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Abstract
The association between the observable physical world and the mathematical models used in theoretical physics to describe this world is examined.  Such models will frequently exhibit solutions that are unexpected, in the sense that they describe physical situations that are different from that which the physicist may initially have had in mind when the model is employed.  It will then often be the case that such an unexpected solution actually represents a physically realisable situation.  However, this solution may also, in some cases, describe a system that is unphysical – i.e. a system that, according to our physical intuition, simply cannot exist.  It is argued that this latter fact poses a problem for the epistemic position of realism in physics:  a mathematical theory that professes to give a correct description of physical reality should not give rise to such unrealistic solutions.  Some concrete examples are examined, and their implications are discussed from the relativist epistemic perspective that is implicit in the theory of radical constructivism.  
It is argued that the occurrence of these unphysical solutions also has significance for the teaching of physics.  In conclusion, it is advocated that the students be exposed, from the start of their physics education (mainly in secondary school), to the relativist ontology that is advocated by radical constructivism;  here the appearance of unphysical solutions does not pose an epistemic problem. 
- - - - - -
It is well known that the physical sciences – i.e. physics itself, and its diverse sister sciences (astronomy and astrophysics, geophysics, etc.) – are highly math-intensive disciplines;  that is to say, they make extensive use of mathematics in the formulation of scientific laws and the investigation of their consequences.  These laws may then be regarded as offering mathematical models of physical phenomena.  Typically, they will take the form of differential equations, describing in a general way how specific physical quantities vary with location in space and time.  By imposing constraints, in the form of initial or boundary conditions, one may then solve these equations to obtain descriptions of concrete physical systems. 
Such mathematical models do indeed provide a very powerful tool for solving problems in physics.  For instance, they can be used to predict the evolution in time of a physical system (tracking the system forward in time, by inference from its present state to a future configuration), or to retrodict its behaviour in the past (tracking it backward in time, by inference from the present state to an earlier state).  However, the models can also give rise to conceptual problems, in the physical interpretation of mathematical objects and relations.  As we shall see, many of these problems bear on the fundamental epistemic dichotomy of realism vs. relativism.  We will examine a few such issues below.

1.  Unexpected solutions

As noted above, a physical law is often formulated as a mathematical equation, designed to apply and solve for a particular class of physical problems.  One may introduce some particular auxiliary conditions, to solve for a specific physical situation;  and, if this is done right, in fact obtain the solution that is being sought.  However, it will then often turn out that other solutions appear as well – unexpected solutions, which apply to the same physical situation!  To illustrate this, we first consider a very simple example, which may readily be presented to students in secondary school:

Imagine a person, running to catch a bus (see figure).  At the time  t  = 0  she is a distance l0 behind the bus, and running with a constant speed v;  and at this same time the bus starts from rest, moving in the same direction as the runner and increasing its speed with a constant acceleration a.  
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The question is:  will she catch the bus, and (if so) at what time will this happen?  The answer will of course depend on the magnitudes of l0 (how far behind she is initially), v (how fast she is running), and a (how quickly the bus is increasing its speed).  Using elementary Newtonian kinematics, we readily find that the positions lR (of the runner) and lB (of the bus) at a later time  
t > 0 are given by:


lR  =  vt

(she is running at a constant speed v)





lB  =  l0 + ½at2

(the bus starts moving at a distance l0 ahead of her, 

     
 with a constant acceleration a)

both as measured relative to the position of the runner at the time t  = 0.  If and when she succeeds in catching the bus, these two positions must be equal.  So, combining the two expressions, we get the quadratic equation:

½at2 – vt + l0  =  0






 

with solutions:


t1  =  (v – (v2 – 2al0)½) / a





 

t2  =  (v + (v2 – 2al0)½) / a





 
Here, the student may well ask:  why do we get two values of t here – surely, if the runner succeeds in catching the bus, she will do so at one particular time..?  From the mathematical point of view, the answer is simply that the equation to be solved is quadratic in t, and quadratic equations do in general have two solutions.   But the question is:  what does this mean physically, for the particular situation that is studied here – namely, catching the bus?  Can she actually catch it twice?

Focusing on the expression (v2 – 2al0) beneath the square root sign, we see that altogether three different scenarios are possible here:

· v2 – 2al0   <  0.  Both solutions t1 and t2 are then complex numbers – i.e. the equation does not have any real solutions.  This is interpreted physically as follows:  The bus, with the constant acceleration a, will reach the speed v while the runner is still some distance behind it.  After this, it will continue to gain speed, and thus draw further away from the runner, who is still running at the constant speed v.  In other words:  She will not catch the bus!

· v2 – 2al0   =  0.  The two solutions t1 and t2 become identical, reducing to one real number:  
t1  =  t2  =  v/a.  Physical interpretation:  The runner draws level with the bus just as it reaches the speed v, and can then jump on board.  In other words:  She just barely manages to catch the bus, at the time v/a!

· v2 – 2al0   >  0.  The two solutions t1 and t2 are now both real numbers, with t1  <  t2.  Physical interpretation:  The runner overtakes the bus at the time t1, before it has reached the speed v.  She can then jump on it;  or she can decide to pass it and keep on running..!  In this case, the bus will continue to gain speed, and eventually overtake her at the time t2 – and then she can jump on board.  In other words:  She can indeed catch the bus twice, as indicated by the two solutions of the quadratic equation!

As a concrete example, let us assume that the acceleration of the bus is a = 1 m/s2, and that the lead distance is l0  = 8 m.  In this case, v2 – 2al0   =  0  (scenario #2, as described above), and this gives a running speed of v = 4 m/s, by which the runner will just manage to catch the bus.  In other words:  if her running speed is less than 4 m/s, she will not catch it;  if  it is greater, she will be able to catch it twice.
This simple – indeed, almost trivial – example may serve to highlight a feature that is very often met in the formulation of physical theory:  the mathematical analysis of a physical system will often lead to unexpected solutions.  Here, the theory is applied to the problem of determining if and when the runner will catch the bus; and this is then done with the (very natural..!) tacit assumption that she will want to jump on right away, at the first opportunity.  Most of us would never think of waiting for the second opportunity – indeed, would probably not even be conscious of the fact that such a second opportunity may in fact appear!  The mathematical treatment, however, will bring out both these possibilities, even when they are not asked for.

Examples such as this are abundant in physics, and this has led many physicists to adopt as a guideline the following tacit assumption, or hypothesis:  In a good physical theory, the mathematics will contain the physics!  In other words:  the mathematical description of a physical system is "rich enough", so to speak, to give us all possible concrete manifestations of the system, even those that we might not at first hand think of..!  Indeed, a lot of research in theoretical physics will employ this as a general strategy:  
· take the mathematical equations that describe a certain class of phenomena, 
· impose some constraints, in order to focus on a concrete physical system, 
· and then explore all the possible solutions that the analysis may yield.   
And the usual (tacit or explicit) assumption is then that, however strange and unexpected such a solution may seem, it will always identify "something that exists" – i.e. it will describe a physically realisable situation.  That is to say, valid mathematical reasoning will always lead to valid physics.  Indeed, this is often highlighted in the teaching of physics, particularly at the secondary school level, as demonstrating the "power of math" in science.  The fundamental premise is then that Nature runs according to mathematical laws;  and once we have found the "right" mathematical description of the world, this can give us a complete insight into its physical properties.
2.  Unphysical solutions

There is no question that this approach has been very successful in actual scientific practice, and has contributed substantially to the development of physics.  It has, in fact, led to great advances in our knowledge and understanding of how the natural world operates.  However, it should be noted that sometimes a particular solution that comes out of the mathematical treatment can be rather weird;  and one may then well wonder whether such a solution does in fact describe a real physical situation.  (It is perhaps somewhat comforting to note that such "weird solutions" do not usually appear in the physics that is customarily taught at primary and secondary school level.)  Let us look at some concrete examples.
2a.  Electromagnetism

First, we consider the theory of classical electromagnetism, as described by the Maxwell-Lorentz (M-L) equations.   As is well known, this theory has been remarkably successful in describing a wide variety of electric, magnetic and optical phenomena;  and moreover, it provides a solid basis for further developments in physical theory, such as the theories of special and general relativity, and of quantum mechanics and quantum electrodynamics.  Indeed, if a metaphor be permitted, one might well regard the M-L theory as presenting what might be called the "Gospel of modern physics":  a central and authoritative doctrine that any theoretical description of the physical world must relate to.
However, as it turns out, certain mathematical features of this theory do emerge, which are rather odd and difficult to understand on physical grounds:
(i)  For one thing, the M-L equations are symmetric with respect to time inversion.  As a consequence of this, the theory allows for two kinds of electromagnetic wave solutions, known as retarded and advanced waves.  To see what this means, let us assume (for simplicity) that an electromagnetic emitter generates waves of both these kinds, starting from some point P in space at a given time tP, and that these waves propagate to another spatial point Q.  The retarded wave will then arrive at the point Q  at a later time t'Q > tP ;  while the advanced wave will arrive at Q  at an earlier time t''Q < tP .  Loosely speaking, one might say that retarded waves propagate into the future, arriving at other points in space after the time of emission, while advanced waves propagate into the past, arriving at other points before the time of emission..!  
(ii) Under certain conditions the M-L equations appear to entail solutions describing concrete particle motions, where an electrically charged particle will accelerate out of the electromagnetic field, and "run off to infinity"..!  These are known as runaway solutions.  A similar analysis yields solutions that allow a charged particle to accelerate before it feels the  

   
accelerating force..!  Such solutions are generally referred to as acausal.

I will not demonstrate the mathematical details of these solutions here – they are rather more complex than that shown in the example above, which is taken from classical Newtonian mechanics.  For those who are interested, a comprehensive and quite readable account of these issues is given in the well-known textbook of Rohrlich (2007).
Now, these scenarios appear to be quite contrary to our "physical intuition" about what is possible in nature – certainly, no concrete instances of such queer behaviour have ever been observed in the laboratory!  In fact, it would appear that the advanced waves, and the runaway and acausal particle motions, are regarded by most physicists as being unphysical, in the sense of not describing any physically realisable situation.  
So, what happens then to the fundamental assumption that was referred to above, asserting that "valid mathematics leads to valid physics"?  As it turns out, many physicists have felt this whole situation to be unsatisfactory, and have searched for ways to get rid of these offending solutions.  And indeed, this goal can be achieved in a variety of ways, by introducing additional mathematical features into the theory.  (This has in fact been an active field of research for many years, with a large amount of publications to be found in the literature, as one may readily verify by googling search strings such as 'runaway solutions', 'acausal solutions' and 'advanced waves'.)   For instance, one may suitably refine the model of a charged particle;  see e.g. Levine et al. (1977).  Or, one may lay down restrictions on the allowed initial or boundary conditions, or even impose auxiliary constraints on the field equations themselves.  Strategies such as these will serve to reduce the space of permissible solutions of the equations;  and this reduction can in fact be implemented in such a way as to exclude the unwanted solutions.  
However, it may be argued that this is not really a physically satisfactory resolution of the problem, unless one can justify these additional formal additions/restrictions by relating them to other parts of the theory – say, by demonstrating that they have observable physical implications.  After all, if the only effect of these additional items is to mathematically disallow the unwanted solutions, one may regard them as physically inconsequential and epistemically ad hoc.  Indeed, it is then possible to dismiss such strategies, as being merely mathematical "sleight of hand", so to speak – just a more complicated way of saying that "we do not want to consider such solutions..!"  Here opinions differ,  and it seems fair to say that no accepted consensus has been reached among physicists, as to whether such "unphysical" solutions can be eliminated from the mathematical theory of electromagnetism (as given by the M-L equations) in an epistemically satisfactory way.
Another possible strategy is to accept the reality of the strange solutions, but then try to devise some physically plausible account for why they are not observed.  One classical example of this is the well-known absorber theory proposed by Wheeler & Feynman (1949).  Here it is assumed that both advanced and retarded waves indeed exist in Nature, and that they together form a complex network of electromagnetic signals travelling both forwards and backwards in time.  However, these authors introduce certain physical conditions, such as perfect absorption:  it is assumed that every (retarded or advanced) wave will sooner or later be absorbed by some electric charge, which then in turn will emit new retarded and advanced waves, which are subsequently absorbed by other charges… and so it goes on.  Under these conditions it can then be shown that, at any spatial emitter point P, the advanced waves to and from P will cancel out by destructive interference, leaving only the retarded waves to be observed at P!  And these retarded waves, of course, behave as one would expect from standard electromagnetic physical theory.   In other words: the absorber theory offers the same predictions, for locally observed electromagnetic phenomena, as does the standard M-L theory!
Does this mean that the advanced waves are not, after all, to be considered as "unphysical"?  Before answering, we note that the absorber theory is not just another case of the kind of "mathematical sleight-of-hand" that was alluded to above.  The central hypothesis of perfect absorption does have physical consequences.  For one thing, it implies restrictions on cosmology, i.e. on the distribution of matter in the universe – it assumes that every emitted wave will sooner or later be absorbed, and one can easily construct cosmological models (such as e.g. island universes) where this does not occur.  In fact, this central hypothesis puts into question the whole physical concept of free electromagnetic waves, that can (in principle, at least) "run off to infinity" without ever being absorbed!  In the absorber theory, the electromagnetic field takes on more the role of a carrier of action (i.e. inductive transfer of energy and momentum) between electric charges.  One might say that this furnishes an alternative ontological basis for the formulation of physical theory – one that is sometimes referred to as "delayed action-at-a-distance"  ("delayed" because the action is carried at a finite velocity, the speed of light, between the source and the target – in contradistinction to the "instantaneous" transfer of gravitational force between materiel bodies that is featured in Newtonian mechanics).  We will return to this issue of ontological preference later.
So, returning to the question:  are the advanced waves to be considered as unphysical?  As noted, they make no difference to the course of local physical phenomena, and are hence not observable.  In particular, since the advanced waves cancel out in the observable present, it is not possible to receive any "signals from the future"..!  For this reason, most physicists would probably take them to be unphysical, but ignore them as being harmless – a physically inconsequential oddity that is inherent in the mathematical theory.  Of course, the very notion of propagation backwards in time, into the past, will seem a little disquieting to some.  But note that it is electromagnetic waves that are doing this, not material bodies – so, there is no question of time travel involved here!  However, as we shall see, this question does become a serious issue in the next example to be considered. 
2b.  General relativity

As a second example, we shall take a brief look at Einstein's theory of general relativity.  Now, this theory certainly does not possess anything like the unquestioned authority and pivotal status of Maxwell-Lorentz electromagnetism in physical science, as alluded to above.  To stay in the metaphor:  it does not claim to be part of the "Gospel" of modern physics.  Rather, it presents itself as something like a "Book of Revelations":  its mathematical elegance and physical scope are magnificent, and its observational predictions and other achievements are impressive;  but it is not always easy to understand some of the results it offers.  One example of this will be considered below.
Recall that in general relativity, the Einstein field equations describe the physical phenomenon of gravitation as a manifestation of the geometry of space and time – in other words, the geometrical properties of any universe will determine its gravitational field.  Thus a solution of these equations will describe a particular kind of universe, with a particular geometrical structure – i.e. a particular kind of gravitational field.  And, as it turns out, some of these "solution universes" can be rather bizarre.
One extreme example is the celebrated "Gödel universe", which was proposed in 1949 by the Austrian logician Kurt Gödel as a solution of Einstein's field equations of gravitation.  Here, too, I will spare you the mathematical formalism – for those who are interested, the source reference is (Gödel 1949).  
The Gödel universe features a strange phenomenon, generally referred to as closed timelike worldlines.  Loosely speaking, this means that the passage of time can, for some observers, be cyclic, implying that it is in principle possible for such an observer to revisit his own past in time and space!  
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This is illustrated in the figure.  Imagine an observer, who moves along a timelike worldline in the future direction indicated by the arrows, and who measures all moments of time on his own local clock.   He starts at a point P in space and time, and here observes the time on his clock to be t1.  Moving on through space and time, he arrives after a while at another point on his worldline, and here observes a later time t2>t1.   After this, he arrives at yet another point on his worldline, and observes a later time t3>t2… and so it goes on.  But eventually he will arrive back at P, at a still later time t4>t3, as observed on his local clock.  But remember that P is the observer's original point of departure, in both space and time!  So, he will meet here at this point his younger self, about to start the same journey at the earlier time t1, as measured on his (i.e. the younger one's) local clock!
Of course, it may be (and indeed repeatedly has been) argued on philosophical grounds that this solution is grossly unphysical, since it opens up for all sorts of logical contradictions and absurdities.  In particular, it suggests the possibility of time travel – a favourite topic of science fiction – with all the paradoxes that this may lead to.  For example:  Imagine that the revisiting observer decides to kill his younger self, when he meets him in this encounter – how could he (the older self) then continue to exist after that, and thus be able to revisit in the first place..!?  In fact, Gödel's solution is considered by many (though not all..!) physicists to be an anomaly, which does not describe any realisable physical situation.  And then, of course, the same problem arises that was referred to above, for the case of electromagnetism:  How can we get rid of this unwanted solution, in a physically meaningful way?
It should be noted that Gödel's solution is not an isolated mathematical anomaly – there are other solutions of Einstein's field equations (differing from that of Gödel) which also allow closed timelike worldlines.  The study of such solutions (Gödel's, in particular) has, in fact, over the years been the subject of a large amount of theoretical research, resulting in a considerable number of publications – as may be readily verified by googling the search string 'Gödel' + 'timelike'.  These publications vary considerably in their approach to the problem.  Broadly speaking, some try to propose plausible physical arguments supporting the view that such worldlines cannot be physically realised, or at least that they would involve very extreme and intolerable physical conditions (for the prospective time traveller);  while others explore the possible consequences for physical theory of allowing this strange kind of worldlines to exist.  A comprehensive (and rather technical) survey of much of this work is given by Thorne (1993), who discusses the conjecture of chronology protection, as proposed by Hawking (1992).  This conjecture states that the laws of physics must somehow provide for mechanisms that prevent time travel into the past – and hence also closed timelike worldlines – from ever coming into being in the real universe.  

Thorne concludes that the status of closed timelike worldlines in physical theory is still unclear:  indeed there seems to be no compelling physical reasons to forbid them, though they do lead to some pretty odd situations.  The present author concurs – at least, I am not aware of any later work that would seriously challenge this conclusion (though let it be said that I certainly do not claim to be an expert in these matters..!)  In other words:  the elusive goal of chronology protection has not been reached – though Thorne speculates that this may in fact be possible in the future, in the context of a working theory of quantum gravitation.  (It may be noted that such a theory has still not been satisfactorily established in physics.)  His final remark is worth quoting: 
"In summary, these studies are giving us glimpses of how […closed timelike worldlines…] influence physics;  but whether these glimpses are teaching us something deep and important, or we are just playing fun mental games, is far from clear." 

3.  The epistemic dichotomy 
Summing up:  There is a fundamental assumption – widely adopted by practising physicists, as well as by physics teachers and students – that valid mathematical reasoning will generally lead to valid physics.  To be sure, anomalies will then sometimes appear, as described above;  but they tend to be "swept under the carpet", or even ignored altogether. 

It may be remarked that this assumption is ontological:  It is based on the premise that the physical world is made up such as to be discoverable by mathematical deduction, and that such deduction will then yield physically valid results.  Indeed, it may be recognised as a modern version of the classical position of platonism:  There exists a objectively given ideal world, which is governed by abstract logical and mathematical laws;  and the observable physical world, with all the laws that govern it, is nothing but an imperfect reflection of this ideal world.  
Note that this platonic ontology fits in well with the position of epistemic realism:  the view that the true nature of the world is "lying out there" in some sense, waiting for us to find it.  In other words:  there exist objectively true propositions about the physical world and how it operates, and it is (in principle, at least) possible for us to discover these truths.  Or, to put it another way:  the world possesses an intrinsic structure, with an objective existence which is independent of how we choose to describe it;  and the task of physics (and the other natural sciences) is then to identify and explicate the properties of this structure.   
This may be contrasted with the position of epistemic relativism, where such a strong ontological connection between mathematics and physics is not posited.  This is the perspective that is advocated by the theory of radical constructivism, as has been extensively discussed by Quale (2008).  In the present context, the radical-constructivist position can be briefly outlined as follows:  A physical theory is regarded as a model of some domain of physical phenomena, formulated in such a way as to be amenable to mathematical reasoning.  And it is important to note here that the phenomena in themselves are not assumed to possess any pre-existing intrinsic structure or order, which is "lying out there" waiting to be discovered – the physical world is taken to be epistemically amorphous, without any objectively existing structure of its own.   The model is then constructed by the physicist, and imposed on the phenomena, for the purpose of gaining an understanding of them.  Specifically, it is devised in such a way as to clarify, and hopefully answer, whatever questions the physicist may want to ask about these phenomena.   In the terminology of radical constructivism, such a model is said to be viable, if:  (i) it yields predictions that agree with observation, and (ii) it fits in with the ontological preferences of its practitioners (the physicists).  

(Here one might anticipate a possible objection:  How can an amorphous world (of experienced phenomena) be described in a meaningful way by an ordered scheme (a physical theory) – must there not, logically speaking, be some pre-existing order in this world in the first place, for the theory to "capture" in its description?  The answer is:  No, not necessarily – there is nothing that logically forbids one to impose an ordered structure, chosen by personal preference, upon material that is initially unstructured.  One simple analogy:  Consider the set that consists of all possible musical notes and musical instruments.  There is no initial structure to be found in this set.  However, a composer may impose a particular organisation on it, and thus produce a piece of music – say, a symphony.  Here there is indeed a structure, an ordering, as given by the musical score and orchestral arrangement.  But note that this ordering is constructed by the composer;  it is not something that was lying there – inherent in the notes and instruments, so to speak – waiting for the composer to discover it!
This analogy is of course imperfect, like all analogies;  and it should not be pressed too far.  The world as described by physical theory is not a symphony, composed by one person for the enjoyment of all.   It is better conceived of as a set of observed regularities in our common experiential world.  Contrary to what is often asserted, radical constructivism accepts as a given fact that human beings inhabit a shared world of experienced phenomena.  In other words:  the ontological assumption is made that the world is there, for us to act on and interact with each other in!  (Thus the philosophical limbo of solipsism is rejected.)  However, the knowledge that we can gain of this world has to be constructed by each one of us individually;  and there is no objectively defined "right way" to perform this construction, according to the relativist epistemology that is asserted by radical constructivism.  In this perspective, then, physics is about studying the regular behaviour that is observed for many observed phenomena, and constructing viable mathematical models to describe them.
It is in the nature of such mathematical models that they do not (and indeed cannot) deliver a correct and faithful description (i.e. a mapping that is onto and one-to-one, in the set-theoretical sense) of the physical phenomena they are designed to represent.  There will always be some aspects of the phenomena that are not matched in the model;  this is just another way of saying that our experiential world will always be more complex than any model we can construct to portray it!   In other words:  The phenomena will invariably turn out to behave, under certain circumstances, in ways that are not well described by the model.  One well-known example is the failure of Newtonian mechanics to account satisfactorily for bodies that are moving at velocities comparable with the speed of light – in this case, as is well known, one gets better results with the theory of special relativity.  

And conversely, as shown in the present discussion, there will be some features of the model that do not necessarily match the phenomena it is designed to model.  In other words:  When a formal deduction performed within the model leads to a (perhaps unexpected) mathematical solution, it may turn out that this solution describes a possible physical situation, as for instance demonstrated by the catch-the-bus example given above.  But there is no guarantee that this will always be the case:  it may also happen that the mathematical reasoning will yield features that do not fit in well with the physical phenomena that are being studied – as witness the electromagnetic solutions, and the Gödel universe.  
This, of course, has implications for the role that one envisages for mathematics to play in the formulation of physics.  In a simplified formulation, one might describe the situation as follows:  on the one hand, the mathematical analysis will sometimes lead to physical systems that are unrealistic;  and on the other hand, the analysis will sometimes "miss out" on physical systems that are realistic!  In other words:  we cannot expect (or hope) to find a mathematical model that will "cover the physics" exactly – i.e. correctly and faithfully.
Is this a problem for theoretical physics?  If one adopts the epistemic position of realism, the answer would seem to be yes:  Within the framework of this epistemology, one is searching for an objectively true mathematical description of the physical world;  and it must then be less than satisfactory to observe that there is such a "mismatch" between the mathematical model and the physical entities that are modelled.  Of course, one can always argue that this is because we have not yet found the right mathematical framework, the one that does describe the physical world correctly and faithfully – thus encouraging the continued search for this elusive goal, which is often referred to as the Final Theory of physics (Weinberg, 1993).
On the other hand, when viewed from the perspective of epistemic relativism, as adopted in radical constructivism, this poses no problem!  Here it is recognised that we establish our knowledge and understanding of the physical world by constructing mathematical models of it.  However, such models are not then assumed to be perfect;  they will not, and indeed cannot, give a faithful and correct representation of the world.  Thus, a mathematical model of some physical phenomena may indeed be very successful in its account of how they behave;  but there will always be some physical aspects of the phenomena that the model does not, or cannot easily, capture:  either because the analysis throws up unphysical solutions (as shown in this paper), or because it fails to describe some physically realistic systems.   However, this does not constitute a problem in the philosophy of physics – and it certainly does not prevent physicists from utilising these models!  On the contrary, the physicists will employ the mathematical model as a tool, to be put to work whenever it is useful – that is to say, whenever it yields results that are viable:  i.e. agree with observation, and give ontologically satisfactory answers to the questions that are asked.   And conversely, if and when the mathematical analysis should throw up some feature that does not match well with the physical problem that is being studied, this should cause no worry – it will just be a case of the tool (i.e. the model) not being well designed to handle this particular aspect of the said problem..!  To remedy this situation, the physicists may then either try to redesign the tool (refine the mathematical model) or else switch to another tool (use some other model).
This has pedagogical implications for the teaching of physics.  Students (at any level of education) will often pose, to themselves or to the teacher, questions such as:  How do we know that this theory really does describe correctly the physical phenomena that are being studied?   Can we trust the mathematics to keep us on the right track?  It is clear that this kind of questioning presupposes a realist ontology, in which there by assumption exists a "right track" – i.e. a faithful and correct mathematical description of the physical world, which is there for the physicists to discover.  At lower school levels (up to and including secondary school) such an ontology is easily impressed on the students, since (as noted above) they will in general only be exposed to concrete examples where valid mathematics actually does lead to valid physics.  But at a higher (university or college) level, discrepancies will emerge:  some theoretical predictions will not match with the observed phenomena (the math does not adequately describe the physics);  and unphysical solutions will appear (such as demonstrated above, by the runaway and acausal particle motions in electrodynamics, and the Gödel universe in general relativity).
As we have seen, this ontological conflict has inspired a number of attempts to "save realism", so to speak, by devising ways to formally eliminate the unwanted solutions.  It seems fair to say that so far nothing conclusive or convincing has resulted from these efforts.  As an alternative, I would suggest that the students be exposed, from the start of their education in physics, to the relativist ontology that is implied by radical constructivism.  Here, the mathematical formulation of physical theory is regarded and presented as a model, devised to analyse and describe certain physical phenomena;  in fact, such models provide the essential means by which we are able to  understand the world of our experience.  As we all know, this strategy can work remarkably well, for many features of the phenomena that are being studied.  However, it offers no promise that such a model will, or indeed can, deliver "the true description" of the physical world.
This situation may be depicted graphically.  In the following illustrations, P denotes the set of all physical systems (p(,  and M denotes the set of mathematical models (m( that can be devised to describe these systems.
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This is the ideal situation envisaged by a realist epistemology   a faithful and correct match between M and P.  That is to say:  For any physical system p(P, there exists a uniquely given mathematical model m which gives a complete and correct description mp of this system;  and there are no models m(M  that describe unphysical systems – i.e. systems that cannot be realised in Nature. 
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In actual practice, on the other hand, this is what happens:   For any mathematical theory M, devised to describe a given set of physical systems P, there will be:

· systems in P that are well described by M – these are denoted in the two graphs by mp.
· systems in P that are not well described by M – denoted in the left graph by p.  This is indeed the standard situation in theoretical physics;  for any mathematical theory describing some given set of physical systems,  there will always be instances where the theory does not give an adequate description of the physics involved. 
· and systems in P for which the mathematical theory yields unphysical solutions – denoted in the right graph by m.  In other words, the mathematical analysis results in a description of physical systems that cannot be realised in Nature.    
A combination of these two graphs then yields:
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This depicts the relativist epistemology of radical constructivism:  Here M is a set of mathematical models (m(, constructed in such a way as to give a viable description of as many as possible of the physical systems (p(= P;  these viable models are depicted by mp in the graph.  However, there will then be some physical systems p(P that are not covered by the model – another way of saying that our experiential world will always be more complex than any theoretical model we can construct to portray it, as already noted.  Also, there will in general be some models m(M, resulting from the mathematical analysis of particular physical systems, that do not describe realisable physics – i.e. unphysical solutions, such as the runaway and acausal particle motions in classical electromagnetism and the Gödel universe in general relativity, described in this paper.
* * * *
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