Solutions to the Exercises of Chapter 8

8A. Domains of Functions

1.

For /7 — z to make sense, we need 7—x > 0 or 7 > z. So the domain of f(z)is {z | z < 7}.
For /x +5 to make sense,  +5 > 0. So the domain of g(x) is {z | + > —5}. For h(x) to
make sense, both f(z) and g(z) must make sense. So the domain of h(x) is {z |—5 < x < 7}.

. For v/3x — 4 to be defined, we must have 3x —4 > 0. So z > % and hence the domain of

f(x)is {z | x > 3}. For v/2z — 3 to make sense, 2z — 3 needs to be greater than or equal to
0. So 22 —3 > 0 and hence the domain of g(z) is {z | 2 > 2}. Note that for 2 > 2, both f()
and g(x) are defined. For k(x) to make sense, we also need g(z) # 0. So the domain of k(z)
is {z | z > 3}

. In the case of f(z), we need both z+6 > 0 and 3 > v/x + 6. Sox > —6 and 9 > x+ 6. Hence

x > —6 and 3 > 2. So the domain of f(z)is {x | —6 < x < 3}. For g(z) to make sense, we

havetohavej—jrgzo. Soeither t+3 >0and x—5>0;orz+3<0and z—5<0. So

x > 5 or x < —3. Hence the domain of g(z) is {z | + < =3 or = > 5}.

8B. Evaluations of Limits

10.

11.

lim (22 + 1)(2? 4 42) = (5)(12) = 60.

1,'—)2
. e—2 -1 1
Clm S = s T

. lim /242 =V4+2 =16

$—>4

: x?—x+12 _ 9-3+12 _ 18 __
i{% =3 = 38 — 5 =

. Notice that in the limit lim M, the numerator goes to 24 while the denominator goes

z——3 z+3
to 0. So the ratio becomes larger and larger. Because it does not close in on a finite number,
. . . 2_ . 2_
there is no limit. Check that lim £=2F2 — o and lim =22 — 4o,
x——3" z+3 z——3+ Tt3

. This is a limit of “8” type. So we are looking for a cancellation. Because 22 —x — 12 =

(x + 3)(z —4), we see that mlirzl?) 9”2%512 = mlirg?) %ﬁg_“ = wlingg(m —4) = —7. Check that

L’Hospital’s rule gives the same answer.

This is another limit of “2” type. It is solved with a cancellation: tl—i>I£l1 g:i — tl—i>r£11 t((tt;__ll)) —

tliml t = —1. Check that LL’Hospital’s rule gives the same answer.
This is a limit of “%” type. By L’Hospital’s rule, 3161_% izj = il—% % = % Check that this

limit can also be solved with a cancellation.



12.

13.

14.

15.

16.

17.

This limit is also a “%” limit that can be solved by a cancellation:

h—5)2—2 h2 — 10h + 25 — 2 hh—1
im 8= 0h+25-25 o PO=10) i~ 10y = —10.
h—0 h h—0 h h—0 h h—0

Show that L’Hospital’s rule gives the same thing. For which function f(z) is this limit equal
to f'(—5)7?
By rationalizing, factoring, and canceling,
r? — 81 :B—81 \/_+3 r? — 81
3) = 9 3).

So lir% ”jgf; = lir% (z+9)(v/z+3) = 108. Check that L’Hospital’s rule gives the same result.

T o AV/143z+1 z(v/1+3z+1) _ /14+3z+1

By rationalizing, === = /5% Vit — (o1 = 3 90 ili% Wi i
lim —VlJr;’xH = % What do you get with L’Hospital’s rule?
z—0

\f 4—/5  44+Vs _ 16— 4-vs 1
By ratlonahzmg, =016 Trvs (5_16)(41\/-) 4+\/- So slg?ts —5 31L16 4+\/- -3
What answer does L Hospital’s rule provide?
The limit lim ‘I | does not exist. To see this, check that lim 2=2 = lim =22 = 1.

z—2 T g—2- T2 c—2— T2

This is so, because for x < 2, we get x — 2 < 0, so that |z — 2| = —(x — 2). Show in a similar

way that lim @

r—2+
|z

= 1. Since the limit from the left is not equal to the limit from the right,

1irr% %2| does not exist.

Because lim f(z) =5 and lim g¢(z) = 3, we see that lim Lz; = 2. Similarly, lim (j)f_(?(x)
ﬁ _ &mza_‘B r—a r—a r—a

35 —2 :

8C. Continuity

18.

19.

For “"34“7 to make sense we need only for 622 + = — 1 to be non-zero. By the quadratic

62 +x—
formula, 633 +z—-—1=0 when T = H[”H = _1i5 = —% or % So the domain of

G(z) = 6;;:;31 is {x |z # —5 and & # } For Va —|— to make sense, we need x + 1 > 0,
or x > —1. For = to make sense we need x > —1. So the domain of H(z) = \/xlﬁ is

{z | © > —1}. That G(z) is continuous on its domain follows from the third Remark in

Section 8.2. That H(z) is continuous on its domain follows from a combination of the second
and third Remarks of Section 8.2 and the fact (see Section 8.5) that the composite of two
continuous functions is continuous.

That the functions cx + 1 and cx? — 1 are continuous for any constant ¢ follows from the

third Remark in Section 8.2. For the function f(z) to be continuous, its graph must be in

one connected piece. In view of what was already said, this will be so precisely if the graphs

of cx + 1 and cz? — 1 meet when 2 = 3. So we need to have 3c +1 = 9¢ — 1. So 6¢ = 2 and
1

ng.



20.

21.

22.

23.

For (i), we need to check that the Continuity Criterion is satisfied for ¢ = 5. Because f(5) =
14+ +v52—-9 =14 16 = 5, we know that f(5) makes sense. In view of the fact that
lim f(x) = liné (1++vV22—-9) =1+ 16 =5 = f(5), we now know that the Continuity
z+1
2m;_—1
at ¢ = 4, we need to check the Continuity Criterion for ¢ = 4. Because ¢g(4) = 2,12_1 = 3%, g(x)
z4+1 5

is defined at # = 4. Since hH}L g(x) = lirr}l s = 37 = 9(4), the criterion is met. So g(z) is

1S continuous

Criterion is satisfied. So f(z) is continuous at ¢ = 5. To show that g(x) =

continuous at ¢ = 4.

i. We know from the third Remark of Section 8.2 that the function =L is continuous

z+1
except when x = —1. For x = —1, the function :C:+_11 is not defined so its graph has a
gap. We need to see whether defining f(—1) = 6 closes the gap. Is this the case? It will
be only if mlirgl ”;2;11 = 6. However xlirgl ff ;11 = mlir?l %ﬁ—l) = xlirgl(a: —1)=-2. So
the function f(x) is not continuous for x = —1. Hence it is not continuous on its domain.
ii. Asin (i), the function % is continuous, except when x = 4 where it is not defined.
It ilg}l % = 6, then the definition f(4) = 6 will close the gap in the graph. Because
i{r}l% = iﬂ% = glclir}l(x +2) = 6, the gap is indeed closed. So f(z) is

continuous at x = 4 and hence for all x. Why are f(z) and g(x) = x + 2 exactly the
same function?

Let f(z) = 22® + 2? + 2. Because f(—2) = 2(-2)*+ (-2)*’4+2=-16+44+2=—-10 < 0 and
f(=1) =2(-13+ (-1)*+2=-2+1+2=1>0, it follows from the Intermediate Value
Theorem that there exists some x in (—2, —1) such that f(z) = 22% + 2> +2=0.

If m and M are the minimum and maximum values of f on [—1,1], then m <3 <4 < M. So
by the Intermediate Value Theorem, there is, for any number v with 3 < v < 4, a number r
between —1 and 1 such that f(r) = v. Taking v = 7 gives us the r we need.

8D. Tangent Lines

24.

25.

26.

27.

Because ¢'(z) = —3x?, the slope of the tangent to the graph at the point (0,1) is ¢’(0) = 0. By
the point-slope form of the equation of a line, the equation of the tangent line is y—1 = 0(z—0)

or y=1.

Because h'(z) = —1(2z — 1)72(2) = ﬁ, we see that A/(—1) = % = —2. By the
point-slope form, the equation of the tangent lineis y+ 3 = —2(z+1) or y = —3z — 3.
Because 3/ = 1(;;:;23;(1) = (x:‘;)Q , we see that the slope of the tangent line is ﬁ =F=-1

By the point-slope form of the equation of a line, we get that the equation of the tangent is
y—2=—1(x—06) or y=—ix+4.
Converting the equation x—2y = 1 into slope-intercept form, we get 2y = x—1 or y = %x—%

So % is the slope of the line. Next, we need the point on the graph of f(z) = 22 — 1 with the

property that the tangent at that point has slope % Because f'(x) = 2z, this occurs when



T = i. So the point is (i, f(i)) = (i, —%). The equation we are looking for is that of the
line through (i, —%) with slope % By the point-slope form of the equation of a line we get
y—(—12) =3(x—1) or y+ 2 =4x— 5 or, finally, y = 32 — 1.

28. For the graph of f(z) = 223 — 322 — 62 + 87 to have a horizontal tangent, we need to have
f'(z) = 622 — 62 — 6 = 0. By the quadratic formula, 6(z*> — 2 — 1) =0 for = = %

29. For y = 62% + 52 — 3 to have a tangent line of slope 4, the derivative y' = 1822 + 5 must be

equal to 4. But 4 = 182 + 5 implies that z? = —1—18 and this is impossible.

30. Start with the graph of y = 2% and then observe that the relevant diagram is shown below:

Let y = mx + b be one of the two lines and let (z1,y;) and (x2,y2) be the two points

of tangency, respectively, on the graphs of f(z) = 2* + 1 and g(z) = —2% — 1. Observe
that f'(z1) = m = ¢'(x2) and hence that 2z; = m = —2x5. So x9 = —x;. Therefore,
Yo = —a5— 1= —(—21)? — 1= —2? — 1 = —y;. Because y; = ma; + b and y = mas + b, we

get y; = mx1+band —y; = —ma1+0b, and hence that 2b = 0 and b = 0. Because m = 2z, and
(x1,91) lies on the graphs of both y = mz and y = 2* + 1, we get 2% + 1 = y; = mx; = 227
So 22 = 1 and hence r; = +1. When z; = 1, we get y; = 12+ 1 = 2,20 = —1 and
yo = —(—1)2 — 1 = —2. So the two points are (1,2) and (—1,—2). These are the points in
the diagram. When z; = —1, we get y; = (=1)>+1=2,20 = 1, and yp = —12 — 1 = —2. So
the other two points are (—1,2) and (1, —2).

31. A reformulation of the question is this: For what point on the graph of y = 1—10x2 will the



tangent line hit the point (10, 5)7 Let this point be (z1,y1). Because the slope of the

%xl and the point (z1,y;) lies on it, we see that the equation of the tangent is

y—uy1 = ta1(x —x1). Since (10 5) must be on thls line, 5—y; = t21(10 —21). Since (z1, 1) is

tangent line is

also on the parabola, y; = 931 Therefore, 5 — 931 —:U1(10 — x1). Multiplying by 10 gives
50 — 2% = 20z, — 222, So :Ul — 2021 + 50 = 0, and by the quadratic formula, 2; = 10 + 5v/2.
Because the car is to the left of the point (10, 5), we need to take z; = 10 — 5v/2. When this
is the z-coordinate of the headlights, the headlights will beam in on (10, 5).

8E. About Derivatives

32.

33.

Recall that f/'(z) = lim W. Denoting Az by h this becomes f'(z) = lim w

Az—0 h—0
The pattern of (i) suggests that x = —5. So f'(—5) = lir%% Taking f(z) = 22,
we see f(—5+h) = (h—5)? and f(—5) = 25. So the limit in (i) is the derivative of f(z) = a:z
at x = —5. Because (iii) can be rewritten as lim 7”“;1, we see that this limit is the deriva-

h—0
tive of f(x) = y/x at x = 1. Only (ii) remains. A reading of Section 8.3 informs us that
f'(c) = lim [@)=f(e) Taking ¢ =1, we get f/(1) = lim w It follows that lim 19:11 is the

rx—c *TC z—1 T z—1 T

derivative of f(z) = 2% at v = 1.

i. The domain of f(z) =z — 2 is {x | # # 0}. Now to the computation of f'(z) :

Fy = g SOEAN S0, () = )
e R e e e I e
= Alzﬂﬂoi{ﬁﬂ”%] = A, {Hﬁ}

_ 1+%.

The domain of f'(x) is {z |  # 0}. It coincides with that of f(z).
ii. The domain of f(z) = +/6 — x is {z | # < 6}. The derivative is obtained by rationalizing:

flo) = nm LEFAD = S@) m N

Az—0 Ax Am—»O
o <\/6—(33+A:1:)—\/6—x> <\/6— :E+Ax)+\/6—a7>
= e (V6T ba) + V6 z)
— lim 6 —(r+ Azx) — (6 —x)

Aa=0 Ay (m + m)

= lim =
Az=0 /6 — 33+Ax)—|—\/6—3: 26 —

The domain of f'(x) is {z | = < 6}.




34. The facts to remember are these: If f/(z) > 0 for all z in an interval I, then f(z) is increasing
over I; and if f'(z) < 0 for all z in I, then f(z) is decreasing over I. If f'(z) = 0, then the
graph of f has a horizontal tangent. Going from left to right: We see that the function whose
derivative has Graph a is increasing, then suddenly decreasing, then suddenly increasing,
and then suddenly decreasing again. This is the pattern of Graph ii. The function whose
derivative has Graph b is increasing, then has a horizontal tangent, then is decreasing,
has another horizontal tangent, then increases until it has another horizontal tangent, and
it is decreasing thereafter. This is the pattern of Graph iv. Similar considerations match
Graph ¢ with Graph iii and Graph d with Graph i.

!/
35. Because <£) (3) is the derivative of the quotient of % evaluated at © = 3, it is com-

puted as follows: - (%) = f/(z)g(?(;)j;(x)g/(x); and at x = 3, (f)/ (3) = f/(?’)g(?;)(g)/;(g‘)g'(g”) —
w = —8. By the chain rule, (f(g(x))) = f'(9(z)) - ¢'(z). Evaluating this at = = 3,
we get f'(g(3)) - ¢'(3) = f'(2) -5 = (=3)(5) = —15.

36. The graph of f(z) = x? — 9 is sketched below. Because | | makes everything positive, the
graph of g(x) = |z — 9] is obtained by rotating the portion of the graph of f(x) = 2% — 9
that is below the x-axis upward as shown. So the graph of g(x) = |#? — 9| has sharp corners

at t = —3 and = 3. So g(x) is not differentiable at + = —3 and z = 3.

y y
20 20
10
10
5 5 X
5 5 X

The functions f(z) and g(x) coincide except when —3 < x < 3. So ¢'(x) = f'(z) = 2x except
when —3 <z < 3. For -3 < x <3,9(z) = —f(x). So ¢'(z) = — f'(z) = —2x. The graphs of
f'(x), and ¢'(x) are sketched below:



37. The discussion in Section 8.5A tells us that y = cx® + 1 is differentiable for all z no matter
what ¢ is. By the same discussion, y = /z + d is differentiable for all z > 0 no matter
what d is. So the question is this: For which ¢ and d do the graphs of y = cz? + 1 and
y = /x +d fit together in such a way that the graph of f(z) that results is smooth at zz = 47
Because the graphs need to connect when z = 4 (Why?), we need to have c¢-4?+1 = VA+d,
or 16c+ 1 = d+ 2. Because the connection needs to be smooth (no corner), the derivative
of y = c?> +1 at * = 4 needs to be equal to the derivative of y = /r +d at z = 4.
So 2c-4+0 = %(4)’% + 0, and hence 8 = 1. So ¢ = &, and by the earlier equation,

d=16c—1=418 _1=_1 4 327
32 92"

38. This is done by rationalizing;: iﬂ% = 310123 (E/l \/(f))(\/[::/\[) }:1m(\/’+\f) < ) )
2v/a f'(a).

8F. Rates of Change

39. For [4,7] thisis $200=L00 — 38900 — 19 333 hacteria per minute. For [7,9] it is 12220002000 —

92’;)00 = 46,000 bacteria per minute.
40. For [0,5] this is 32=10 — =35 — _7 milligrams per day, and for [0,10] it is 113=T0 — =525 _

—5.25 milligrams per day. The minus sign means that the amount is decreasing at these rates.

41. If the formula T'(x) = 500 — ax is to hold for all x with 0 < z < 80, it must hold for
x = 20. So 499 = T(20) = 500 — a(20). So —20a = —1 and hence a = 4. Therefore

20°

T(x) = 500 — £. We now get that T'(30) = 500 — 2 — 498.5 and T(35) = 500 — 2 — 498.25.
So T'(30) —T(35) = 0.25 and hence the temperature is decreasing at a rate of 2% = oL degrees
per inch over [30, 35]. The rate of Change of the temperature at any x is 7"(z) = —% degrees

per inch. So 7”(30) is also equal to —5 degrees per inch.

7



42. Because V(0) = 3000 and V(25) = 0, the average rate at which the tank drained was 332 =

120 gallons/minute. After 10 minutes there were V(10) = 3000 (1 — %)2 = 1080 gallons in the

tank, and after 20 minutes there were V(20) = 3000 (1 — %)2 = 120 gallons. During the time
interval [10, 20], the average rate at which the water drained was V(Qg()]:;g(w) = 122%1110080 =-96

gallons/minute. The minus means that the volume of water in the tank was decreasing. Note

that V() = 6000 (1 — &) (=) = —240 (1 — £%). So at ¢ = 10 and ¢ = 20, the rates were

V’(10) = —144 gallons/minute, and V'(20) = —48 gallons/minute, respectively.

43. The volume is equal to V = V(z) = x3. When z changes from 3 to 4, the average change

in the volume is v(4i:;/(3) = 43133 = 37. When z changes from 3 to 3.1, this average change
is V(?’:;fl):;/(?’) = (3'131_33 = 27.91, and when = changes from 3 to 3.01, the average change
is V(3'001.)OIV(3) = (3'0&);1*33 = 27.09. The rate of change of V" when x = 3 is V’(3). Because

V'(x) = 322, thisis V/(3) = 3-3% = 27. Because the surface area of the cube is 622, V'(z) = 322
is one-half the surface area.

44. The area of a circle of radius 7 is A = mr%. Tt follows that the answers to (i), (ii), and (iii)

are, respectively, A(?’;:QA@) = 24T = 57 o~ 15.71, A(Qfg:‘;@) = ”(2'53_25_“22 ~ 14.14, and
A(2.1)—A(2) m(2.1)2—722

e = = ~ 12.88. Note finally that A’(x) = 27r is the circumference of the

circle of radius r, and that A’(2) ~ 12.57.

. 800 . .. P(250)—P(200) _ 3.2-4 _ .3
45.  i. Because P = 57 as a function of V, this is 50300 = —z5- = —0.016 pounds/in”.
The — means that the pressure is decreasing (as V' increases).
‘s __ 800 v _ 800 _ 1
ii. Because V' = “5°, we see that 5 = —57 = —800 &.

Correction: In the statement of Exercise 46, change ”"If the bodies are moving, find the rate of
change of F' relative to r.” to ”If the distance between the bodies is changing, find the rate of
change of F' relative to r. Note that if one of the bodies is in a circular orbit around the other (so
the distance between them is fixed) then F' is a constant and the derivative is zero.”

46. This is 4F = =26l

73

8G. Differentiating Functions

47. € — 3(162) - 16 = 12,28822.
48. G'(x) =222z —7) + (22 + 1)2 = 42 — 142 + 227 + 2 = 622 — 142 + 2.

49. f/<u> _ icllfz —2u(14+u?)—(a—u?)2u _ —2u(l+u?+a—u?) _ —2u(l+a)

(1+u?)? - (1+u?)? = tu?)?

ds _ d |41 1,2 | L #4243t 4t42
50. E_d—[ta(tm)} = 3R 2) +th = Lt 2) 4] =

51. =Lzt + 22+ 1) = —(a' + 27 + 1)72(42® + 20).



52.

53.

54.

55.

56.

57.

W — 4 (273 4 42°)5(72® 4 97101

= [6(22° + 42°)° (62 + 202")](72® + 92" + (2% + 42°)°11(72® + 92'°)1°(5627 + 902?) .

Because y = 5= = 2(9 — 42)72, we get % = (9—4z)"2 +x (-5 - 4z)"2(—4) =
(9—4z)+2x _ _9-2x
(9—4a)3 (9—4a)3

5(x2+4z+6)4(2m+4)](x3+4x5)% —(22+42+6)%[1 (z3+4x5)*% (322+20z4)]
3 +4x5 :

F'(z) = |

1
Because s(t) = {/ gf} = (gﬂ) " we find that
() = L 341 -3 23— —(3+1)362 | _ 1 (#3-1 i 62 \ _ 3 (-1 : 2
5( ) — 4 \3-1 (t3—1)2 — 4 \ 341 @B-102) — 2 \$B+1 (3-1)2 -
Because y = (2% + 2x + 3)?, we get % = 2(z% + 2z + 3)(2x + 2). On the other hand, Z—Z = 2u
and % = 2z 4+ 2. So By — By du _ 9y (22 4 2) = 2(2? + 22 + 3)(22 + 2), as before. Finally,

) U a(1+2+3)(2+2) = 2)(6)4) = 48

dx x=1

i. The y-coordinate of the point on the circle above x is y = /r?2 —x2. Because the

volume of a cylinder equals area of circular base x height, we get V(z) = (72?)(2y) =

2ra’\/r? — 22,

ii. We need to compute V'(x). This is

V'(z) = 2« (21,-(7«2 — 2?7 422 — x2)%(—2x)>

2 o\l 3 2z(r? — 2?) — 2*
= 2| 22(r*—2%)2 — —— | =27 -
<< ) <r2—x2>2> ( (7 o)} )

2r? — 322
= 2mx | ——— | .
(r? —?)2

Since neither = 0 nor = r provides a maximum (because V' (z) = 0 in either case),

the remaining possibility occurs when 322 = 212, or z = \/gr. When z < \/gr, then

%7“2, so 322 < 2r2, and V'(z) > 0. Similarly, when z > \/gr, then V'(z) < 0.

x? <

It follows that V(z) is increasing when z < \/gr and decreasing when = > \/gr. S0

x = \/gr gives us the maximum volume.

iii. Because V( %7’) = 277%7’2 r2 — %7‘2 = %m"2 érz = %71‘7“3 %, this is the maximum
3
. . . . . ST
volume that an inscribed cylinder has. So the ratio is =——= = v3.
37TV 3

Note: A related problem was considered by Archimedes. The sphere of radius r just fits into the

4.3

cylinder with base the circle of radius r and height 2r. Archimedes had derived the expression z7r

3

for the volume of a sphere of radius r, so he knew that the ratio of the volume of the cylinder to

9



(mr2)(2r) _2
4

that of the sphere was ~——3 = % Archimedes was evidently very proud of this achievement.
3

3
According to the eye-witness report of the Roman statesman Cicero, the fraction % and a figure of
the cylinder and the inscribed sphere were etched on Archimedes’s tomb. (Unfortunately, the tomb
appears not to exist anymore.)

. . 2 . . _
58. i lim =22 — |im % =—-7.

z——3 *t3 T——3

e 1. a3_ ) 2

ii. lim % %—hm%i —%
z—1 T z—1 4%

cee 1. 2_ . 2_ . . 1

iii. lim 225 = lim =3 = lim 22+ = lim 4z - 22 = (4)(9)(3) = 108.
r—9 Vo— z—9 2 -3 r—9 %x_? r—9

59. By the Mean Value Theorem we know that there is a number ¢ between 0 and 9 such that

o) =19=0) — 12 _ 4 Becayse f'(z) = 1+ ﬁ, we need to solve 3 =1+ ﬁ for x.

9-0 9 3
Doing so, we get % = ﬁ, so 2¢/x = 3, and hence x = (%)2 =9
60. i F'(z)=f(z)®+x 3f(x)* f'(x).
i G'(x) = 3f(2) 2 f'(z) + f(z) + 2 f'(2).
(

3
2
i, HY () = 47 (2) 2 + 42(=2) (f (0) (@) = 7 — LG

8H. Calculus of Trigonometric Functions

__cos z”!

61. Because y = sin(z™!), we get ¢/ = cos(z™') - (—x7?) = —<=3

62. Because sin®(cos4x) = [sin(cos 4x)]?, we get
y' = 2[sin(cos(4x))] - cos(cos 4x) - (—sindx) - 4 = —8(sin(cos 4z))(cos(cos 4x) ) (sin 4z).
2

63 ; _ [(2sinz)(cosz)] cosz—(sin® z)(—sinz) __ 2sinz cos? z+sin® z
- Y= cos? x - cos? x :

64. Because y = wsin(z 1), we get v/ = sin(z ') +x-cos(z7) - (—272) = sin(z™') —z ! cos(z71).

65. ' = sec?(3z) - 3 = 3sec?(3x).

_ —6 : 1 2 -1 _ 5z sin vVx2+1
66. y' = —5(cos Va2 + 1) °(—sinva? +1)(5)(2* +1)72(22) = (x2+1)%cose(jm).

67. 3y = 6(1 + sec® z)°(3sec® z)(sec x tan x) = 18 tan x(sec® x)(1 + sec® )°.
68. v = sec’(z?) - (2x) + 2tan zsec? v = 2z sec?(x?) + 2 tan xz sec? z.

2

69. ¢ = %(1 + 2tan:1:)*%(25ec2 T) = S

V14+2tanz®
. _ . cosf—cos T . .
70. lim 505 = Jim =228 = (L cosf) gz = —sinflp_z = —sin I = 3
-z =% oz 0-3 dx 3 3 3 2
3 3

71. Because 3 = sec? z, the slope of the tangent line is sec? T = 4. So its equation is y — V3 =

A4z —Z) or y=4dz — 2+ V3.

us
3

8I. Increase and Decrease of Functions
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72.

73.

74.

Because f’(r) = 322 — 3, the critical numbers are obtained by solving 322 — 3 = 0 for .
Doing so, we get z = +1.

2(z—4)24z(2z— 2(z—4)2 12z (x— z—4)[2(z— T
F'(z) = %x (x—4)2—|—x%(2(x—4)) _ 5l 4);2 (22-8) _ 5( 4);%2 (@) _ ( 4)[55%4”2 ] _
_gy(La,_16
% It follows that the critical numbers are 0,4, and 16 ?.
Note that 7"(z) = 2z(2z — 1)5 + 1?22z — 1)73(2) = 2z(2z — 1)5 + 3(24””21)1 G:C;Q(; 1)1;“4:” =
16962_6&; _ 16z(a— 16; So the critical numbers are 1 ,0, and %.
3(2z—-1)3 3(2z—1)3

Note: The instructions for Exercises 75-78 and 81-84 should be more carefully worded to ask for

"the values of the variable x at which f has a local minimum or a local maximum” rather than for
"the local maximum and minimum values of f .” Observe also that it is the understanding in this

text that a local maximum or minimum of a function cannot occur at an endpoint of the domain of

the function. However, the absolute maximum and minimum values can occur at such endpoints.

75.

76.

77.

78.

Because f'(z) = 32% — 4x + 1, the critical numbers are V1643 _ ”166_4'3 % =z and 1. Take 0, ;,
and 2 as test points. Since f/(0) =1,f'(3) =2 —1=—1, and f'(2) = 5 we find that f is
,5) and (1, oo) and decreasing over (3,1). It follows that f
has a local maximum value at % and a local minimum value at 1.

increasing over the intervals (—oo

Check that f'(z) = 423 — 1222 — 1630 = 4x(x2 —3x —4) = 4a(x — 4)(x + 1). So the critical
numbers are —1,0 and 4. Take —2, 2, 1, and 5 to be the test points. Check that f'(—2) =
(—8)(=6)(—1) = —48; P(-1) = —2(=D)(}) = &, F(1) = 4=3)(2) = —24, and '(5) =
20(1)6 = 120. It follows that f is increasing over (—1,0) and (4,00), and decreasing over
(—o0,—1) and (0, 4). So f has local minima at —1 and 4 and a local maximum at 0.

Observe first that f(z) is defined only when 1 > 22 or for —1 < z < 1. Note that f'(z) =

(1—2?)2 + 211 —2?)73(—22) = (1 —2?)7 — 0 xl)% — 1(1—962;):%2 - (11 2;) It follows that
the critical numbers are +1 and i\%, so they are in increasing order: —1, &—5, %, and 1.
Because % ~ 0.71 and —1 < x < 1, we take —0.8,0, and 0.8 as test points. Check that

f(=0.8) <0, f'(0) >0, and f'(0.8) < 0. So f is decreasing over (—1,—%) and <\/§’ 1) and

increasing over (—% 7) Notice that f has a local minimum at — f and a local maximum
1

at 75

For f(z) to be defined we need x > 22. So1 > x if x > 0 and 1 < z if z < 0. Observing

that the second alternative is 1mp0881ble, we see that the domain of f consists of the interval

0 < < 1. Check that f/(z) = (x —2%)7 +al(z —2?)3(1 — 2z) = (v — 2?)2 + % —
—dz(a—3)

Z(mfﬁ)ﬂ(fm = —detidr L So the critical numbers are 0,2 1, and 1. Because
2(x—x2)2 2(x—x2)2 2(x— r2)2

0 < x < 1, we only need the test points 1 and 3. Check that f/(3) > 0 and f'(3) < 0.
3) and decreasmg over (3,

Therefore f is increasing over (0 1). Hence f has a local maximum

3
at 1

74

11



79.

Check that f'(z) =1— 5. When 2 > 1,2 < 1,80 —2 > —1 and hence f'(z) =1— 2% > 0.
So f is increasing for z > 1. Because f’ ( ) = 0, the graph of f has a horizontal tangent at
the point (1, 2). It follows that f is increasing over [1,00). The verification of the inequality
follows from the definition of increasing function.

Correction: The inequality in Exercise 80 should have two < in place of the two <

80.

81.

82.

83.

First observe that the inequality % < g for 0 < a < 8 < 7 is equivalent to % > Sigﬁ

0 <a < fB<7%. Sowe must show that f(z) = % is a decreasing function for 0 <z < 7.
This will follow from the fact that f'(z) < 0 for 0 < z < Z. Because f(z) = (sinz)z™!, we
get that

for

Flz) = (cosz)a + (sinz)(—z~2) = cosT _sinr _ rcosx 2— sin

T 2
sinx — xcosx
x? '
s

It remains to show that sinz — zcosx > 0 for 0 < x < 7.
sinz — zcosz with z in [ ,2] Check that ¢'(z) = cosxz — cosz — z(—sinz) = xsinz. So

T

Consider the function g(z) =

g'(z) > 0 for x in (0, §) and hence g(x) is increasing over (0, ). Because g(0) = 0, this means
that g(z) >0 for 0 <z < 7.

The inequality g < Ezgg for 0 < a < < % is equivalent to #2¢ < tagﬁ for0 <a <@ <3.
So we need to show that f(z) = *2£ is an increasing function. Because f(z) = (tanz)z ™',
2

we get f/(z) = (sec?x)z™! + (tanz)(—p~2) = LT Tt remains to verify that g(z) =

xT

zsec? z—tanx > 0 for 0 < x < . Check that ¢'(x) = sec® x4 x(2sec z)(sec x tan x) —sec® x =
2z sec? ztanx > 0. So g(x) is increasing. But g(0) = 0 and therefore z sec’* r—tanx = g(x) > 0
for 0 <z <Z. So f(x) >0for 0 <z <%, and f(x) = 222 is increasing as asserted.

Check that f’(z) = 1 — 2cosz. So the critical points x are those with 1 — 2cosz = 0, or

cosT = % A look at Figure 4.25 tells us that there are exactly two such z in [0,27]. By

Section 1.4 and Example 4.11 they are z = %, %" Take 7,7, and %’T as test points. By Section

1.4 and Example 4.11, f/(3) < 0, f'(w) > 0 and f'(F) = f'(=%) = f'(3) < 0. So f(z) is
T 5w

T . . . 57-‘- .
, 3), increasing over (%, %), and decreasing over (57,27). There is a local

minimum at % and a local maximum at %”

decreasing over (0

Check that f/'(z) = sinz+x cosz —sinz = x cosz. Because —m < x < 7, the critical numbers

are —%,0, and 7. Tak ——,—%, 7, and %’T as test points. Because f’(—%”) >0, f'(=%) <
0, f'(3 ) > 0, and f/(3) < 0, the function f(z) is increasing on (—m, —%), decreasing on
( o ) increasing on (O, 2) and decreasing on (g, 7r) . There are local maxima at —7 and
%, and there is a local minimum at 0.

Refer to Figure 4.26 of Section 4.4 and notice that f is not defined when x = —7 and 7. Check
that f'(z) = 2sec?x — 2tanasec® r = 2sec? z(1 — tanx) = 2888 G4 the critical points

occur when 1 —tanx = 0 and cosz = 0. Because —7 < z < 7, we get by consulting Chapters

1.4 and 4.4 that the critical numbers are —3—”, -5, %, and 7. Take i”, =37 0, 2;, and 4= as

12



84.

85.

86.

87.

88.

89.

90.

test points. Evaluate tanz at —0.87, —0.67,0,0.47 and 0.87 with a calculator and conclude
that f'(=Z%) > 0, f'(=2X) < 0, f'(0) > 0, f/(3£) < 0, and f/(*£) > 0. Thus we see that f is

. . o _3_71' . _3_71' _z . . _E E .
increasing over (—m, —2%)  decreasing over (—2%, —Z)  increasing over (—2,%), decreasing
over (%, g) , and increasing over (3, 7). There are local maxima at —%T” and 7. Because f is

not defined at —7 and 7, there are no local minima.
The derivative is ¢'(x) = sin x4 cos z. A comparison of Figures 4.24 and 4.25 shows that there

is only a single x with —7 < 2 < 7 that satisfies sinz = —cosx. Observe that © = —7

satisfies this equality and that this is the only critical number. Take —Z and 0 as test points to

_T
PR

™

get that g(z) is decreasing on ( —g) and increasing on (—%, 5) . So f has a local minimum

s
at i

Check that f'(x) = 2(z + 1). Evaluating f at the critical number —1 and at the endpoints
—2,5, we get f(=2) =2, f(—1) =1, and f(5) = 37. So the maximum value of f is f(5) = 37
and the minimum value is f(—1) = 1.

The derivative is f'(z) = 322 — 12 = 3(z* — 4). So the critical numbers are +2. Evaluating f
at the critical numbers and also at —3 and 5, we get f(—3) = 10, f(—2) =17, f(2) = —15,
and f(5) = 66. So the maximum value is f(5) = 66 and the minimum value is f(2) = —15.

The derivative is f'(z) = 122* — 30z + 12 = 6(22* — 5z + 2). By the quadratic formula, the

critical numbers are 3 and 2. Evaluating f at the required points, we get f(0) =7, f(1) =
9.75, f(2) = 3, and f(3) = 16. So the maximum value of f is f(3) = 16 and the minimum

value is f(2) = 3.

The derivative is f'(z) = 152* —152? = 152%(2* —1). So the critical numbers are —1,0, and 1.
Evaluating f at the required points, we get f(—2) = =57, f(—1) =1, f(0) = -1, f(1) = -3,
and f(2) = 55. So the maximum value is f(2) = 55 and the minimum value is f(—2) = —57.

Check that the derivative is f'(x) = ~5—=5- S0 the only critical number in [—1,2] is 0. Evalu-
ating the function at 2 = —1,0 and 2, we get f(—1) = /8, f(0) =3, and f(2) = v/5. So the

maximum value is f(0) = 3 and the minimum value is f(2) = v/5.

The upper right corner of the rectangle is the point (z,2v/a?> — 2?) with > 0. The area
of the rectangle is equal to A(z) = (2z) (22Va? — 2?) = 422(a* - 22)2. The domain of A
is [0,a]. We are looking for the value of = for which the function A(z) attains its maximum

value. Differentiating A(z), we get A'(z) = 42[(a®> — 2?)7 + 2 - 1 (a® - x2)7% (—2z)]. By

. . 2_g2_g2 4b(a®—222
taking common denominators, we get A'(x) = 4 |e=2"—e=| — (@>=207) The value z = a
@ 1 (a2—22)2 a(a?—z2)2

can be ignored because A(x) = 0 in this case. Notice that A’(z) = 0 precisely when z = -

When = < 4, then 2% < @ So 22 < a® and hence A'(z) > 0. When z > 75 then

2
22 > = So 222 > a2, and this time A'(x) < 0. Tt follows that A(z) is increasing to

the left of z =
we are looking fi

and decreasing to the right. Therefore x = % gives us the maximum

Sk

a_

r. The dimensions of the maximal rectangle are: the base is 2 - 75 =

o
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Vv/2a and the height is 22@ [a? — %2 = 22\/%2 = %b = /2b. Tts area is 2ab .

8J. More Problems from the Books of L’Hospital and Agnesi

91. Let d = AB and * = AE. The function f(z) = 2*(d — z)?, where 0 < z < d, has to be
maximized. By the product rule,

fl(z) =22(d — 2)* + 2°2(d — 2)(=1) = 22(d — 2)[d — x — 7] = 22(d — 2)(d — 2z).

For x = 0 or # = d, the product z?(d — x)> = 0 is not the maximum we are looking for. So

only x = g remains. So E has to be placed at the midpoint of AB. It remains to check the

sign of f/(x) and to confirm that x = ¢ actually results in a maximum. For z < £, we have

22 < d and hence f'(z) > 0. For z > ¢ 22 > d and this time f’(z) < 0. Observe therefore

that f(z) increases to the left of x = g and decreases to the right. So x = g gives us the

maximum we are looking for.

AExXEB __ (a+z)(b—z+c)
CEXEF ~— z(b—zx)
have 0 < x < b, so that this is the domain of R. By the product and quotient rules,

. Note that we must

92. The ratio expressed as a function of x is R(x) =

ettt )z —a) — [(at )bzt )b 2u)
Riz) = w(b— o) |

Letting N(x) be the numerator, we get:

N(z) = (b—z+)[z(b—2)— (a+x)(b—22)] — (a + 2)x(b— )
b—z+c)[—2* + bz + 22° — bx + 2ax — ab] — (b — z)(2* + ax)
b— 1z + c)[z? + 2ax — ab] + (b — x)(—2* — ax)

(2% + 2az — ab] + (b — 2)(—2* — ax) + c[z? + 2ax — ab]
[2° + 2ax — ab — 2* — ax] + c(2® + 2ax — ab)

)
)
b — x)(ax — ab) + c(z* + 2ax — ab)
)
)

as asserted in the hint. Because 0 < z < b, the denominator z%(b — z)? of R/(x) is always
positive. So it remains to find the numbers x with 0 < z < b for which the numerator

N(z) = (c — a)z* + 2a(b+ c)x — ab(b + c)
of R'(z) is equal to zero.

b

i) Suppose ¢ = a. Then N(z) = 2a(b+ c¢)z — ab(b + c) is zero only when 2z =0 or z = 3.

14



Suppose ¢ # a. By the quadratic formula,

—2a(b+ c¢) £ \/4a%(b+ ¢)2 + 4(c — a)ab(b + ¢)
2(c—a)
—a(b+c) £ /alb+c)a(b+c) + b(c — a)]

—a(b+¢) £ \/a(b+ c)c(a +b)

cC—a

ii) Suppose ¢ > a. Because xz > 0,

—a(b+c) + /ac(b+ c)(a+b)

cC—a

Tr =

is the only possibility. A comparison of the terms a(b+c) and y/ac(b+ ¢)(a + b) (square
them both and use ¢ > a) tells us that x; > 0 as required. But is 1 < b? That this is
so follows by reversing the following chain of inequalities:

—a(b+c)++/ac(b+c)(a+b) <b

c—a

—a(b+ ¢) + \/ac(b+c)(a+b) < b(c—a)
Vac(b+c)(a+b) < be—ab+ ab+ ac
ac(b+ c)(a+b) < *(a+b)?
a(b+c) <cla+b)
ab+ ac < ca + cb

a < c.

—a(b+c)++/ ac(b+c)(a+b)

c—a

So zy = is the solution we are looking for.

—a(b+c)—+/ac(b+c)(a+b) is greater than b and must

iii) Finally, suppose ¢ < a. In this case = =

be ruled out. This is so, because —albte)- ”Cfs(b+c)(a+b) < b implies (since ¢ —a < 0) that
—a(b+ ¢) — \/ac(b + ¢)(a+b) > b(c — a) and hence that

—/ac(b + ¢)(a +b) > bc — ba+ ab + ac = c(a + b).

This is not possible because ¢(a + b) > 0. So again,

—a(b+ ¢) + \/ac(b+ c)(a + b)

cC—a

I =

is the only possibility. It is not hard to show that 0 < x; < b.

Are we finished? Not quite! We do not as yet know that R(x) = égigg actually has a

minimum at the point we found. Suppose ¢ > a. Then the numerator
N(z) = (¢ — a)z* + 2a(b + ¢)x — ab(b + ¢)
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of R'(z) is a parabola that opens upward. We saw in (ii) that (c—a)z?+2a(b+c)z —ab(b+c)
has one root on the negative part of the x-axis and another between 0 and b on the positive
part. Because the parabola has y-intercept —ab(b+c) it follows that the graph of the parabola
lies below the z-axis from z = 0 to x; and above the z-axis from x; to b. This implies that
R'(z) <0for 0 <z <y and R'(z) > 0 for 1 < z < b. Therefore, R(x) is decreasing to the
left of z; and increasing to the right of z;. So R(x) has a minimum at x; as required. The
cases ¢ < a and ¢ = a are handled in a similar way.

93. To compute the length L of QH we will use the Pythagorean theorem. If L is to be expressed
as a function of z, we need to express QD in terms of x. By similar triangles, %—g = g—g, SO

QD =DC - g—g = AB - g—g = Y a5 required. Observe that

Tz

L = \/<%+d>2+(b+x)2 = \/d2<b;$>2+(b+x)2 = (b+x)\/§.

So f(z) = L? = (b+ x)* (1 + i—i), where x > 0. Differentiating, we get

fl(x) = 2(b+ux) (1+j—z> + (b +2)*(—2d%27?)

_ 24 a) (x3+xd2—(b+x)d2> 2(:r+b)(353—d26).

3 3

So f/(z) = 0 only when z = (d2b)3 = V/d?b. The fact that f/(z) is not defined at = = 0 can
be ignored. (Why?) That & = v/d2b gives us the QH of minimal length can be confirmed
by noticing that f'(z) < 0 when z < v/d2b and that f(z) > 0 when z > v/d?b. For
z = (d?b)s = d3b3, we get

dQ
(bd?)s

L = (b+ (bd®)5), |1+
This is the shortest that L can be.

8K. Newton’s Method for Solving Equations

94. Setting f(z) = 222 — 1 = 0, we get 22% = 1 and hence 22 = 2. So x = +v/2 are the roots

of %xQ — 1. Let’s see what Newton’s Method gives us. Note that f'(x) = z. Starting with

c1 = 2, we get

2 1.22-1 1
02:2—f():2—2 _g_ 13
f(2) 2 2 2
3 f& 3 3)2-1 3 219 2
3 = - — =22 - _>.-.C + 2 = 1.4167.
2 f(3 2 3 2 3 2 4 3
1.4167
ey = 1.4167 — I ) _ 1.4167 — 0.0025 = 1.4142
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95.

Checking (with a calculator) that v/2 = 1.414213562... we see that Newton’s method has
already closed in on the root v/2 to within the required four decimal place accuracy. This
should mean that ¢ = 1.4142 rounded to four decimal places. Let’s check. Because ¢4 =

1.4142,
£(1.4142)

— 14142 —
“ F(1.4142)

= 1.414213562. ..

So ¢5 turns out to be an approximation of v/2 that is accurate not only up to four but, in
fact, up to nine decimal places.

We get f'(x) = 32 + 2x — 7. Starting with ¢; = 3 gives us

co = 3— }f/((?;))) =3 - 2—86 = 2.6923

¢y = 2.6923 — % = 2.6923 — 206?1137050 = 2.6467

cs = 2.6467 — % = 2.6467 — 109'93108835 = 2.6458

ce = 2.6458 — % = 2.6458 — % = 2.64575335

This agrees with c; when rounded off. So the process is finished.

Refer to Exercises 3F of Chapter 3. From the fact that f(—1) = —-1+1+7-7=0, it
follows that x + 1 divides z3 + 22 — 7Tz — 7. Doing the division z + 1 |23 + 22 — T2 — 7 we
get that 2% + 22 — 7T — 7 = (2 + 1)(2% — 7). So ¢ must be an approximation of v/7. (Why?)
Because /7 & 2.645751311, this is indeed so.

17



