , a = maxq∈I aq . Here Sa[τa, N0] denotes the set of all switching

signals satisfying (8).

C. MB-NCS Setups

The basic setup for MB-NCS with intermittent feedback is as follows [2]. Consider the control of a continuous

linear plant where the state sensor is connected to a linear controller/actuator via a network, as shown in Fig. (5).

The main idea here is to perform the feedback by updating the model’s state using the actual state of the plant

that is provided by the sensor. The rest of the time the control actions is based on a plant model that is incorporated

in the controller/actuator and is running open loop for a period of h seconds, as shown in Fig. (6). Through this

mechanism we should be able to achieve much better results the longer the loop is closed as the level of degradation

of the information increases the longer the system is running open loop.
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Figure 5. MB-NCS with intermittent feedback

Figure 6. Partition of the time interval into close and open loop intervals

Some basic assumptions are needed before the stability condition is provided. We consider a system such that

the loop is closed periodically, every h second, and where each time the loop is closed, it remains so for a time of

τ seconds. The plant is given by ẋ = Ax+Bu, the plant model by x̂ = Âx̂+ B̂u, and the controller by u = Kx̂.

The state error is defined as e = x− x̂ and represents the difference between plant state and the model state. The

modeling error matrices Ã = A − Â and B̃ = B − B̂ represent the plant the model. We also define the vector

z =
[
xT eT

]T
. Then a necessary and sufficient condition for exponential stability is introduced in Theorem

(5) [2].

Theorem 5. The system described above is globally exponential stable around the solution z =

 x

e

 if and only

if the eigenvalues of a test matrix  I 0

0 0

Σ

 I 0

0 0

 (9)

are strictly inside the unit circle, where Σ = eΛo(h−τ)eΛc(τ), Λo =

 A+BK −BK

Ã+ B̃K Â− B̃K

 and Λc =

 A+BK −BK

0 0

.
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D. An Example of Finding Time Interval Constrains

An example is given to show how such time interval constraints are obtained. The following calculation and

simulation are for A =

 0 1

0 0

, B =

 0

1

 and model matrices Â =

 0 0.5

0 0

, B =

 0

0.25

. Our choice

of controller is K =
[
−1 −1.5

]
. Then we have the switch system with

Λo =


0 1 0 0

−1 −1.5 1 1.5

0 0.5 0 0.5

−0.75 −1.125 0.75 1.125

 , Λc =


0 1 0 0

−1 −1.5 1 1.5

0 0 0 0

0 0 0 0

 .

Though Λc has eigenvalues equal to zero, such eigenvalues are the modes corresponding to the error state. Recall

that when the system switches from open-loop subsystem to closed-loop subsystems the error state will be reset to

zero, which means the error state will stay at equilibrium point for the whole period of closed-loop system. So we

do not consider the two zero-valued eigenvalues in Λc. According to the procedure in [15], we have Λc is stable

with eigenvalues −0.75±0.66i (in addition to 0) and Λo is unstable with eigenvalues −0.19±0.30i, 0 and 0, from

which λ+ = 0 and λ− = 0.75 are obtained. We choose a1 = 1.8 and a2 = 38 since

P−1
1 ΛoP1 = diag(−0.19 + 0.30i,−0.19− 0.30i, 0, 0)

P−1
2 ΛcP2 = diag(−0.75 + 0.66i,−0.75− 0.66i, 0, 0)

and log
(
σmax(P1)
σmin(P1)

)
= 37.95, log

(
σmax(P1)
σmin(P1)

)
= 1.79.

We now choose λ = 0.25, λ∗ = 0.5. Then a switching law will require T−(t0,t)
T+(t0,t)

≥ λ++λ∗

λ−−λ∗ = 2, and the average

dwell time is computed as ≥ τ∗a = a
λ∗−λ = 152.


