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ABSTRACT

This paperconsidersadaptive transmissionsystemswith imper-
fect feedbackchannels.It is shown that if the averageSNR for
the forwardchannelis known to the transmitter, the feedbackde-
tectioncanbemodeledasa classicalmultiple hypothesestesting
problem.Thoughmaximuma posterioridetectionis optimalcom-
paredto maximumlikelihood(in thesenseof minimumprobabil-
ity of error) from a feedbackcommunicationlink viewpoint, the
overall effect on adaptive systemperformanceshows thatML de-
tectioncouldbebetterin thehigh SNRrange.TheMAP scheme
is generalizedto Bayesiandetectionby de�ning a cost function
matrix, which assigns(unequal)weightsto the feedbackdecision
errorprobabilities.Theresultis closeto idealbit errorrate(BER)
performancewith only a smalldropin spectralef�ciency.

1. INTRODUCTION

It is generallyassumedin closedloop adaptive transmissionsys-
temsthat the feedbackchannelis perfect. This is justi�ed by al-
lowing for low-rateerror-control codingto ensurefeedbackreli-
ability [1–3]. However, in wirelesscommunications,feedbackis
subjectto noiseandfading,andthe allocatedbandwidthis typi-
cally smallsoasto maximizeusefuldatathroughput.In addition,
even thoughpower control may be usedto eliminate the effect
of fadingon feedbackinformation[4], this comesat the price of
increasedenergy usagefor a mobile user. It is thus worthwhile
to investigatetheimpactof feedbackchannelimperfectionswhen
uncodedinformationis sentbackto thetransmitter.

This paperanalyzestheimpactof a Bayesianfeedbackdetec-
tion strategy ontheperformanceof anadaptivemodulationsystem
(AMS). Sincetheaveragesignal-to-noiseratio (SNR)for aslowly
fadingchannelis subjectto large-scalefading,it maybeassumed
to beconstantwith respectto small-scalefading.Thus,it is realis-
tic to assumethattheaverageSNRcanbereliably fed backto the
transmitter, whereit canbeusedto computetheAMS stateproba-
bilities, which arealsothe(unequal)feedbacksignaltransmission
probabilities. The feedbackcommunicationsystemcan then be
formulatedasa classicalmultiple hypothesestestingproblem[5],
and one may presumethat maximumlikelihood (ML) feedback
detectionis sub-optimalto maximuma posteriori(MAP) or, more
generally, Bayesiandetection.While this is true from a one-way
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(feedback)communicationlink viewpoint,we show thatthesame
cannotbesaidfor theoverall adaptive systemperformance.

Priorwork in thisareaincludestheadaptivetrelliscodedQAM
systemof [6], wherethe feedbackinformationis protectedby an
errorcontrolcode.Theeffect of arbitrarybit errorson a two-state
systemwasshown in [4], wherefeedbackpower controlwasused
to ensurea constantreceived power at the transmitter. The feed-
backschemein [7] mitigatesperformancedegradationdueto feed-
backerrorsby employing a Finite StateMarkov Channelmodel.
In thispaper, wegeneralizethework of [4] to anN -state(N > 2)
AMS without feedbackpowercontrol,andcompareML andMAP
feedbackdetectionstrategies. It is shown that theAMS BER per-
formancefor MAP feedbackdetectionsatis�esa targetBER con-
straintoverapracticalSNRrange,while theML detectionstrategy
failsatlow SNR.Interestingly, it is seenthattheAMS BERperfor-
mancefor ML feedbackdetectionis betterathigh SNRcompared
to MAP detection.This seemingcontradictionmotivatesthework
in thispaper. TheMAP schemecanbegeneralizedto Bayesiande-
tectionby de�ning acostfunctionmatrix,whichassigns(unequal)
weightsto thefeedbackdecisionerrorprobabilities.Theresultis
closeto idealbit error rate(BER) performancewith only a small
dropin spectralef�ciency

Section2describestheadaptivesystemincludingthefeedback
communicationmodel,while thefeedbackstrategy is presentedin
Section3. Performanceresultsareshown in Section4 andconclu-
sionsaregivenin Section5.

2. SYSTEM MODEL

Consideran adaptive modulationsystemwith N QAM constel-
lations, M = f M i gN −1

i =0 , operatingover a �at fadingRayleigh
channel.To focuson the effect of the feedbackchannel's imper-
fections,perfectchannelknowledgeat thereceiver andnegligible
feedbackdelayareassumed.TheSNRrangefor theforwardchan-
nel canbepartitionedas

si , f 
 : 
 i � 
 < 
 i +1g i = 0; 1; : : : ; N � 1 (1)

wheres0 is the outagestate,
 is the received SNR, and the re-
gionboundaries,f 
 i g, canbecomputedfrom approximateinstan-
taneousBER expressionsfor M [1,3]. If thefeedbackchannelis
perfect,M i is transmittedat thenth timeinstantonly if 
 (n) 2 si .
Now for a realistic feedbackchannel,the feedbackmodulatorat
thereceiver is givenby

� (si ) ! U = f u0; u1; : : : ; uN −1g ; ui 2 f� 1; 1gb

whereU is asetof vectorsof BPSKsymbols.Here,BPSKis cho-
senfor its comparatively high noiseimmunity for uncodedtrans-
mission.Theaverageenergy of eachsymbolis setto unity, while



b = dlog2 N e is thenumberof bits requiredto uniquelydescribe
M . At the transmitter, the received feedbackvector at the nth
signalinginstantis

v(n) = hfb (n) u(n) + zfb (n) (2)

wherehfb �C N (0; 1) is the feedbackchannelrealization,and is
assumedto beconstantfor bsymbolsandknown atthetransmitter.
Theadditive noisevectorzfb 2Cb consistsof zero-meanindepen-
dentand identically distributed(i.i.d.) elementshaving variance
� 2

fb . For a feedbacktransmit power denotedas P fb , the feed-
back SNR per symbol is expressedas � = jhfb j2P fb =� 2

fb with
averageSNR �� = P fb =� 2

fb . The selectionof P fb is basedon
a designer-speci�ed feedbackchannelquality. For example,for
anAWGN feedbackchannelanda speci�ed BERfb , the instanta-
neousBERexpressionfor ML BPSKdetectionmaybeinvertedto
give P fb = 1

2

�
Q−1BERfb

� 2, whereQ(�) is the right-tail proba-
bility of thestandardnormaldistribution and� 2

fb =1 without loss
of generality. At thetransmitter, theoutputof thefeedbackdetec-
tor, û =  (v), is usedfor rateadaptation.

Let qi;j denotethe probability that M i is selectedfor trans-
missionwhensj is thetruestate.In this case,it canbeshown that
thetransmissionprobabilitybecomes[4,7]

� ′

i =
N −1X

j =0

qi;j � j (3)

where� j = Pr (sj ) is the j th stateprobabilityandis equivalent
to the transmissionprobability in theabsenceof feedbackerrors.
It canthenbeshown that themodi�ed averagespectralef�ciency
andBERare[7]

SE=
N −1X

i =1

log2(M i ) � ′

i (4)

and

BER = (SE )−1

N −1X

i =1

log2 M i

�
N −1X

j =0

qi;j

Z

s j

Pb(ej
 ; M i ) p(
 )d
 ; (5)

wherePb(ej
 ; M i ) is the instantaneousBER expressionfor M i

and p(
 ) is the probability density function (pdf) of 
 . In this
paper, systemperformancerefersto theAMS.

Thedetectionprocess (�) determinesthe feedbackdecision
errorprobabilityand,in turn, thesystemperformance.In thenext
sectionwe derive the decisionerrorprobabilityexpressionsfor a
Bayesianfeedbackdetector.

3. BAYESIAN FEEDBACK STRATEGY

In mostcommunicationsystems,transmittedsymbolsareassumed
to beequallylikely sothataminimumprobabilityof errorreceiver
is equivalentto anML detector. However, this is not thecasefor
theAMS feedbackcommunicationmodelconsideredherebecause
feedbacktransmissionis coupledto the instantaneousvalueof 
 .
Since� i is functionallydependenton theaverageSNR �
 [1], the
stateprobability vector� = [� 0; : : : ; � N −1] canbecomputedif

�
 is known at the transmitter. This implies thatML feedbackde-
tectionmaybesub-optimalto MAP, or moregenerally, Bayesian
detection.Thedecisionerrorprobabilitiesin (3), (5) arethenob-
tainedby solvinga classicalmultiple hypothesestestingproblem,
wherethei th hypothesisis de�ned as

H i : 
 2 si ; i = 0; 1; : : : ; N � 1: (6)

In the framework of detectiontheory, qi;j , Pr (H i jH j ) is the
probability that the transmitterdecidesH i whenH j is true. The
optimumsolutionis obtainedby minimizing theBayesrisk [5]

�C =
N −1X

i =0

N −1X

j =0

Cij Pr (H i jH j ) � j

=
N −1X

i =0

Z

L i

�Ci (v)p(v)dv (7)

whereCij is thecostof choosingH i whenH j is true,p(v) is the
pdf of v, L i = f v 2 Cb : H i is choseng and

�Ci (v) =
N −1X

j =0

Cij Pr (H j jv): (8)

Thus,theoptimumdetectorchoosesH i if

�Ci (v) < �Cj (v) 8 j 6= i : (9)

It is commonlyassumedthatCii = 0; Cij = 1 8 i 6= j . Hence,
insertingthesevaluesin (8) andapplying(9), it canbeshown that
theBayesreceiver is equivalentto a MAP detector, which selects
H i = maxj Pr (H j jv) [5, 8]. This is not necessarilythe case
for the feedbackcommunicationmodelconsideredhere. For ex-
ample,when
 2s0, i.e., theoutagestate,thecostof transmitting
64� QAM shouldbe greaterthan the costof transmittingBPSK
sinceachieving thetargetBER constraintis of greaterimportance
thanmaximizingthespectralef�ciency.

The computationof P r (H i jH j ) for the multiple hypotheses
problemis dif�cult becausethedecisionregions,f L i g, aredeter-
mined by N � 1-dimensionalhyperplanes[5]. In Section4, we
presentperformanceevaluationresultsobtainedby simulationus-
ing (9). For the two-statesystemof [4], which becomesa binary
hypothesestestingproblemin this paper, closedform expressions
canbeobtainedasshown in thenext section.

3.1. A two-state system

Considerthebinaryhypothesistestingproblem,(H 0; H 1) andlet
Cj j = 0 for any j . Then,(7) becomes

p(vjH 1)
p(vjH 0)

H1
≷
H0

C10� 0

C01� 1

(10)

where p(vjH j ) is equivalent to the multi-dimensionalcomplex
Gaussianpdf,

p(vjhfb uj ) =
1

(� � 2
fb )b

exp
�

�
1

� 2
fb

kv � hfb uj k2
2

�
:

Taking the logarithm of both sidesof (10), the test statisticbe-
comes

kv � hfb u0k2 � kv � hfb u1k2
H1

≷
H0

� 2
fb ln

C10� 0

C01� 1

: (11)



De�ning � = ln C 10 � 0
C 01 � 1

theteststatisticcannow beexpressedas

D (v) , Re
n

(hfb )∗(u1 � u0)T v
o

�
1
2

jhfb j2
�
ku1k2 � ku0k2

� H1
≷
H0

� 2
fb

2
� ; (12)

whereRe, ∗, T denote,respectively, thereal,conjugateandtrans-
poseoperations.By notingthatthetransmittedsequencesarereal,
it is straightforwardto show that[8], conditionedoneitherhypoth-
esis,D (v) is Gaussiandistributedwith

Ef D jH 1g = 1=2 jhfb j2 d2
1;0P fb (13)

Ef D jH 0g = � 1=2 jhfb j2 d2
1;0P fb (14)

anda commonvariance,� 2
fb =2 jhfb j2 d2

1;0P fb , whered1;0 is the
Euclideandistancebetweenu1 andu0. Therefore,

P r (H 0jH 1) = E�

�
P r (D (v) <

� 2
fb

2
� j H 1)

�

= E�

8
><

>:
Q

0

B
@
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u
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� 2

2d2
1;0�

1

C
A

9
>=

>;
: (15)

Similarly, theexpressionfor P r (H 1jH 0) is obtainedby changing
thesignin thesquaredtermof Q(�) in (15).

To analyzethe performanceof the system,let C01= C10. In
general,� 06= � 1, resultingin adecisionbiasedin favor of themore
likely hypothesisi.e.,

P r (H 0jH 1) < P r (H 1jH 0) for � < 0

> Pr (H 1jH 0) for � > 0 (16)

sinceQ(�) is a decreasingfunctionof its argument.
At low SNR,� 0 > � 1 sothattheinequalityP r (H 1jH 0; � ) <

P r (H 0jH 1; � ) holds.This is desirablefrom theAMS perspective
becausea wrongdecisionin favor of H 1 increasestheBER. Con-
versely, P r (H 1jH 0; � )>P r (H 0jH 1; � ) at higher SNR. There-
fore, if P r (H 1jH 0; � ) is greaterfor MAP comparedto ML de-
tection,theBERwouldcorrespondinglybehigherbecausethede-
cision favorsH 1, implying morefrequenttransmission.It should
benotedthattheaverageBERof thefeedbackchannelwith MAP
detectionis, in general,betterthanML detection.However, for the
coupledsystem,theindividual crossover probabilitiesareof more
signi�canceto theAMS BERperformance.This clearlyindicates
that the well-known sub-optimalityof ML to MAP detection,in
termsof BER performance,is strictly basedon a one-way com-
municationlink perspective. Theoverall effect of feedbackerror
ontheadaptivesystemperformancewouldshow that,athighSNR,
theBER for MAP is higherthanthat for ML feedbackdetection.
This effect is similarly presentfor the moregeneralAMS when
N > 2 asshown in Section4.

3.2. Bayesian Cost Function

While equalcostfunctionsarethenormin traditionalcommunica-
tion systems,the importanceof theBER beingassmallaspossi-
ble,andnotsimply to satisfytheBERT , maysupersedethedesire
for maximalspectralef�ciency in someapplications.Wecanthen
generalizeMAP to Bayesianfeedbackdetectionby de�ning suit-
ablecostfunctions.

To de�ne acostfunctionmatrix for minimumaverageBER,it
is desirablethatCij >C j i andCij >C k j for i>k > j . It is dif�cult
to quantitatively assigncostsin generaldueto thesubjectivenature
of theimpactof wrongdecisionsonasystem.In thispaper, weuse
thecostfunction

Cij = ji � j j; Cj i = � Cij i > j; � 2 (0; 1]: (17)

In otherwords,thecostof transmittingat a higherratethanwhat
the channelstatecalls for, is higherthanthe costof transmitting
conservatively. It would beshown that thechoiceof � in�uences
thesystemperformance.

4. RESULTS
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Fig. 1. AverageBERfor anN =2 AMS usingML, MAP detection
for a fadingfeedbackchannel.

For all resultsin this sectionBERT =10−3. The analytical
performanceof a two-statesystemfor an outagestateandBPSK
modulationis shown in Fig. 1 for a fadingfeedbackchannelwith
�� = 15dB. It canbeseenthatatlow SNR,ML detectionfailsto sat-
isfy theBERT while theBERcurve for theMAP schemeis lower
thantheBERT over theSNRrange.However, thereis a crossover
point at �
 = 8:75 dB afterwhich theML givesbetterperformance.
This validatesour earlieranalysisof theimpactof thesedetection
strategies.

An adaptive M-QAM systemis simulatedwith 7 non-zero
QAM constellations,f 2i � QAMg7

i =1 over a �at fadingRayleigh
channelwith a normalizedDoppler frequency of 10−3. Fig. 2
showstheaverageBERperformancefor anAWGNfeedbackchan-
nel whereP fb is obtainedby settingBERfb= 10−3 and� 2

fb =1 for
ML detection.TheMAP/Bayesianschemesareimplementedus-
ing (7). A similar trendfor the two-statesystemis alsoobserved
with a crossover point at �
 � 20:5 dB. Thereareonly negligible
differencesin thespectralef�ciency andthus,it is notshown here.
It shouldbenoted,though,that from thepoint of view of satisfy-
ing theBERT , MAP is optimumoverthewholeSNRrange.Using
thecostfunctionof (17) with � = 0:01, theperformanceis close
to theidealcase.However, thereis a smallpenaltyin thespectral
ef�ciency of lessthan0:02 bps/Hzat highSNR.
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Fig. 2. AverageBER for an N =8 AMS using ML, MAP and
Bayesiandetectionover anAWGN feedbackchannel.

TheBER performancedifferenceis evenmoresigni�cant for
a fadingfeedbackchannelasshown in Fig. 3. TheaverageSNR
of the feedbacklink is setto �� =15 dB. TheML detectorcannot
beusedfor �
 < 19:5 dB, while theMAP canbeusedover the full
SNRrange.Again in thehighSNRregion theML givesimproved
performancecomparedto MAP. For theBayesianschemesshown
in Fig. 3, theeffect of varying � resultsin theBER performance
approachingthatof theidealfeedbackchannelbut thereis a small
loss in spectralef�ciency of 0:03, 0:13 bps/Hzrespectively for
� =0 :1; 0:01. Therefore,thereis a trade-off betweenloweringthe
BERasmuchaspossibleandmaximizingthespectralef�ciency.

5. CONCLUSION

It is shown that if the averageSNR for the forward channelis
known to thetransmitter, MAP feedbackdetectionconsistentlyre-
sults in an AMS averageBER performancelower thanthe target
BER constraintwhile ML feedbackdetectiondoesnot. However,
an interestingphenomenonis shown whereML may outperform
MAP in the high SNR region. For applicationswherea small
decreasein spectralef�ciency can be tradedfor lower BER, a
Bayesiancostmaybe de�ned to achieve closeto idealBER per-
formancefor the AMS. The main assumptionusedin the paper,
namelythat the averageSNR is known to the transmitter, could
berelaxedby formulatingtheproblemasa minimaxmultiple hy-
pothesesproblem.Thiswould bepursuedin futurework.
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