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Abstract

In this paper, optimal control problems for hybrid autonomous systems with state jumps are studied.
In particular, we focus on problems in which a prespecified sequence of active subsystems is given and
propose an approach to find the optimal switching instants. Specifically, the derivatives of the cost with
respect to the switching instants are derived and nonlinear optimization techniques are used to locate
the optimal switching instants. The approach is then applied to general quadratic problems for hybrid
autonomous systems with linear subsystems and linear state jumps, where it is shown that the special
structure of the problem leads to reduced computational effort. As an application, we use our optimal
control results to address important reachability problems. Examples illustrate the results.

1 Introduction

A hybrid system is a dynamic system that involves both continuous and discrete event dynamics. The
subsystem continuous dynamics are usually described by differential/difference equations and the discrete
event dynamics are described by switching laws. Discontinuous jumps of continuous states may occur when
the system switches from one subsystem to another. Examples of hybrid systems can be found in chemical
processes, automotive systems, and electrical circuit systems.

Recently, many results for optimal control of hybrid systems have appeared in the literature. [4, 5, 9,
13, 14, 15, 17] report some theoretical results, for example, extensions of the classical maximum principle
and/or the dynamic programming to such problems. However, due to the lack of efficient constructive
methodologies in these papers, it is difficult to apply such theoretical results to locate the optimal solutions.
On the other hand, several practical approaches have been proposed for finding numerical solutions to
various classes of hybrid systems optimal control problems (see, e.g., [2, 7, 8, 10, 11, 12, 16, 22, 23]). Many
of these papers find approximations to local optimal solutions.

In this paper, we focus on optimal control problems for a class of hybrid systems where each subsystem is
autonomous (i.e., with no continuous input) and state jumps are present at the switching instants. For such
problems, we develop an effective approach for finding accurate numerical values of local optimal solutions.
In particular, we focus on problems in which a prespecified sequence of active subsystems is given. Such
problems arise naturally in multimodal control and in logic-based control systems whose controllers are
switched among several given controllers. Nonlinear autonomous subsystems and performance costs which
are not necessarily quadratic are considered in the paper. We note that the cost is actually a function of
the switching instants for such problems and use constrained nonlinear optimization techniques to locate
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the optimal switching instants. To apply nonlinear optimization techniques, we need first to determine
the values of the derivatives of the cost with respect to the switching instants. An approach is proposed
for their derivations and is presented in detail. One of the main results of the paper is Theorem 3.1
which gives us the expressions of the derivatives and makes possible the calculation of accurate values
of the derivatives. Then the approach is applied to general quadratic problems for hybrid autonomous
systems with linear subsystems and linear state jumps. The computation of the derivatives can further be
simplified by utilizing the special structure of such problems. Finally, we apply the optimal control approach
to reachability problems. Using the approach, the reachability switching instants can be determined if a
final state is determined to be reachable from an initial state.

In our earlier papers [19, 22, 23], we studied switched systems optimal control problems which require
the solutions of optimal switching instants and optimal continuous inputs. Two approaches were proposed
for finding the values of the derivatives of the optimal cost with respect to the switching instants; [23]
reports an approach that finds the approximations of the derivatives based on direct differentiations of the
value functions, and [19, 22] report an other approach that finds accurate numerical values of the derivatives
based on solutions of two point boundary differential algebraic equations. As opposed to switched systems
without jumps in [19, 22, 23], in this paper we focus on hybrid autonomous systems with state jumps which
are an important class of hybrid systems. Here we extend the results in [23] to such hybrid systems and,
moreover, by taking advantage of the autonomous subsystems we develop an approach to obtain accurate
derivative values as opposed to the approximations in [23]. Our earlier results of the research in this paper
were reported in [20, 21] for switched autonomous systems. Another earlier result for a special class of
systems with state jumps was reported in [18].

It is worth noting that most of the available literature results on numerical solutions of hybrid systems
optimal control problems are for discrete-time hybrid systems [2, 11, 12], or based on the discretizations
of time and/or state spaces [10, 16]. However, the discretization approaches may lead to combinatoric
explosion and the solutions obtained may not be accurate enough. Unlike these results, the problem we
consider in this paper is for continuous-time systems and the approach here is not based on discretization;
hence our approach can provide us with accurate values of local minima. The closest literature results
to our paper, as far as we are aware of, are [7, 8] which present closed-loop solutions to a special class
of problems, i.e., infinite horizon problems for switched linear autonomous systems. However, we should
indicate that our approach has the following advantages. First, our approach can deal with finite horizon
problems with nonlinear subsystems, and with costs which are not necessarily quadratic, as opposed to
infinite horizon problems with linear subsystems and quadratic costs in [7, 8]. Moreover, our approach
can be applied to reachability problems, while the approach in [7, 8] fits better for stability problems. In
view of the above, we believe our results are new and contribute to the understanding and the solution of
optimal control problems of hybrid systems.

The structure of the paper is as follows. In Section 2, we formulate the optimal control problem and
propose an algorithm for solving it. In Section 3, detailed derivations are presented to show how to obtain
the derivatives of the cost with respect to the switching instants. In Section 4, these results are applied to
general quadratic problems for hybrid autonomous systems with linear subsystems and linear state jumps.
In Section 5, we show how to apply the optimal control result to reachability problems. Examples are
given in Section 6. Section 7 concludes the paper.



2 Problem Formulation

In this paper, we consider hybrid autonomous systems with state jumps defined as follows. The hybrid
system consists of autonomous subsystems (i.e., without continuous input)

i=fi(z), f;:R" >R iel={1,2--,M} (2.1)

and whenever the system dynamics switches from subsystem ij to subsystem 4,1, a discontinuous jump
of the state & will occur, which are described by a function

x(t,j) = kot (m(t,;)) (2.2)

where z(t;") and z(t, ) are the righthand limit and lefthand limit of the state = at ¢, respectively.
For such a hybrid system, one can control its state trajectory evolution by choosing appropriate switch-
ing sequences. Here a switching sequence o in [to, ;] is defined as

o = ((to,io), (tl,il), (tQ,’ig),' N ,(tK,’iK)), (23)

with 0 < K < oo, tg <t <ty <--- <tg <ty,andip €I, k=0,1,2,--- ,K. o tells us that the switched
system switches to subsystem i at time instant ¢j.

In the following, we assume that a prespecified sequence of active subsystems is given (i.e., the untimed
sequence (ig,i1, - ,ix) is given). Furthermore, we assume without loss of generality that the untimed
sequence is (1,2,--- , K, K + 1), i.e., subsystem k is active in [t;_1,%x). Note that we can always do this
by relabeling the subsystem indices and even expanding the collection of subsystems (i.e., two subsystems
may actually refer to the same actual subsystem). Under such assumptions, we can simply denote the
state jump function at the k-th switching as v¥. We consider the following optimal control problem.

Problem 2.1 (Optimal Control Problem) Consider a hybrid autonomous system with state jumps,
which consists of subsystems fi(x), i € I. Assume that a prespecified sequence of active subsystems
(1,2,--- ,K,K +1) is given. Find optimal switching instants ti,--- ,tx(to <ty < - <tg < ty) such that
the corresponding continuous state trajectory x departs from a given initial state z(tg) = xo and the cost

tf K
Tt i) = (a(ty) + / L) dt+ 3 v (aty) (2.4)
to k=1

is minimized. Here to,t; are given. O

Problem 2.1 is an optimal control problem in Bolza form. Unlike conventional optimal control problems,
here the cost J includes the costs *’s for discontinuous jumps at t;’s. As in the usual practice of
formulating optimal control problems (see [1]), in the sequel, we assume that fi’s, L are continuous and
have continuous partial derivatives; ), 1/*’s, and v*’s are assumed to have twice continuous derivatives.

Remark 2.1 Due to the smoothness assumptions for f;’s, L, 1, ¥*’s, and v¥’s, we can observe that a
small disturbance of (1, - ,tx) will only cause a small disturbance of the J value. Furthermore, it is not
difficult to show that the cost J is a continuously differentiable function of (#1,--- ,tx). a

2.1 An Algorithm
Note that Problem 2.1 is actually a constrained multivariable optimization problem

min; J (%)
subject to £t € T



where T = {t = (tr,tg, - ,tx)Tto <t <ty < - <t < tr}. The following algorithm can be adopted

to solve such a nonlinear optimization problem.
Algorithm 2.1

(1). Set the iteration index j = 0. Choose an initial #/.
: 2\ OJ (7 8%J (77

(2). Find J(#), 27 (#') and S5 (7).

(3). Use some first-order or second-order feasible direction method (e.g., the gradient projection method
or the constrained Newton’s method [3]) to update # to be #/T! = # + o/di/ (here di/ =
—(%(fj))fl(%(ﬁ))T and the stepsize o/ can be chosen using, e.g., the Armijo’s rule [3]). Set
the iteration index j = j + 1.

(4). Repeat Steps (2), (3) and (4), until a prespecified termination condition is satisfied (e.g. | %(fj)HZ <e

where € is a given small number). O

2
97 and &7

In order to apply the above algorithm, one needs to find the values of the derivatives 57 55 (step

(2)). Let us elaborate more on step (2) in the sequel.

3 Differentiations of the Cost Function

In this section, we propose an approach based on the direct differentiations of the cost function to finding

the values of the derivatives % and %. This is extends the results in [20, 21, 23].

Assume that we have a nominal £ = (¢1,--- ,tx)? and the corresponding nominal state trajectory z(t).

For such nominal values, the cost is

ty t

J(t1, - tr) = ¥(z(ty)) +/1 L(z) dt+/

to tF tE

K

! Ko
L(z) dt+--- -l-/ L(z) dt—i-zwj (w(t]_)) (3.1)
7=1

Since zo and ¢y are given in Problem 2.1, J will not be a function of them. Next we define the value
function at the k-th switching instant to be

k+1

>

ty LIS
L(z)dt+---+ /+ L(x) dt + Z P (m(tj_)). (3.2)
23 j=k+1

wloti) + [

k

T (@ (t]), by -+ tr)

Note that, unlike J, J* for k = 1, --- , K will be a function of #;, and of the initial state x(tk+) which depends
on the trajectory before #. Also note that J* does not have the state jump cost and it is

tf

P(a(tp) +/ L(z) dt. (3.3)

+
tK

1>

JE(z(t]), i)
The relationship between J* and J¥*+1 is

-
TE(2(t), b, t) :/t P L) dt g (atn,) £ T @t t) (34)

+
k

for k =1,2,..., K —1. In order to make our presentation clear, in the sequel, we denote 88—{: for the function

2 1k .
J* as a row vector J¥, %TJQ as an n X n matrix J¥, and so on.



3.1 Single Switching

Let us first consider the case of a single switching. Assume that we are given a nominal #; and the
corresponding nominal state trajectory x(t), we denote by #(¢) the state trajectory after a variation dit;
has taken place. In the sequel, we adopt the following notational convention. We write f and f, with a

superscript 1— (resp. 14) whenever the corresponding active vector field at ¢;— (resp. t1+) is used for

evaluation at z(¢; ) (resp. z(#]"). Examples of this convention are f'~ 2 filz(t)), F1F 2 fo(z(h)), fi~ 2

NPT . . . . .
% (z(t])), fat = % (z(t])). Also, we simply write a function’s name with a superscript 1— (resp. 1+)

whenever the corresponding function is evaluated at (¢, ) (resp. x(¢]")). Examples are J'* 2 (z(tf), t1),
JE 2B @) k), L 2 (o)), LY 2 (o), L 2 B (0(D), v 2 4 (a(t), - (be
careful to distinguish the values J'*, JI* L'~ Ll=... from the functions J* (x(tf),tl), J! (x(tf),tl),
L(z), Ly(z),-- ). We also simply denote the lefthand (resp. righthand) limit of (¢; + dt;) as t1 + dt]
(resp. t1 + dt]) instead of the longer notation (¢; + dt;)— (vesp. (t; + dt1)+).

Now consider J(t1) which can be expressed as

tr
T(t) :/ L(z) dt + 9 (2(67)) + T (2(t7), 1) (3.5)
to
For a small variation dt; of t1, we have
t1+dty
J(ty +dty) = / L(2) dt + ' (8(t + dty)) + T (2(t + dt), t1 + dty). (3.6)
to

There are three terms in (3.6). Let us consider the second order Taylor expansion of each term. In the
following derivations we denote dz(t;) 2 E(ty +dt;) — z(t]) and dz(t]) 2 #(ty +dt]) — z(t]).
Consider the first term ft1+dt; L(%) dt in (3.6), if dt; > 0, we have

to
t1+dt; ty t1+dty
/ L(3) dt = / L(x) dt+/ L(#) dt
to to ty
ty 1
= /t L(z) dt+L1—dt1+§dt1L};dx(t;)+H.o.T. (3.7)
0

where H.O.T. stands for Higher Order Terms. Note that in deriving (3.6), we have used the relationship
z(ty) = z(t;). If dt; <0, we have

t1+dt; t; t1+dt;
/ L(3) dt = / L(x) dt+/ L(z) dt

to to ty
-
1
= / " L(x) dt + L' dty + §dt1L;_dx(t1_) + H.O.T. (3.8)
to

which has the same expression as (3.7) although the derivation is slightly different.
For the second term in (3.6), we have

P (2t +dty)) = ¢ (z(t)) +dz(t)))

1
= W 4y da(ty) + 5 (da(ty)) i, da(ty) + HO.T. (3.9)
For the third term in (3.6), we have the second order expansion
1( + 1+ 1+ + 1+ 1 +\\ 7 71+ + Lo o
JHE(t +dtf), 6+ dty) = T+ JyTda(t) + JLdE + §(dx(t1 )" T dz(t]) + 5 i di
+dty J) hdz(t]) + H.O.T. (3.10)

5



In order to express (3.6) into second order expansions with respect to dt;, we need to find the second
order expansions of dz(t; ), dz(t]") in terms of d¢;. First note that

1>

dz(t7) = &ty +dt7) —a(ty) = f1odt + %f;‘fl—dt% + o(dt?). (3.11)

Note that in (3.11), o(d#?) refers to a column vector with each element being o(d#?). We will not explicitly
mention this later in the paper since it will be clear from the context. Next we have

de(t}) 2 @t +dth) —a(t) = 4 (@0 + di7)) =7 (2 (1))

1 (dz(tf))Tiazv(ll)@(;(t”) da(t)
= s dz(t]) + 3 : + H.O.T. (3.12)
(dx(t;))T77<n>( (1) da(t7)

where 7(1].) refers to the j-th element of the vector-valued function v'. Note that

T vy \2(t) _ 7Py ()
() 22D gy | [ gryrZnlie)
: = : f17dt? + o(dt?). (3.13)
T P \2(t]) _ P (D)
()" D2l gy | | eyl
If we define ( )
iy ()
A (fl ) (1291'2
¢ = : (3.14)
(fl—)T8 ’7(”39:(;('51 ))
and substitute (3.13) into (3.12), we obtain
da(t}) = 7L fldty + Sk F1 4 €1) f1dl + o(dd) (3.15)

2
Substituting (3.11) and (3.15) into (3.7), (3.9) and (3.10) and summing them, we obtain

1 1
J(ty +dty) = J(ty)+ L' dt, + —dtlLl’dx(tl’) +aprdz(t]) + 3 (d(t])) oy da(t))
1
FIde(t]) + I dt + - (dz(ﬁ))TJ;;dz(tf) + i

+dty J} de () + H.O.T.

tix

= J( D+ E g S+ Ly U+ T dh
g (7l P O IO
)T ) T £ 4 T+ 25 1) d + olar)

J(t1) + Jidty + 5Jtltldt% + o(dt?) (3.16)

1>

Now let us consider J'(z(¢]),#1) which is the value function for the given nominal z(¢]) and ¢;. The
following dynamic programming equation holds for it

Jit =gttt =Lt (3.17)



Note that (3.17) can be derived similarly to the HJB equation. However, the difference between it and
the HJB equation is that (3.17) holds for any trajectory that is not necessarily optimal (for more details
see [6]).

By differentiating (3.17), we obtain

I o= = -t - Lt (3.18)
T = IR = (YT T e (L (3.19)

Substituting these into (3.16) we have

Jy = L' =Ly (T = ) (3.20)
Tt = Ly — Ly )+ fa o+ () Tk
+ L e f €T = e T = (LT AT L (e f T = )
+oy = e = ) (3.21)

3.2 Two or More Switchings

In order to construct a second-order optimization algorithm for hybrid systems with two or more switchings,
we need more information to derive the derivatives of J with respect to the #;’s. Let us first consider the
case of two switchings. Assume that a system switches from subsystem 1 to 2 at #; and from subsystem 2
to 3 at ta (to <t <ty <ty). The cost then is

Koty = [ 1) d g (w6) + 7 (o) 02 (3.22)

to

tr ty
— / ' L(z) dt + ' (z(t))) +/+2 L(z) dt + ¢ (z(ty)) + J* (z(t5), t2). (3.23)
to t]

Using (3.22), by holding ts fixed, Jy,, Jy,¢, can be derived similarly to that in subsection 3.1. On the
other hand, if ¢; is held fixed, the first two terms in (3.23) will not contribute to the coefficients Jy,, Ji,1,.
Jty, Ji,t, can then be derived using the expansion of the last three terms in (3.23) with respect to dio
similarly to that in subsection 3.1. However, we need additional information to derive J;,4,. Arguments
from the calculus of variations will be used in the followings to derive it. Let us first define the important
notion of incremental change which will be used in the sequel.

Definition 3.1 (Incremental Change) Given any variations dt; and dta, we define dz(t), min{t] #; +
dtf} <t <max{t,,ts +dt, } to be the incremental change of the state due to dt; and dty. In detail, it is
defined as follows (see figure 1).
Case 1: dt; > 0,dty > 0 (see figure 1(a))

In this case, 0x(t) is defined to be

#(t) —z(t), t € [t + dt],t;]
dx(t) =< wyi(t) —z(t), t € [t],t1 +dt]] (3.24)
2(t) — 21(t), t € [ty ,ta + dt;]

where y1(t) is the solution of

fa(ni (1), t €[t b1 + dt]]
{ yi(t + dt*) =z(t + dt+) 1 (3.25)



5 x(t +dth) X(t3) 5 x(t +dth)

Y0 5 dt: p Y0 6x(t +dt ;)
Sx(th T X(t) o ,}((t 2+t Sxth () 2(t)
N z /(f)\ 5x() 8X(t)
x(t) 1\ x(t) ~—_
L L L L
tyt+dt, t, t+dt, t,trdt, thdt,t,
(@ dt,20,dt,20 (b). dt ;2 0,dt <0
REY Ex(t ) Y4

3x(t 7 dt;)

SX(t +dt ) \\X(t)_/;,{a(t) SX(t +dt) \x(t)//m
)‘% LRGP 3t X))

) O X(1) - L OX(t) 3
N : 'z j(t)\

L L L L
to4dt, t, t,t+dt, to4dt, t, t4dt, t

(©. dt <0,dt 20 (d). dt <0, dt <0

Figure 1: The incremental change dz(t) for (a). dt; > 0, dta > 0; (b). dt; > 0, dta < 0; (c). dt; <0,
dty > 0; (d). dt; <0, dty <0.

and z1(t) is the solution of

{ 21(t) = f2(z1(t)), t € [ty , b2+ dty] (3.26)

z1(ty) = 2(ty)-
Case 2: dt; > 0,dty < 0 (see figure 1(b))
In this case, 0x(t) is defined to be

E(t) — z(t), t € [th + dt],ta + dt;]
Sx(t) =< yolt) — m(t), t € [t],t1 + dt]] (3.27)
2o(t) — x(t), t € [t + dty ,t5]
where yo(t) is the solution of
Tt +dtf
F2(u2(0)), € 1b ] (3.28)
y2(t1 =+ dt1 ) = (L‘(tl —+ dt )
and zy(t) is the solution of
f2(z2(t) ) t € [ty +dty,t5] (3.29)
Zg(tg + dt2 ) = &(t2 + dty ).

Case 3: dt; < 0,dty >0 (see figure 1(c))
In this case, 0x(t) is defined to be

#(t) —z(t), t € [t],t5]
dx(t) =< #(t) —ys(t), t € [ty +dt],t]] (3.30)
B(t) — 23(t), t € [ty ta + dt;]

where ys(t) is the solution of

(3.31)



and z3(t) is the solution of

{ 23(t) = fa(23(t)), t € [ty 12+ dty] (3.32)

z3(ty) = z(ty).
Case 4: dt; < 0,dty <0 (see figure 1(d))
In this case, 0x(t) is defined to be

() — x(t), t € [t],ta +dt;]
ox(t) =< &(t) —ya(t), t € [t1 + dt],t]] (3.33)
24 (t) —x(t), t € [ta + dt; 5]

where y4(t) is the solution of

ya(t) = fo(ya(t)), t € [t1 + dt} )]
{ yalt) = a(t?) (339
and z4(t) is the solution of
24(t) = fa(z4(t)), t € [t2+dty 15 ]
{ z4(to + dt3) = Z(ta + di3). (3:35)
O

Remark 3.1 Note that dx(¢) defines the difference between Z(¢) and z(¢) in the time interval where
subsystem 2 is active. Moreover, by extending the trajectories £ and x under the dynamics of subsystem
2 to the time interval [min{t,¢; + dt] }, max{t; , %, + dt; }] in which at least one of #(¢) and z(t) evolves
along subsystem 2, dz(t) even defines the difference for this interval. 0

In the followings, the expressions for dz(t, ), dz(t, ), and dz(t5) are derived.

Lemma 3.1 The expressions of dz(t, ) and dx(ta + dt; ) are as follows

sz(ty) = Aty )y f17 — f1)dty + o(dty), (3.36)
Szt +dty) = Aty t7) (v '™ = f10)dt + f27 Ao, t1) (va~ f'7 = fH)dtrdts
+(terms in dt?,dt5 and H.O.T.), (3.37)

where A(t;,ti") 1s the state transition matriz for the variational equation

jto) = 2200 (3.9

fory(t),t € [t7,t5]; in (3.38), x is the current nominal state.

Proof: See Appendix A. a
In fact, from the proof of Lemma 3.1 (see Appendix A), we can observe that dz(t) = A(t,t])éx(t]) +

(H.O.T. in 6z(t])) = A(t,t])dz(t]) + o(dt1) for any t € [min{t],¢; + dt]}, max{t;,t2 + dt; }]. The

following important principle can be obtained directly from this observation. We refer to it as the forward

decoupling principle. It reveals some intrinsic relationship among different switching instants.

The Forward Decoupling Principle:

(a). The value of the incremental change dz(t]) at t] does not depend on dts.



b). The value of the incremental change dx(¢, ) at t, does depend on dt;. O
g 2 2

The forward decoupling principle tells us that a variation of an earlier switching instant will affect the
value of the incremental change at a later switching instant, but not vice versa.

Lemma 3.2 The expressions of dz(ty) (i.e., #(ta +dty) — z(ty)) and dz(t]) (i.e., &(ta + dt5) — z(t5))

are
du(ty) = Aty ) (v f'7 = f)dt + f77 Aty 1) (o f17 = f17)dtydty + f*dty
+(terms in dt?,dt2 and H.O.T.), (3.39)
de(ty) = v Alty 1) [T = )b+ (v o + &) Al ) (v 17 — f1)dtdt,
+427 f27dty + (terms in dt?,dt3 and H.O.T.) (3.40)

where €27 is defined similarly to €'~ in (3.14) as

T 827%1) (I(t;))

. (f*7) L
&= ; (3.41)
o 0292 (a(ty)
(o Dlete)
with 7(23.) referring to the j-th element of the vector-valued function v>.
Proof: See Appendix A. O

Remark 3.2 Tt is very important to point out that in the expressions of dz(t; ) and dz(t3 ) , we deliberately
express the terms [2 A(ty 1) (v f1 — f)dbdty and (2 f2 + €)A(ty 1) 0k f1 — £ )dbydt
explicitly because they will contribute to the coefficient of dt;dt,. a

Now that we have the expressions for dz(t, ), dz(ta + dt, ), dz(t; ), and dz(t] ), we are ready to derive
the coefficient for dt;dts in the expansion of

t1+dt;
J(ty 4 dty,to +dty) = / L(#(t)) dt + ' (&(t1 + dty))
to

t2+dt;
+/ . L(#()) dt +* (8(t2 + dty)) + J*(&(ta + dt5), ta + dt2). (3.42)
t1+dt1

There are five terms in (3.42). Let us look at each term’s Taylor expansion in order to find its contri-
bution to the coefficient of dt;dts.

By using the forward decoupling principle, we can conclude that none of dz(t; ), d=(t]), dz(t;), and
dm(ti") will depend on dta. Consequently the Taylor expansion of the first two terms will not have terms
in dty, dt3 and dtidty. Therefore the first two terms will not contribute to the coefficient of dt;dts.

For the third term in (3.42), we have the following Lemma.

Lemma 3.3 The contribution of ftzﬁdt; L(z) dt to the coefficient of dtidts is

LAty D) (v o = ). (3.43)

10



Proof: See Appendix A. O
The fourth term in (3.42) can be expanded as

P2l +dty)) = 9 (a(ty) +da(ty))
1
= PP da(ty) + (da(ty)) 425 dx(ty) + H.O.T. (3.44)
Therefore the contribution to the coefficient of dt;dts by the fourth term is

(W2 2+ () T2 )Alty 1) (e f1 = £1). (3.45)

For the fifth term in (3.42), similar to the single switching case, we can obtain its Taylor expansion as

R 1 1
T (&(to +dt] ), ta +dtz) = J*T + J2Ndz(t]) + J5tdts + 5 (da ()" I2Hdo(t]) + ijt?zgdtg
+dty J2tdz(ty) + HO.T. (3.46)

In (3.46), the terms that will possibly contribute to the coefficient of dtidts are those containing dx(t).
They are

1 T
T2 da(t), 5(dgc(t;)) Jodda(t]), dtaJibdx(t). (3.47)

Substituting the expression of dz(t3) into (3.47) and summing them, we obtain the contribution of the
fifth term to the coefficient of dt;dts as

(Lot fa + &)+ () () I + IR ) Al ) (e 1 = £, (3.48)

Summing (3.43), (3.45), and (3.48) and also substituting into the sum the expression of Jé‘; which can

be obtained similarly to the expression of Jtll":; in (3.18), we conclude that the coefficient of dt1dts (i.e.,

Ji1t2 in the expansion of J(ty + dtq,ty + dto) is
Tnt, = (L5 +02 fom + () o + o (v fom + &)+ () () Tk
FIEEV) Alty ) (i f1 = 1)
= (L2 — L2 492 2+ (f2) 2 + TR (V2 27+ 62 — f202)
+oya fP = PO ) Aty ) (e fT = ). (3.49)

Remark 3.3 The above results still holds even when t; = ¢, (we can consider to > ¢; first and then let
to — t1 to prove this). O

The above result can also be similarly extended to the case of K switchings to relate dz(t; ), dz(t;") to
dt; and dty, (k <[). The expression for J;,, can similarly be obtained. We summarize and generalize the
results obtained in this section into the following theorem.

Theorem 3.1 The cost J in Problem 2.1 satisfies
J(t + dty, to + dts, - tx + dig)
K 1 K
= bt b)Y Tt + 5 ]; Jondti+ Y Jygdtdty

k=1 1<k<I<K
+(higher order terms) (3.50)

11



where

Ty = L =L g 7 4 it (5 = 1, (3.51)
Tty = (L — Ltk pho gk phophe o (phy Tk gk
FIET(yR o ghm — Rk phe (TR PR LR (R R - R
s R = T IE (v R = R, (3.52)
forany k=1,--- K, and
Tty = (Lh — LEL + ol o+ ()Tl + T (L £ + € — fEaE)
O T = IO TV H @ ) (b £ = R, (3.53)

forany 1 <k <l < K. Here H(tl_,t;') 1s the state transition matrix under state jumps

H(tr60) = Aty - ) D" Al 4 ,) o oy A, th) (3.54)

T

where A(t]-_+1,t;'), k < j <1 —1 is the state transition matriz for the time interval [t;’,tj__i_l] for the
variational equation

. Ofj+1(z(t)
y(t) = %y(t» (3.55)
Also here
(fk—)T%gim(t':))
T
gh- & : L k=1, K, (3.56)
(fk—)T%gix“;))
T
with 76.) referring to the j-th element of the vector-valued function v*. O

Remark 3.4 In general in the interval [t,j, t; ], there will be discontinuous jumps and they must be taken
into consideration when we consider the incremental change 0(x) in this interval, hence H (¢, , tz) appears
in (3.53) (instead of A(t; ,t})) if we follow the similar derivations as in the two switchings case. In the
special case when | =k + 1, H(t; ;) is reduced to be Aty s ). O

3.3 Computation of H({;,t}), JE, and JFf

In order to compute J;, , Jy, 4, and Jy,4, using Theorem 3.1, we need to know the values of H (¢, t:), JfJ“
and JEF. However, given nominal £ and z, these values are not readily available. In general, numerical
methods need to be used to compute their values. An efficient numerical method based on solving additional
initial value ordinary differential equations (ODEs) with jumps is developed in this subsection.

First note that if / = k + 1 then H(t;,t}) is equal to Aty t), which is the state transition matrix

for
y(t) = aﬂc%y(t))y(t)- (3.57)
To find its value, we can first find the solution y(!)(¢),- - - 4™ (¢) corresponding to initial conditions
YOt =er, o, Y™ ) = en (3.58)

respectively, where e; is the unit column vector with all 0’s except that the j-th element being 1, j =
1,2,--- ,n. From linear systems theory, A(t,;_i_l,t,j), is equal to the square matrix whose j-th column is
y(j)(t,;rl), i.e., in this case

H(t; t5) = Aty o tn) = [ ) y™ (e, )] (3.59)

12



If I > k, the similar method can be adopted to compute H (t[,t,j). Instead of solving initial value
ODE:s for yU)s, y()(t)’s are now obtained by solve the following ODEs with jumps with initial conditions
(3.58).

Ofj+1 -
( ) % ( ) fOI' t+ < t < t]+1a (360)

y(t]) =7 y(t;),k < j <1
We then have
H(tr, 60 = w0, u™ ) (3.61)
To obtain the value of J¥, note that
TR @) s+ s 1) = (a(ty)) + Z / Vatr S W (3.62)
j=k+1

Note that, for simplicity of notation, we regard t; as ¢ in (3.62).
If z(t;") has a variation dz(t}), then

TE(z(t5) + 0z (t)), tey -+, tK)

= (z(ty) + H(ty, t;))oz(t)) + HO.T.) +Z/ (z(t) + H(t, )0z (¢} ) + H.O.T) dt
i=k

K
+ 30 @ (aty) + Hty, 1)da(tf) + HOT)

j=k+1
Kt
= JF(@(t) thy e tk) + (sz(x(tf))H(tf,t,j) JFX:/+ Ly (z(t))H(t,t)) dt
j=k
K .
+ Y (x(t;))H(t;,t;))ax(t;) +H.O.T. (3.63)
j=k+1
Hence
JET = (o (ty)) Hts, ) +Z/ H(t, t}) dt + Z Pl (x t)H(t; ) (3.64)
5 j=k+1
Now if we apply the similar procedure by varying z(t;") as in (3.63) to J¥(z(t}),t, -+ ,tx), we can obtain
JEE = H (b, 65 ) e (w(ty)) H(t g, 1)) +Z/ HY(t,6]) Ly (2 (1)) H (¢, 1)) dt
+ Z H (5,60, () H(t;  th). (3.65)

j=k+1

From the above discussions, we find that H(t, , t,j) can be obtained by solving ODEs with jumps (3.60)
along with initial conditions (3.58). H(tf,#) can be obtained in the same fashion. J** and J£ are in the
forms (3.64) and (3.65) which can be easily rewritten as ODEs with jumps. By solving the following initial
value ODEs with jumps from thr to ty (along with the hybrid system ODEs with jumps which provides us

13



with the state trajectory)

H(t,t)) = =Cg—LH(t, 1)), t] <t <t (3.66)
H(th,tf) =~ H(t;  t]),
M = Lg(x()H(t, 1)), t7 <t <t
{ M(ED) = mly )+ (el ) HE; 1), (367

AR (3.68)

fe = HT(t,4]) Loy (z(t)) H(t, t+) th<t<t;
me(t]) = ma(ty) + H (£, 604z (g:(t] ) H(t; 1)),

along with initial conditions (3.58) and

mtk) = Oixn, (3.69)
m2(tk) = Onxn, (3.70)

we can find the values of H(ts,t), J¥* and JE from

Tt = e (o(ty) Hty, ) + mity), (3.71)
JEF = HY (b, ) e (w(t) ) H (1) + ma(t ). (3.72)

Remark 3.5 (Computational Cost) All other terms in (3.51)-(3.53) except for H(t;,t;"), JF* and J¥F
are readily available once the nominal trajectory z(t) is known. Therefore the main computational cost
for Jy, , Jit,> Ji,, 1, occurs in the computation of H(tl_,t,j), Ja]f+ and Ja]fj The above method we propose
reduces the computation of H (¢, , t,f:) to solving initial value ODEs with jumps (3.60) for any k& < [ and the
computation of J¥+ and JEF to solving initial value ODEs with jumps (3.66)-(3.68) for k = 1,2,--- , K.
& + K = % sets of initial value ODEs with jumps. With
today’s powerful ODE solvers (e.g., ode45 function in MATLAB), these equations can be solved efficiently
and accurately. For our purpose of efficient optimization of open-loop solutions of optimal switching

Hence we altogether need to solve

instants, such computation suffices. Moreover, for general quadratic problems for switched autonomous
linear systems which we will elaborate on in the next section, the computational costs of these values can
be reduced greatly. a

4 General Quadratic Problems for Hybrid Autonomous Systems with
Linear Subsystems and Linear State Jumps

In this section, we apply the approach developed in Section 3 to a special class of problems, namely,
general quadratic problems for hybrid autonomous systems with linear subsystems and linear state jumps.
In particular, we show that due to the special structure of the problem, the computation of H (¢, t,f:), Ja’f+
and J&F can further be simplified.

Problem 4.1 Consider a hybrid autonomous system with linear subsystems & = A;x,i € 1. Assume a
prespecified sequence of active subsystems (1,2,--- K, K + 1) is given. Also assume that when the system
switches from subsystem k to k+ 1 (k=1,--- ,K), there is a discontinuous jump of the continuous state
which has the linear relationship

z(t)) = ~¥ (z(t,)) = Orz(t, ) + T (4.1)

14



where O, Ty are matrices of appropriate dimensions. Find optimal switching instants t1,--- ,tx (to <
ty < - <tg <ty) such that the cost in general quadratic form

ty K
J(t1, - ti) = ¥(z(ty)) +/ L(x) dt+zz/)k(x(t,;)) (4.2)
to k=1
where
Wleltn) = 5(o) Qralty) + Myalty) + Wy, (4.3)
L(z) = %(z(t))TQx(t)—l—Mx(t)wLW, (4.4)
W (z(ty)) = %(m(t;))TQkx(t,;)+Mkm(t,;)+Wk, (4.5)

is minimized. Here to, t5 and x(tg) = xo are given; Qp, My, Ws,Q, M, W are matrices of appropriate
dimensions with Qr > 0, Q > 0. Qk, My, Wy, (k = 1,--- ,K), are matrices of appropriate dimensions
which form the quadratic terms for the cost of discontinuous jumps from subsystem k to k+1 and Qr > 0.
O

In view of the special structure of Problem 4.1, we can readily observe that

Aty 1, t) = ek+1(thr1—tr) (4.6)
for any k= 1,--- , K. Moreover,
H(t7, t;cl—) — eAl(tl_tl—l),-yé.l_l)_eAl—l(tl—l_tl—2) o.--® ,Yg(ﬂk+1)—ez4k+1(tk+1—tk)
= Al eA-1lli-i—h-2) o ... o @k+1614k+1(tk+1*tk)' (4.7)

The computation of JE and J¥} is discussed next. Assume a nominal  is given. If for any z € R®
and any t € [to,ts] we denote by J(z,t) the cost incurred if the system starts from the state = at time
instant ¢ and evolves according to the portion of the switching sequence generated by # in [t, ¢ f]- In other

words,

Hat) =blate) + [ L) a0 elrp) (4)

k with t.€[t,tf]
where z(t) = 2. Dynamic programming approach similar to (3.10) can be applied to J(z,¢) to obtain

1
J(z,t) = EmTP(t)x + S(t)z + T(t) (4.9)
where P(t) = PT(t) and P(t), S(t), T(t) obey the following differential equations with jumps

—P=PAj + AT\ P+Q, tf <t<t;,, (4.10)
P(tj_) = @?P(t;_)(aj + Qja
{ —S=SAj+ M, tf <t <t

Tt =i (4.11)
S(tj ) = Fj P(tj )0, + S(tj )0 + M;,

T =W. tF <t<t:
N T p s + + (4.12)
T(t7) = sTTPENT; + SEHT; + Tt + W,
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along with initial conditions

P(ty) = Qy, (4.13)
S(ty) = My, (4.14)
T(ty) = Wy (4.15)

From the definitions of the functions .J and J*, if  is fixed, we have

T (@) ey tx) = J(z(t)), ), (4.16)
TE(@) ey o tr) = Je(z(t)), ), (4.17)
Ji'cx(x(tZ)atka"' 7tK) = jmm(I(tZ),t:) (418)

Therefore the values of J¥+ and J¥+ can be obtained as

T = (). 6]) = (D) P + (), (4.19)
Taad = e (x(),t]) = P(t)). (4.20)

Remark 4.1 (Computational Cost) The computation of H(¢;,t;)’s using (4.7) is straightforward and
do not resort to an ODE solver. The computation of J** and JE} using (4.19) and (4.20) relies on the
values of P(t})’s and S(¢;)’s which are easy to obtain by solving the initial value ODEs with jumps (4.10)-
(4.15) backward in time only once. Therefore, the computational cost for Problem 4.1 is greatly reduced
as opposed to the general case in subsection 3.3. a

5 Reachability Problems

The optimal control approach discussed above can also be applied to the following important class of
reachability problems.

Problem 5.1 (Reachability Problem) Given a hybrid autonomous system with state jumps, does there
exist a switching sequence such that the state trajectory x departs from x(tg) = xo and meets x¢ at some
tr? Here to,xo, Ty are given; ty is not given. O

Note that x; is reachable from zg, if and only if the following optimal control problem achieves its
minimum at J = 0. The problem is having a free final time ¢; and seeks to minimize the cost

1
T =5 lotty) — a3, (5.1)

here g, zg, zy are given. In general, the optimal control problem is difficult to solve due to the large
number of possible patterns of switching sequences. But if we assume that a prespecified sequence of
active subsystems is given, the problem can be handled by using optimal control methodologies. For
example, we can assume subsystem £ being active in [t;_1,%;) (subsystem K +1 in [t;,t]. In this case, we
can minimize .J with respect to the switching instants and the final time ¢;. In other words, the reachability
problem can be formulated as an optimal control problem which seeks for optimal values of 1, -+ 15, t;
such that

1
Tt tresty) = Sllalty) — 3 (5.2)
is minimized. In this case, ideally the minimum cost should be 0 if = is reachable from zy by the given
order of active subsystems. In practice, if the optimal value of J is found to be smaller than a predefined

small tolerance e > 0, then we regard z; as reachable from zo and regard the corresponding optimal
t1,--+ ,tK,ts as the reachability switching instants.
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Remark 5.1 Note that since our approach for optimal control finds local optimal solutions, an optimal
value of J greater than e does not necessarily imply that z; is not reachable from zy. In the case that
xy is reachable from xg, another trial of initial guess of switching instants may lead to the global optimal
solution with J < e. Therefore the optimal control approach can only be used as a sufficient condition for
determining reachability. However, whenever z; is determined to be reachable from z, our approach also
provides the explicit sequence (¢1,--- ,tx,ty) that achieves it. This is the strength of the approach. O

To minimize J(¢1,--- ,tk,tf) with respect to (¢, ,tk,ts), we can use Algorithm 2.1. To apply the
algorithm, the derivatives of J first need to be computed. The derivative values .J;,, J;,¢, and Jy,4 can be
obtained using the expressions stated in Theorem 3.1. However, we note here since ¢; is free, we also need
to derive J; e Ji ity and J, ¢ ;- These values can be obtained following the idea of the derivation in Section
3. We define

Al
H (w(tp)) = Sl (ty) =gl (53)
and consider the Taylor expansion of
J(t1, - st ty) = I (2(ty)). (5.4)
By fixing t1,--- ,tx, we can expand J into second order expansions with respect to £y and obtain
B, = JIf (5.5)
Tty = T+ (DT ILf (5.6)

Similarly to the derivations in Section 3.2, we can derive
ity = I+ (DT H (b ) (™ 57 = 7). (5.7)

In the above expression, we have

Ho= Jlete) - ol 58)
Jo= (alty) —ap)" (5.9)
fox = Inxn, (5.10)
1= fra(z(ty), (5.11)
= aﬁ(%(;(m), (5.12)
Using (5.8)-(5.12), we can simplify (5.5)-(5.7) as
Ty = () —=p) e (2(ty), (5.13)
Jipey = (a(ty) - mf)T%%WfKﬂ(m(tf)) + (fK+1($(tf)))TfK+1(m(tf)), (5.14)

Jniy = ((x(tf)_xf)TafK%g(W+(fml(x(tf>))T)H<tf,t:)(v£f’f—fk+>. (5.15)

6 Examples

In this section, we present two examples to illustrate the effectiveness of the approach developed in this
paper. The examples are computed using MATLAB implementation of our approach. Our approach and
implementation can solve these examples very efficiently.
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Example 6.1 Consider a hybrid autonomous system consisting of

subsystem 1: = +0.55in.2, (6.1)
T — —0.5cos Ir1 — I
subsystem 2: 3,31 = 0-3sina1 + 0.5z, (6.2)
T9 = —0.5x1 + 0.3 cos x2
jjl = —T1 — 0.5 cos T2
bsystem 3: 6.3
subsystem { @y = 0.58in a1 + (63)

Assume that g = 0, ¢ty = 3 and the system switches at ¢ = ¢; from subsystem 1 to 2 and at ¢ = t3 from
subsystem 2 to 3 (0 < t; <t < 3). Also assume that the system has the state jump

z1(t]) = z1(¢;) +0.2
| g (6.4)
H?g(tl ) = J?Q(tl ) + 0.2
when switching from subsystem 1 to 2 and
r1(ty) = 21(t5) +0.2
Y — o (4 (6.5)
za(ty) = @2(ty) — 0.2
when switching from subsystem 2 to 3. We want to find optimal switching instants t;, to such that the
cost
1 1 13, ) 21, 1,
2 — —
J = 5ai(3) + 5w5(3) + 5 /0 (+10) +23(0) de+ 3 (521(7) + 525(t7) (6.6)
k=1

is minimized. Here z1(0) = 1 and z2(0) = 3.

For this problem, we choose initial nominal ¢; = 1, ¢t = 1.5. We derive the derivatives of J using the
result in Theorem 3.1. The computation of H (t; ,t]), J1T, JLF, J2* and J2 is based on results in Section
3.3. By using the Algorithm 2.1 with the constrained Newton’s method, after 8 iterations we find that the
optimal switching instants are t; = 0.4847, 5 = 1.9273 and the corresponding optimal cost is 18.8310. It
takes about 4 seconds for MATLAB to compute the solution. The corresponding state trajectory is shown
in figure 2. Figure 3 shows the plot of the cost function for different 0 < ¢; < to < 3. By comparing the
J value for different ¢; and t2, we verify that the solution we obtain is the global optimal (although it is

difficult to tell from the cost surface, our computation shows us so). |

Example 6.2 (A Reachability Problem) Consider a hybrid autonomous system consisting of

subsystem 1: & = Ajx = [ (1) g ] x, (6.7)
. 2 0
subsystem 2: & = Agx = [ 01 ] x. (6.8)

Assume that at ¢y = 0, the system state departs from the initial condition z;(0) = 1 and z2(0) = 1 and
evolves following the dynamics of subsystem 1. Assume that the system switches once at t; from subsystem
1 to 2. Also assume that the system has the state jump

20

x(tf)zlo llx(tm :

X (6.9)
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Figure 3: The cost for Example 6.1 for different (¢1,%2)’s (0 < t; < to < 3).

when switching from subsystem 1 to 2. We want to find a ¢, and a ty (0 < ¢; < tf) such that the system
state arrives at [2e3 + €, €3 +e] at t;.

This reachability problem can be posed as an optimal control problem with unknown £y and cost
J = L((z1(tr) — (2€® + €2))% + (z2(tf) — (¢ +€))?). We choose initial nominal ¢; = 0.8, ¢y = 1.8. The
values of Jy,, Ji,, Jyy1,, Jipe, and Jyyq, can be derived using the formulae (3.51)-(3.53) and (5.13)-(5.15).
The computation of H(ty, ), JI*, and JLF can be done efficiently based on results in Section 4 because
this problem is a quadratic optimal control problem with linear subsystems and linear state jumps. We use
Algorithm 2.1 with the constrained Newton’s method to search for an optimal solution. After 8 iterations
we find that the optimal switching instants are ¢; = 1.0000, o = 2.0000 and the corresponding optimal cost
is 2.7603 x 107'0, It takes about 3.5 seconds for MATLAB to compute the solution. The corresponding
state trajectory is shown in figure 4. Figure 5 shows the plot of the cost function for different 0 <#; < ;.
By comparing the J value for different ¢; and £, we verify that the solution we obtain is the global optimal
(although it is difficult to tell from the cost surface, our computation shows us so).

It is worth noting that for this example we can verify the correctness of (5.13)-(5.15). For example, the
expression of Jy, ¢, can be derived from (5.15) as (here K = 1)

Tt = <($(tf)_$f)Taﬁ(%(;(w+(fK+1($(tf)))T>H(tfat;r)(ﬁfl—fH)

= ((x(tf) — xf)TA2 + (Agx(tf))T>H(tf, ) (vh Avz(t]) — Asz(t])). (6.10)
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Figure 5: The cost for Example 6.2 for different (¢,¢7)’s (0 <t <ty).

We can substitute z(¢;) = [e't, e*']T, z(t]) = [2e!t + 1, €t + 1|7, z(tf) = [2e?7 70 4 2720 ebytl 4

2
elr—t)T, x? = [2e3+¢2, & +el, H(ty, t]) = e2ltr=h) yl= = 0 (1) , A1, and Ay into (6.10) and obtain
Jtltf — (862tf7t1 4 462tf72t1 _ 463 _ 262)(_262tf7t1 _ 262tf72t1)

+(2et T 4 2etr i 3 ) (elf T — gl

The correctness of (6.11) can be verified by directly differentiating the expression of J
J — %((262tf7t1 4 62tf72t1 _ 263 _ 62)2 4 (etf+t1 4 etfftl _ 63 _ 6)2),
oJ 2 —t 2 ;—21 3_ 2 2 —t 2 ; —21
% = (287 4 e T — 27 — %) (—2e% T — 27 T
1
+(etf+t1 4 etfftl _ 63 _ e)(etf+t1 _ etfftl)’
82‘] 2t r—t1 2t r —2t1 3 2 2t r—t1 2t r—2t1
m = (8T 44 —4e’ — 2e%)(—2e" T — 27T

+(2et T gelr Tl g3 _g)(elf T — elr i),

(6.11)

(6.12)

(6.13)

(6.14)

Similarly, we can also verify the correctness of the expressions of Jy,, Ji,, Ji,1,, Ji;1, by direct differentia-

tions of J.
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7 Conclusion

In this paper, we propose an approach for solving optimal control problems for hybrid autonomous systems
with state jumps given prespecified sequences of active subsystems. In particular, we derive the derivatives
of the cost with respect to the switching instants and use nonlinear optimization techniques to locate the
optimal switching instants. It is also shown in the paper that the computational burden can be eased in
the case of general quadratic problems for hybrid autonomous systems with linear subsystems and linear
state jumps. Finally it is shown that reachability problems can also be studied using the optimal control
techniques. If a system is reachable given a prespecified sequence of active subsystems, optimal control
methods can be used to locate the corresponding switching instants. The approach developed in the paper
has been implemented using MATLAB and can be requested from the authors. The software we developed
can solve the optimal control problems studied in this paper very efficiently. A future research topic is
the development of methods for searching for optimal switching sequences when the sequence of active
subsystems are not prespecified.

Appendix A: Some Proofs for Section 3.2

PROOF OF LEMMA 3.1: Although the results in the Lemma hold for all cases in the definition of dz(t), we need to
discuss each case in order to show the validity of them.
Case 1: dt; >0, dt2 >0

dx(ty + dth) &ty +dt) — z(ty + dt})

= e+ [T nGw) @) - (e + [

+
tl

by +dty

o (z(t)) dt)

= (o) + fi(et))dt + o(dt)) = (v (2(t0)) + fo(2(t]))dts + o(dtr) )
= (T = b+ o(dn). (A1)

We then conclude from the property of the variational equation that

dx(ty) = A(ty,t+dt)ox(ts +dt) + (H.O.T. in dz(t, + dt]))
(A(ty  t1) + Aey (82, 1)dts + 0(dtn)) (v~ f17 = £17)dt1 + o(dtr)) + o(dtr)
Aty 85) (v £17 = f15)dts + o(dt), (A.2)

dx(t2 +dty) Z(tz +dty ) — z1(t2 + dty)

= e+ [T Gw) @) - (a0 + [

ty ty

to+dty

f2 (2’1 (t)) dt)

= sa(ty) + /t e (£(@(0) ~ £2(21 (1)) dt

= a(ty) + (f2(0(t2)) = fo(21(t2)) ) dta + o(dts)
= dx(ty) + f2 dx(ty )dts + o(dts)
= A(ty,tD) (e F17 = £ Db+ £ A ) (e £ = F)dtdts
+(terms in dt7,dt3 and H.O.T.). (A.3)

Case 2: dt1 >0, dt2 <0
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The arguments for proving (A.1) in Case 1 can be applied in this case to show its validity. In this case,

51‘(tz —+ dt;) = (tQ —+ dt2 ) — :L‘(tz + dt2 )
t2+dt2 B totdty
— 22 (t7) + - dt) ( (t;) + /t; 2 (2(t)) dt)
totdty
= -|- fg 2’2 — f2 (iL’(t))) dt
ty

= ox(ty) + (f2 (22(t3)) — fa (a:(t;)))dtz + o(dt2)
= dz(ty) + fo~6x(ty )dt> + o(dts)
= Alty )y f17 = )t + £27 Aty ) (e f1 — £ dtdts

+(terms in dt7,dt3 and H.O.T.). (A.4)
Case 3: dt1 <0, dt2 >0
In this case, we have
sa(tf) = a(th) —olth)
24 6
= (71 (z(tr +dt7)) +/ f2(2(t)) dt) _,yl(a:(tl +dt]) +/ fi(z(t)) dt)
t14dtf t14dt]

= (Y (@lts +di)) + fo(@(ts + D)) (=dtr) + o(dt) ) =" (2t +dt7) + fi (2(t7)) (=dt1) + o(dt1) )
= —F (71 (1 +dt7) )dtl + 7z (x(ts + dt7)) f1 7 dts + o(dtr)

= _f2(

= ( 2 (7)) F17 —fz(%( (ty ))))dt1+o(dt1)

= ('yalc_fl_ — f1+)dt1 + O(dt1). (A5)

Y (2(t7)) + O( dtl))dtl + L (m(t]) + O(dty)) £~ dty + o(dt)

In the derivations of the third to the last equations in (A.5), we use the relationship
x(ty 4 dt7) = x(t7) + f' 7 dt1 + o(dt1) = z(t7) + O(dt1), (A.6)

and the Taylor expression of f>. Therefore, we have

se(ty) = Aty t1)dz(t) + (H.O.T. in dz(t]))
= Aty 1) (v f'7 = 1)t + o(dty) (A.7)
dx(te+dty) = Z(t2+dty) — z3(ta +dty)
ta+diy tatdty
- (i(t;) +/t7 £2(8(t)) dt) - (zg(t;) + /r Fa(23(t)) dt)

= e+ [T (RG0) - fa(eso) a

= 0a(ty) + (f2(8(t2)) = fo(za(t)) ) dta + o(dts)
= x(ty) + fo dx(ty )dts + o(dts)
= A(ty D) = Y+ A ) (AT = ) dbdts
+(terms in dt7,dt5 and H.O.T.). (A.8)

Case 4: dt; <0, dt2 <0
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The arguments for proving (A.7) in Case 3 can be applied in this case to show its validity. In this case, we have

(5$(t2 + dt;) = Z4(t2 + dt;) — $(t2 —+ dtQ_)
totdty totdty

= (st [ pa@) @) - () + [ pw) @)

ty

= Sx(ty) + /t iﬁdt; (f2(2at) = fo(w(t))) at

= 0a(ty) + (fo(aalt) — fo(2(t7)) )dt2 + o(dts)
= x(ty) + f2 dx(ty )dts + o(dts)
= A(ty, tD) (e F17 = F Db+ £ A ) (e £ = £ dbdts
+(terms in dt7,dt5 and H.O.T.). (A.9)

PROOF OF LEMMA 3.2: (3.39) follows directly from the fact that
da(ty) = 6x(ta +dty) + f2(x(ty))dtz + o(dt2). (A.10)

To prove (3.40), we note that

dx(ts) ¥ (&(t2 + dt5)) — 7* (2(t3))
= 7 (altz) +da(ty)) =7 (2(t))
(

s T

Yo~ dz(ty) +

+ (H.O.T. in dz(t3)). (A.11)

N | =

(art )" Z )

Now since

9293 (7))

) (dz(ty)) —h—=2dx(ty)
: )

)T 7("33(5 2(t3)) da(t5)

Ta v(n (z(t )

ox2

T‘9 7(1)(9”“ )
= Aty tD) (v~ ' = 1) dtdts + (terms in dt7, dt; and H.O.T.)
2

= Aty t)(ya 7 = f'T)dt1dts + (terms in dt;,dt5 and H.O.T.), (A.12)

we can substitute (A.12) into (A.11) to obtain (3.40). O

PROOF OF LEMMA 3.3: We first note that

_ to+dt, o . >
/t2+dt2 L(8) dt — fmx{t t1+dt+}L( #) dt, if dt; >0,
t

" max{t; i +dtT} o, . totdty . .
1 +dt] ft1+dt+ L(z) dt + [ (£ 101 41dtT ) L(z) dt, if dt; < 0.

(A.13)

max{t],t1+dtF}
1+dtT L

dts; therefore, it will not contribute to the coefficient of dtidta. So we conclude that no matter dt1 > 0 or dt; < 0, we only

t2+dt2

In the light of the forward decoupling principle, the term f (Z) dt in the case of dt; < 0 will not depend on
need to consider the term f

Case 1: dt> >0
In this case, we have

+, L(&) dt. For this term, we discuss as follows.
Fot+dtty

totdt; ty totdt;
/ L(z) dt = / L(x + dz) dt +/ L(z) dt. (A.14)
ax{t],t1+dtT} ax{tF,t14+dt]} Y

m m. ty
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The first term in (A.14) will not be contributing due to the reason that
Sx(t) = A(t, 1) (ve 17 = f11)dt + o(dt), (A.15)

for t € [max{t],¢1 + dt}},t5] and therefore they do not depend on dt».
The second term is shown to be

totdty
/ L) dt = L(&(t5))dts + o(dz)

2
= L? dty+ L92075$(t27)dt2 + (terms in (Jm(t;))thQ,dtg and H.O.T.). (A.16)
By substituting the expression of dz(¢; ) into (A.16), we obtain the coefficient of dt1dt» contributed by this term as
Ly Aty t) (™ f17 = 7). (A.17)

Case 2: dt2 <0
In this case, since z(t) + dz(t) = Z(t) for t € [max{t],t1 + dt]},t> + dt; ], we have

totdiy totdty
/ L(z)dt = / L(z + éx) dt
max{t} t1+dt]} max{t] ,t1+dt] }
ty totdiy
= / L(z + 6z) dt + / L(z + dz) dt. (A.18)
max{t},t; +dt]} ty

Similar to Case 1, the first term in (A.18) will not be contributing. The second term is shown to be

totdty
/ L +0z) dt = L(x(ty)+ow(ty))dts + o(dts)
ty
= L% dts+ L2 dx(ty )dt> + (terms in (6m(t;))2dtz, dt3 and H.O.T.). (A.19)
Therefore, by substituting the expression of §z(t; ) into (A.19), we obtain the same coefficient (A.17). m|
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