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I. INTRODUCTION

The majority of feedback control laws are nowadays implemented on digital platforms since micro-
processors offer many advantages of running real-time operating systems. This creates the possibility
of sharing the computational resources among control and other kinds of applications thus reducing the
deployment costs of complex control systems[9]. Moreover, in distributed environment, control systems
are often implemented through a shared communication media where controllers, sensors and actuators
exchange data. However, since the executions of the controllers are traditionally implemented in a periodic
fashion where the inter-execution time 7" is a constant units of time which is selected based on a worst-
case scenario to guarantee the performance of the actuator for all possible operation points, thus the
control task is executed at the same rate regardless of the states of the plant and leads to inefficient
implementations in terms of processor usage or available communication bandwidth.

To overcome this drawback of the periodic paradigm, several researchers suggested the idea of event-
triggered control, see [3]-[4] and [6]. In event-triggered real-time scheduling algorithm, the control tasks
are executed whenever a certain error becomes large when compared with the states’ norm of the plant
(so the triggering condition is based on the full-state of the plant). The event-triggered technique reduces
resource usage and provides a high degree of robustness (since the plant is measured continuously).
Unfortunately, in many case it requires dedicated hardware to monitor the plant permanently otherwise
one might run the risk of consuming the processor time.

Self-triggered real-time scheduling strategy is studied in [5],[7],[8],[9] and it takes the advantage of
the event-triggered technique without resorting to extra hardware. The key idea of self-triggered control

is to compute the next instants of time at which the control action is to be recomputed based on the
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current or the last states’ measurements of the plant. A first attempt to explore self-triggered paradigm
for linear systems was developed in [5], by discretizing the plant, and in [2] for linear H, controllers. A
study on self-triggered scheduling for nonlinear dynamic systems is shown in [7] and [9], where a simple
self-trigger condition based on the norm of the current states is proposed by exploiting the properties of
the trajectories of homogeneous control systems. However, for the self-triggered scheduling strategy, the
intervals of time in which no attention is devoted to the plant pose a concern regarding the robustness
of self-triggered implementations.

In this report, we propose a robust self-triggered real-time scheduling strategy for stabilization of
passive/dissipative systems. We assume that the model of the plant is a passive or a disspative system,
and we assume that the structure uncertainty is a Lo stable dynamic system in a feedback/feedforward
interconnection with the model of the plant. We derived the self-triggered real-time scheduling strategies
for both cases and we have also shown that the inter-execution time under the proposed scheduling
strategy is non-trivial.

The rest of this report is organized as follows. We first set the notions and introduce some background
on passive/dissipative systems in section II; the problem statement is made in section III; the self-triggered
scheduling strategy when the uncertainty is in a feedback interconnection with the model of the plant is
proposed in section IV and the corresponding self-triggered scheduling strategy when the uncertainty is
in a feed-forward interconnection with the model of the plant is proposed in section V; several examples

are provide several examples in section VI; finally, conclusion is made in section VIIL.

II. NOTATIONS AND BACKGROUND MATERIAL

To set the background and notation for what follows, we need to introduce some basic concepts on
passive and dissipative systems.
Consider the following dynamic system which can be used to describe both linear and nonlinear system:

H: (1)

y = h(z,u)
where t € X C R*, uw € U C R™ and y € Y C R™ are the state, input and output variables,
respectively, and X, U and Y are the state, input and output spaces, respectively. The representation
x(t) = ¢(t,to, zo,u) is used to denote the state at time ¢ reached from the initial state x at .

Definition 1(Supply Rate [1]). The supply rate w(t) = w(u(t),y(t)) is a real valued function defined
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on U XY, such that for any u(t) € U and xo € X and y(t) = h(¢p(t,to, xo,u)), w(t) satisfies

t1
/ lw(T)]dT < 00 2)
to

Definition 2(Dissipative System [1]). System H with supply rate w(t) is said to be dissipative if there
exists a nonnegative real function V(x) : X — RT, called the storage function, such that, for all

t1 >t >0, 29 € X and u € U,

Vi) = Viwo) < /ttlw(T)dT 3)

where x1 = ¢(t1,to, vo,u) and R is a set of nonnegative real numbers.
Definition 3(Passive System [1]). The dynamic system given in (1) is said to be passive if there exists

a C! storage function V (x) > 0 such that

V= a‘gf)f(x(t),u(t)) < —S(x) +u(t)Ty(t) Wt @

for some positive semi-definite function S(x). We say it is strictly passive if S(x) > 0.
Definition 4(Excess/Shortage of Passivity [2]). System H is said to be:
e Input Feed-forward Passive (IFP) if it is dissipative with respect to supply rate w(u,y) = v y—vulu
for some v € R, denoted as IFP(v).
e Output Feedback Passive (OFP) if it is dissipative with respect to the supply rate w(u,y) = uly —
pyly for some p € R, denoted as OFP(p).
o Input Feed-forward Output Feedback Passive (IF-OFP) if it is dissipative with respect to the supply
rate w(u,y) = u'y — pyTy — vulu for some p € R and v € R, denoted as IF-OFP(v, p).
A positive v or p means that the system has an excess of passivity; otherwise, the system is lack of
passivity.
Definition 5(Zero-State Observability and Detectability [2]). Consider the system H with zero input,
that is © = f(x,0), y = h(x,0), and let Z C R"™ be its largest positively invariant set contained in
{z € R"|y = h(x,0) = 0}. We say H is zero-state detectable(ZSD) if x = 0 is asymptotically stable
conditionally to Z. if Z = {0}, we say that H is zero-state observable (ZSO).

III. PROBLEM STATEMENT

We consider a nonlinear control system H given by

T = f(z,u)
H : (5

y = h(z)
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where x € R" is the state, uw € R™ is the control input and y € R™ is the output. We assume that H is
a passive system, which means that there exists a nonnegative storage function V(z) : R® — R™, such
that
V(z) <uly. (6)
We know that if H is zero-state detectable(ZSD), then under the feedback control law
u=—Ky (7)

where K > 0 could be a scalar or an m X m positive definite matrix, the origin of H is asymptotically
stable.
In real time, the implementation of the feedback control law (7) on an embedded processor is typically

done by sampling the output y at time instants
to, t1, t2, t3, ta4, ...,
computing the control action u(t;) = —Ky(t;) and updating the actuator at time instants
to+ Do, t1+ A1, to+ Do, ts+ N3, ta+ Dy, ...,

where A; > 0 represents the time required to read the output from the sensor, compute the control action

and update the actuators. This means that a sequence of measurements

y(tO)v y(t1)7 y(tg), y(t3)7 y(t4)7 EE)

corresponds to a sequence of actuation updates
u(to + Do), ulty + D1), u(te + Da), u(ts +Asz), u(ts +Ag), ...,
as shown in Figure 1.

Sampler

> Plant M Sensor

V(t)s Y(1), y(ty),+

ulty +Ag),ulty +4A),

Controller

Fig. 1: Implementation of the feedback law in real time
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Between actuator updates, the control law w is held constant according to
te [ti+ Diytiv1 + Dia] = u(t) = u(ti + Ai) = —Ky(ts). 8)

Furthermore, the sequence of times to, ¢1, t2, {3, . . . is typically periodic, which means that ¢; 1 —t; =T,
where 1" > 0 is the sampling period; in this case, we can regard the execution of the output feedback

control law (7) as being “time-triggered”. If we define the measurement error at the actuator to be
t e [ti + Nt + Ai—&-l] = e(t) = y(t) — y(ti), )]

then
&= f(z, —Ky(t:)) = f(z, —K(y(t) —e(t))), t € [ti + D, tit1 + Dita]. (10)

Since system H is passive, with (6),(7) and (9) we can obtain

Viz)<uly=-K(y—e)Ty=-KyTy+ Kely
(11)
< Kllell2llyll2 — K|yll3

so if

lelle < llyllz2, for t € [ti 4+ DN tiyr + DNiva], Vi, (12)

we will have V(a:) < 0, Vt, then the closed-loop system is asymptotically stable since the plant is passive

and ZSD. One can easily show that a sufficient condition for (12) to hold is given by
1 :
lell < Slly()ll2, for t € [t + Distivs + Digal, Vi, (13)
2

and based on this sufficient condition, we have proposed a self-triggered scheduling strategy for stabi-
lization of passive/disspative plant in [10]. Now the problem is: when the given plant model which is
passive or dissipative, is subject to model uncertainty, can we derive a “robust”scheduling strategy so that
we are still able to stabilize the plant while taking advantage of the self-triggered scheduling strategy as
we have discussed in [10]?

The rest of this reports proposes possible ways to solve this problem: we assume that the model of
the plant is a passive or a dissipative system, and we assume that the structure uncertainty is a Lo stable
dynamic system; we first study the case when the model uncertainty is in a feedback interconnection
with the model of the plant in section IV; another case when the model uncertainty is in a feed-forward
interconnection with the model of the plant is discussed in section V. For both cases, we have also shown
that the inter-execution time under the proposed scheduling strategies is non-trivial and we can decide
the next time at which the control action needs to be re-computed based on the past measurements of

the plant’s output.
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IV. SELF-TRIGGERED REAL-TIME SCHEDULING IN PRESENCE OF OUTPUT FEEDBACK

UNCERTAINTY

Theorem 1.Consider the control system as shown in Fig.2, where the plant model is given by

&= f(z,u)
S : (14)

y = h(x)
where x € R" is the state, u € R" is the control input and y € R™ is the output; 3, is a ZSD passive

system satisfying the passive inequality given by
V() <u'y (15)

with V(x) > 0. We assume that the plant model is subject to feedback model uncertainty, where the

Plant
¥ %= f(%,0) y
y=h@ |
ot + u x=f(x,u) y
— >
~ y=h(x)
K -

Fig. 2: Output Feedback Uncertainty

model uncertainty is a Lo stable dynamic system with finite £y gain I', and the system’s dynamic is

given by

YA (16)

If the following conditions are satisfied
1) f:R™ x R™ — R"” is Lipschitz continuous on compacts;
2) h : R" — R” is a static nonlinear function of x which belongs to a sector [3,a] such that
Bxlz < 2Th(z) < az’z, where af > 0;

3) ||6]575f)||2 < 7, where 0 < 7y < o0;
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4) ﬂNleﬂ < fLTQ < au’'a, where —oo < /3’ < 0 < & < oo(notice that if we know the Lo gain I' of
YA, then we could simply choose f=-Tand @ =0);
then under the following scheduling strategy, the passive system under the control action u(t) = —Ky(t;)
for t € [t; + Ay, tiv1 + Ajq1], where K > max{— B, 0}, is asymptotically stable:
o tg=1tg+ No;
o i1 =1ty +T0, T0= 7’YL(2-‘!1-C+F) In (1 ﬁg%g&);

e tivi=ti+ i +T1,0=1,2,..;

where ¢; is the time at which the sensor gets the measurement of the output y(¢;), and { = max{ﬁ, ﬁ},

L is the Lipschitz constant of f(x,u); choose 7,4, &' as constants such that 0 < 6 < 6 < 6 < 25;%
and
14+CHT | 4
o 1 0 ( pETEn U) a7
LR+ C+D) N 46

A\; is the estimated admissible execution delay of the actuator after the sensor gets the ith measurement

of the system’s output, and

A; = min [51-_, 5;"], (18)
where
1 2+ +D)ally(ti)l2
& = In 4 1), (19)
R Rk VG praycarey o TR e e PO,
and
14¢+T0 | o
e = ! n ( it + 0 ). (20)
LA CHD) s

Proof. Let e(t) = y(t) — y(t;) for t € [t; + i, tit1 + Di41] denote the error of the measurement at the
actuator, and let é(t) = y(t) — y(t;) for ¢ € [t;, t;+1] denote the error of the measurement at the sensor.
Since the model of the plant ¥, is passive, we have V(z) < u”y. For t € [t; + A, tiv1 + DNiy1], we

have u(t) = —Ky(t;) — y(t), and we can obtain

= —K[y(t) — e®)]"y(t) — () "y (1) @D
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and thus
V() < —Kllyll5 + Kllell2llylla — 5"y
< —Kllyll3 + Kllell2llyll2 — Bllyll3 (22)

—(K + B)llyll3 + Klle]l2lly|-

So, if K > max{—73,0}, and |||z < KTJFBHyHQ for t € [t; + D, tiv1 + Dit1], Vi, then we will have
V(x) < 0, Vt, and the closed-loop system is asymptotically stable since we assume that 3, is ZSD.
Moreover, since e(t) = y(t) —y(t;) for t € [t; + L, tir1 + Diy1], we have ||ell2 > [|y(ti)]]2 — ||y]|2, and
we can obtain a sufficient condition for ||e[|2 < KTJ“BHyHQ to hold which is given by

K+p

llell2 < 2K+B”?/(ti)\|27 for t € [ti + Ditig1 + Digal. (23)

If we consider non-zero execution delay of the actuator, the evolution of H” ((tt ))H”[ should appear as

shown in Fig.3. For t € [t;,t; + A;], we have e(t) = y(t) — y(t;—1) and é(t) = y(t) — y(t;), and we can

AN A

t, LA G A, 1 A l,- LA Gyt

lle(®)]l2
Fig. 3: evolution of I

obtain

d, . s . Jy . 0 .

s Ie@llz < lle@)ll2 = llg(®)]l2 = Ha%m\h =< Haszszlb
<A (@)l = AIf (2, =Ky (ti-1) — 9)ll2
=7f(x, =K (y — ) = 9)ll2

<AL[|lzll2 + [yl + llell2 + [|7]2] 2

/\

Cllyllz + llyll2 + [1e + y(t) — y(ti—1)ll2 + Tllyll2]

[

vL|

YL[(1+ ¢+ D)yl + 16+ y(ti) — y(tio1)|l2]
VLI + ¢+ TD)lE+y(t) 2 + 16+ y(t:) — y(tio1)ll2]
vL(

2+ ¢+ D)llefla + L+ C+D)lly(ti)ll2 + 7Ly (t:) — y(tia)ll2,
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where ( = max{ﬁ, ‘—é'} So the evolution of ||é(¢)||2 during the time [t;,t; + A;] is bounded by the
solution of

O(t) = VL2 + ¢+ D)o(t) + L1+ ¢+ D)lly(ta)ll2 +vLlly(t:) — y(ti-1) 2, (25)

with ¢(t;) = y(t;) — y(t;) = 0, the solution to (25) is given by

¢&%_ﬂ+C+FMM?%;1%W)—MH4WqQchwwtn_q. (26)

, and let ¢(t; + A;) = 7l|ly(t;)||2, we can get an estimate of A, if we

: ~ K+

So if we choose 0 < 0 < V]

denote it by ¢, then g, is given by

1 2 Dolly(t;

o mf+ (2+ ¢+ D)5yt 2 ] o
yL(2+(+1T) (L+ ¢+ D)llyllz + ly(t) — y(ti-1)ll2

and notice that ¢, > 0 for any ¢ > 0 and ||y(;)||> cannot goes to zero in a short time because by

applying output feedback to the passive system model, the output y(¢) goes to zero asymptotically.

Assume that the actuator updates the control action at ¢ = ¢; + 4\;, and choose a ¢ such that

K
O<o<o< +@,
2K+
then for ¢ € [t; + A, tiy1 + Aj+1], we have
e(t) = é(t) = y(t) —y(t), (28)

oy, . .
< H%Hzllxllz <Alf(x, —K(y —e) —9)2
Izll2 + llyll2 + llell2 + [1]]2]

Cliyllz + lyllz + llell2 + Tllyll2] (29)

L]

L]

YL+ C+Dllyll2 + llell2]

VLI +C+TD)le+y(ts)ll2 + llell2]

<AL+ C+T)llella + L1+ ¢+ D) ly(t) 2,
so the evolution of ||e(t)||2 during [t; + A, tiv1 + Ai+1] is bounded by the solution of
O(t) = YL(2+ ¢+ T)p(t) + yL(1 + ¢+ D) ly(ts) |12, (30)

with ¢(t; + A;) = ||y(t: + Ai) —y(ti)||2 = &|ly(ti)||2, we can get the solution to (30) which is given by

CAH Dyl + @+ CHDEyE2 Ar@rciryetoay  1HCFD,
P = 2+(¢+T ¢ s e vl GD
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le®)]l2

Assume that at ¢t = t;1, we have ¢(t;1+1) = ||y(t;)||2, then an estimate of the time it takes for

ly ()l
to evolve from o to & is given by
A 14¢HT
= 1 In ((f - ﬁgﬂ ) (32)
YL(2+(¢+T) &+ v

and notice that for any & > ¢ > 0, we have 7 > (. Next, assume that ¢ = ¢;41; + A;4+1, we have

H(tiv1 + Aiy1) = 6 ||y(t;)||2, where we have

!’ K
O<o<o<o < +ﬁ~.
2K +

Since e(t) = y(t) — y(t;) for t € [tit1,tit1 + Aiy1], we can still get an estimate of the time it takes for

H”;é%"l to evolve from & to 6  based on (30). If we denote it by 5?, then we can obtain

__ 1 ) ((}' + ;jgﬂ) o)
- = il /-
YLE+CHD) ey 2+CHT

Now we could give a lower bound of A; which is given by (notice that A; is the execution delay of the

actuator after the sensor gets the measurement y(tz))

A; = min[e;, ;] (34)

AR

and the corresponding estimate of the time for the sensor to get the next new measurement is given by

tiv1 =t + Nj+ 7. (35)
Since we choose) < 6 < 6§ < & < 211((1%’ for t € [t; + Ay, tit1 + Aiy1], Vi, we can guarantee that

V(x) < 0,Vt. Thus, if the model of the plant is ZSD, then the closed-loop system under the proposed

self-triggered scheduling strategy is asymptotically stable. B

Remark 1: For the linear system case, consider the model of the plant given by

& = Ax + Bu
3o (36)
y=Cu,
and the feedback uncertainty given by
i = Az + Bi
YA . (37)
y=0Cz,

the closed-loop system is shown in Fig.4. We assume that 3, is passive, and XA is a La stable system

with finite Lo gain I'. For ¢ € [t;,t; + A;], we have e(t) = y(t) —y(t;—1) and é(t) = y(t) — y(t;), so we
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Y X= A%+ Bi Y
~ S~
y=Cx
0+ PooT u %= Ax+Bu Y
() > >
y=Cx

Fig. 4: Linear Feedback Uncertainty

can obtain q . . oy '
ZI€@llz < lle®)ll2 = gz = | 5722 = | C2]2 a8)
= [|[CAz + CBul|y < ||CAz||z + [|CBull2,
if ||ﬁj|i\\z — (QCZ?TTCCTTCCS?% < ¢, where 0 < ¢ < oo, then we can get
Lt < A+ CBul» < |[CAx]> + | CBull
< Cllyllz + ICBull
= Clle+yllz + | = CB(Ky(ti-1) + §)ll2
< Clléll2 + Clly(Eallz + ICBKy(ti-1)ll2 + |CBll2|7l2 (39)
< Cllell2 + Clly(E)llz + ICBKy(ti-1)ll2 + [|CB[2L[yll2
= ¢llellz + Clly(Eo)ll2 + [|CBKy(ti-1)ll2 + [[CB|2L € + y(ti)ll2
< (C+ICBl2D)éllz + (€ + [|ICBlD)[ly(t:)ll2 + |CBKy(ti-1) |2
so the evolution of ||é(t)||2 during the time [t;,¢; + A;] is bounded by the solution of
o(t) = (C+ |CBl2D)g(t) + [CBEy(ti-1)|l2 + (¢ + [ICB2D)ly(t:)]l2 (40)
with ¢(t) = ||y(¢;) — y(t;)|l2 = 0, the solution to (40) is given by
b(t) = HCBKy(ti_l)\Cz;r‘(é;HIEB\hF)Hy(ti)M [eCHICBID)E-t) _ 1] 1)
DRAFT
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so in this case, ; is given by

1

(€ + [[CBll2L)ally(t:) 2 I

e =—In[l+ (42)
¢+ [[CBl2T : ICBKy(ti-1)ll2 + (¢ + [[CB2T) |y ()2
For t € [t; + Ai, tiv1 + Ajy1], we have e(t) = y(t) — y(t;), and we can obtain
d i . .
gpllellz < llellz = [l7]l2 = |Cll2 = |C(Az + Bu)ll2 < [CAzl2 + |CBull2
<(llyll2 + || = CB(Ky(t;) + )|l
[yll2 + | (Ky(t:) +9)ll )
< (llyllz + ICBEy(t:)l2 + [|CByll2
< (C+ICBl2D)ellz + (¢ + [|OBll2I + |CBK|[2)[y(t:)]|2;
so the evolution of [le(t)[|2 during [t; + A, ;1 + A1) is bounded by the solution of
3(t) = (¢ + |CB[2D)é(t) + (¢ + |CBl|2L + [|CBK]|2) | y(t:)]2- (44)
Based on this, we can get
OB T ¢+ OBl + [CBE |2 4+ (¢4 [|CB|l21)6
and
_ 1 ¢+ CBJ2T + [|CBK|ls + (¢ + [|CB]2T)a
T = n [ —]. (46)
CHICB[2l ¢+ [CBll2I + [CBK|l2 + (¢ + [|CB||2I')5

Remark 2: If the model of the plant is not passive, but it satisfies the following dissipative inequality
given by
V(z) <uly+py"y (47)

where p > 0 is the smallest value such that the above dissipative inequality holds, then we need choose

K carefully. Since for t € [t; + A;, tit1 + Ai11], we have u = —Ky(t;) — §, we can obtain
Vi) <uy+pyy = [-Kylt:) — 9"y + py"y
< —Ky'(t)y -5y +pyty=—Kly—e)y -5y +pyy
= —Ky'y+Kely—5"y+py'y (48)
= —(K—pyy+Ke'y—g"y
< —(K = p+B)lyllz + Kllell2]lyl2,
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so if we choose K > 0 and K > p — /3, and if |le]|s < K_TP’LBHyHQ for t € [t; + A, tiy1 + Aiga], Vi,
then V() < 0,Vt. One could show that a sufficient condition for ||e/|s < K_T’)J“BHyHQ,Vt is given by

K—p+5
2K —p+f

So in this case, the ,5,6 in the proposed self-triggered scheduling strategy in Theorem 1 should be

||€”2 < Hy(ti)Hg, fOT' te [tz‘ + Az‘;ti—H + Ai+1],Vi. (49)

properly chosen such that

. K — 3
0<o<o<s <« X2PtB

—. 50
2K —p+p 0

Remark 3: Assumption 2) in Theorem 1 is rather conservative, since we restrict output y = h(x) of the
plant to belong to a bounded sector. But most of the time, this assumption can be relaxed as long as we

can get

1912 < pallyll2 + p2llell2 (51)

for some constant p; > 0 and py > 0, and similar self-triggered scheduling strategy can be obtained.

Also in this case, the output y does not to have the same dimension as the state x.
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V. SELF-TRIGGERED REAL-TIME SCHEDULING IN PRESENCE OF FEED-FORWARD UNCERTAINTY

Theorem 2.Consider the control system as shown in Fig.5, where the plant model is given by

Yo : (52)

Yo = h(z)
x € R" is the state, u € R™ is the control input and yo € R" is the output; 3, is a ZSD passive system
satisfying the passive inequality given by

V(z) < ulyo (53)

with V(x) > 0. We assume that the plant model is subject to feed-forward model uncertainty, where the

Plant
AT I
y=h()
+
0+ u x=f(x,u) v, * ¥
> > =kt [ PO >
K |-

Fig. 5: Feed-forward Uncertainty

model uncertainty is a Lo stable dynamic system with finite £o gain I which is given by
i = f(&,1)
DI ] (54)
y = h(z),
where £ € R" is the state, @ € R™ is the control input and § € R"™ is the output. If the following
conditions are satisfied
1) f:R*"xR" - R"and f:R" x R" — R" are Lipschitz continuous on compacts;
2) h : R" — R™ is a static nonlinear function of = which belongs to a sector [(,, a,| such that
BoxTx < 2Th(z) < apaTz, where a,f8, > 0;
3) h : R® — R™ is a static nonlinear function of # which belongs to a sector [Sa,aa] such that

BaiTiE < #Th(z) < apzTi, where apfa > 0;
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4) ||ah x)H < 51, where 0 < 71 < oo, and || x)H < 72, where 0 < y2 < o0;
5) ﬁu @ < @'y < au’u, where —oo < ﬁ < 0 < & < oo(notice that if we know the Lo gain I' of

YA, then we could simply choose f=-Tand @ =0);

then under the following scheduling strategy, the passive system under the control action u(t) = —Ky(t;)
for t € [t; + A, tit1 + Ait1], where K satisfies K > 0 and K + BKQ — & > 0(6 > 0 is a constant), is
asymptotically stable:

. tozto—l—Ao;

_ Y1LiGio
o tr=to+ 10, 10 = 57 (L s e iR TR )

e tivi=ti+ N +T1,1=1,2,..;

where ¢; is the time at which the sensor gets the measurement of the output y(¢;), and ¢; = max{ ﬁ, ﬁ}
G2 = max{‘a—lAl ﬁ} Ly is the Lipschitz constant of f(x,u) and Lo is the Lipschitz constant of f(Z, i);

choose o 0 as constants such that 0 < 5 < 6 < & < o, where

K+BK2—5 _
L(K+25K?)*—BK>

o= - , (55
L\ s
and
S S (71L1C1(1 +TK) + 72 La(ol'K + 71L1C15). (56)

L& LG (1 +TK) +y9 Lol K +y1 L1167

A\; is the estimated admissible execution delay of the actuator after the sensor gets the ith measurement

of the system’s output y(t), and

A; =min [e] ] ], (57)
where
- 1 & ly(ts)|l2
i T In (1 + RUCH RSN NATTCEY) (58)
Y1L1G ly(t)||o + KEQ2LaC Z?Llcf )yt
and
oLy (GO ATE) £ 9 LaGlK 4 1 LG 59)
ComlaG ML1G(1+TK) 4+ v Lo(olU K + y1 L1 (16
Proof. Since the model of the plant is passive, we have
V(z) <ulyo, (60)

2010-04-17 DRAFT



16
since y = yo + ¢, we have V(z) < u”(y —§); since u = —Ky(t;) = —K(y—e) for t € [t; + Ay, tis1 +
Ajt1], we have
V<ully—g) =uy—u"j<u’y—pu'u
=-—K(y—e)ly—BKE*(y—e)'(y—¢)

= -KyTy+ Kely — BK*(y —e)T(y — e)

] ] ) 61)
= (K = BE?)y"y + (K + 2BK?)e"y — BK?eTe

= —[6yTy — (K +2B8K%)eTy + 45(K+2BK2> e]

+ (-K — BK? + &)y Ty + [-BK? + 45(K+ 26K?)%)e”

where § > 0 is a constant. So if

K+ fBK2 -6
< £ _ 62
ell2 < \/415(1(+25K2)2 _ﬂKzlly!b (62)

and if we choose K > 0 such that K + 3K? — § > 0, then we can get V(z) < 0. It can be shown that

a sufficient condition for (61) to hold for any ¢ is given by
lellz < ally(toll2, for t € [ti + Ai,tigr + Aiga], Vi (63)

where

K+BK2—5 _
15 (K +26K2)2— 5K
o= . (64)

K+BK2=$§
1+ \/415([(+25K2)2/3’K2
l[e()]2

If we consider non-zero execution delay of the actuator, the evolution of Iy(E)[l, appears as the same as

shown in Fig.3, where e(t) = y(t)—y(t;) for t € [t;+A;, t;+1+A;11] denotes the error of the measurement
at the actuator. Again, let €(¢) denote the error of measurement at the sensor. For ¢ € [t;,t; + A;], we

have é(t) = y(t) — y(t;) and e(t) = y(t) — y(ti—1), based on this we can obtain

%Hé(tﬂb < ez = Hy(t)lb = ll90(t) +4(®)ll2 < llgo ()2 + 5 (t)[l2
Hayo

ll2 + H iUH2 < mllll2 + 2|22
(65)
=yl (z,u)ll2 + 2l f(Z, )2

< mLaljzll2 + y2La|| 22,
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if assmption 2) and 3) are satisfied, then we have ||z||2 < (illyoll2 and ||Z]l2 < (o||9]l2, where ¢ =
max{ﬁ, ﬁ} and (o = max{ﬁ, @} Then we can get
L1edll2 < mLaGillgolls +v2Laal1

= nLiGlly = 9ll2 + v2L2Calgll2

<mLiGllyllz + (LG + v2L2G)|l9])2 (66)

< vliGillé+y(t)llz + (nLi + 72 LaG)T Ky (ti-1)]l2

< mLiGillellz + v LaGully(i)ll2 + (LiCy + y2L2G)TK||y(ti-1) l2-
So the evolution of ||é||2 during the time [t;,t; + A;] is bounded by the solution of

O(t) = nL1Go(t) + i LiCilly(ta) 2 + (mLiCi + 12 LaG)TK |y (ti-1) 2, (67)

with ¢(t;) = ||y(t;) — y(t;)||2 = 0, the solution to (66) is given by

B 4 (MmL1G + 72 L) Klly(ti—)ll2\ / virici—t)
(1) = (ly(t)llz + LG ) (e 1). (68)

Assume that at t = t; + A;, we have ¢(t; + A;) = 7||ly(¢;)||2, where 0 < & < o, then we could get an

estimate of A; based on (67), if we denote it by ¢, , then €; is given by

_ 1 lly(ti)ll2
g = In (1+ —). (69)
g ’}/L1C1 ||y(t1)H2 + (’YlL1C1+’Yz{ﬁ%l)£KHy(t171)Hz

Notice that €, > 0 for any & > 0 and ||y(%;)||2 cannot goes to zero in a short time because by applying
output feedback to the passive system model, the output y(¢) goes to zero asymptotically.
Assume that the actuator updates the control action at ¢t = t; + A;, for ¢t € [t; + A, tit1 + Ai11], we

have e(t) = y(t) — y(t;), and
d . . . P . P
@He(?ﬁ)lb < le@llz = llg)llz = llgo(t) + y(t)ll2 < llgo()ll2 + 5 (E)l]2
< mlldllz + 2l < L)zl + Y2 Lol E])2

<mLiGllyollz +v2L2CallFlle = v1LiCilly — dll2 + Y2 L2Cal|F]l2

(70)
< nLiGllyllz + (nLac +72L262)]17]2
<mliGlle +y(t)ll2 +v2LaC)T K[y (ti) |2
<mLiGllellz + (LG (1 +TK) 4+ 72 LaGUK] |y (4|2,
so the evolution of ||e(t)||2 for ¢ € [t; + Ai, tit1 + Asy1] is bounded by the solution of
o(t) = nL1G1o(t) + LG (1 +TK) + 52 LaGal, K]y (t:)]l2 (71)
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with ¢(t; + A;) = &||ly(t;)]|2, the solution to (70) is given by

_ YL1G (1 +TK) + 2 Lalel' K
MLiG
llell2

Choose 0 < & < & < & < o, then we can get an estimate of the time for Wi © evolve from & to

(1) ly(t) |2 (€75 — 1) + G|y (ts) |2 214 (72)

& and from & to &, if we denote them by 7 and 5;2 then we can obtain

L 1 | (V1L1C1(1 +TK) 4+ 72Loel'K + ’71L1C1?7) (73)
LGt LG (1 +TK) +y2 Lol K + 41 L1667
and
1 LiG(1+TK LyGoTK L1666
o I (1 1G(1+TK) +y2LoGl'K + 1 Li1Gi6 ). (74)

LT LG N ML1G (1 +TK) 4+ vL(I' K + v L1 (16
and notice that for any 0 < 5 < & < ', we have 7 > 0 and ¢ > 0.
Now, we could give a lower bound of A;, where A; is the execution delay of the actuator after the
sensor gets the measurement y(t;):
A; = minfe; , &/, (75)
and the corresponding estimate of the time for the sensor to get the next new measurement is given by

tiv1 =t +A; + 7. (76)

Since we choose 0 < & < & < 6 < o, then by applying the proposed scheduling strategy in Theorem 2,
we can guarantee that V(x) < 0,Vt. Then one can prove that the closed-loop system is asymptotically

stable since we assume that 3, is passive and ZSD, > is Lo stable. B

Remark 4: For the linear system case, consider the model of the plant given by

& = Ax + Bu
DI (77)
y = Cu,
and the feed-forward uncertainty given by
i = A% + B
YA . (78)
y=Cu,

the closed-loop system is shown in Fig.6. We assume that ¥, is passive, and XA is a Lo stable system
with finite Lo gain I'. For ¢ € [t;,t; + A;], we have e(t) = y(t) — y(t;—1) and é(t) = y(t) — y(t;), and

we can obtain

%Hé(t)\b < lle®llz = lg@)ll2 < [5O)]2 + lg0(t)]l2
(79)

= ||CA% + CBul|z + ||C Az 4+ CBul2,
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Plant
i=Ai+Ba |V

> -
y=Cs

+
0o+ u x=Ax+Bu | y, *+ y
> > y=Cx >O >
K -

Fig. 6: Feed-forward Uncertainty

i leac], _ (T ATCTC Az) %

_ |CAz|l, _ (zTATCTCAz)3
[lyoll= (xTCTCxz)2 3

< [lef
< G and FEp @7 CTCa)

< (9, then we have

d B ~ ~
i 1€@llz < Gllgllz + [CBull2 + Giliyollz + |CBull2

< Gl llullz + [CBullz + Gilly — §ll2 + | CBull2 (80)

< Gilléllz + K (GT + L + [CBll2 + IOBIl2) [ly(ti-1)ll2 + Cully(t:) 2.
For t € [t; + As, tit1 + Aiy1], we have e(t) = y(t) — y(¢;), and we can verify that

d 3 .
%Ile(t)\lz < Glléfla + [K(GT + G + |CBll2 + |CBll2) + G ly(t:)]l2- (81)
So in this case, we have
1 jod .
G K (GT 4 QU + [|[CBll2 + |ICBI2) [ly(ti-)ll2 + Cully(t) |2
o= Ly (KGT + Gl + OBl + [CBl2) + G+ G5 @)
’ 1 K(GT + G+ ||CB|l2 + |CB||2) + ¢ + 16 ’
and o
oo L K@U+ QU [[CBl2 + |OB|2) + G + Qo 84)
G K(GU+ QU +[[CBll2 + |CBl)2) + G + Gio
(85)
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Remark 5: Consider the case when the model of the plant is not passive, but it satisfies the following
dissipative inequality given by
V(@) < u"yo + pyg vo (86)
where p > 0 is the smallest value such that the above dissipative inequality holds. Then one can show
that for ¢ € [t; + Ay, tiv1 + Aj+1], we have
V() < u"yo + pys o

=—K@y—e y+py—5)"(y—19)

= —(K = p)y'y+ (K =2p)y"§+py' g+ Ke'y — Ke'y

< —(K = p)llyll3 + 1K — 2plllyll2ll7ll2 + pll7l3 + Klellzllyll2 + K lell2]17]l2

< (=K +p+ K|K = 2p|T + pK°T?)|[y13

+ (KT + pl?K?)|Jel|3 + (K| K = 2|0 + K + TK?)el2]lyl2

= —[0llyll3 — (KK = 2p|0 + K + TE?)|ellzllyll2 + 4 : 5 (KK = 2p|0 + K + TK?)?Je][3]

+ (=K + p+ K|K = 2p|T + pK°T* 4 6)|lyl3

1
+ [K°T + pI'*K? + 15 (KK =200 + K + TK?)%|le||3
87
where 6 > 0 is a constant, and I" is the finite Lo gain of the uncertainty. One can see that not for any

finite gain I" we can find a K > 0 and ¢ > 0 such that

(K — p— K|K - 20|0 — pK°T* = 6)[yll3 > [K°T + pL2K” + — (K|K — 20|0+ K + TK*)]e[3 (88)

46 (
to guarantee that V(a:) < 0. But for the case when we can find such K and § which satisfy (87), then
let

Ci =K —p—K|K —2p|T — pK°T? — 5, (89)
and

1
Cy = E(K;K— 200 + K +TK?)? (90)

1
Cz

ﬁ

the corresponding triggering signal o in Theorem 2 is then given by o = , and we can develop

1+
similar self-triggered scheduling strategy as discussed in the proof of Theorem 2 to stabilize the closed-

loop system.
Remark 6: Assumption 2) and 3) in Theorem 2 are also very conservative. Most of the time, these two
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assumptions can be relaxed as long as we can get ||Joll2 < pol|yol|2 and ||7]]2 < p||F]2, for some constant
po > 0 and p > 0, then similar self-triggered scheduling strategy can be obtained. Also in this case, yo

and gy do not have to have the same dimension as x and .
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VI. EXAMPLE
Example 1. Consider the model of the plant which is a linear passive system given by
z1(t) = =bx1(t) — x2(t)
Yo 1 4 do(t) = —wo(t) + ult) oD

y(t) = xa(t),

assume its feedback uncertainty is given by

YA Za(t) = —add(t) — bia(t) +a(t), (a>0,b>0) 92)
g(t) = @2(t).
If we choose V (z) = $3 for the system ¥,, then we have
V(x) = Ty = (—x2 + u)x2 = UY — v, (93)

so Y, is passive, also notice that it is ZSD. If we choose f/(iﬁ) = %aiﬁ‘f + %f%, we have

V(%) = —bj* + ag, (94)

One could verify that the finite £ gain of XA is %. In this case, we can get

1 1+ $)5ly(t:
S SN 5 L4 O] 1], 05)
Ly (4 llyEllz + Klly(ti-i)ll2
1y~ 1
N 1][1[(1+5) +1+5+K] 96)
i 1 5 1 ’
143 1+3)0+1+3+K
and
1 (1+3)o+1+1+K
= Tin | iy 3 ]. €0
I+3 "(A+3)0+1+3+K

According to Theorem 1, we need to choose K such that K > % — 1 and K > 0. The simulation result
whena =3, b=2, K =, 6 = 0.05, 6 = 0.4714 and 6 = 0.5214 are shown in Fig.7-Fig.10, where
the solid line shows the simulation results when we measure the output of the plant every 0.001s and
update the control action without delay, the dashed line shows the simulation results of the self-triggered
scheduling strategy. Minimum admissible delay /A obtained from the self-triggered scheduling simulation
is 0.0134s, the corresponding inter-execution time 7+ A is 0.1246 4+ 0.0134 = 0.1380s. The sensor gets

31 measurements of system’s output in 4s and the actuator updates the control action 30 times in 4s.
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Fig. 7: evolution of the states
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Example 2. Consider the model of the plant which is given by
@1 (t) = =3z} (t) + 21 (t)w2(t)
Yo 1 q @o(t) = 3wa(t) + 2u(t) (98)

y(t) = x?(t)a

assume its feedback uncertainty is given by

YA Za(t) = —ad3(t) — bEa(t) + a(t), (a>0,b>0) 99)

We can see that 3, is ZSD but unstable. If we choose the storage function V (z) = im% for ¥,, we can
get
V(z) = uy + 1.5¢°. (100)

From example 1, we know that if we choose the storage function V(%) = 1ai{ + 132 for XA, then

we could verify that ¥ A has finite £ gain %. Based on Remark 2 of Theorem 1, we need to choose

K>15+ %, and 0<6<6<6 < % In this case, we can obtain
: b
1 34+ )|yt
e — S In [ . ( b)UHy( 1)”2 1]’ (101)
3+3 B+ Plylle +2K]ly(ti-1)|2
1 3+ 26 +3+ 242K
PRRLES Y (Chet 1 A RS (102)
3+E (3+5)O’+3+5+2K
and ) )
1 3+ 2)6+3+2+2K
T = 21ﬂ( ?? 5 ]. (103)

The simulation result when ¢ =3, b=2, K =7, 6 = 0.05, 6 = 0.3167 and & = 0.3667 are shown in
Fig.11-Fig.14, where the solid line shows the simulation results when we measure the output of the plant
every 0.001s and update the control action without delay, the dashed line shows the simulation results
of the self-triggered scheduling strategy. Minimum admissible delay A obtained from the self-triggered
scheduling simulation is 0.0026s, the corresponding inter-execution time 7 + A is 0.0142 4 0.0026 =
0.0168s. The sensor gets 62 measurements of system’s output in 1s and the actuator updates the control

action 61 times in 1s.
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Example 3. Consider the model of the plant which is given by
1 (t) = =325 (t) + z1(t)z2(t)
Yo 1 q @o(t) = 3wa(t) + 2u(t) (104)
y(t) = z2(1),
assume its feed-forward uncertainty is given by
Z1(t) = =321 (t) — T2(t)
YA 1S Zo(t) = —bEa(t) +u(t), (a>0,b>0) (105)

y(t) = Za(t).

If we choose the storage function V(z) = 123 for ,, we can get

V(z) = uy + 1.5¢°. (106)

also, we can see that ¥, is ZSD. By choosing V(i) = 122

, we can verify that XA has finite £ gain %.
According to Remark 5 of Theorem 3, if b = 10, then we could choose K = 3, § = 0.5 such that (88)
is satisfied and the corresponding o is 0.2404. In this case, we can obtain
_ 1 (34 °F +8K)5|ly(t:) |2
& = 6K In | 3K 3K

8K + 5 +3 (4K + 3+ 27 |ly(ta)ll2 + (4K + 25)[ly(t:) — y(ti—1)|l2
AK + 3+ 3K + 8K + %% 4 3)6'
AK +3+ 35 + (8K + 8K + 3)6

+1], (107)

e = n
' O8K+%+3

+ L m] ], (108)

and
1 AK +3+ 3K + 8K + 8K 1 3)6

T = n
8K + %K +3 [4K+3+%+(8K+%+3)&
The simulation result when b = 10, K = 3, & = 0.05, & = 0.2324 and § = 0.2824 are shown in Fig.15-

]. (109)

Fig.18, where the solid line shows the simulation results when we measure the output of the plant every
0.001s and update the control action without delay, the dashed line shows the simulation results of the self-
triggered scheduling strategy. Minimum admissible delay A obtained from the self-triggered scheduling
simulation is 0.0021s, the corresponding inter-execution time 7 + A is 0.0092 4 0.0021 = 0.0113s. The
sensor gets 267 measurements of system’s output in 3s and the actuator updates the control action 266

times in 3s.
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VII. CONCLUSION

In this report, we propose a robust self-triggered real-time scheduling strategy for stabilization of

passive/dissipative systems. We assume that the model of the plant is a passive or a disspative system,

and we assume that the structure uncertainty is a Lo stable dynamic system in a feedback/feedforward

interconnection with the model of the plant. We derived the self-triggered real-time scheduling strategies

for both cases and we have also shown that the inter-execution time under the proposed scheduling

strategy is non-trivial. Simulation results are also provided.
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