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Abstract

In this paper, optimal control problems for switched autonomous systems are studied. In particular,
we focus on problems in which a prespecified sequence of active subsystems is given and propose an
approach to finding the optimal switching instants. The approach derives the derivatives of the cost
with respect to the switching instants and uses nonlinear optimization techniques to locate the optimal
switching instants. The approach is then applied to general quadratic problems for switched linear
autonomous systems and to reachability problems. Examples illustrate the results.

1 Introduction

A switched system is a particular kind of hybrid system that consists of several subsystems and a switching
law specifying the active subsystem at each time instant. Examples of switched systems can be found in
chemical processes, automotive systems, and electrical circuit systems, etc.

Recently, many results for optimal control of switched systems have appeared in the literature (e.g., [3, 7,
8,9, 10]). Most of them consider problems which seek for the solution of both the optimal continuous input
and the optimal switching sequence. Approaches to such problems include ones based on discretization of
the time and state space [7, 8] and ones that are not based discretizations [9, 10]. Many of these approaches
find approximations to local optimal solutions.

In this paper, we focus on optimal control problems for a class of switched systems, namely, switched
autonomous systems where each subsystem is autonomous (i.e., with no continuous input). For such
problems, we develop an effective approach for finding accurate numerical values of local optimal solutions
instead of approximations. In particular, we focus on problems in which a prespecified sequence of active
subsystems is given. Such problems arise naturally in multimodal control and in logic-based control
systems whose controllers are switched between several given controllers. In this paper, we consider general
autonomous subsystems and general performance costs. We note that the cost is actually a function of
the switching instants for such problems and propose to use constrained nonlinear optimization techniques
to locate the optimal switching instants. To apply nonlinear optimization techniques, we need to first
determine the values of the derivatives of the cost with respect to the switching instants. An approach
similar to that in [10] is proposed in this paper for their derivations and is presented in detail. One of the
main results of the paper is Theorem 3.1 which gives us the expressions of the derivatives. Note here the
approach provides us with accurate values of the derivatives (while in [10], only approximate values to the
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derivatives of the optimal cost with respect to the switching instants are obtained). The approach is then
applied to general quadratic problems for switched linear autonomous systems. The computation of the
derivatives can be further simplified by utilizing the special structure of such problems. Finally, we apply
the optimal control approach to reachability problems. Using the approach, the reachability switching
instants can be determined if a final state is reachable from an initial state.

Similar problems have also been looked into by other researchers. The closest problem formulation
and results to ours, as far as we know, are reported by Giua et al in [5, 6] which study switched linear
autonomous systems. However, there are some differences between our results and those in [5, 6]. First,
the results in [5, 6] are for linear subsystems and quadratic costs, while our results apply to general
subsystems and costs. Second, [5, 6] study infinite horizon problems, while this paper studies finite horizon
problems. Third, the approach in this paper can be applied to reachability problems, while the approach
in [5, 6] fits better for stability problems. Besides the above differences, we should also point out that
Giua et al proposes closed-loop global optimal solutions (due to the special problem structure) in [5, 6]
and our approach in this paper obtains open-loop local optimal solutions (due to the general problem
formulation). This is not surprising because of the differences in problem formulation and time horizon.
For the general problem formulation in this paper, the cost function is generally nonconvex, therefore we
expect the solutions found by our approach to be local optimal solutions in general. Overall, we believe
our results are new and contribute to the understanding and the solution of optimal control problems of
switched systems.

The structure of the paper is as follows. In Section 2, we formulate the optimal control problems and
propose an algorithm for solving them. In Section 3, detailed derivations are presented to show how to
obtain the derivatives of the cost with respect to the switching instants. In Section 4, the result is applied
to general quadratic problems for switched linear autonomous systems. In Section 5, we show how to apply
the optimal control result to reachability problems. Examples are given in Section 6. Section 7 concludes
the paper.

2 Problem Formulation

In this paper, we consider the following switched autonomous systems, i.e., switched systems which consist
of autonomous subsystems (i.e., without continuous input)

i=fi(z,t), fi R"xRo>R" iel={1,2---,M} (2.1)

For a switched system, one can control its state trajectory evolution by choosing appropriate switching
sequences. Here a switching sequence o in [tg,ty] is defined as

o = ((to,io), (tl,il), (tQ,’ig),' . ,(tK,’iK)), (22)

with 0 < K < oo, tg <ty <ty <--- <tg <tp,andig €I, k=0,1,2,--- ,K. o tells us that the switched
system switches to subsystem i, at time instant ¢;. Note that one feature of a switched system is that its
continuous state does not have discontinuities at the switching instants.

In the following, we assume that a prespecified sequence of active subsystems is given (i.e., the untimed
sequence (ig,41,%2, - ,ix) is given). Furthermore, we assume without loss of generality that the untimed
sequence is (1,2,--- , K, K + 1), i.e., subsystem k is active in [ty_1,tx). Note that we can always do this
by relabeling the subsystem indices and even expanding the collection of subsystems (i.e., two subsystems
may actually refer to the same actual subsystem). We consider the following optimal control problem.

Problem 2.1 (Optimal Control Problem) Consider a switched autonomous system with subsystems
fi(z,t), i € I. Assume that a prespecified sequence of active subsystems (1,2,--- , K, K +1) is given. Find



optimal switching instants t1,--- ,tg (to < t1 < --- < tg < ty) such that the corresponding continuous

state trajectory = departs from a given initial state x(ty) = zo and the cost
ty
J(t1, - ti) = ¥(z(ty)) +/ L(z,t) dt (2.3)

to

is minimized. Here to,ty, o are given. O

Problem 2.1 is an optimal control problem in Bolza form. As in the usual practice of formulating
optimal control problems (see [1]), in the sequel, we assume that f;’s are continuously differentiable; L and
1) are assumed to have twice continuous derivatives.

Remark 2.1 Due to the smoothness assumptions for f;’s, L, and ¢, we can observe that a small distur-
bance of t1,--- ,tx will only cause a small disturbance of J value. Furthermore, it is not difficult to show
that the cost J is a continuously differentiable function of ¢1,--- ,tx. O
2.1 An Algorithm

Note that Problem 2.1 is actually a constrained multivariable optimization problem

min; J (%)

. v (2.4)
subject tot € T

A A . .
where T = {t = (t1,to, -+ ,tx) |to <t <ty < --- < tg < tr}. The following algorithm can be adopted
to solve such a nonlinear optimization problem.

Algorithm 2.1

(1). Set the iteration index j = 0. Choose an initial #/.

(2). Find J(#), 25(#) and ZL(#).

(3). Use some first-order or second-order feasible direction method (e.g., the gradient projection method

or the constrained Newton’s method) to update #/ to be #/*! = #/ + afdt/ (here the stepsize o is
chosen using the Armijo’s rule [2]). Set the iteration index j = j + 1.

(4). Repeat Steps (2), (3) and (4), until a prespecified termination condition is satisfied (e.g. || %‘g (#)|l2 < €

where € is a given small number). O

9%J

oJ
and &= (step

ot

In order to apply the above algorithm, one needs to find the values of the derivatives
(2)). Let us elaborate more on step (2) in the sequel.

3 Differentiations of the Cost Function

In this section, we propose an approach to Problem 2.1 which finds the values of the derivatives 22 and

ot
‘?9;‘] based on direct differentiations of the cost function. The idea of the method is similar to that in [10].

Assume that we have a nominal £ = (¢1,--- ,tx)” and the corresponding nominal state trajectory z(t).

For such nominal values, the cost is

t1

J(t1, - sti) = 9(z(ty)) +/ L(z,t) dt +---+ /tf L(z,t) dt (3.1)

to ti



Since zo and ty are given in Problem 2.1, J will not be a function of them. Next we define the value
function at the k-th switching instant as

T (z(te)y tey thyrs - o tic) = P (2(ty)) + /tk+1 L(z,t) dt+---+/tf L(x,t) dt. (3.2)

173 ti

Note that, unlike J, J* for £ > 1 will be a function of #; and of the initial state z(#;) which depends on the

trajectory before t;. In order to make our presentation clear, in the sequel, we denote 33—‘]; for a function

2 7k
J* as a row vector JF, 2L

o Tk
o1 5oz as an n X n matrix Jg, and so on.

3.1 Single Switching

Let us first consider the case of a single switching. Assume that we are given a nominal ¢; and a correspond-
ing nominal trajectory z(t), we denote by Z(t) the state trajectory after a variation d¢; has taken place. In
the sequel, we adopt the following notational convention. We write f, f, and f; with a superscript 1— (resp.
14) whenever the corresponding active vector field at ¢;— (resp. ¢1+) is used for evaluation at (z(t1),t1).
Examples of this convention are f'~ = filz(t), t1), f' = fo(z(t), t1), [ = % (z(t1),t1), and
A . . A A A
fi+ = %(m(tl),tl), etc. Also, we simply write J! = J! (x(tl),tl), L' = L($(t1),t1), J=Jl (x(tl),tl),
A
Ll = Ly(z(t1),t1), - (be careful to distinguish the values J', L', J}, and Ll,--- from the functions
JHz(t), t1), L(z,t), JH(z(t1),t1), and Ly(z,t), - ).
It is not difficult to see that

t1
T(t) = / Lz, t) dt + T (a(t1), ). (3.3)
to
For a small variation dt; of t1, we have
t1+dty
J(ty +dt) = / L(&,t) dt + J'(£(t + dt1),t1 + dty). (3.4)

to

There are two terms in (3.4). Let us consider the second order Taylor expansion of each term. In the
following derivations we denote

2

dx(ty) = &(ty + dty) —x(t) = f'db + %(ft T fo f1)dR + o(di]). (3.5)

Consider the first term in (3.4), if dt; > 0, we have
t1+dty t1 t1+dty
/ Liat) dt = / L(z,t) dt +/ L(i,t) dt
to to t1

b 1 1
= / L(z,t) dt + L*dt, + EdtlL;daz(tl) + 5L;aht‘f + (higher order terms). (3.6)
to

Note that in deriving (3.6), we have used the relationship z(t1) = z(¢1). If dt; < 0, we have
t1+dty t1 t1+dty
/ L(z,t) dt = / L(z,t) dt —)—/ L(z,t) dt
to to t1

h 1 1
= / L(z,t) dt + L*dt, + EdtlL;daz(tl) + 5L;aht‘f + (higher order terms). (3.7)
to

which has the same expression as (3.6) for dt; > 0 although the derivation is slightly different.



For the second term in (3.4), we have the second order expansion
N 1 1
JU &t + dt), o +dt) = T+ Jida(ty) + J) dt + E(dx(tl))TJ:;xdx(tl) + 5J,}ltlaht“{
+dty J} ,dz(t1) + (higher order terms). (3.8)

In order to express (3.4) into second order expansion with respect to dt;, we substitute (3.5) into (3.6)
and (3.8) and sum them to obtain

1 1
J(t +dty) = J(t)+ L'dt; + 5dtlL}ccl;r,(tl) + 5L;dt% + Jpdz(t) + J} dty
1 1
+§(dx(t1))TJ;mdx(t1) + §Jt11t1 dt} + dt1J} ,dz(t1) + (higher order terms)

- 1 - - — -
= J(0) + (LN T+ T f D)dt 4 S (Laf' T+ L+ L (f + )
H(I) T f U+ Ty + 20, f 17 di + o(di})

1
J(t1) + Jp, dty + 5Jtltlaht‘f + o(dt?) (3.9)

[I>

for all dt; (no matter dt; > 0 or dt; < 0 we get the same expression).
Now let us consider J' (m(tl),tl) which is the value function for the given nominal t;. The following
dynamic programming equation holds for it

Jyo=—Jyf't =L (3.10)

Note that (3.10) can be derived similarly to the HJB equation. However, the difference between it and the
HJB equation is that (3.10) holds for any trajectory that is not necessarily optimal (for more details see

[4]).-
By differentiating (3.10), we obtain

Jhw = —() T = Tofet = Ly (3.11)
Jtlltl = _Jtlla:fH - Jal: t1+ - L%
= (") T+ (L fa T+ L) — T - L (3.12)

By substituting (3.10), (3.11) and (3.12) into (3.9), we can write J;, and J;;, in the following form

Jy = Je(ft =, (3.13)
Jon = LT =0 = (T + L) (5 = 1)
A A A A A S K A L (3.14)

3.2 Two or More Switchings

In order to construct a second-order optimization algorithm for switched systems with two or more switch-
ings, we need more information to derive the derivatives of J with respect to the t;’s. Let us first consider
the case of two switchings. Assume that a system switches from subsystem 1 to 2 at £; and from subsystem
2 to 3 at ty (to <ty <to <ty). The cost then is

Tt ts) = /tl Lz, t) dt + T (2(tr), t1, ) (3.15)
- /tz L(z,t) dt + J*(z(t2), ). (3.16)
to

5



Using (3.15), by holding ¢, fixed, Ji,, Ji,¢, can be derived similarly to that in subsection 3.1. In the
same manner, Ji,, J,1, can be derived using (3.16). However, we need additional information to derive
Ji,t,- Arguments from the calculus of variations are used in the followings to derive J;;,. Let us first
define the important notion of incremental change which will be used in the sequel.

Definition 3.1 (Incremental Change) Given any variations dt; and dte, we define dz(t), min{t1,t; +
dt;} <t < max{te,to + dta} to be the incremental change of the state due to dt; and dts. In detail, it is
defined as follows (see figure 1).

Sx(t, + dt, ) (1) Bx(ty+dt,)  Bx(t,+ dt,)

Yi() 4 gt Yo 4 Loy 1; ®
ox(t) & \\/’/\X(_);/Ej%fdtz) ot 4 *7/\L(~/2“15x(t)
Bx(t) 2 fsx(t) Y L

x(t) X(t)
| | | | | | I |
t, t+dt; t, t,+dt, t, t+ dt, t,tdt, t,
(a). dt,>0,dt,>0. (b). dt, > 0,dt,<0.

3X(t, + dt,)
Y3(t) Z,t) 4 A 0)

©oo RASCTI S A
Ox(ty + dt; )y X(t) ST L ax(ty + dt, ){ S X(t) i =
T - MOX 2,0
L x () \ | L X(t) L
t+dtty t, t,+ dt, t+Hdt, t+dt,t,
(c). dt;<0,dt,>0. (d). dt; < 0,dt,<0.

3X(t, + dt,)

Figure 1: The incremental change dxz(t) for (a). dt; > 0, dty > 0; (b). dty > 0, dts < 0; (c). dt; < 0,
dto > 0; (d) dt; <0, dty < 0.

Case 1: dt; > 0,dty > 0 (see figure 1(a))
In this case, 0x(t) is defined to be

z(t) — x(t), t € [t1 + dt1, o]
dx(t) = y1(t) —z(t), t € [tl,tl + dt1] (3.17)
#(t) — 21(£), £ € [to, b + diy]

where y1(t) is the solution of

91(t) = f2(y1(8), 1), t € [tr, 11 + dt]
{ yi(ty +dt1) = &t + dty) (3.18)

and z1(t) is the solution of

z1(t2) = z(t2). (3.19)

Case 2: dt; > 0,dty <0 (see figure 1(b))
In this case, 0x(t) is defined to be

{ 21(t) = fo(21(8),1), t € [ta, to + dty]

, t € [ty +dty, ty + disy)
), t € [t,t1 + dti] (3.20)
t), te [t2 + dtg,tQ]

oz(t) = ¢ vo



where yo(t) is the solution of

yz(t) = f2( ( ) ) t e [tl,tl +dt1]
y2(ty + dt1) = &(t1 + dty)

and z3(t) is the solution of

2.2( ) fg(ZQ( ) ) t e [tg +dt2,t2]
Z9 (t2 + dt2) JA?(tQ + dtg)

Case 3: dt; < 0,dty > 0 (see figure 1(c))
In this case, 0x(t) is defined to be

z(t) —x(t), t € [t1,to]

dx(t) = (i‘(t) ys3(t), t € [tl + dtl,tl]
, t € [tQ, to + dtg]
where ys(t) is the solution of

gs(t) = fa(ys(t),t), t € [t + di1, 1]
y3(t1) = z(t1)

and z3(t) is the solution of

z3(t) = f2(z3(t),t), t € [ta, b2 + dis]
23(t2)— (t2).

Case 4: dt; < 0,dty <0 (see figure 1(d))
In this case, 0x(t) is defined to be

Z(t) — z(t), t € [t1,1e + dis]
(5(1:(75) = (t) y4(t) te [tl + dtq, t1]
24 (t) - (L‘(t) te [tQ + dto, tg]

where y4(t) is the solution of

{ (1) = fo(ya(),1), t € [t +dity, 1]

and z4(t) 1s the solution of

2'4( ) f2(24( ) ) t e [tg +dt2,t2]
2ty + dbs) = 2(ts + di»).

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

|

Remark 3.1 Note that dx(¢) defines the difference between Z(¢) and z(¢) in the time interval where
subsystem 2 is active. Moreover, by extending the trajectories & and x under the dynamics of subsystem
2 to the time interval min{¢;, ¢ + dt;} < ¢ < max{to,ts + dto} where at least one of Z(¢) and z(t) evolves

along subsystem 2, §z(t) even defines the difference for this time interval.

In the followings, the expressions of dx(t2) and dx(t2) are derived.

|



Lemma 3.1 The expressions of dx(t2) and dx(te + dte) are

(
Sz(ts) = Alte,t1)(f'™ — f'H)dts + o(dty), (3.29)
5$(t2 + dtg) = A(tg, tl)(flf — f1+)dt1 + f‘,ng(tQ, tl)(flf — f1+)dt1dt2
+(other terms in dt},dts and higher order terms), (3.30)

where A(ta, t1) is the state transition matriz for the variational time-varying equation

gte) = 2000, ) (331

fory(t) from t1 to te; in (3.31), f is the corresponding active subsystem vector field (here it is f2) in [t1,t2]
and x(t) is the current nominal state trajectory.

Proof: See Appendix A. a

In fact, from the proof of Lemma 3.1 (see Appendix A), we can observe that 0z (t) = A(¢,¢1)0x(t1) +
o(dty) for any t € [min{#¢, ¢, + dt1 }, max{ts, t2 + dt2}]. The following important principle can be obtained
directly from this observation. We refer to it as the forward decoupling principle. 1t reveals some intrinsic
relationship among different switching instants.

The Forward Decoupling Principle:
(a). The value of the incremental change dx(¢1) at t; does not depend on dts.
(b). The value of the incremental change dz(t2) at to does depend on dt;. O

The forward decoupling principle tells us that a variation of an earlier switching instant will affect the
value of the incremental change at a later switching instant, but not vice versa.

Lemma 3.2 The expression of dxz(ts) (i.e., Z(to + dte) — x(t2)) is

dz(te) = A(te, tl)(flf — f1+)dt1 + fng(tQ, tl)(flf — f1+)dt1dt2 + f27dt2
+(other terms in dt?, dt3 and higher order terms). (3.32)

Proof: The proof follows directly from the fact that
dz(ts) = dz(ta + dta) + fa(z(t2), t2)dts + o(dts) (3.33)
for all four cases of the signs of dt,, dt». O

Remark 3.2 Tt is very important to point out that in the expression of dz(ts), we deliberately express
the term f2~ A(to, t1)(f'~ — f17)dt1dty explicitly because it will contribute to the coefficient of dt;dts as
can be seen below. a

Now that we have the expressions for dz(t2), dz(t2 + dtz2) and dz(t2), we are ready to derive the
coefficient for dt;dts in the expansion of

ta+dta
J(t1 + dty,ty + dty) = / L(#(t),t) dt + J*(2(t2 + dta), t2 + dts). (3.34)

to

There are two terms in (3.34). Let us look at their Taylor expansions one by one in order to find each
term’s contribution to the coefficient of dt;dts.
For the first term in (3.34), we have the following Lemma.



Lemma 3.3 The contribution of ft2+dt2 L(z,t) dt to the coefficient of dtidty is

L2 A(to, 1) (f' = ). (3.35)

Proof: See Appendix A. a

For the second term in (3.34), similar to the single switching case, we can obtain its Taylor expansion
as

1
T (3(ta + dta), to + dts) = J? + J2dx(te) + J5dbs + (dm(tg))Tjgxdx(tQ) + 5J,?mdt%
+dtyJ7, ,dx(ts) + (higher order terms). (3.36)

n (3.36), the terms that will possibly contribute to the coefficient of dt;dts are those containing dz(t2).
They are

1
J2dz(ts), §(dx(t2))TJ§xdx(t2), dty T2 d(t). (3.37)

Substituting the expression of dz(ts) into (3.37) and summing them, we obtain the contribution of the
second term to the coefficient of dt1dt, as

(T2 f2™ + (FP7) T5e + Jie) Alta, t) (F17 = f17). (3.38)

Summing (3.35) and (3.38) and also substituting into the sum the expression of J2, which can be
obtained similarly to the expression of J/,, in (3.11), we conclude that the coefficient of dt dty (i.e., Jy 4,
in the expansion of J(t1 + dty,to + dt2)) is

Jue, = (La+ 35 + (f2‘)TJ2 + Jhe) Alte, 01)(f'7 = 1)
= (Jz(f:ri :r ) (f27 f2+)TJ:zz)A(t27 tl)(fli - fl+)' (339)
Remark 3.3 The above result still holds even when #; = t3 (we can consider t, > t; first and then let
te — t1 to prove this). O

The above derivations can similarly be extended to the case of K switchings to relate dz(t;) and diy
(k < 1). The expression for J; 4 can be obtained in the similar manner. We summarize and extend the
result obtained in this section into the following theorem.

Theorem 3.1 For a switched system with K switchings,

J(t1 + dty,to +dt2,--- ti +dt[()

= J(tl,tg," , T +Z‘Itkdtk+ thktkdtk+ Z thtldtkdtl
k=1 1<k<I<K
+(higher order terms) (3.40)
where
Jo. = Ji(f* —f’“*) (3.41)
Ty = Ja(fE =150 = (TR f5t + L) (* = 1)
+J§(f{— SO = OTIL = ) (3.42)
Tur, = (L(fa =12+ (F7 = T Al t) (FF7 = f55). (3.43)



3.3 Computation of A(t;,t;), J*, and J*,

In order to use Theorem 3.1 to compute the values of Jy,, Jy, ¢, and Jy,y,, the values of A(¢,t;), J,’f and

JE . need to be known. However, given nominal # and z, these values are not readily available. In general,

numerical methods need to be used to compute their values. An efficient numerical method based on

solving additional initial value ordinary differential equations (ODEs) is developed in this subsection.
First note that A(¢;,%) is the state transition matrix for

i) = 180,y (3.4

where f is the vector field of the corresponding active subsystem at each time instant (ie., f = f;
for t € [tj 1,t;), j = k+1,---,1). To find its value, we can first find the solution y((t),--- 4™ (¢)
corresponding to initial conditions

yD(tr) =er, -+, Y™ (ty) = en (3.45)

respectively, where e; is the unit column vector with all 0’s except that the j-th element being 1, j =
1,2,--- ,n. From linear systems theory, A(#;,¢x) is equal to the square matrix whose j-th column is
y(j)(tl), i.e.

At te) =y (), y™ () (3.46)

To obtain the value of J¥, note that

ty
T* (2 (tr), t) = 1 (z(t))) +/ L(z(t),t) dt. (3.47)
If z(t;) has a variation dx(t), then
Jk (z(ty) + 6z (ty), tp) = zb(m(tf) + A(ts, )0z (tp) + (higher order terms in 5m(tk))>

tf
+/ L(x(t) + A(t, t)0z(ty) + (higher order terms in 5m(tk)),t) dt
tr

= (z(ty)) —i—/th(x,t) dt + by (z(tr)) Aty t) 0z (ty)

ty
+/ (Ly(z,t)A(t, t5)dz(ty;)) dt + (higher order terms in dz(t;))

123
t
= JF(z(ty), tr) + (sz(z(tf))A(tf,tk) —l—/thI(x,t)A(t,tk) dt)ax(tk)
+ (higher order terms in dz(ty)). (3.48)
Hence "
TE = (a(t)) Alts, 1) —i—/thx(x,t)A(t,tk) dt. (3.49)

Now if we apply the similar procedure by varying z(t;) as in (3.49) to J¥(z(t), k), we can obtain

JE = AT (bt ) (2 (tr)) Aty 1) + tf AT (t,t) Lo (x, 1) A(t, 1) dt. (3.50)

123

From the above discussions, we find that A(#;,¢x) can be obtained by solving ODEs (3.44) along with
initial conditions (3.45). A(ts,t;) can be obtained in the same fashion. J¥ and J¥, are in integral forms
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(3.49) and (3.50) which can easily be rewritten as ODEs. Hence, we can find the values of A(ty,tx), J¥ and
JE_ at once by solving the following initial value ODEs from #; to tr (along with the system differential
equation & = f(z,t))

. of (z,t
A(t?tk) = f(at )A(tatk)a A(tkatk) = [ela €2, aen]a (351)
7:]1 — Lm(xat)A(tatk)a nl(tk) — 01><na (352)
fa = AT(t, ) Low(x, t)A(t, t), N2(te) = Opsxen, (3.53)
and taking into consideration that
Ty = u(w(ty)) Alts, tk) +m(ty), (3.54)
JE = ATty te)un ((tp)) At t) + ma(t ). (3.55)

Remark 3.4 (Computational Cost) All other terms in (3.41)-(3.43) except for A(t;,#;), JX and JE,
are readily available once the nominal trajectory x(¢) is known. Therefore the main computational cost for
i Jipty> Jip, occurs in the computation of A(t, ), J:{j and J:fm. The above method we propose reduces
the computation of A(#;, ;) to solving initial value ODEs (3.44) for any k < [ and the computation of
JE and JF, to solving initial value ODEs (3.51)-(3.53) for & = 1,2,--- , K. Hence we altogether need to
solve w + K = w sets of initial value ODEs. With today’s powerful ODE solvers (e.g., ode45
function in MATLAB), these equations can be solved efficiently and accurately. For our purpose of efficient
optimization of open-loop solutions of optimal switching instants, such computation suffices. Moreover,
for general quadratic problems for switched autonomous linear systems which we will elaborate on in the

next section, the computational costs of these values can be reduced greatly. a

4 General Quadratic Problems for Switched Linear Autonomous Sys-
tems
In this section, we apply the approach developed in Section 3 to a special class of problems, namely, general

quadratic problems for switched autonomous linear systems. In particular, we show that due to the special
structure of the problem, the computation of A(t;,t), J¥ and J¥, can be further simplified.

Problem 4.1 Consider a switched system with linear autonomous subsystems & = A;z,i € . Assume a
prespecified sequence of active subsystems (1,2,--- | K, K + 1) is given. Find optimal switching instants

ti, o ti (to <t < --- <tg <ty) such that the cost in general quadratic form
1 T sl T
J = 5a(ts)" Qralty) + Myw(ty) + Wy + (5 (2(6)) T Qu(t) + Mu(t) + W) dt (4.1)
to

is minimized. Here to, ty and x(ty) = xo are given; Qp, My, Wy, Q, M, W are matrices of appropriate
dimensions with Q; >0, Q > 0. O

In comparison to the cost functionals of standard LQR control problems, here the cost J has the terms
Myx(ty), Wy, Mz, and W. In this way, we can address more general problems such as tracking of a
constant trajectory, controlling the final state to a target, etc.

In view of the special structure of Problem 4.1, we can readily observe that

Aty te) = et L At —t0) (4.2)
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for any k < 1.

The computation of J¥ and J¥, is discussed next. Assume a nominal { is given. If for any = € R" and
any t € [to,ts] we denote by J(z,t) the cost incurred if the system starts from the state  at time instant
t and evolves according to the portion of the switching sequence generated by £ in [t, ¢ f]- In other words,

(1) = L

t
((t7) " Qpalty) + Myal(ty) + Wy +/tf (5 (=) Qu(t) + Ma(t) + W) at (4.3)

1
2 2

where z(t) = 2. Dynamic programming approach similar to (3.10) can be applied to J(z,¢) to obtain

- 1

J(z,t) = EmTP(t)x + S(t)z + T(t) (4.4)
where P(t) = PT(t) and

~P = PA+ATP+Q, P(ty) =Qy, (4.5)
-§ = SA+ M, S(tf):Mf,
T = W, T(tf):Wf,

where A = A(t) equals the A; of the corresponding active subsystem at each time instant ¢.
From the definitions of the functions .J and J*, if  is fixed, we have

Jk(x(tk),tk,--- ,t[() = j(x(tk),tk), (4.8)
TJE(2(tr) thy - o tx) = Ju(o(te), ),
Jﬁx(x(tk)atka"' ,t[() = jxm(x(tk)atk)- (4.10)

Therefore the values of J¥ and J%, can be obtained as

T8 = Tole(te) te) = (2(tn) " P(t) + S(t), (4.11)
JE = Jua(z(te), tr) = P(ty). (4.12)

Remark 4.1 (Computational Cost) The computation of A(#;,%;)’s using (4.2) is straightforward and
do not resort to ODE solver. The computation of J¥ and J%, using (4.11) and (4.12) relies on the values
of P(tx)’s and S(#x)’s which are easy to obtain by solving the initial value ODEs (4.5)-(4.7) backward in
time only once. Therefore, the computational cost for Problem 4.1 is greatly reduced as opposed to the
general case in subsection 3.3. a

5 Reachability Problems

The optimal control approach discussed above can also be applied to the following class of reachability
problems.

Problem 5.1 (Reachability Problem) Given a switched autonomous system, does there exist a switch-
ing sequence such that the state trajectory x departs from x(tg) = xo and meets xy at some t;? Here
to, o, Ty are given; ty is not given. O

Note that x; is reachable from zg, if and only if the following optimal control problem achieves its
minimum at J = 0. The problem is having a free final time ¢; and seeks to minimize the cost

1
J = 3llo(ts) a3, (5.1)
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here g, zo, xy are given. In general, the optimal control problem is difficult to solve due to the large
number of possible patterns of switching sequences. But if we assume that a prespecified sequence of active
subsystems is given, the problem can be handled by using optimal control methodologies. For example,
we can assume subsystem k being active in [t;_1,%;) (subsystem K + 1 in [ty, tx 1] with tg1 = tf). In
this case, we can minimize J with respect to the switching instants and the final time ¢;. In other words,
the reachability problem can be formulated as an optimal control problem which seeks for optimal values
of t1,--- ,tk,ts such that

1

is minimized. In this case, ideally the minimum cost should be 0 if = is reachable from zy by the given
order of active subsystems. In practice,if the optimal value of J is found to be smaller than a predefined
small tolerance € > 0, then we regard z; as reachable from zo and regard the corresponding optimal
t1,--+ ,tK,ts as the reachability switching instants.

Remark 5.1 Note that since our approach for optimal control finds local optimal solutions, an optimal
value of .J greater than € does not necessarily imply that z; is not reachable from zo. In the case that
xs is reachable from zg, another trial of initial guess of switching instants may lead to the global optimal
solution with J < e. Therefore the optimal control approach can only be used as a sufficient condition
for judging reachability. However, whenever z; is determined to be reachable from zy, our approach also
provides the explicit sequence (t1,--- ,tx,ts) for achieving it. This is the strength of the approach. |

To minimize J(t1,--- ,tx,tr) with respect to (¢i,--- ,tx,tr), we can use Algorithm 2.1. To apply the
algorithm, the derivatives of J first need to be computed. The derivative values J;,, Ji, ¢, and J;,4 can be
obtained using the expressions stated in Theorem 3.1. However, we note here since 11 = ty is free, we
also need to derive J; . Ji ity and Jy, ¢ ;- These values can be obtained following the idea of the derivation
in Section 3. It is not difficult to show that

Ty = LRI gl e 53

iy, LE+Lp(E+1)- +L£(+1+J£(+1(ft(l(+1)* + fUEFD)= p(KH1)=)
+(f(K+1)7)TJ£+1f(K+1)f+Jg:11tml +2thf(i‘11xf(K+1)*’ (5.4)

i, = (LE+ 4 JEALp(E+D) = 4 (p(K+1)—)T gE+1 4 Jff(illx)A(tKﬂatk)(fk* — . (5.5)

Note that for this optimal control problem, we have

1
JEH = §H$(tf)_33f||%a (5.6)
JEHL = (w(tf)—xf)T, (5.7)
Jhr =0, (5.8)
IR = Inxn, (5.9)

K+1 —

tk+1trk+1 0’ (510)
JETL = 01, (5.11)
L) = o, (5.12)
LK 015 (5.13)
L = o (5.14)



Using (5.6)-(5.14), we can simplify (5.3)-(5.5) as

Ty = (wlty) —g)  fUD (5.15)
thtf = (x(tf) _ xf)T(ft(KJrl)* + féKH)_f(KH)_)

_|_(f(K+1)f)Tf(K+1)f’ 5.16)

thtf = (($(tf) — J;f)Tf{I(:KJrl)* + (f(KJrl)*)T)A(tf,tk)(fkf N fk;+)‘ (517)

6 Examples

In this section, we present two examples to illustrate the effectiveness of the approach developed in this
paper.

Example 6.1 Consider a switched autonomous system consisting of

A= 0.5si
subsystem 1: 3_61 1+ U.osn oy (6.1)
Tog = —0.5cos 1 — %2
r1 = 0.3si 0.5
subsystem 2: 3_61 sz + 0572 (6.2)
9 = —0.5x21 + 0.3 cos z2
1 = —x1 — 0.5
subsystem 3: 3_61 361. cos T2 (6.3)
o = 0.58inz1 + 9

Assume that g = 0, ¢y = 3 and the system switches at ¢ = ¢; from subsystem 1 to 2 and at ¢ = t5 from
subsystem 2 to 3 (0 < t; <t < 3). We want to find optimal switching instants t1, t2 such that the cost
L 5 L o L[, 2
J = §x1(3) + §x2(3) + 5/0 x1(t) + z5(t) dt
is minimized. Here z1(0) = 1 and z5(0) = 3.

For this problem, we choose initial nominal t; = 1, to = 1.5. We derive the derivatives of J using
the result in Theorem 3.1. By using the Algorithm 2.1 with the constrained Newton’s method, after 9
iterations we find that the optimal switching instants are ¢; = 0.5466, to = 2.0337 and the corresponding
optimal cost is 9.9933. The corresponding state trajectory is shown in figure 2. Figure 3 shows the plot of
the cost function for different 0 < ¢; <ty < 3. By comparing the J value for different #; and ¢35, we verify
that the solution we obtain is the global optimal (although it is difficult to tell from the cost surface, our
computation shows us so). O

Example 6.2 (A Reachability Problem) Consider a switched system consisting of

subsystem 1: & = Az = [ (1) (2) ] x, (6.4)
. 2 0
subsystem 2: & = Asx = [ 0 1 ] x. (6.5)

Assume that at ¢y = 0, the system state departs from the initial condition z;(0) = 1 and z2(0) = 1 and
evolves following the dynamics of subsystem 1. Also assume that the system switches once at #; from
subsystem 1 to 2. We want to find a t; and a ty (0 < #; < tf) such that the system state arrives at
[e3, 3T at t;.
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Figure 3: The cost for Example 6.1 for different (¢1,%2)’s (0 < t; < to < 3).

This reachability problem can be posed as an optimal control problem with unknown £y and cost
J = 2((z1(ty) — €3)? + (z2(tf) — €3)?). We choose initial nominal ¢ = 0.7, t; = 1.7. The values of
Jts Jiyy ity Jigty and Ji ¢, can be derived using the formulae (3.41)-(3.42) and (5.15)-(5.17). We use
Algorithm 2.1 with the constrained Newton’s method to search for an optimal solution. After 8 iterations
we find that the optimal switching instants are ¢; = 1.0000, £5 = 2.0000 and the corresponding optimal
cost is 6.3109 x 1072?. The corresponding state trajectory is shown in figure 4. Figure 5 shows the plot
of the cost function for different 0 < ¢; < ¢y. By comparing the J value for different ¢; and ¢y, we verify
that the solution we obtain is the global optimal (although it is difficult to tell from the cost surface, our
computation shows us so).

It is worth noting that for this example we can verify the correctness of (5.15)-(5.17). For example, the
expression of Ji, ¢, can be derived from (5.17) as (here K = 1)

Ty = ((aty) = o))" 127+ (PP ) Alty, ) (f17 = 1)
_ ((x(tf) —zy) Ay + (Aﬂotf))T)A(tf,ltl)(A1 — Ay)a(t). (6.6)

We can substitute z(t;) = [e’t, e*"1]7, z(ty) = [e2tr M, elr )T x:JC =[e?, €%, Aty t1) = eA2(ts—11) and
Ay, Ay into (6.6) and obtain

Jtltf — _4e4tf—2t1 + 2€2tf_t1+3 + 262tf+2t1 o 6tf+t1+3. (67)
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Figure 5: The cost for Example 6.2 for different (¢,¢7)’s (0 <t <ty).

The correctness of (6.7) can be verified by directly differentiating the expression of J

J = %((thf—tl _ 63)2 4 (6tf+t1 o 63)2)
Q _ _e4tf—2t1 + 62tf_t1+3 + 62tf+2t1 o etf+t1+3
oty
2
ﬂ = _4ettr—2t +2e2tf—t1+3+2e2tf+2t1 ettt (6.8)
3t18tf

Similarly, we can also verify the correctness of the expressions of Jy,, Ji,, Ji,1,, Ji;1, by direct differentia-
tions of J. a

7 Conclusion

In this paper, we proposed an approach for solving optimal control problems for switched autonomous
systems with prespecified sequences of active subsystems. In particular, we derive the derivatives of the
cost with respect to the switching instants and use nonlinear optimization techniques to locate the optimal
switching instants. It is also shown in the paper that the computational duty can be eased for general
quadratic problems for switched linear autonomous systems. Finally reachability problems can also be
studied using the optimal control techniques. If a system is reachable given a prespecified sequence of
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active subsystems, optimal control methods can be used to locate the corresponding switching instants.
Further research topics include the search for optimal switching sequences when the active subsystems are
not prespecified, and the application of the approach to hybrid systems with state discontinuities at the

switching instants.

Appendix A: Some Proofs for Section 3.2

Proof of Lemma 3.1: Although the results in the Lemma hold for all cases in the definition of dz(t), we need to discuss
each case in order to show the validity of them.
Case 1: dt; > 0, dt> > 0 (see figure 1(a))

(51’(t1 =+ dtl) = :i‘(tl —+ dtl) — :L‘(tl =+ dtl)
t1+dty t1+dty
= / ﬁ@wﬂm—/ fo(z(t),t) dt

= fi (ii’(tl),h)dtl — fQ(iL'(tl),tl)dtl + o(dty)

= (f' = f'Ndty + o(dty). (A1)
We then conclude from the property of the variational equation that
6x(ts) =  A(ta,tr+ dt1)dz(ts + dtr) + o(||0z(ts + dt1)||2)
= (A(ta,t1) + Ap dts +o(dtr)) ((f'~ — £ )dts + o(dt1)) + o(dtr)
Alta, 1) (' = f1)dts + o(dty), (A.2)

or (tQ =+ dtz)

:i‘(tz —+ dtz) — Zl(tz —+ dtz)
= e+ [ RG00 @) - (s [T R0 @)

ta

= e+ [ (RGO - £0,0) @

ta
= (51’(t2) =+ (fg (ii’(tg),tQ) — fz (:L‘(tz),tg))dtg =+ O(dtz)
= dx(te) + f2 6x(t2)dts + o(di2)
= Alte,t))(f'7 = f1)dts + £ Alte, 1) (F17 = ) dtdts
+(other terms in dt},dt5 and higher order terms). (A.3)

Case 2: dt; > 0, dt2 < 0 (see figure 1(b))
The arguments for proving (A.1) in Case 1 can be applied in this case to show its validity. In this case,

or (tQ =+ dtz)

Zz(tz =+ dtQ) — :L‘(tz —+ dtz)

_ (22(t2) . /tt2+dt2 fo(z2(t), 1) dt) - (a:(t2) + /t2+dt2 fa(at)0) dt)

to

= e+ [ (R0.0) - R 60,0) @

= (51’(t2) =+ (fg (2’2 (tz), tz) — fz (:L‘(tz), t2))dt2 —+ O(dtz)
= (51’(t2) =+ fzifsl'(tg)dtQ =+ O(dtz)
= Atz t1)(f'7 = f)db + 77 Ak, ) (f17 — f1T)dbdt
+(other terms in dt7,dt; and higher order terms). (A.4)

Case 3: dt; <0, dtz > 0 (see figure 1(c))
In this case, we have

ox(t) = &) —z(t)
= /1 hwmﬂﬁ—/l Fi(z(),t) dt
t1+dty t1+dty

= fz (:L‘(tl —+ dtl), t1 + dtl) (—dtl) — f1 (iL’(tl =+ dtl), t1 + dtl) (—dtl) —+ O(dtl)
= fi ($(t1),t1)dt1 — f2($(t1),t1)dt1 +O(dt1)
= (f'" = f"Ndt1 + o(dty). (A.5)
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In the derivations of the third to the fourth equations in (A.5), we use the relationship
$(t1 + dtl) = $(t1) —+ flidtl —+ O(H(S:E(tl)uz), (AG)
and the Taylor expressions of f> and fi. Therefore, we have

(Sili(tz) = A(tz, t1)6$(t1) + O(dt1)
= A(tz, t1)(f'7 — f)dts + o(dtr) (A.7)
(t2 + dtz) — z3(t2 + dtz)

= (e [T RE00 @)~ (e + [T B, @)

ta ta

o (t2 + dtz)

= @+ [ (RGO - £60,0) @

ta
= (Sili(tz) + (f2 (:i:(tQ),tz) — f2 ($(t2),t2))dt2 + O(dtz)
= dx(te) + f2 6x(t2)dts + o(di2)
= Alte,t)(f'7 = f1)dts + £ Aty ) (F17 = ) dtdts
+(other terms in dt},dt5 and higher order terms). (A.8)

Case 4: dt; <0, dtz < 0 (see figure 1(a))
The arguments for proving (A.7) in Case 3 can be applied in this case to show its validity. In this case, we have

(51’(752 =+ dtz) Z4(tz =+ dtQ) — :L‘(tz —+ dtz)

- (z4(t2) + /Mdt2 fo(za(t), 1) dt) - (x(tQ) +/

ta ta

tot+dty

Fa(2(),1) dt)

= s [ (B0 - £E0,0) @

ta
= (51’(752) =+ (fg (Z4(t2), tz) — fz (:L‘(tz), t2))dt2 —+ O(dtz)
= dx(te) + f2 6x(t2)dts + o(di2)
= At t)(f'7 = f)dtr + 7 Alt2, ) (f17 — f17)dtadt

+(other terms in d#}, dt5 and higher order terms). (A.9)
O
Proof of Lemma 3.3: We first note that
totdis max{ty,t1+dt;} totdts
/ L(z,t)dt = / L(&,t)dt + / L(z + 6z, t)dt. (A.10)
to to max{t1,t1+dt1}

In the light of the forward decoupling principle, the first term in (A.10) will not depend on dt»; therefore, it will not contribute
to the coefficient of dtidt».

For the second term, we discuss as follows.
Case 1: dt; > 0 (see figure 1(a) and (c))

In this case, we have

to+dto to to+dta
/ L(z,t) dt = / L(xz + éx,t) dt +/ L(%,t) dt. (A.11)
max{ty,t1+dt1} max{tq,t1+dt1} to
The first term in (A.11) will not be contributing due to the reason that
dx(t) = A(t, t1)(f'~ — f'1)dt1 + o(dty), (A.12)
for t € [max{ti,t1 + dt1},t2] and therefore it does not depend on dt».

The second term is shown to be

to+dta
/ L(&(t),t) dt = L(&(t2),t2)dt> + o(dtz)

ta

L(ﬁ(tQ), t2)dt2 —+ Li(;:l:(tz)dtz
+(other terms in dt5 and terms higher than order 2). (A.13)
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By substituting the expression of dz(¢2) into (A.13), we obtain the coefficient of dt;dt, contributed by this term as

LIA(ts, t1) ('~ = ). (A.14)

Case 2: dty; <0 (see figure 1(b) and (d))

In this case, since z(t) + dz(t) = £(t) for t € [max{ti,t1 + dt1},t2 + dt2], we have

to+dts to+dts to to+dta
/ L(z,t) dt = / L(z + dz,t) dt = / L(z + dx,t) dt + / L(x + dx,t) dt. (A.15)
max{ty,t;+dtq} max{ty,t; +dt1} max{ty,t1+dty} to
Similar to Case 1, the first term in (A.15) will not be contributing. The second term is shown to be
to+dta
/ L(z +6x,t)dt = L(z(tz) + dx(t2), t2)dt2 + o(dt2)
to
= L(ﬁ(tQ), t2)dt2 —+ Li(sﬁ(tz)dtz
+(other terms in dt3 and terms higher than order 2). (A.16)
Therefore, by substituting the expression of dz(t2) into (A.16), we obtain the same coefficient (A.14). |

References

1]
2]
3]

[4]

[5]

[6]

[10]

M. Athans and P. Falb. Optimal Control. McGraw-Hill, 1966.
D.P. Bertsekas. Nonlinear Programming, Second FEdition. Athena Scientific, 1999.

M.S. Branicky, V.S. Borkar, and S.K. Mitter. A unified framework for hybrid control: model and
optimal control theory. IEEE Transactions on Automatic Control, 43(1):31-45, January 1998.

P. Dyer and S.R. McReynolds. The Computation and Theory of Optimal Control. Academic Press,
1970.

A. Giua, C. Seatzu, and C. Van Der Mee. Optimal control of autonomous linear systems switched
with a pre-assigned finite sequence. In Proceedings of the 2001 IEEE International Symposium on
Intelligent Control, pages 144-149, Mexico City, Mexico, September 2001.

A. Giua, C. Seatzu, and C. Van Der Mee. Optimal control of switched autonomous linear systems.
In Proceedings of the 40th IEEE Conference on Decision and Control, pages 2472-2477, Orlando, FL,
December 2001.

S. Hedlund and A. Rantzer. Optimal control of hybrid system. In Proceedings of the 38th IEEE
Conference on Decision and Control, pages 3972-3977, Phoenix, AZ, December 1999.

L.Y. Wang, A. Beydoun, J. Cook, J. Sun, and I. Kolmanovsky. Optimal hybrid control with appli-
cations to automotive powertrain systems. In Control Using Logic-Based Switching, volume 222 of
Lecture Notes in Control and Information Sciences, pages 190-200, 1997.

X. Xu and P.J. Antsaklis. An approach for solving general switched linear quadratic optimal control
problems. In Proceedings the 40th IEEE Conference on Decision and Control, pages 24782483,
December 2001.

X. Xu and P.J. Antsaklis. Optimal control of switched systems via nonlinear optimization based on
direct differentiations of value functions. International Journal of Control, 2002. to appear.

19



