Solutions to the Exercises of Chapter 13

13A. Riemann Sums

1. a=0, b=>5, m=4. The partitionis 0 <2<3<4<5 SoAr; =2-0=2, Azy=3—-2=
1, Ao =4-3=1,Azy,=5—-4=1,andpy =21 =2,pp =25 =3, ps =3 =4, and

RN

|~

%:2 p2:3 p3:4 &:5
Py = Ty = 5. So

Zf(pi)Axi = f(p1) 2+ f(p2) - 1+ f(p3) -1+ f(pa) -1

= 2(25—2%) + (25 — 3%) + (25 — 4%) + (25 — 5?)
= 42+16+9+0 =67

2.a=0,b=4,n=4. The partitionis 0 < 1 <2 <3 <4 Az;=1-0=1, Ay =2—-1=
1, Azg=3-2=1, Az, =4—3 =1, and p; = midpoint between 0 and 1 = %, p2 = midpoint

between 1 and 2 = %, p3 = midpoint between 2 and 3 = g, p4 = midpoint between 3 and 4
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Zf(pi>Axi = Zf(Pi) 1= f(p1) + f(p2) + f(p3) + f(pa)

_ 16— (%)2+16— (;)2+16— (2)2“6—(;)2

1 9 25 49 1+9+25+49
R S Sl Hiv ik 1

= 64—84—4—64 21 =43.

.a=-1,b=2 m=6, Ar; = —05—(=1) = 0.5, Azy = 0— (=0.5) = 0.5, Azxg =
05-0=05 Azy = 1.0—05=05, Azs = 1.5— 1.0 = 0.5, Azg = 2 — 1.5 = 0.5, and
—0.5, p3 =0, p, =0.5, ps =1.0,ps = 1.5. So

pl:_17 P2 =

pl:—l'pZ:—O'.S p3:0 P05 P=1Rm15

> F)(0.5) = (05) [f(pr) + - + f(po)]

(0.5) [((=1)° +2) + ((—0.5)> +2) + (0° + 2) + ((0.5)° + 2)

((1.0)* +2) + ((1.5)° +2)]

(0.5) [(=142) + (=0.125 + 2) + 2 + (0.125 + 2) + (1 + 2) + (3.375 + 2)]
(05)24+2+2424+2+2—1—10.125+0.125 4 1 + 3.375]

(0.5) [12 + 3.375]

(0.5)(15.375) = 7.6875

4.a=0,b=2 m=4, Az; =05—0=05, Az, =1.0—-05 =05, Azrz = 1.5 — 1.0 =
0.5, Ary =2—1.5=0.5. So
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i_r____

= =1 p=125 =2
) 0.25 P2 P3 p4

n 4

> Fe)dn = 3 Fp)(05)
0.5) [f (p1) + £(p2) + F(0s) + F(pa)]

5) 1 N 1 N 1 N 1
1025 4+1 0 141 12541 241

— s
S

1 1 1 1
= (0.5) {E+§+ﬁ+§:|

= (0.5)[0.8+ 0.5+ 0.44 4 0.33]
= 1.035

13B. Pushing a Riemann Sum to the Limit

12
7

. o . . 3 6
5. 1. The partition is 0 < 2 < 2 <

p1,-..,p7 are as listed.

< < < 1—78 < 271 = 3. It follows that the points,

~l©o
~|&

7 7

Y fp)Ae = Y fp)-

i=1 =1

| w

= [0 + 1)+ 1)+ 1)+ Fpe) + Sp) + 1001 ()

— [16— (1-%)2—1—16— (2.%)2+16_ (3'%)2“6_ (4%)2
+ 16— (5'2)2+16—(6-%>2+16— (7.%)2] @)

e (e (o (e )
e (e (e )

%)

3 2
= [16-7—(?) (P +2°+ 324+ 42+ 5>+ 6+ 7°)




iii. The use of the sum of squares formula shows that this equals

6.7 — (2)2(7(7+1§14+1)>} (;)

9(7T+1)(14+1)

4
= 48— 57—20 =48 — 11.02 = 36.98

3 _ 3
o p4_4'E7"'a

;n;f(pi)m - ;if;ﬂpi)] (%) = [1 (16—¢2 (%)QM (%)
2 B

i=1 1=

3
s [n(n—i—l)(Qn—l— ) (§) <§)2:48_ (n—i—l);Qn—i—l) _%
4

6 n n
9(n+1)(2n+1) 9 (2n*+3n+1
— 48— = g Z(ronT
2 n? 2 n?

9 3 1
= 48— (2424 —
2(+n+n2)

7. i. When n is pushed to infinity, ||P,|| = 2 goes to zero.
ii. Review Steps (1) - (3) of the limit process

Jim <Z f(pi)sz) .

Notice that in Step (1) you were free to take any partition P and that in Step (2) you
were free to take any points py,--- ,p, with p; in the first subinterval, ps in the second,
and so on. The assertion in Step (3) was that the numbers

Z f(pi) Az

produced by the repetition of Steps (1) and (2) with partitions P whose norms go to
zero, will close in on some number

lim z”: f(pi)Aw; .
=1

I1P[|—0

4



This number is the same regardless of how the partitions P and the points p; were selected
along the way. This fact was not proved in the text. Rather, it was only made plausible
by making the connection with areas.

Now turn to the procedure outlined in Exercise 6. Notice that it is a specific instance of
the process described in Steps (1) and (2). It follows that the limiting number

lim 48— 2 (243 4+ 1
n—o00 2 n n?

o (; f(pi)mi> '

must be equal to

iii. Because
b n
r)dr = lim i) Ax;
| 1@ e = m, (Z F(v) )
by definition, we find that

’ 9 31
2 .
/0(16—x)d:c = 711520[48—5(2+5+ﬁ)]

= 48—2'2:48—9:39.

Correction: Note that the answer 37 (as stated in the text) is incorrect.

13C. Applying the Fundamental Theorem of Calculus
8. From the fact that % cost = —sinx, we see that F(r) = —cosz is an anti-derivative of

f(z) = sinx. Therefore,

2 x
/ sinx = (—cosz) |02 = —cos%—(—cosO).
0

A look at the graph of cosz (see Figure 10.29) shows that cos § = 0 and cos0 = 1. So

™

3
/ sinxdx = 1.
0

9. We need an anti-derivative of tanz = *2£. Let g(z) = cosz. So ¢'(z) = —sinz, and tanz =
—*’;l((:f)). A review of Section 10.3 tells us that L [—In g(z)] = —ggl((f)). So [~ In(cosz)] = tanz.
Therefore,
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(=R

/ tanzdr = —In(cosz)| :—IHCOS£—<—IDCOSO)
0

2
= —1n§—|—1n1:—1n2%+1n 240
1 1
= —51n2—|—ln2: 51112%0.347.

10. Recall from Section 8.6 that % tanz = sec? z. So

s

4 9 s T
sec dx:tanx’g :tanz—tanO:l—Ozl.
0

The answers to the next two exercises depend on formulas from Sections 10.1 and 10.3.

Inb
11. / exda::e$|ln5—eln5—eln2:5—2:3.
1

In2
n2

7
1
12./ —da:zlnxg:ln?—lni%:lnz%0.847.

3 T 3

13. This integral can be solved by use of the formula

/3 _ 2 2 _ .2\3
/7a xdx:\/aQ—xQ—a1n<a+(a x)>+C’
x

as follows:
4

4. /95 — 12 25 — 12
/Lxdx _ [,#25_332_5111(“— m)]
1 T T 1

— V9—5In <5+4\/§> — V244 5In <L1\/ﬂ>

~ 3—5In2— 24+ 5In(5 + v/24)
3 —3.466 — 4.899 4 11.462 ~ 6.097.

14. Making use of the discussion preceding this exercise, we get

/2:<2$ —TNdx = — /620(235 — T)dx = —(2% — Tx) zo
= — [(400 - 140) — (36 _ 42)} _ _(260 N 6) _ o,



15. By the discussion preceding Exercise 14,

1 8
/ ($%+4$%—7T> der = —/ (fIJ%—F‘LCE%—W) dx
8 1

2 5 8 3 2 8
= —[[Z2824+28 —87 | —(Z24+2—
(Goessisr) - (5]
—[72.408 + 60.340 — 25.133 — (0.4 + 2.667 — 3.142)]
—107.69.

Q

16. Once again by the discussion preceding Exercise 14,
0 s
/ (cosx — 8952) dr = —/ (cosx — 8x2) dz
s 0

[l ][ 3)

8
= -7

3

The fact to use in the next three exercises is:
4 /x f@t)dt | = f(x)
dx \ J, B '

17. F'(z) = (1 + 23)°.
18. F'(z) = sinx (cosx — 42?) .

19. Let F(z) = / (sint + 2¢7°) dt. By the formula already referred to, F'(z) = sinz + 2z7°.
0
Notice that G(x) = F(32?). An application of the chain rule shows us that

G'(a) = F(32%)-60 = |sinda®+2(32%) "] 6

12 1
= 6rsin3z?+ ——

_ . 2
= 6zsin3x” + 12I(3x2)3 57 75

4
= 6xsin3dz® + —.
T SN o 91‘5



13D. The Substitution Method

20. With u =4z — 5, we get % = 4. So du = 4dx anddx = %. So

/(4x—5)%da; =

N

3(4x —5)

4

d 1 112
- Z/u%du:—[—u%+0’}

4
1 ;
+5 sz —5)i+C

[SI[oV

21. With u = 1 — 522, we get & = —10z. So du = —10z dz. Therefore,

dx

/10x(1 - 5$2)% dx

22. Because du = 2z dz, we get

/:U cos 22 dx

23. Since ‘2—7; = cost, we get

o
/sin3tcostdt = /u3du = —+C
1

24. Note that du =dz and x =u — 1. So

/(x — )z + 1)% dx

Gt Lo W

/ug(—du) = —/u§ du = — Eu% + C’}

/(cosu)(%du) = %/cosudu

1
3 [sinu + C’]

1 2
— §i C.
2smgn +



25. Because dr = du and z = u — 3, we get
/:U2(x +3)idr = /(u —3)%ur du = /(u2 — 6u+ 9)u? du

= /(ug —GU% —|—9u%> du

_ 262wk y0. 2ut 4o
- 5" 3"
2 12 5 3
= ?(x+3)2—E(:E+3)2+6(:v+3)2+0.

26. Because dr = du and x = u + 2, we see that

2 (u + 2)? u? + 2u + 4

= / (1f1 +2u 4 41{3) du
= lnu—2u""'—2u%2+C
= In(x —2)—2(x—2)"' -2z —-2)2+C.

27. Note that Z—Z = sec? ¢, so du = sec? pdyp. Therefore,

sec? o du
o, = -
tan® p + 1 u? 41

du
uZ + 1

By a formula from Section 10.5,/ =tan'u + C. So

sec?
——— T do = tan (% C
/tan290+1 P an” (tan ¢) +

= ¢p+C.
There is a simpler approach to this problem. Dividing the identity
sin® ¢ + cos® ¢ = 1

by cos? p, gives us the identity tan® ¢ + 1 = sec? p. So

sec? o
————dp= [ dp= C.
/tan290+1 1 / p=et

28. Try u = 1227 +19. So 9 = 8425. Hence du = 842° dz and (looking ahead), z°dz = & du. So

50 5(4-du) 5 5
" gr = 2B [ gy = 2 C
/12x7+19x / u gt = ggmut
5
= —In(122" +1 .
2 n(12z* +19) +C



29. Try u =1+ 2z + 42?. So % = 2+ 8z = 2(1 + 4z). Hence du = 2(1 + 4z)dx. Therefore,

1 ld 1 1
1+ 42)(1 + 2z + 42 2de = ui—u: —uzdu
2 2

1 2

1
3(1 + 27 + 427)

3
2

+C.

30. With u = sint, we get du = cost dt, and hence

N U7
/sinﬁtcostdt = /u6du:7+0

]. 7
= —sin"t+C.
S1n

31. Try u =e*+ 1. So du = e*dz and e* = u — 1. We now get

/(ez + 1)%e2zdz = /(ez + 1)%62 -e*dz

32. Let u =1+ 4x5. So Z—Z = %x_g and hence 2~ 5dx = %du. Also, when x =1l and x =8, u =5

and u = 9, respectively. Therefore,

8 o 7 % . 3 93 .
/ 3\ 1 +4z3dx = / u2-—du:/ —u2du
1 5 4 5 4

33. Let u=1+2z. So z—;‘ =2 and dx = %du. Also, when x = 0 and 3 respectively, v = 1 and 7.
Therefore,

/3 dx /7 1 du /7 1 -
R —— = —u~ 3 du
o /(14 2x)? 12 (u?)s L 2

10



34. Let u = % So % = 10t and (looking ahead) t°dt = 9. For ¢t = 0 and 1, v = 0 and 1

dt
respectively. Therefore,
1 1
d
/ t tan(t')dt = / fanu - oo

1
= 10 i tan u du.
It remains to find an antiderivative of tanu. But this was already done in the solution of
Exercise 9 above, - [~ In(cosu)] = tanu. So
L 1 ! 1
/ tYtan(t')dt = -— |—In(cosu) = —[—In(cos1) + In1]
0 10 0 10

1 0.616
—(—1In(0.54 ~ 2~ 0.062.
(= In(0.540) + 0) = == ~ 0.062

Q

35. Let u =1Inz. So Z—Z =L and du = %. For z = 1 and 3, respectively « = 0 and In 3. Therefore,

1 2 3 2
/ (Inx) dr — _ / (Inx) I
3 x 1 T

13E. Computations of Areas

36. Because f(x) > 0 over the interval in question, this area is equal to

1
1 .n 1 1 2
4d :—5 :——__]. - —.
/_{T e L

37. Because f(x) > 0 over [—2, —1], the area is

-1 —1 .
/ —dr = / 3 dr = —x’l‘ )
2 X _9 -

38. The area is equal to

4
2 54 2 5 2
d = —_ 2 :—4_——
/lmx 3x2|1 3 2 3
2 14
= Z(22-1) = —.
3( ) 3

—_
—_



39. Refer back to Figure 5.25 and note that the graph of f(z) = 3 lies below the z-axis for
—3 < x <0 and above the z-axis for 0 < x < 8. Hence

0
/ x5 do = —(area below the z-axis and above the graph from x = —3 to =z = 0)
-3

and the area that is to be computed is equal to

—/Ox%der/gx%dx = - §x%}0 + § %8
_3 0 B 4 3 4 o
g 3

oot o

(3V

ww

)

3
V3) + 12

3 43
:Z(\/_)+ 2—1

9
= 1\3/54-12.

40. Because cosx > 0 for 0 < x < 7, the same is true for f(x) = secx. So by the first part of
Section 13.3, the area is

/4 secx dv = In(secx + tanx)’og
0
= In (sec % + tan Z) —In (sec0 + tan0)

= 1n<%+1> —In(1+0) = 1n<1+\/§)—
0.881.

Q

3
41. The area is / v + 1 dx. This integral is easily solved by the method of substitution: v =
0
x+1; du = dx; u =1 and 4, respectively, when x = 0 and 3. So

3 4
2 2
/\/3:—{—1da: = / wrdu = —u%? = -8-1)=—.
0 1

Can you think of a reason why this area is the same as that of Exercise 387 [Hint: Refer to
Section 10.8.]

42. Because the graph of f(z) = Q—H lies below the z-axis for —1 < z < 0 and above the z-axis

for 0 < x < 2, the area in question is

0 X 2 X
— —d —dx.
/1<x2+1>2 “/o @1
d 1

These integrals are solved by the substitution u = 22 + 1 as follows: o =2z, so xdr = du.

12



Therefore, the sum of the two integrals is equal to

1 5 2 5

1 du 1 du 1 _9 1 9
- == - — = = du + - d
/22U2+/12U2 2/116 U—|—2/1U !

3
43. / Lz =ma =103 -~ In1 =13~ 1.099.
1

xz

1dw. This integral is solved by the substitution ©« = = — 1 as

5
44. The area is given by /
2 L=

follows:

b1 ‘1
/ de = / “du = Inul; = n4=2In2 ~ 2(0.693) ~ 1.386.
s T —1 LU 1

13



45. Let f(r) = " Because

(22 +4) — z(2z) 2 —4

@ ="—Gryp  ~ @

observe that f'(x) > 0 for —2 < x < 2 and f'(x) < 0 for all other x. So the graph of f(z)
is decreasing over x = —4 < x < —2, increasing over —2 < x < 2, and then decreasing over
2 < x < 5. A rough sketch of the situation is

So the area to be computed is equal to

0 5
T T
— dx dx.
/_4124—4 +/0 2 +4
du

These integrals can be solved by the substitution u = x? + 4. Because 7= = 2z and hence

xdr = %du, we get that the area is

Y 1du 2 1du 1 4 1 29
3 [ ) et
/202u+/4 2 u 2[““‘20+2 nuf,
1 1 1
= —§(ln4—ln20)+§(ln29—ln4) = §[ln29+ln20—21n4]
1. (29)(20) 1. 145
= —-ln———F = —In— =~ 1.795.
AT 5 795
13F. Integration by Parts
46. Starting with v = x and dv = sinz dx, we get du = dr and v = —cos z. So

/xsinxdx = /udv = uv—/vdu

= —xcosx—/—cosxda:

= —:ccosx—i—/cosa:dx

= —xcosz +sinx + C.

14



47.

(x 4+ zcosx) dx

O\
(NE]

To compute

du = dx, v = sinz, and

/xcosxda:

™ ™

3 3
= / :de+/ T cos T dr
0 0

1 s 2

= —x2‘2+ T cosxdx

27 lo
0

12
—gﬂ"{'/o

(MIE]

T coszdr.

xcosx dx, we let u = x and dv = cos x dxr and proceed by integration by parts:

/udvzuv—/vdu

rsinx — /sinxdm

rsinx +cosz + C.

So
/Zxcosxdx = (xsinx—l—cosx)‘f
0
T T
= (T 0)—0 ) =T 1.
(3:1+0) -1 =
Therefore,
2 1
/2(x+xcosx)dx: a2y Do,
0 8 2
48. Proceeding as suggested, we have u = Inx,dv = x dz; du = ida: and v = % So

/mlnxdx = /udv

T

uv—/vdu

x? 2 1 T 1

= “lnr— [ =.Z — “lnr— =
5 nx /2 xdm 5 nx Q/xdx
2 1

= “lnz—-22+0C.

2

49. The suggestion is to let u = Inz and dv = 2%dz. So du = sdr,v=

/x21nxdx =

4

udv = uv—/vdu

3 3
x—lnx—/x— ldx
3 3 =z
3 1
%lnx—g/xzdx
3

1
%lnx—§x3+0.

—_
ot



50. With u = 2 and dv = €*"dz, we get du = dz and v = £€°. So

/:ce5zdx = /udv:uv—/vdu

1 1
= x-—esm—/—ewdx

5 5
T 5 1 15

_ 2. bz _ . bz C
5¢ "5 T
x5x 1 5% 4

L C.
5¢ T3¢ T

Therefore,
1
1
/Oxe5xdx = (%6593—%6%) ‘(1)

RN
~ 25° Ty

51. The integral should be /$265$dl’. Does u = 22 and dv = e*dz accomplish anything? Let’s

see. Since du = 2zdzx and v = %65

/x2e5xdx = /udv:uv—/vdu

1 1
= 2% ge‘r’x — /23: . 565“”0[3:

2 1
= x—e% — —/xe5‘”dx.
5 2

Notice that the integral has been reduced to the one already solved in Exercise 50. So

2 1 1
/IQeBxdx _ 'r_65x__ |:Ee5x__65x_|_0/:|

T we get

5 215 25
2
T 5x T 5x 1 5x
= - 4 e+ C
3 e 106 + 506 +

52. Given the context, we will try to solve / e’ sinz dr by integration by parts. Let u = sinx

and dv = e*dx. So du = cosx dx and v = e*. Hence
/e“ sinzdr = e*sinx — /ew cosx dx

as required.

16



53. A quick answer to this question can be obtained by solving the equation derived in Exercise
52 for f e*cosxdr. But this would not help us to solve Exercise 54. It is therefore more
useful to try to solve [ e”cosxdx by parts. Let u = cosz and dv = e*dz. So du = —sinz dx
and v = €%, and

/emcosxdx:ea’cosx—i-/emsinxdx.

Derive this formula by solving the integral of Exercise 52 in a different way (but still by parts).
54. By substituting the equation derived in Exercise 52 into that derived in Exercise 53, we get
/e:”cosxd:z; =e"cosx +e“sinx — /ew cosx dx.
So 2 [e” coszdr = e” cosx + e”sinw + C” and therefore,
/ex cosxdr = %em cos T + %ew sinz + C.

Check that similarly,
1 1
/e’” sinzdr = ée" sinx — éez cosz + C.

55. We begin by trying a substitution on / In(x 4+ 1)dz. To avoid confusion (with the v,du
notation of the integration by parts method that will follow shortly) we let z = = + 1. So

dz = dzx and
/ln(x+ 1)dx = /lnzdz.

Now let u =In 2z and dv = dz. So du = %dz and v = z, and

/lnzdz = /udv = uv—/vdu
1
= zlnz—/z-—dz = zlnz—/dz
z

= zlnz—2z+C.

So /ln(x + 1)dx = (x 4+ 1)In(z + 1) — (x + 1) + C. Therefore,

/Olln(erl)dx = [(z+ Dz +1) — (z+ 1),
= (2m2-2)—(ln1-1)
= 2In2-1.

56. Let z = t3. So dz = ,t72dt and [costz dt = [(cos2)-2zdz = 2 [ zcos zdz. Now let u = »
and dv = cos zdz. So du = dz and v = sin z. Therefore,

/zcoszdz = /udv:uv—/vdu

= zsinz—/sinzdz = zsinz+cosz+ C.

17



It follows that

/costédt = 2[zsinz+ cosz + ']

= Qt% Sint% + 2COSt% +C.

13G. Trigonometric Substitution

Also, Z—Z =1 cosh, so dx

57. Letx:%sinéwith036§g. Notethatxzowhenezoandx:%Whenéz%.
1
2 =32

cosf df. With these substitutions, the integral is transformed as
follows:

1 us 1
/2 V1= 422 dy — / V1= sin®0 - 5 cosddo.
0 0

Because 1 — sin”§ = cos®§ and cosf > 0 for 0 < 0 < Z,

z 1 21 1
/ V1—sin?0- - cosfdf = / —cos’fdf = / —(1 4 cos 260)d6
0 2 0 2 0o 4

1 1 L3 1 1
= 1(9—1-5811129)‘5 = Z(g+§sin7r—0)
o
= 3

The formula cos? 6 = HCTOSQQ is an easy consequence of the addition formula for the cosine
(see Exercises 2C) and the equality sin? 6 + cos?§ = 1. Compute

1
/ V1 — 422 dx
0

in a totally different way by making use of the circle z% + y* = 1 of radius 3.

58. Let x = tanf with —7 < 6 < 7. Note that x = —1 when § = —7 and x = 1 when 6 = 7.
Also, dx = sec? 0 df. Therefore

/1 1 /% sec? 0 df
—1 (2?24 1)2 —= (tan?6 +1)2

s
4

Recall that tan?6 + 1 = sec?d. Because cosf > 0 for —

<0 < %,sect > 0 for such 0, and
hence

us
4

z 20 40 i i
/4 _ sect0dv / secfdf = In(sech + tanf)|*
—r (tan26’+1) - :

(Z ) -n(2 )

(SIS
k]



59.

60.

— m(V2+1) - (vV2-1)

= In v2tl ~ 1.763.
V2 -1

Taking * = 3sec, we get 22 — 9 = 9sec?d — 9 = 9(sec®d — 1) = 9tan?f. Also, dx =
3secdtanfdf. So

9sec

/\/7611; B /3tan0

3secOtanfdf = 27/86030d6.

Exercise 57 suggests that sin @ might play a role. After experimenting a little, let x = asin 6.
So a? — 2% = a*(1 —sin?0) = a® cos? § and dx = acosf df. Assuming that a > 0 and cosf > 0,
we get

VR, 2
/7ax x dr = /acose-acosﬁd@ = /a;(: edG

= a/ ,1 df + acosb.
sin @

df is solved in a way analogous to the solution of

/ d@-/sec@d&
cos 6
2 _ 72

x
in Section 13.3. The function ﬁ is the cosecant cscz. Try solving / —— dx completely
x

Sin

1
The integral / -

in terms of x by starting with the substitution x = a cos . Make use of Section 10.5 and the
right triangle

that depicts the equation x = a cosf. You will be able to confirm that you did it correctly by
checking your answer against the conclusions of Section 10.4.

19



13H. Surface Area

61. The surface area is equal to

5 5 .
A = 2ra®\/1+ (322)2dx = 27r/ 2 (14 92*)2 dx.
0 0
This integral can be solved by the substitution u = 1 + 92*. Because du = 36x*dx, we get
5 5626
1 1 1 I |2 3562
3 4
1 9 2 d — — Qd = — | =2
/Ox(+x) T /1 36u U 36{3u1 }

- 5i(56261'5_1) ~ T814.565.

62. The surface area is equal to

1 1
A = 27?/ e 1+ (—e )2 dx = 27?/ e V1 +e 2% dx.
0 0

The substitution uw = e~* shows promise (after some trial and error). Since du = —e~*dz, we
get

e~ 1 1
A = 27T/ —V1+u2du = 27r/ V1+u?du.
1 e—1

At this point (see the discussion that concludes Section 13.3B), the substitution v = tan@
suggests itself. Since du = sec? 0d0,

/\/1+u2 du = /\/1—|—tan20 sec’dh = /sec39d9.

This integral has already been solved in Section 13.3C. Using this solution, we get
1 1
/\/1 +u? du = §(Sec 6)(tan @) + 3 In(secd + tan @) + C.

To get from 6 back to u consider the “picture” of the equation tanf = u = 7. This is

From this right triangle we see that cosf = \/ﬁ and hence that sec @ = v/1 + u2. Therefore,

1 1
/\/1+u2du = é(sece)(tan@+§ln(se(30+tan9)+0
= ST @+ i (uwt VIT ) 40
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It follows that
A = 27 [(%um—k %111 (u + m>) |i1}
= A1 V2 (14v2) e VIite?—In (e 4 Vit e?)
Check that e /1 +e-2 = e%\/m and e ' +11+e2= é (1 + \/m) . Therefore,

[ N, /o2
A = 7 |[V2Z+in(l+v2) - 62+1—1n<w>
e e

I o2
A = 7|V2+In(1+v2)— €+1—1n1—1n(1+\/62+1)
e

e2

~ m[1.414 4 0.881 — 0.392 + 1 — 1.360] ~ 4.848.

N

1 2\ _ —x
63. Because f/(.l’) = 5(4—I’) (—21’) = m,
. x? 2 4 — 22+ 22
A = / 271V 4 — 12 1—1—4 de :/ 27V 4 — 12 ﬁdx
_ - _1 —
2

I po=

3
2 3
= / o2nV4 do = /247ralx—47m‘il
— _ 2

1
2

N

13I. Up to the Gills
64. The equation of the circle (a quarter of which is shown in Figure 13.45) is
2%+ (y — 5.5)* = 22.

Solving for y, we get (y — 5.5) = 4 — 2%, hence y — 5.5 = £v/4 — 22, and therefore, y =
5.5 + /4 — 22. Because the arc of Figure 13.45 lies below the line y = 5.5, the — applies. So
the arc is the graph of the function

flz)=55—-v4d—a2 0<x<2.

65. Notice that

(4-a?)7
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Therefore, the surface area is

A = /abQﬂ'f(l’) 1+ (f'(x))? do
= /227r<5.5—(4—x2)%> 1+4f2x2dx

2 1 4 — 22+ 2?
2
= /027T<5.5—<4—ZE)2> 2 dx

- [lan [_(4 _532)% ] i

66. The integral of Exercise 65 is equal to

A /2{ 22 41@ 99 /2 LI /24 d
= — — 4T = T —_— — T .
0 \/4—1‘2 0 \/4—ZE2 0

2
1 2
= 22 —— dx — (4nx
7T/0 AV — (4 )}0
2

1
22T —— dx — 8.
/0 AV —

The remaining integral is solved by the substitution
x = 2sinf

with 0 <6 < 7. Note that x = 0 when 6 = 0 and x = 2 when 0 = 7. Because dx = 2 cos 0d6,

/2#0@ = /%;QCOSQdQ
o Vi—a? 0 /4 —4sin?0

2 cosAdb

0o V4cos?f

2 ™
= dg = —.
[ =3

A = (227) (g) ~ 87 = 117% — 87 = 83.433 um?.

= 2

Therefore,

13J. Points in the Polar Plane

67. We will make use of the transformation equations
x=rcosf and y = rsinf

and elementary facts about the sine and cosine. (See Sections 1.4 and 4.4.)
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ii.

iii.

iv.

vi.

vii.

viii.

ix.

xi.

xii.

. X

=3sinf =3- 2:3\[So(xy) (f,g’\/_)
x = —2cos (—%) = —2cos % 2£ —V3y = —2sin(-%) = (-2)(-sin%) =

a:z3cos—-3cos(27r+ ):3COS
3sin :3-£ 3f So (z,v) (g
x=>5cos0=>5and y =5sin0=0.S

—2cos § = (— 2)0—08mdy——2sm72r (— 2)1:—2 So (z,y) = (0, —2).

r=-2cos % =—2cos (5 +7) =(-2)(—cosZ) =0andy = —2sin 2 = —2sin (3 + )
2sin§ = 2. So (z,y) = (0,2).

:3-l:—andy—3sm —381n(27r+ ):

™
3

/—\
\_/

Since this problem is virtually identical to (vi), we do (4, —%’r) instead.
T = 4cos( 5”) = 4(:08%7r = 4 cos (7‘(‘—}—%) = —4dcos ] = —2v/2 and y = 4sin (—%’T) =
—48in 2F = —4sin (7r + E) =4sin§ = 2v/2. So (z,9) = (—2\/5,2\/5)
z=0cos% =0and y =0sin% =0. So (x,y) = (0,0).
T = cos( 233”) = —COs (2?,)“) = — oS (87r— %) = —Cos (—%) = —cosy = —% and
y = —sin (727) = sin 237 = sin (87— T) = sin (~%) = —sin? = —L. So (z,y) =
(--%)
55 .

. In view of (ix) we will change this to (5, —27) .
r = 5005( 457r) = 5cos (47r— Eﬂ') = bcos ] = 5% = 2 and y = SSin(’Twﬂ) =
5sin(47r—14—57r)—5sm— 5\/_ So (z,y) = ( \/_g )
In view of (vi), do (1,%F) to (=3, %) instead.
r = —3cos(14 ) = —3cos(27r+27r) = —3cos§ = —% and y = —38111(%47) =
—3sin (27r~|— 67r) = —3sing = —3- 3. So (x,y) = (—g,—%\/g) )
T = 3cos (—%’r) = 3cos (7T— g) = —3cos (—%) = —SCOS% = -3- ? = —%\/5 and
y =3sin (—27) =3sin (7 — %) = —3sin (=) =3sin % = 2. So (z,y) = (—3V3,3)

68. Suppose a point P (other than the origin 0) has polar coordinates (r,6). Then

(r,0 4 2m), (r,0 — 2m), (r,0 + 47), (r, 0 — 47),

and more generally, (r,0 + 2km), where k can be any integer (positive or negative), are polar

coordinates of P. Observe that any set of polar coordinates of P with first coordinate r has
the form (r,6 4+ 2km). Note that (—r,0 + m) also represents P and hence that any set polar
coordinates of P with first coordinate —r has the form (—r,0+7+2kmw) = (—r, 0+ (2k+1)7).
It follows that if a single set of polar coordinates can be determined for P, then all others are

given by the “recipe” above. So in the problems that follow it suffices to specify a single set
of polar coordinates.

i.

The ray 6 = 7§ goes through the Cartesian point (3,3). Taking r = /2% + 9> = V9 + 9 =
V18 = 3+/3 provides the rest. So the polar coordinates are (3\/3, %) .

23



ii. The ray 0 = —7 goes through the Cartesian point (4, —4). Because r = /42 + (—4)? =

V32 = 4/2, the coordinates are (4\f, 4) .

iii. Since the ray ¢ = 7 goes through (0, 5), the polar coordinates are (5, %)

iv. The ray 6 = 7 goes through (—4,0) so that the polar coordinates are (4, ).

Up to now we were able to determine a set of polar coordinates simply by “inspection”. From
now on we will be more systematic and use the transformation equations

tanf =2 and r=+ x? + 92
x

v. Because x = 3 and y = 3\/_ 3‘/_ —= /3. By Table 1.2 of Section 1.4 and Figure 26 of
Section 4.4, 6 = % is the only p0551ble 0 with —5 <6 < 7. Note that r = £v/9+9-3 =
+4/36 = £6. Because the point (3, 3\/§) is in the first quadrant, (6, g) is one answer.

Ne

vi. Note that tanf = ¥ = 3 = —+/3. So tan(—6) = V3. Hence —6 = 2,0
0 = =, is the only pos&ble 0 Wlth 5 < 0 < 7 (refer to Table 1.2 of Section 1.4 and
Figure 26 of Section 4.4). Because r = i s + 2 i\/7 i2 and the point ( ‘/§>

,.1

3173

is in the second quadrant, it follows that ( ot —%) are polar coordinates of the point.
vii. Because tanf = Lg = \/—‘[\3/— = \/— , tan(— 9) = 1 . Again by Table 1.2 of Section 1.4
and Figure 26 of Section 4.4, —0 = Z or § = —Z is the only possible § with —5 < 6 < 7.

Note that r = /9 + 3 = :I:\/> = :|:2\f. Slnce (-3, \/_) is in the second quadrant, it
follows that (—2\/5, —%) are polar coordinates of the point.

Correction: Change the point in vii. to (3, —\/3) This puts it into the fourth quadrant.

™

viii. As in the earlier problem, tanf = %\/3 = —% implies that § = —% is the only possible
0 with —2 < 6 < Z. Since r = £/4-3+4 = £/16 = 4, and (—2V/3,2) is in the

second quadrant, (— , —%) are polar coordinates of the point.

ix. To represent the origin 0 in polar coordinates we need r = 0. But # can be arbitrary. So
(0,0) with any 6 is a set of polar coordinates for 0.

-5 1

x. Because tanf = ¥ = —2= = =, we get (as before) that § = % is the only possible

y
0 with —7 < 6 < 7. Note that r = £v25-3+25 = £v100 = £10. Because the

2
point (—5\/5, —5) is in the third quadrant, (—10, E) is a representation of it in polar

coordinates.

s

13K. Equations in Polar Coordinates
Exercises 69-75 are applications of the transformation equations
x=rcosh, y=rsinf, r = £/2%2 + y%, and tanf = Yy
x
69. The equation 2z 4 3y = 4 transforms to
2rcosf +3rsind =4 or r(2cosf + 3sinf) =4,
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and hence (since 2 cos# + 3sin 6 cannot be zero) to

4
"= 2cosf 4 3sinf

70. This equation transforms to

i.

ii.

9r2 cos? § + r?sin? @ = 4rsin §. Assume (for the moment that 7 # 0). So
9rcos?f +rsin’ = 4sinf or r(9cos’d +sin*0) = 4sind.

Now 9 cos? § + sin? § cannot be zero because if it were, then sin@ = 0, hence 9 cos?#
= 0 and thus cosf = 0. But sinf and cos# cannot both be zero. Why not? So

ro= %. Note that equations (i) and (ii) are not algebraically the same. For

instance (0,%) satisfies (i) but not (ii). But for any (r,6) with r # 0, they imply the
same relationship between r and 6. Also, the graphs of the two equations are the same
because the origin lies on both.

71. This equation transforms to

72
73

74
75

76

i.

ii.

12 =rcosf(r?cos?d — 3r?sin® ). If r # 0, then
1 = rcosf(cos®d — 3sin*h),

and hence, because cos #(cos? § — 3sin?#) cannot be zero,

1
cos f(cos? §—3sin? 9)

at the origin 0 which is on the graph of (i) but not on the graph of (ii).

Note that this time the graphs of (i) and (ii) are the same, except

r =

. The equation r = 5 transforms to £+/22 + y2 = 5, or 22 + y? = 25.

. Notice that the origin 0 = (0 E) is on the graph of r = 3cosf. It follows that r* = 3rcosf

72

has the same graph. This last equation transforms to 2% + y? = 3z.

. tan @ = 6 becomes % = 6.

. Because the origin 0 = (0,0) is on the graph of r = 2sinftan §, the graph of this equation is

the same as that of 72 = 2rsinftan@. This transforms to 2% + y? = 2y - £. To include the

x

origin on the graph, we rewrite this as 2 + xy? = 2y%.

. The graph is the set of all (r,0) with » = 6. This is the circle with center 0 and radius 6.

77. The graph is the set of all points of the form (r, —%’r). Consider the ray 0 = —%’r. Since r can

78

be any number (positive, negative, or zero) the graph is the (straight) line through the origin
that this ray determines. Because tan (—8—”) = —tan (4—”) = —tan (7T + %) = —tanZ = —\/g,

6 3 3

the Cartesian equation of this line is y = —v/3z.

. The graph of r = sin 6 is the same as that of 7> = rsin . Its Cartesian equivalent is 22 +y? =

y. This equation can be analyzed by completing the square on x? 4+ y> —y = 0. Because,
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2+ —y+(3)7 = (3)% we get

et - ()

It follows that the graph of r = sinf is the circle with center the Cartesian point (O, %) and
radius %

79. This equation transforms to y +x = 1, or y = —x + 1. This is the line with slope —1 and
y-intercept 1.

80. The graph of r = 2cos26 is virtually identical to that of r = cos26 which is studied in
Example 13.23. The only difference is that the petals of the “rose”, see Figure 13.35, have
length 1 in the example and length 2 in this exercise.

81. Lets start with the graph of r = —4sin 36 in Cartesian coordinates. Since

2
sin3f = sin(30 +27) = sin3 (9 + gﬂ)

this graph has period %71’. So it is the graph of sin @ (which has period 27) compressed by
r
1
0'5/\ /\ /\
e ©

26




82.

a factor of 3. The Cartesian graph of r = sin 36 is sketched above. It follows quickly from
this that the Cartesian graph of r = —4sin 36 is as drawn below.

r

4

WV

Now let sketch 7 = —4sin 3¢ in “polar”. As the ray ¢ rotates from 0 to %, r slides from 0 to
—4 and as 6 goes from § to 3, r goes from —4 back to 0. The loop on the lower left of the
figure below is traced out in the process. Similarly, as the ray ¢ rotates from 3 to %’r, r slides
from 0 to 4 (at & = 7) back to 0. So the upper loop is traced out. Next, as the ray 6 rotates

from %” to m, r slides from 0 to —4 (at § = ‘%T) back to 0. So the loopon the lower right is

traced out. The rest of the graph is just a repetition of what we already have. For example,
as 6 moves from 0 to —%, the, loop on the lower right is traced out. As # moves from 7 to 4,?”,
it is the loop on the lower left.

The considerations of Example 13.23 show that the Cartesian graph of sin 26 is as sketched
below
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So the Cartesian graph of 9sin 20 is

-6 -4 -2 2 4 6 Q
-2. gl
A7 /st

Now to the polar graph of > = 9sin26. Observe that 9sin20 > 0 so 6 must fall into
[0, g} , [7r, 37“} , [27r, 57“] ... O [—E —7r] , [—37”,—57“] ,.... As the ray 0 rotates from 0 to
5, = +3Vsin 20 slides from 0 to 3 (at 6§ = 7) and back to 0. In the process, the loop on the
upper right in the graph below is traced out. But r = —3+/sin 26 is also possible. This time
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83.

the loop on the lower left is traced out as ¢ varies from 0 to 7. Similar considerations
show that as 6 varies from 7 to 37”, r = +3v/sin 20 traces out the loop on the lower left and
r = —3+/sin 20 traces out the loop on the lower left. As 6 varies from —7 to —m, r = +3+/sin 260
and r = —3v/sin 20 traces these loops again. Repeating these considerations shows us that

the graph of r? = 9sin 20 is complete as sketched.

The Cartesian graph of r = 2 — cos# is shown below

r
3

Turning to the polar graph of r = 2 — cos @, we see that r: slides from 1 to 2 as 6 moves from
0 to 3; slides from 2 to 3 as 6 moves from 7 to 7; slides from 3 to 2 as 6 moves from 7 to 37”;
and slides from 2 to 1 as 6§ moves from 37” to 2m. This four step process traces out the loop
sketched in the graph below.
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Because the Cartesian graph r = 2 — cosf is symmetric about the vertical axis, the pattern
is exactly the same as 6 moves from 0 to —37“. The periodicity of the cosine tells us that the
polar graph of r = 2 — cos # is complete as shown. (Incidentally, it is not transparent why this
graph is a “snail”.)

13L. Parabolas and Hyperbolas in Polar Coordinates

84. Equation () becomes 4Lx +4y? = L?. Dividing through by 4L we get x + %yg = % and hence
T = —%yz + %. By remarks in Section 4.3, this is a parabola which opens up to the left. The
x-intercept is %. The y-intercepts are gotten by solving %yQ = % for y; so they are y = j:%.
Thus the graph of x = —%yQ + % looks as shown below.

N

1%

Because V' = (%, 0) is on the parabola we know that the distance from V to F' is equal to the
distance from V' to D. So % —a=d— %, and hence é = d + a. Because P = (a,b) is on the

parabola, the distance from P to F'is equal to the distance from P to D. Sob=d—a = %—2@.
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Since (a, b) is on the parabola, we see that

B 1L22+L
CL—L26L 4

Therefore, % —a = % (é — 2a)2 and hence, LTZ —al = LTQ — 2aL + 4a®. Tt follows that

al = 4a® If a # 0, then L = 4a. So a = % and hence V' = F. But this cannot be so. Why?

Hence a = 0. It follows that the latus rectum is % + % = L. Observe that (3) holds because
the axis of the parabola is defined to be the line through F' perpendicular to D.

85. Left to the reader.

13M. Areas of Regions Given in Polar Coordinates

86. This is a circle of radius 4, so the area is 167. Does the area formula
1
A= / 3 f(0)%ds
provide the same result? Taking r = f(f) =4, a =0, and b = 27, we get

2
1 2T
A:/ 5+ 16d6 = 86| " = 167
0

87. The region is a loop above the polar axis traced out by the point
(r,0) = (3sin0, )

as 6 rotates from 0 to 7. (The rotation of 6 from 7 to 2w, or 0 to —m, etc. simply retraces
this loop.) So the area of the region enclosed by the loop is

™ 1 K
A = / —(3sinf)%do = 9/ sin? 0df.
0 2 2 Jo

To evaluate this integral, recall that cos® = H"Eﬂ. So

14 cos 260 B 1 — cos 260
2 B 2 '

sin=1-—cos’0=1-—

It follows that

A = 9/ Lcos2f )y 9/ (1 — cos 20)df
2 J, 2 4 ),

9 1. ™ 9
= Z{(O—ism%’) ’0} = 17?.

By proceeding as in the solution of Exercise 78, one can show that the graph of » = 3sinf is

the circle with equation 22 + (y — %)2 = (%)2 of radius % So the area is 7 (%)2 = %7&
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88. The region in question

wlx

1

has area A = / 5(3 sin §)df. Using facts from Exercise 87 (and using Examples 4.11 and

0
4.12), we find that the value of this definite integral is

A:

O O O

89. The graph of r = 2 4+ 2cosf = 2(1 + cosf) is in essence the same as that discussed in
Example 13.22. (What is the difference?) So the entire graph is sketched out by letting the
ray determined by 6 rotate from 6 = 0 to 8 = 27. Therefore the area A of the cardioid is equal

to

27r1 27
A :/ §f(€)2d0:/ 2(1 4 2cos § + cos® §)df
0 0
27
= / (2+4cosf + 1+ cos20)dd
0

1 .
= (39+4sin0+§sin29) ”" = 6.

13N. Differential Equations

dy 1

90. For y = %6396, we get o2 = %6335 3=e% Soy= 56336 does satisfy Z—z =37,

91. With y = tanx + secx, g—z = sec’z + secxtanz. So
d
2d—y —y* = 2(sec’r +secxtanx) — (tan® x + 2secx tanx + sec’ x)
x

= sec’r —tan’zr = 1.
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92.

93.

130.

94.

95.

96.

Why the restriction 0 < < Z? Because cos T = 0 means that secz and hence % is not

2 2 da
defined for x = 7. Note that the less restrictive condition —7 < x < 7 would have been
sufficient.
With y = sin 2x — cos2x, we get Z—i = 2cos2x + 2sin 2z, and g%g = —4sin 2z + 4 cos 2z. So
Y 4y =0.
For y = xe %%, we get
d
R r(—2e7%) = e — 2re?*, and
dx
@ = 207 — (27 4 20(—2e7*)) = —de™* 4 dwe
de? B '

Therefore, 2% + A% 4+ dy = (—de 2 + 4pe™27) + (de™ 2 — 8re~27) + 4ze 2 = (.

I d332

The Method of Separation of Variables

/ydy = /xdx,

and therefore, % = % +C. So y* = 22 +2C and hence (after changing C') the general solution

is y = =22 + C. The requirement y(0) = 4, forces 4 = £v/C. So C' = 16 and the — option
is impossible. So the particular solution is

After separating variables, we get

y= (2> + 16)%.

/@:/xdx.
Yy

Hence Iny = % + C, and therefore the general solution is

After separating variables,

2
y = elny — 6%+C.

Because y(1) = 3, we get 3 = e2¢. So In3 = :+C and C =1In3— 1. The particular solution
is Yy = eé—HnS—%.

By separating variables,

[l [
y_ T

and hence Iny = Inz + C. So y = eV = #+C = v . o€ = Az where A = e“. Therefore
the general solution is
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97.

98.

y = Ax with A > 0.

Note that the initial condition y(2) = 0, cannot be met because y = 0 forces z = 0. So there
is no particular solution that satisfies the given initial condition.

Correction: It should be (y — 3)% = 1 instead of (y? — 3)% = 1. By separating variables,

/(y—?))dy: /dt.

So % — 3y =t + C and (changing C’s),
y? — 6y — (2t +C) = 0.
By the quadratic formula,

) = 6+/36+4(1)(2t+C)  6+£2V/9+2t+C
B 2 B 2 ‘

Soy=3++v2t+9+ C. To get y =3 when t =0, we need 9+ C =0 or C' = —9. So there

are two particular solutions:

y=3++2t and y=3— V2t

By separating variables,

/(1 +y)dy = /(Sinx ~ cosz)dx

and hence )

y—l—%:—cosx—sinx—l—a

So y? 4+ 2y + (2sinx + 2cosx — C) = 0. By the quadratic formula, the general solution is

—24 /4 —4(2sinz + 2cosz — C)

2
y = —14++1—2sinz—2cosz+ C.
To get a particular solution, we need
0 = —1++v1—2sinw—2cosm+C

1 = £/1-0-2(-1)+C.

So the 4+ option prevails, and C' = —2. Hence the particular solution is

y= —14++v—1—sinz — cosz.

Notice that sin z + cos x needs to be negative or 0 for this to make sense. Compare the graphs
in Figures 10.28 and 10.29 and determine an interval between § and 27 for which this is the

case.
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99. After separating variables,

/ (lnyy>2dy: / 22

To solve the integral on the left, let © =1Iny. So Z—Z = i and hence

1 2 3
/(ny) dy = /quu:u——i—C’l

Y 3
= (lny)®*+Ch.

1

Therefore (Iny)3+C = %‘{_CQ and hence (Iny)3 = %3+C’. Solny = (%3 + C) ® and y = ey =

23 1 1 1
el51C)%  For the particular solution, we need 1 = e(G+A)% and hence that (% + C) * = 0. So
C= —%. So the particular solution is

1

SN

13P. Chemical Reactions

100. i. Turning to the case a = b first, we get

/ (a iyw B / pt

For the integral on the left, we turn to the substitution v = a —y. So dy = —du and

d -1
J @ty = - wte=5a

= (a—y) '+

Therefore,
(a—y) '+ CL =kt +Cy

and hence (a—y)™' = kt+C. Soa—y = ﬁ and hence y = a — ﬁ Refer back to the
narrative of the problem, and notice that y(0) = 0. Therefore, % =aand C = % Hence

1 1
i T
a a(akt+1) —a
= a — =
akt + 1 akt + 1

a2
So y(t) = aktﬁ-tl'

Observe that tlim y(t) = a. By the quotient rule,
dy  a’k(akt +1) — (a®kt)(ak)
dt (akt +1)2
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ii.

2
R a’k(akt +1)72, and

(akt 4+ 1)2
d*y 2 -3
ol —2a°k(akt + 1) (ak)
28k
~ (akt+1)3°

We now have the following information about the graph of y(¢): it is increasing, concave
down, and has y = a as horizontal asymptote. So the graph has the shape

y

Note that the number of molecules produced at time t is always less that a. Suppose that
this were a commercial production run and that the manufacturer of the compound is
satisfied with a production of 0.99a molecules. How long should the reaction be allowed

a’kt _ 99 .
ki1 = 0.99a = {5a and solve for ¢:

to run? This is simple: put

99
100a*kt = 99a(akt + 1), so 100a*kt — 99a*kt = 99a, hence a’kt = 99a and t = e
a
So if a and k are both large, then the run will end relatively soon.

Now the case a # b. As before,

/«L—Jf%:/’“”

By “reversing” common denominators, we get

1 _ A B
(a—y)(b—y) a—y b-y
A(b —y) + Bla—y)
(a—y)(b—y)
 —(A+B)y+ Ab+ Ba
(a—y)(b—y)

So A+ B =0and Ab+ Ba = 1. Since B = —A, we get Ab— Aa = 1 and hence A = -

b—a
and B = . (Notice that a # b is needed here.) Therefore,

1 o +—ﬁ (1 1 (1 1
(a—y)b—y) a-y b—y \b—a)a—y b—a)b—y’




So

/ dy B 1 / dy 1 / dy
(a—y)(b—1y)  b—a) a-y b—a) b—y
1

= s [~In(a—y) + b~ y)+C]

1 _
- [m(b y)+cl}.
b—a a—1y

[Refer to the narrative of the problem and notice that a—y > 0 and b—y > 0 throughout
the reaction. Why is this relevant in the computations above?] Because

/k:dt = kt + Cb,

we now get

1 _
{m(b y) +Cl] = kt+Cy
b—a a—y

and, after combining constants, that

ln(b_y> — (b—a)kt+C.

a—y

Therefore, Z%Z = eb=akt+C — Del=akt \where D = e“. Because y = 0 when t = 0 (see

the narrative of the problem), we see that D = 3 So

b—y b
=—e
a—y a

b—a)kt

Finally, solve for y. After multiplying through and simplifying,

b —a
b—y = (a—y)ae(b e

y — yé o=kt p po(b—a)kt
a

y (1 — 9 6(b—a)kt> — b — pelb—a)kt

a
b(l _ 8(bfa)kt)
vy = 7z B e(b-akt

This is the expression we needed to find.

We will now assume that a > b. This is no restriction, for as a # b, we could have
arranged this at the beginning of the narrative of the problem. What about tlim y(t) =7

Since one molecule of the compound is formed by a combination of one molecule of each
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of the reacting chemicals, it is clear that no more than b molecules of the compound can
be formed. Because a > b, tlim eb=kt — (0 and it follows that
—00

. ‘ b(l o 6(b—a)k:t)
Y y(®) = T e b
Because Ccll—?z’ =k(a—y)(b—y) > 0,y is an increasing function of ¢. What about the

matter of concavity? The second derivative % is best computed with the chain rule

as follows: Let r (for rate) be the function % of t. By the chain rule,
Py _dr_dr dy
a2 dt  dy dt’

Because r = k(ab — (a + b)y + y?), we get Z—; =k(2y — (a+b)). So

dr

— = —h(a=y)+ b —y)lkla—y)(b-y)
= —k((a—y)+b—y))(a—y)(b—y).

Because a —y > 0 and b — y > 0, it follows that % = ‘2273 is negative throughout, and
hence that the graph of y(t) is concave down. So the graph of y(¢) has the same shape

as that sketched earlier for the case a = b.

How long will it take for 0.99b molecules of the compound to be formed? Set
b(1 — e=@kt) 99

—b

v = " rmam ~ 100

and solve for ¢t. Doing this, we get

b
100(1 — e~k = 99(1 — = b=kt

a
10060 = 1 g9 g-am
a
Therefore,
100a —
(100 — 999) eb=9% — 1 and hence (O()a—99b> elb-alkt — 1
a a
o plb—0kt _ m and (b—a)kt = In <m) . Now solving for ¢ we get
; 1 | a 1 | a
e n = —F—F—F—F—F—F N _—
(b—a)k 100a — 99 —(a—Db)k 100a — 99
N S a S_ v (100a— 99
~ (a—Db)k 100a — 99b ~ (a—b)k a

1 99H
= Im(100-22).
<a—b>k“<00 >

This will happen quickly if a ~ b and if k is large.
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13Q. First-Order Linear Differential Equations

101.

102.

103.

The equation ' +y = t fits into the scheme of equation (2) with p(¢) = 1 and ¢(¢) = ¢. Taking

/ tetdt.

This integral succumbs to integration by parts after taking u = t and dv = e'dt. Since du = dt

and v = e!, we get that
/tetdt = /udv:uv—/vdu

= tet—/etdt = tet —el + C.

P(t) = t, we need to solve

Therefore, the general solution that we are looking for is
y(t) = e "[te’ —e' +C]
= t—1+Ce™.
Because ¢/(t) =1 — Ce ™,
v () +y(t) =t
as required. To find the particular solution f(t) =t — 14 Ce™" with f(0) = 2 we need
2=0—1+C and hence C = 3. So f(t) =t — 1+ 3e~" is the required particular solution.

The scheme applies to this equation with p(t) = 2t and ¢(t) = 2t. Taking P(t) = t?, we get
y(t) = e [ / 2tet2dt+C’]
= [etQ + C’] = 1+Ce ",
To get the particular solution, we solve

0=y(0)=1+Ce’=1+C
for C, to get C' = —1. So y(t) =1 — e *".

Take p(t) = 1 and ¢(t) = cost. With P(¢) = Int, we get

y(t) = e Mt [/cost elntdt+C’]

= ¢! {/teostdthC’] )

An integration by parts handles [tcost dt. Let u =t and dv = cost dt. So du = dt, v = sint,

and hence
/tcostdt = /udv = uv—/vdu

= tsint—/sintdt
= tsint +cost + C.
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So

y(t) = t '[tsint +cost+C] = sint+t 'cost + Ct .

To get y(m) = 0, we need 0 = 0+ 7 *(=1) + C7!; hence Cr~t = 7! and C' = 1. So the
particular solution is y(t) = sint +t¢~'cost + ¢~ L.

104. i

ii.

iii.

We rewrite the equation as

dy

dx
So % = z7'—z7% and y = Ina+2714+C. To get y(1) = 3, weneed 3 = In 1+1+C = 1+C.
So C' = 2 and the answer is

—zt+z72=0.

y(x) =Inz+z7 ' +2.

This time,

dy —1 -2
. xrTy=—x""“.

This fits into the scheme discussed earlier with p(z) = —2~! and ¢(x) = —z 2. Taking
P(z) = —Inz, we get

y(z) = "* [/ —z 2%y + C’} ==z {/ —z7 2™ + C

= x{/—x—3dx+o} = x[%x_Q—i—C’}

1 1
= - C .
9 i +Cx

To get y(1) = 3, we solve 3 =y(1) = 3+ C for C. So C = 2 and y(z) = Sz~ + 3z is

the particular solution.

This time,
dy -2 -2
I +x y=—x
and we are “in the scheme” by taking p(z) = 272 and ¢(x) = —272. Take P(z) = —2~!
to get
yz) = & [/ —x_2e_x_1dx+0]
= ¢ [—e’x_l - C}
= —e @ poe .
To get the particular solution, we need 3 = —e=2 + Ce™!; hence Ce™! = 3 +¢72 and

C = 3e + e L. Therefore,
y(z) = — > + (Be+e e
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13R. Application to Radioactive Decay

105. Notice that there are xy = 0.9928 grams of %5U in the sample at time ¢ = 0. Since the
half-life of 255U is A\; = 4.5 x 10° years, we convert that of %3 Th into years as well. This is
Ay = 3%:;5 = 0.066 = 6.6 x 1072, Since we are dealing with a sample of pure uranium at
time ¢ = 0, the amount of %3 Th at ¢t = 0 is yo = 0. Therefore by the formula, the amount (in

grams) of %3 Th at any time ¢ > 0, (in years) is

(09928) (45 X 109) —0.066¢
t) =~ —e
y(t) (—4.5 x 109) (0=e )
~ (.9928¢0-066

With ¢ = 10° this is approximately
0.9928¢ 910" ~ ().

So the amount is negligible. Think of it this way: Given the long half-life of 255U, the daughter

233Th is produced very slowly; given the relatively short half-life of 233 Th, the small amounts

of thorium produced vanish rapidly.

106. This problem is virtually identical to the previous problem and will be omitted.
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