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Abstra ct. The bilaplacians of the Busemann functions on the univ ersal co v er of a compact

manifold M of negativ e curv ature induce a function B

(2)

on the unit tangen t bundle of M . It

is conjectured that B

(2)

is cohomologous to a non-p ositiv e con tin uous function if and only if M

is lo cally symmetric. It is sho wn here that B

(2)

is not cohomologous to a negativ e con tin uous

function. In particular, its top ological pressure is non-negativ e. The pro of is based on the

construction of certain Sc hr• odinger op erators.

x 1. Intr oduction

Let N b e a complete simply-connected manifold of negativ e curv ature, � a co-compact

lattice of the group of isometries of N and � : U N ! N the natural pro jection of the

unit tangen t bundle of N . T o ev ery v 2 U N one can asso ciate the Busemann function

B

v

: N ! R giv en b y B

v

( x ) = lim

t !1

( d ( 


v

( t ) ; x ) � t ), where 


v

is the geo desic of N

satisfying 


v

(0) = � ( v ) ; 


0

(0) = v . If g is an isometry of N one has B

g v

� g = B

v

.

In particular, �

j

B

v

= �

j

B

g v

� g ; j � 1, where � is the Laplace-Beltrami op erator of N .

Hence U N 3 v ! (�

j

B

v

)( � v ) is �-in v arian t and as suc h it descends to a (H• older) function

B

( j )

on the unit tangen t bundle U M of M := N = �. The function B

(1)

, whic h assigns to v

the mean curv ature at � v of the v -horosphere, is esp ecially imp ortan t b ecause its in tegral

with resp ect to the Liouville measure giv es the en trop y (the P esin form ula-see [Y] and

[KH]). By con trast, no relation b et w een B

( j )

and the geo desic 
o w of M seems to ha v e

b een kno wn in the case j � 2. The ob ject of this note is to pro v e the follo wing result ab out

the bilaplacian co cycle B

(2)

. First recall that �

1

; �

2

: U M ! R are called cohomologous if

there exists �

3

: U M ! R suc h that ( �

2

� �

1

)( x ) =

d

dt

( �

3

( g

t

( x ))) j

t =0

; here g

t

stands for

the geo desic 
o w.

Theorem. B

(2)

is not c ohomolo gous to a ne gative c ontinuous function. In p articular, the

top olo gic al pr essur e of B

(2)

is non-ne gative.

A curren t theme in di�eren tial geometry and dynamical systems is the question of

�nding dynamical prop erties asso ciated to geometrically de�ned ob jects that migh t allo w

for a caracterization of lo cally symmetric spaces of negativ e curv ature. This is the sub ject

of extensiv e researc h. A ma jor rigidit y result of G. Besson, G. Courtois and S. Gallot [B-

C-G] states that lo cally symmetric spaces minimize en trop y when the v olume is prescrib ed
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(for the case n = 2 this w as pro v ed b y A. Katok). Com bining this with results of P .

F oulon and F. Laburie [F-L], and F. Ledrappier [F], one has that a compact orien table

Riemannian manifold whose Bo w en-Margulis measure and harmonic measure coincide is

lo cally symmetric. Let us men tion also the en trop y conjecture (due to Katok and pro v ed

in [K] for surfaces) that a compact orien table Riemannian manifold whose Bo w en-Margulis

measure and Liouville measure coincide m ust b e lo cally symmetric.

In ligh t of the remarks ab o v e and motiv ated b y our theorem w e prop ose the follo wing

c haracterization of lo cally symmetric spaces of negativ e curv ature.

Conjecture. A c omp act manifold M of ne gative curvatur e is lo c al ly symmetric if and

only if its bilaplacian c o cycle is c ohomolo gous to a non-p ositive function.

The \only if "part of the conjecture follo ws from the fact that symmetric spaces with

negativ e curv ature are asymptotically harmonic, i.e., their horospheres ha v e constan t mean

curv ature. F rom the results of [FL] and [BCG] it is kno wn that asymptotically harmonic

spaces with compact quotien ts are necessarily symmetric. (The conclusion ma y fail if the

manifold in question do es not admit a compact quotien t-see [DR]).

There is evidence to suggest that the tec hniques of the presen t pap er can b e pushed to

pro v e that if B

(2)

is cohomologous to a non-p ositiv e function, then B

(2)

m ust in fact b e a

trivial co cycle. Supp ose that one can go further and pro v e that the Busemann functions are

actually biharmonic. It app ears that a simple argumen t in v olving ergo dicit y and F atou's

theorem on non-tangen tial limits of b ounded harmonic functions (see [M], for instance)

w ould sho w then that

f

M is asymptotically harmonic. As observ ed ab o v e, this w ould imply

that M is lo cally symmetric.

The statemen t in the theorem ab out the top ological pressure can b e established as

follo ws. It follo ws directly from the de�nition that if the H• older con tin uous function

 : U M ! R has negativ e pressure then, for su�cien tly large n , the function  

n

( x ) :=

1

n

R

n

0

 ( g

t

( x )) dt has a negativ e upp er b ound (see [KH], page 623). On the other hand, b y

the Livsic theorem (see [L]), the functions  and  

n

are cohomologous. Putting these t w o

facts together one sees that if the pressure of the the function  = B

(2)

is negativ e, the

function m ust b e cohomologous to a negativ e co cycle.

The pro of of the ab o v e theorem is based on the examination of the sp ectral prop erties

of certain Sc hro dinger op erators de�ned on the univ ersal co v er of M . If the conclusion of

the theorem w ere false one could construct a Sc hro dinger op erator with empt y sp ectrum,

an imp ossibilit y for self-adjoin t op erators.

x 2. Commut a tors of Hilber t sp a ce opera tors

An imp ortan t task in the sp ectral theory of self-adjoin t op erators is to form ulate condi-

tions to ensure that the sp ectral measures of a giv en op erator H are absolutely con tin uous

with resp ect to the Leb esgue measure. One suc h tec hnique is Putnam's theorem. It in-

v olv es pro ducing an auxiliary op erator A for whic h the comm utator i [ H ; A ] is p ositiv e in

the sense of quadratic forms. As p oin ted out in [CFKS], page 60, a b ypro duct of the pro of

of Putnam's theorem is the fact that the estimate

h i [ H ; A ] x; x i = 2Im h H x; Ax i � c j x j

2

; c > 0 ;
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is imp ossible for a pair of b ounde d self-adjoin t op erators H and A . Belo w w e form ulate an

extension of this observ ation whic h is v alid for un b ounded self-adjoin t op erators.

Lemma 1. L et H b e a self-adjoint op er ator on a Hilb ert sp ac e H 6= 0 , and let C � D ( H )

b e a c or e of H , i.e., C is dense in D ( H ) in the gr aph norm j x j

2

H

= j H x j

2

+ j x j

2

of H .

L et A b e a symmetric op er ator with domain C . It is imp ossible for H and A to satisfy

simultane ously the two pr op erties b elow:

(1) j Im h H x; Ax ij � c j x j

2

; c > 0 ; x 2 C ;

(2) j Ax j � C ( jh H x; x ij

1

2

+ j x j ) ; x 2 C .

Pr o of. The pro of consists in sho wing that if H and A satisfy (i) and (ii) the sp ectrum of

H has to b e empt y . This is imp ossible since the Hilb ert space has non-zero dimension.

W e observ e that the sp ectrum of H is the union of the set of eigen v alues of �nite m ul-

tiplicit y and the essen tial sp ectrum. A p oin t � 2 R b elongs to the essen tial sp ectrum if

there is a sequence of unit v ectors x

n

2 D ( H ) whic h con v erge w eakly to 0 and satisfy

j ( H � �I ) x

n

j ! 0. Since C is dense in D ( H ) in the graph norm, w e ma y actually tak e x

n

to b elong to C ; j x

n

j � � > 0. If, on the other hand, � is an eigen v alue (of �nite or in�nite

m ultiplicit y), H x = �x; j x j = 1, w e set x

n

= x . In either case w e ma y compute, using

(i),(ii) and Im h ( H � � ) x; Ax i = Im h H x; Ax i :

c�

2

� c j x

n

j

2

� j ( H � �I ) x

n

jj Ax

n

j � C j ( H � �I ) x

n

j

�

j x

n

j +

�

jh ( H � �I ) x

n

; x

n

ij + j � jj x

n

j

2

�

1

2

�

:

Clearly the quan tit y on the righ t side go es to zero as n ! 1 . This con tradiction establishes

the lemma. �

x 3. An integral identity inv ol ving the bilapla cian

The ob ject of this section is to establish the in tegral iden tit y (1) b elo w. The case q = 0

w as the starting p oin t in [X] of an in v estigation of the absolute con tin uit y of the sp ectral

measure of the Laplacian on complete manifolds. In the presen t sign con v en tion, � u is the

trace of the Hessian of u .

Lemma 2. L et M b e a riemannian manifold and f ; u smo oth r e al-value d functions on M ,

at le ast one of which has c omp act supp ort. L et also q b e smo oth on M . Then

Z

( � � u + q u )

�

r f � r u +

� f

2

u

�

=

Z

Hess f ( r u; r u ) �

1

4

Z

(�

2

f + 2 r f � r q ) u

2

: (1)

Pr o of. W e treat the case q = 0 �rst. Consider the follo wing iden tit y ([KW], page 32).

2� u ( r f � r u ) = div (2( r f � r u ) r u � jr u j

2

r f ) � 2Hess f ( r u; r u ) + (� f ) jr u j

2

:

After in tegration w e ha v e

2

Z

(� u )( r f � r u ) = � 2

Z

Hess f ( r u; r u ) +

Z

(� f ) jr u j

2

:
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Using

Z

(� f ) jr u j

2

=

1

2

Z

(� f )�( u

2

) �

Z

u (� u )� f

w e obtain

Z

(� u )( r f � r u ) = �

Z

Hess f ( r u; r u ) +

1

4

Z

(� f )�( u

2

) �

1

2

Z

u � u � f

so that

Z

(� u )( r f � r u +

1

2

u � f ) = �

Z

Hess f ( r u; r u ) +

1

4

Z

(� f )�( u

2

) :

The result in the case q = 0 then follo ws b y transforming the second in tegral on the righ t

hand side.

T o deal with the case q 6= 0, w e start b y computing the (formal) L

2

adjoin t X

�

of a

v ector �eld X on M . Since

R

div Y = 0 whenev er Y has compact supp ort, w e ha v e with

u; v 2 C

1

0

( M ):

0 =

Z

div( uv X ) =

Z

u (div X ) v +

Z

uX v +

Z

v X u;

so that X

�

= � X � div X . In particular, h X u; u i +

1

2

h (div X ) u; u i = 0. T aking v = q u , one

sees that h q X u; u i + h uX q ; u i = h X ( uq ) ; u i = h uq ; X

�

u i . Using the form ula for X

�

one

then has

h X u +

1

2

(div X ) u; q u i = �

1

2

h ( X q ) u; u i

and (1) follo ws b y taking X = r f . �

x 4. Pr oof of the Theorem

W e argue b y con tradiction and write B

(2)

= W

1

+ W

2

, with W

1

< 0 and

W

2

( v ) =

d

dt

W

3

( g

t

( v )) j

t =0

; v 2 U M :

Fix z 2 N ( 1 ) and let � : U N ! U M b e the natural map. Next, w e de�ne q : N ! R

b y

q ( x ) = �

1

2

W

3

( � ( r B

z

( x ))) :

Note that q is b ounded. Since � � is essen tially self-adjoin t on C

1

0

( N ; C ) (recall that N is

complete), the same is true of � � + q (see [Ka], page 288). T aking f = B

z

, the quan tit y

�

2

f + 2 r f r q whic h �gures in Lemma 2 b ecomes

(�

2

B

z

+ 2 r B

z

� r q )( x )

= B

(2)

( � ( r B

z

( x ))) � r B

z

( x ) � r ( W

3

( � ( r B

z

( x ))))

= B

(2)

( � ( r B

z

( x ))) �

d

dt

( W

3

( g

t

( � ( r B

z

( x ))))) j

t =0

= B

(2)

( � ( r B

z

( x ))) � W

2

( � ( r B

z

( x )))

= W

1

( � ( r B

z

( x ))) < 0 :
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Since W

1

is con tin uous and B

z

is con v ex, Lemma 2 implies for ev ery u 2 C

1

0

( N ; R ),

and some � > 0:

Z

( � � u + q u )( r f � r u +

� f

2

u ) � �

Z

u

2

: (2)

Next, let H b e the unique self-adjoin t extension of ( � � + q ) j

C

1

0

( N ; C )

. Let also A b e de�ned

on C

1

0

( N ; C ) b y Au = i ( r f � r u +

� f

2

u ). It is easy to see that A so de�ned is symmetric.

Indeed, the sk ew-symmetry of iA amoun ts to the iden tit y

Z

( r f r u +

� f

2

u ) u = 0 ; u 2 C

1

0

( N ; R ) ;

whic h w as essen tially established at the end of the pro of of Lemma 1. Applying (2) to

u

1

; u

2

and adding w e ha v e

Im h H u; Au i � � j u j

2

; u = u

1

+ iu

2

2 C

1

0

( N ; C ) :

In other w ords, the pair H ; A ob eys (i) of Lemma 1. T o reac h a con tradiction w e no w

sho w that (ii) of Lemma 1 is also satis�ed. The k ey here is the fact that q is b ounded from

b elo w. Since the curv ature is b ounded, so is � B

z

. Hence, for u 2 C

1

0

( N ; C ),

j Au j

2

=

Z

jr f � r u +

� f

2

u j

2

� C

Z

( jr u j

2

+ j u j

2

)

� C

Z

( � � u + q u ) � u + C

Z

(1 � q ) j u j

2

� C

0

( jh H u; u ij + j u j

2

) :

T aking square ro ots one obtains (ii) of lemma 1. Hence the pair H ; A violates the

conclusion of Lemma 1, and this represen ts a con tradiction to the assumption that B

(2)

is

cohomologous to a negativ e function. �
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