
SCHR�ODINGER OPERATORS AND TOPOLOGICALPRESSURE ON MANIFOLDS OF NEGATIVE CURVATUREViorel Nit�i
�a and Frederi
o XavierAbstra
t. The bilapla
ians of the Busemann fun
tions on the universal 
over of a 
ompa
tmanifold M of negative 
urvature indu
e a fun
tion B(2) on the unit tangent bundle of M . Itis 
onje
tured that B(2) is 
ohomologous to a non-positive 
ontinuous fun
tion if and only ifMis lo
ally symmetri
. It is shown here that B(2) is not 
ohomologous to a negative 
ontinuousfun
tion. In parti
ular, its topologi
al pressure is non-negative. The proof is based on the
onstru
tion of 
ertain S
hr�odinger operators.x1. Introdu
tionLet N be a 
omplete simply-
onne
ted manifold of negative 
urvature, � a 
o-
ompa
tlatti
e of the group of isometries of N and � : UN ! N the natural proje
tion of theunit tangent bundle of N . To every v 2 UN one 
an asso
iate the Busemann fun
tionBv : N ! R given by Bv(x) = limt!1(d(
v(t); x) � t), where 
v is the geodesi
 of Nsatisfying 
v(0) = �(v); 
0(0) = v. If g is an isometry of N one has Bgv Æ g = Bv.In parti
ular, �jBv = �jBgv Æ g; j � 1, where � is the Lapla
e-Beltrami operator of N .Hen
e UN 3 v ! (�jBv)(�v) is �-invariant and as su
h it des
ends to a (H�older) fun
tionB(j) on the unit tangent bundle UM of M := N=�. The fun
tion B(1), whi
h assigns to vthe mean 
urvature at �v of the v-horosphere, is espe
ially important be
ause its integralwith respe
t to the Liouville measure gives the entropy (the Pesin formula-see [Y℄ and[KH℄). By 
ontrast, no relation between B(j) and the geodesi
 
ow of M seems to havebeen known in the 
ase j � 2. The obje
t of this note is to prove the following result aboutthe bilapla
ian 
o
y
le B(2). First re
all that �1; �2 : UM ! R are 
alled 
ohomologous ifthere exists �3 : UM ! R su
h that (�2 � �1)(x) = ddt (�3(gt(x)))jt=0; here gt stands forthe geodesi
 
ow.Theorem. B(2) is not 
ohomologous to a negative 
ontinuous fun
tion. In parti
ular, thetopologi
al pressure of B(2) is non-negative.A 
urrent theme in di�erential geometry and dynami
al systems is the question of�nding dynami
al properties asso
iated to geometri
ally de�ned obje
ts that might allowfor a 
ara
terization of lo
ally symmetri
 spa
es of negative 
urvature. This is the subje
tof extensive resear
h. A major rigidity result of G. Besson, G. Courtois and S. Gallot [B-C-G℄ states that lo
ally symmetri
 spa
es minimize entropy when the volume is pres
ribedThe se
ond author was partially supported by NSF Grant 9625392 Typeset by AMS-TEX1



2 VIOREL NIT� IC�A AND FREDERICO XAVIER(for the 
ase n = 2 this was proved by A. Katok). Combining this with results of P.Foulon and F. Laburie [F-L℄, and F. Ledrappier [F℄, one has that a 
ompa
t orientableRiemannian manifold whose Bowen-Margulis measure and harmoni
 measure 
oin
ide islo
ally symmetri
. Let us mention also the entropy 
onje
ture (due to Katok and provedin [K℄ for surfa
es) that a 
ompa
t orientable Riemannian manifold whose Bowen-Margulismeasure and Liouville measure 
oin
ide must be lo
ally symmetri
.In light of the remarks above and motivated by our theorem we propose the following
hara
terization of lo
ally symmetri
 spa
es of negative 
urvature.Conje
ture. A 
ompa
t manifold M of negative 
urvature is lo
ally symmetri
 if andonly if its bilapla
ian 
o
y
le is 
ohomologous to a non-positive fun
tion.The \only if"part of the 
onje
ture follows from the fa
t that symmetri
 spa
es withnegative 
urvature are asymptoti
ally harmoni
, i.e., their horospheres have 
onstant mean
urvature. From the results of [FL℄ and [BCG℄ it is known that asymptoti
ally harmoni
spa
es with 
ompa
t quotients are ne
essarily symmetri
. (The 
on
lusion may fail if themanifold in question does not admit a 
ompa
t quotient-see [DR℄).There is eviden
e to suggest that the te
hniques of the present paper 
an be pushed toprove that if B(2) is 
ohomologous to a non-positive fun
tion, then B(2) must in fa
t be atrivial 
o
y
le. Suppose that one 
an go further and prove that the Busemann fun
tions area
tually biharmoni
. It appears that a simple argument involving ergodi
ity and Fatou'stheorem on non-tangential limits of bounded harmoni
 fun
tions (see [M℄, for instan
e)would show then that fM is asymptoti
ally harmoni
. As observed above, this would implythat M is lo
ally symmetri
.The statement in the theorem about the topologi
al pressure 
an be established asfollows. It follows dire
tly from the de�nition that if the H�older 
ontinuous fun
tion : UM ! R has negative pressure then, for suÆ
iently large n, the fun
tion  n(x) :=1n R n0  (gt(x))dt has a negative upper bound (see [KH℄, page 623). On the other hand, bythe Livsi
 theorem (see [L℄), the fun
tions  and  n are 
ohomologous. Putting these twofa
ts together one sees that if the pressure of the the fun
tion  = B(2) is negative, thefun
tion must be 
ohomologous to a negative 
o
y
le.The proof of the above theorem is based on the examination of the spe
tral propertiesof 
ertain S
hrodinger operators de�ned on the universal 
over of M . If the 
on
lusion ofthe theorem were false one 
ould 
onstru
t a S
hrodinger operator with empty spe
trum,an impossibility for self-adjoint operators.x2. Commutators of Hilbert spa
e operatorsAn important task in the spe
tral theory of self-adjoint operators is to formulate 
ondi-tions to ensure that the spe
tral measures of a given operator H are absolutely 
ontinuouswith respe
t to the Lebesgue measure. One su
h te
hnique is Putnam's theorem. It in-volves produ
ing an auxiliary operator A for whi
h the 
ommutator i[H;A℄ is positive inthe sense of quadrati
 forms. As pointed out in [CFKS℄, page 60, a byprodu
t of the proofof Putnam's theorem is the fa
t that the estimatehi[H;A℄x; xi = 2ImhHx;Axi � 
jxj2; 
 > 0;



SCHR�ODINGER OPERATORS AND THE TOPOLOGICAL PRESSURE 3is impossible for a pair of bounded self-adjoint operators H and A. Below we formulate anextension of this observation whi
h is valid for unbounded self-adjoint operators.Lemma 1. Let H be a self-adjoint operator on a Hilbert spa
e H 6= 0, and let C � D(H)be a 
ore of H, i.e., C is dense in D(H) in the graph norm jxj2H = jHxj2 + jxj2 of H.Let A be a symmetri
 operator with domain C. It is impossible for H and A to satisfysimultaneously the two properties below:(1) jImhHx;Axij � 
jxj2; 
 > 0; x 2 C;(2) jAxj � C(jhHx; xij 12 + jxj); x 2 C.Proof. The proof 
onsists in showing that if H and A satisfy (i) and (ii) the spe
trum ofH has to be empty. This is impossible sin
e the Hilbert spa
e has non-zero dimension.We observe that the spe
trum of H is the union of the set of eigenvalues of �nite mul-tipli
ity and the essential spe
trum. A point � 2 R belongs to the essential spe
trum ifthere is a sequen
e of unit ve
tors xn 2 D(H) whi
h 
onverge weakly to 0 and satisfyj(H � �I)xnj ! 0. Sin
e C is dense in D(H) in the graph norm, we may a
tually take xnto belong to C; jxnj � Æ > 0. If, on the other hand, � is an eigenvalue (of �nite or in�nitemultipli
ity), Hx = �x; jxj = 1, we set xn = x. In either 
ase we may 
ompute, using(i),(ii) and Imh(H � �)x;Axi = ImhHx;Axi:
Æ2 � 
jxnj2 � j(H��I)xnjjAxnj � Cj(H��I)xnj�jxnj+�jh(H��I)xn; xnij+j�jjxnj2� 12�:Clearly the quantity on the right side goes to zero as n!1. This 
ontradi
tion establishesthe lemma. �x3. An integral identity involving the bilapla
ianThe obje
t of this se
tion is to establish the integral identity (1) below. The 
ase q = 0was the starting point in [X℄ of an investigation of the absolute 
ontinuity of the spe
tralmeasure of the Lapla
ian on 
omplete manifolds. In the present sign 
onvention, �u is thetra
e of the Hessian of u.Lemma 2. Let M be a riemannian manifold and f; u smooth real-valued fun
tions on M ,at least one of whi
h has 
ompa
t support. Let also q be smooth on M . ThenZ (��u+ qu)�rf � ru+ �f2 u� = Z Hessf(ru;ru)� 14 Z (�2f + 2rf � rq)u2: (1)Proof. We treat the 
ase q = 0 �rst. Consider the following identity ([KW℄, page 32).2�u(rf � ru) = div(2(rf � ru)ru� jruj2rf)� 2Hessf(ru;ru) + (�f)jruj2:After integration we have2 Z (�u)(rf � ru) = �2 Z Hessf(ru;ru) + Z (�f)jruj2:



4 VIOREL NIT� IC�A AND FREDERICO XAVIERUsing Z (�f)jruj2 = 12 Z (�f)�(u2)� Z u(�u)�fwe obtainZ (�u)(rf � ru) = � Z Hessf(ru;ru) + 14 Z (�f)�(u2)� 12 Z u�u�fso that Z (�u)(rf � ru+ 12u�f) = � Z Hessf(ru;ru) + 14 Z (�f)�(u2):The result in the 
ase q = 0 then follows by transforming the se
ond integral on the righthand side.To deal with the 
ase q 6= 0, we start by 
omputing the (formal) L2 adjoint X� of ave
tor �eld X on M . Sin
e R divY = 0 whenever Y has 
ompa
t support, we have withu; v 2 C10 (M): 0 = Z div(uvX) = Z u(divX)v + Z uXv + Z vXu;so that X� = �X �divX. In parti
ular, hXu; ui+ 12 h(divX)u; ui = 0. Taking v = qu, onesees that hqXu; ui + huXq; ui = hX(uq); ui = huq;X�ui. Using the formula for X� onethen has hXu+ 12(divX)u; qui = �12 h(Xq)u; uiand (1) follows by taking X = rf . �x4. Proof of the TheoremWe argue by 
ontradi
tion and write B(2) =W1 +W2, with W1 < 0 andW2(v) = ddtW3(gt(v))jt=0; v 2 UM:Fix z 2 N(1) and let � : UN ! UM be the natural map. Next, we de�ne q : N ! Rby q(x) = �12W3(�(rBz(x))):Note that q is bounded. Sin
e �� is essentially self-adjoint on C10 (N; C ) (re
all that N is
omplete), the same is true of ��+ q (see [Ka℄, page 288). Taking f = Bz, the quantity�2f + 2rfrq whi
h �gures in Lemma 2 be
omes(�2Bz + 2rBz � rq)(x)= B(2)(�(rBz(x)))�rBz(x) � r(W3(�(rBz(x))))= B(2)(�(rBz(x)))� ddt (W3(gt(�(rBz(x)))))jt=0= B(2)(�(rBz(x)))�W2(�(rBz(x)))=W1(�(rBz(x))) < 0:
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e W1 is 
ontinuous and Bz is 
onvex, Lemma 2 implies for every u 2 C10 (N;R),and some Æ > 0: Z (��u+ qu)(rf � ru+ �f2 u) � Æ Z u2: (2)Next, let H be the unique self-adjoint extension of (��+q)jC10 (N;C) . Let also A be de�nedon C10 (N; C ) by Au = i(rf � ru+ �f2 u). It is easy to see that A so de�ned is symmetri
.Indeed, the skew-symmetry of iA amounts to the identityZ (rfru+ �f2 u)u = 0; u 2 C10 (N;R);whi
h was essentially established at the end of the proof of Lemma 1. Applying (2) tou1; u2 and adding we haveImhHu;Aui � Æjuj2; u = u1 + iu2 2 C10 (N; C ):In other words, the pair H;A obeys (i) of Lemma 1. To rea
h a 
ontradi
tion we nowshow that (ii) of Lemma 1 is also satis�ed. The key here is the fa
t that q is bounded frombelow. Sin
e the 
urvature is bounded, so is �Bz. Hen
e, for u 2 C10 (N; C ),jAuj2 = Z jrf � ru+ �f2 uj2 � C Z (jruj2 + juj2)� C Z (��u+ qu)�u+ C Z (1� q)juj2� C 0(jhHu; uij+ juj2):Taking square roots one obtains (ii) of lemma 1. Hen
e the pair H;A violates the
on
lusion of Lemma 1, and this represents a 
ontradi
tion to the assumption that B(2) is
ohomologous to a negative fun
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