
Honors Analysis - Homework 6
The questions marked with ∗ are harder.

1. Consider the space C[0,1] with the norm

‖f‖p =

(∫ 1

0
|f(x)|p dx

)1/p

,

for some p > 1. Let φ ∈ C[0,1], and define the functional F : C[0,1] → R given by

F (g) =

∫ 1

0
g(x)φ(x) dx.

Prove that F is a bounded functional and find the norm ‖F‖.

2. Let

l1 = {(x1, x2, . . .) |
∞∑
i=1

|xi| <∞}

with norm ‖x‖1 =
∑∞

i=1 |xi|, and let

m = {(x1, x2, . . .) | sup
i>0
|xi| <∞}

with norm ‖x‖∞ = supi>0 |xi|. Prove that l∗1 = m.

3.∗ Suppose that we have a sequence xk ∈ l1, converging weakly xk ⇀ 0. Show that then xk → 0
in l1, i.e. limk→∞ ‖xk‖1 = 0.

4. Let S ⊆ V be a subset of a normed linear space V . Suppose that S is weakly bounded, i.e. for
every linear functional f ∈ V ∗ there is a constant C (depending on f) such that |f(x)| < C for all
x ∈ S. Show that S is bounded in norm, i.e. there is a constant D such that ‖x‖ < D for all x ∈ S.

5. Show that weak limits are unique. I.e. if xn ⇀ x and xn ⇀ y in a normed linear space V , then
x = y.

6.∗ A function f : [0, 1] → R is called Hölder continuous, if there exists an α ∈ (0, 1] and C > 0
such that

|f(x)− f(y)| 6 C|x− y|α

for all x, y ∈ [0, 1].
Suppose that E ⊂ C[0,1] is a closed subspace, using the sup norm ‖f‖ = supx∈[0,1] |f(x)|. Assume

that every element of E is Hölder continuous.

(a) Show that there exists a β ∈ (0, 1] and K > 0 such that

|f(x)− f(y)| 6 K‖f‖ |x− y|β,

for all f ∈ E and x, y ∈ [0, 1]. (Note that in the definition of Hölder continuity the α and C
can depend on f .)

(b) Show that E is finite dimensional.
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