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Abstract. The Bieberbach estimate, a pivotal result in the classical theory of
univalent functions, states that any injective holomorphic function f on the open
unit disc D satisfies |f”(0)| < 4]f'(0)]. We generalize the Bieberbach estimate by
proving a version of the inequality that applies to all injective smooth conformal
immersions f : D — R, n > 2. The new estimate involves two correction terms.
The first one is geometric, coming from the second fundamental form of the image
surface f(D). The second term is of a dynamical nature, and involves certain
Riemannian quantities associated to conformal attractors. Our results are partly
motivated by a conjecture in the theory of embedded minimal surfaces.

1 Introduction

A conformal orientation-preserving local diffeomorphism that is defined in the open
unit disc D = {z € C : |z| < 1} and takes values into R? can be viewed as a holomorphic
function f : D — C. Of special interest is the case when f is univalent, that is, injective.
The class S of all holomorphic univalent functions in D satisfying f(0) = 0 and f'(0) =1
was the object of much study in the last century, culminating with the solution by de
Branges ([4], [22]) of the celebrated Bieberbach conjecture: for any f € S, the estimate

|F®(0)] < k! (1.1)

holds for all k& > 2. Equivalently, |f*)(0)] < kk!|f'(0)| for any injective holomorphic
function on D. The case k = 2, due to Bieberbach, yields the so-called distortion theorems
which, in turn, imply the compactness of the class S ([19], [22]). Thus, the basic estimate
|f7(0)] < 4 for f € S, most commonly written in the form |ay] < 2 where f(z) =
2+ ayz® + -+ -, already yields important qualitative information. In particular, it follows
from the compactness of S that there are constants Cy such that |f*)(0)| < Cy|f'(0)] for
every k > 2 and injective holomorphic function f on D. The Bieberbach conjecture (the
de Branges theorem) asserts that one can take Cj to be kk!.
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The aim of this paper is to establish a generalization of Bieberbach’s fundamental
estimate |f”(0)] < 4|f(0)| that applies to all injective smooth conformal immersions
f:D — R" n > 2. The new estimate involves two correction terms. The first one is geo-
metric, coming from the second fundamental form of the image surface f(D). The second
term is of a dynamical nature, and involves certain Riemannian quantities associated to
conformal attractors.

Given a submanifold of R", we denote by V and o its connection and second fun-
damental form, both extended by complex linearity. Recall also that a vector field on
a Riemannian manifold is said to be conformal if it generates a local flow of conformal
maps. We use subscripts to denote differentiation with respect to z, where 20, = 9, —i0,,.

Theorem 1.1. Let f : (D,0) — (N,p) be an injective smooth conformal immersion,
where N C R™ is a smooth embedded topological disc, n > 3. Let X be the (non-empty)
family of all normalized conformal attractors on (N, p), namely those smooth vector fields
X on N satisfying

i) X is conformal, X(p) =0, (VX), = —1.
it) Every positive orbit of X tends to p.

Then

sup | £2:(0) — o(£:(0), £2(0)) + (V2X),(£:(0), £:(0)) || < 4lI£:(0)]]- (1.2)

XeXx

We expect to develop further the ideas in this paper and establish analogues of the
higher order estimates |f®*)(0)| < kk!|f'(0)|, & > 3, in the broader context of injective
conformal immersions f : D — R™. One would then have, in all dimensions, a geometric-
conformal version of the de Branges theorem.

Example. Taking N = R? C R" as a totally geodesic submanifold and X (w) = —(w—p),
we have VX = —I and so V2X = 0. Since o = 0, one sees that the original Bieberbach
estimate |f”(0)| < 4|f/(0)| can be recovered from (1.2).

It follows from classical results that for any injective smooth immersion g : D — R"
there is a diffeomorphism A : Q@ — D, where Q is either D or C, such that f = goh is an
injective conformal immersion. Restricting h to D in the case 2 = C, one then sees that
the above theorem applies to every injective immersion, after a suitable reparametrization.

We observe that the original Bieberbach estimate does not carry over to the higher
dimensional case. Indeed, if every injective conformal immersion f : D — R" were to
satisfy || f..(0)]] < 4]/ f.(0)]|, a contradiction could be reached as follows. Let g : C — R”
be an injective conformal harmonic immersion which is not totally geodesic, i.e., g(C) is
a parabolic simply-connected embedded minimal surface. A concrete example is provided
by the helicoid given in coordinates z = x + iy by g(z,y) = (sinhz cosy, sinhx siny, y) (see
the Conjecture below). Applying the above estimate to f : D — R™, f(z) = g(Rz), and



letting R — oo, one obtains

::(0) = 5 (322(0) = 2i5,(0) = 9 0)) = 5 (82(0) = i9,(0)) = 0.

Replacing ¢(z) by g(z+ z,) in the above reasoning, we obtain g,, = 0, and so g,, gy, and
gy are also identically zero, contradicting the fact that ¢g(C) is not a plane.

It is tempting to believe that the contribution in (1.2) coming from the dynamic term
can be made to vanish, regardless of the embedding, in which case one would obtain an
estimate that depends solely on the geometry of the surface f(D). To investigate this
possibility, suppose that

inf [[(V2X),(2(0), £.(0) ]| = 0

Xex

for all conformal embeddings f : D — R" of the unit disc. Consider the map g above,
parametrizing a helicoid. After applying (1.2) to f: D — R?, f(z) = g(Rz), and reason-
ing as above, one has .
9zz — U(QZ7gz) = E(gfx - ngy) =0.

In particular, the coordinates curves of g are geodesics of g(D). Since these curves are
easily seen to be asymptotic lines of g(D), one would conclude that the traces of the
coordinates curves of g are (segments of) straight lines in R®. But this contradicts the
fact that the coordinates curves y — g¢g(z,y) are helices. Hence, the dynamic term is
essential for the validity of (1.2).

As the reader may have suspected by now, part of our motivation for proving a version
of the Bieberbach estimate in the realm of conformal embeddings D — R™ comes from
the theory of minimal surfaces. We explain below how these two sets of ideas merge.

The past few years have witnessed great advances in the study of simply-connected
embedded minimal surfaces (i.e., minimal surfaces without self-intersetions). From an an-
alytic standpoint, these geometric objects correspond to conformal harmonic embeddings
of either D or C into R3. In a series of groundbreaking papers, Colding and Minicozzi
([5]-[9]) were able to give a very detailed description of the structure of embedded mini-
mal discs. Using their theory, as well as other tools, Meeks and Rosenberg showed in a
landmark paper [14] that helicoids and planes are the only properly embedded simply-
connected minimal surfaces in R? (subsequently, properness was weakened to mere com-
pleteness).

The classical link between minimal surfaces and complex analysis has been explored,
with great success, to tackle other fundamental geometric problems. Given the history
of the subject, one is naturally inclined to look for a complex-analytic interpretation of
the works of Colding-Minicozzi and Meeks-Rosenberg, with the hope that more could be
revealed about the structure of embedded minimal discs. Although this effort is still in
its infancy, one can already delineate the contours of a general programme. A central
theme to be explored is the role of the conformal type in the embeddedness question for
minimal surfaces. In particular, one would like to know, in the Meeks-Rosenberg theorem,
if parabolicity alone suffices:



Conjecture. If g : C — R? is a conformal harmonic embedding, then ¢(C) is either a
flat plane or a helicoid.

There is a compelling analogy between the theory of conformal harmonic embeddings
of the open unit disc D C C into R3, and the very rich theory of holomorphic univalent
functions on D. It is an easy matter to use a scaling argument, as it was done above,
together with the (classical) Bieberbach estimate to establish the scarcity of univalent
entire functions: they are all of the form f(z) = az + b, a # 0. One ought to regard this
statement as the complex-analytic analogue of the above conjecture.

A major hurdle in trying to use similar scaling arguments to settle the above conjecture
is that one does not have an a priori control on the dynamic term in (1.2). Nevertheless, a
first step in the programme of using complex analysis towards studying embedded minimal
discs has been taken in [12], where a new proof was given of the classical theorem of
Catalan, characterizing (pieces of) planes and helicoids as the only ruled minimal surfaces.
The proof of Catalan’s theorem is reduced, after careful normalizations, to the uniqueness
of solutions of certain holomorphic differential equations.

The present work is in fact part of a much larger programme, going well beyond
minimal surface theory, whose aim is to identify the analytic, geometric and topological
mechanisms behind the phenomenon of global injectivity; see, for instance, [1]-[3], [11],
[13], [15]-]18], [21], [23]. The reader can find in [24], p.17, a short description of some of
the recent results in the area of global injectivity.

In closing, we would like to point out that the main result in [23] — a rigidity theorem
characterizing the identity map of C® among injective local biholomorphisms —, is also
based on ideas suggested by the original Bieberbach estimate.
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author to the University of Notre Dame. He would like to record his gratitude to the
mathematics department for the invitation, as well as for its hospitality.

2 Proof of the generalized Bieberbach estimate
The proof of Theorem 1.1 will be split into a series of lemmas, reflecting the dynamical,

complex-analytic and Riemannian aspects of the argument.

Lemma 2.1. Let X be a smooth vector field defined in an open set U C R™. If )?(p) =0
and (dX), = —I, then the local flow n: of X satisfies

(i) (dn), =€e'I, t > 0. N
(ii) tlggo ||(dnt)p’|_l(d277t)p(v7w) = (dQX)p(Ua w)v v, w € R™.



Proof. (i) For all z € U and v € R",

G = {5 (Gt )

Xo n(x + sv) = (d)N()m(x) o (dne)z(v).

s=0

d
ne(x + sv)} =

s=0

ds

Since )?(p) =0, n:(p) = p, for all t. Setting z = p in (2.1), one obtains

jt(dﬁt) (v) = (d)?)p o (dne)p(v) = —(dn),(v).

Since ny(z) = x for all x, (dno), = I and, by (2.2),

(dne)p(v) = e (dno)p(v) = e'v, v €R™

(ii) For all z € U and v, w € R",

d d
2 == —_—— —
(d*ny)z(v,w) = 7ol {dh’hont(x + sv + hw)} .
Thus,
d d
gt Tma(vw) = o] o{dh e oﬁm(’”“”*h“’)}

4 a4
ds ls=0 dh h=0

= d2()? o M)z (v, w).

)?ont(a:—ksv—khw)}

It follows that

jt(d )2 (v, W) = (d2X )0y ((dne) v, (dn)sw) + (dX) ) ((dPn00)o (0, w)).

Taking = p in (2.5) and recalling that (d)?)p = —I, we have

C@npow) = (@), (), () + (@K, (P00, w)

= (dQ)z)p((dnt)pvv (dnt)pw) - (dgnt)p(vv w).
From (i) and (2.6), one has

jt(d m)p(v, w) = e 2H(d* X)), (v, w) — (), (v, w).

Letting V (t) = (d?n,), (v, w) and W = (d*>X), (v, w), the last equation becomes

d

dtV( ) ==V (t)+ e 2W,
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so that

d
S(eV(D) = W, (2.9)
and, by integration,
V() —V(0)=W(1—e). (2.10)

Since ny(z) = x, x € U, it follows that V(0) = (d*n),(v,w) = 0. Using this in (2.10), we
have

V() =W(1 —e). (2.11)
Taking the limit as ¢ — oo and using (i) one obtains (ii). O
Lemma 2.2. Let f : D — R"” and g : D — R" be two conformal embeddings of the

unit disc into R™ such that g(D) C f(D) and f(0) = g(0). Assume that the orientations
induced on g(D) by f and g are the same. Then there ezists ( € C, |¢| =1, such that

H gZZ - fZZ(O)
lg- ||2 ||fz(0) 2

4
S FEOI (212)

Proof. The function ¢ = f~'og: D — D is well defined, conformal and orientation
preserving. Hence ¢ is holomorphic, ¢(0) = 0. Using ¢.(0) = £.(0)¢.(0) and g,.(0) =

9::(0)  f.(0)  ©.(0)2 £2(0) .-(0)

lo-OF ~ IO le-F TP le-0)F (2.13)
But
) 22(0) 4 4
HHfz 1o OF | = TR0~ To.0T (2.14)

by Bieberbach’s inequality [¢/”(0)| < 4]¢’(0)|, valid for all univalent holomorphic functions
¥ : D — C. Hence

22 ( (0)* £.2(0 4
g || |90z(0)| 1/-(0) lg=(O)l
and the lemma follows from (2.15) with ¢ = Z%P' O



Lemma 2.3. Let N C R", n > 2, be a smooth surface and f : (D,0) — (N,p) an
injective smooth conformal immersion. Let U be an open neighborhood of N in R™ and
X a smooth vector field on U such that:

(i) X(p) =0, (dX), = —1I. ~

(ii) X is tangent to N, X|y is conformal and every positive orbit of X|n converges to p.
Then

1(d*X),(£-(0), £2(0)) + f.-(0)]] < 4]l £-(0)]. (2.16)

Proof. We may assume that f(D) has compact closure in N (the general case follows
by replacing f(z) by f(Rz), with R < 1, and letting R — 1). Since every positive orbit
of X |v converges to p, there exists to > 0 such that the positive flow 7; of X satisfies
m(f(D)) C f(D) for all t > t,. Since X|y is conformal, so is ¢®) = g = n, o f. It follows
easily from Lemma 2.1 (i) that f and g induce the same orientations on g(D) C f(D), as
required by Lemma 2.2. We have

9:(2) = (e o f)=(2) = (dme) sy (f2(2)) (2.17)
and
9:2(0) = (d°ne)p(f2(0), £2(0)) + (dne)p( f--(0)). (2.18)
By (2.12),
lg-- (O] _ 4 N 1 £--(0) ] (2.19)

lg=(O)I* = llg=0)II ~ IIf2(0)]*
From (2.17), (2.18) and (2.19), we then have

[(@n)y(£:(0), £200)) + (dm)y(£.-(0))] 4 1)l
[N EPECIE = Tamiron iror
Multiplying the last equation by ||(dn.),|l|f-(0)]?,
) A0 LODE @O < 4y )+ ol Ul 22
Taking the limit as ¢t — oo and using Lemma 2.1, one obtains (2.16). O

In the next lemma we denote by V and V the Riemannian connections of R” and M,
respectively, and by o the second fundamental form of M.

Lemma 2.4. Let M C R" be an m-dimensional submanifold and X a smooth vector field
on M such that X (p) =0 and V,X = —v, for some p € M and all v € T,M. Then, for

any extension X of X to an open neighborhood of p in R" and all v,w € T,M, one has
(X)), (v, w) = (V2X),(0, ) = Voo X — 20(v, w). (2.22)



Proof. Writing w4, ..., u, for the canonical basis of R" one has, for all v, w € R",
L 0°X

(9:@8:1:]-
J=1

(dz)z)p(v,w) = (p)<vvui><w>uj>7 (2'23)

so that the coordinates of this vector are given by

n

Z aaxig(;j () (v, wi)(w,u;) = Z(v,W}(w,uj)hess)?k(p)(ui,uj)

ij=1

= hessXp(p)(v,w), k=1,...,n. (2.24)
Choose an orthonormal frame field {eq,...,e,} in an open neighborhood of p in such a
way that ey, ..., e, are tangent along M, €,,11, ..., e, are normal along M and V.,e;(p) =

0,4,j =1,...,m. Hence, by (2.24),

n aZXk n ~
Z (v, u)(w,uj) = Zviwjhesst(p)(ei,ej)

81‘181‘] =
= Z (V.,grad X, (p), e;(p))viw;, (2.25)
ij=1
where the v)s and w]s are the components of v and w in the basis {eq,...,e,}. It follows
that
n 82Xk n ~ ~
Z o7 8x (v,u;)(w,uj) = Z vw; (e;(grad Xy, e;) — (grad Xy, Vee;))(p)
i,j=1 J i,j=1
= > viw;(eie;(Xi) — Ve, (X)) (). (2.26)
ij=1
From (2.23) and (2.26) we obtain,
(*X)p(v,w) = Y (Ve Ve, X) (p)viw; — > (Vs, o, X) (p)viw;. (2.27)
i,j=1 i,j=1
Suppose now that v and w are tangent to M. Since the restriction to M of {ey,...,e,}

is an adapted frame satisfying V..e;(p) =0, ¢, =1,...,m, and X restricted to M is X,
it follows from (2.27) and the Gauss equation [10]

VyX =VyX +0(X,Y) (2.28)
that

(dQX)p(an) = Z p)vw; — Z U(ezeg)X Uiy

]:

= Z (P)viw; — V) X (2.29)

-
—
H



We will now determine the first term on the right hand side of (2.29). From

Ve, X =V, X +o0(e;, X),

we have at p, for 1 <1i,7 < m,

Ve Ve, X =V, Ve, X +V,0(e, X)

Hence

=

+

Z (Ve,0(e5, X)) (p)viw.

= VeiVer + U(ei; ver) +veia(ejaX>'

zm: (Ve, Ve, X)(p)viw; + Z (€5, Ve, X) (p)viw;

2,7=1

(2.30)

The third term on the right hand side of (2.30) involves the quantity V.o (e;, X) which
can be computed using the normal connection V*:

Vo

(ey'?X)

From (2.30) and (2.31),

m

Z (ﬁeiverinwj

1,5=1

Vé(f(ej, X) + (veia(ejﬂ X))T

(velig)(ejﬁ X) + O-(eja v@iX) +
(velq;a-)(eﬁ X) + O-(eja VeiX) +
(velio-)(ej’ X) + O-(ejv veiX) -

(vi;o-)(ej? X) + O-(ejv veiX> -

NE

<(v5i0(6j7 X))T7 €k>€k

B
Il
—

NE

(Ve,o(ej, X), ex ey

B
Il
—

<0(ej, X),Veiek)ek

I

NE

(o(ej, X),0(es,ex))er. (2.31)

i
I

— i (Ve, Ve, X)vw; + o(v, Vy X) + i(véo)(ewX)viwj
Py ij=1
+ Xm: o(ej, Ve, X )vw; — zm: <<a(ej,X),a(ei,ek)>ek>mwj
ij=1 i k=1
— i (Ve; Ve, X)viw; 4 o (v, Vo X) + + (Vyo)(w, X)
+ o(w,V,X) i o(v,ex))er. (2.32)
k=1



Since, by assumption, X (p) =0 and (VX), = —I, we have

> (Ve Ve, X)(p)viw; = > (Ve, Ve, X) (p)viw; — 20(v, w). (2.33)
i,j=1 t,j=1

It follows from (2.29) and (2.33) that

m

(d? (VoVe, X)(p)w; — 20 (v, 0) = Vo X. (2.34)

Jj=1

Let V and W be arbitrary smooth extensions of v and w to an open neighborhood of p
in M. Using again X (p) = 0 and (V.X), = —I and recalling that V. e;(p) = 0, we have,
from the definition of the curvature tensor R,

(VoVe, X)Pw; = Y (R(Viej)X + Ve, Vv X + Viye ) X) (p)u;
7j=1 Jj=1

= VwVyX(p)+ VuwV(p). (2.35)
From (2.34) and (2.35) we obtain
(dX),(v,w) = VirVy X(p) + VigV(p) = Vaou X — 20(v,w). (2.36)
On the other hand,

(VEX)p(v,w) = (VuVX)(v) = (VwVX(V))(p) = VX(ViwV)(p)
= VWVVX(I?) _VVWVX(p)' (2-37)

Since (VX), = —I, we thus obtain
(V2X),(v,w) = VgV X(p) + Vi V(p). (2.38)

Formula (2.22) now follows from (2.34), (2.35) and (2.38). O

Proof of Theorem 1.1. We begin by showing that X # (). Being simply-connected, the
Riemannian surface N is globally conformally flat and so it is isometric to (€2, g), where
is either D or C, g = e?¢ g for some smooth function ¢, and g is the standard flat metric

on §2. Writing V and V for the Riemannian connections of g and g, respectively, one has
([20] p. 172):

VyX = Vy X + Y ()X + X (@)Y — (X,Y)Ve. (2.39)

Being holomorphic, X (z) = —z generates a flow of conformal maps that clearly leaves
invariant. It now follows from (2.39) that Vy X = Vy X = —Y at 0, thus showing that
XeX
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We now proceed to establish the estimate (1.2). Since N is contractible, one can choose
a global orthonormal frame {&;,...,&, o} of the normal bundle of N in R". Extend X
to an open neighborhood of N in R" by

X (q + Z 5¢§i(Q)> = X(q) — Z s:i&i(q), Isil < e(q), (2.40)

with €(q) sufficiently small, ¢ € N. For all v € T, N we have

(dX),0 =V, X =V, X =V, X +0(v, X(p)) = —v,
since X (p) =0 and (VX), = —I. On the other hand,
d

Ve X = (X)) = +|  X(p+s6())
= 0 (X0) - s) = &)

It follows from the last two equations that (VX )p = (dX )p = —1. By Lemma 2.3, we
have

[( @30, (£:(0). £.000) + £.:0)]| < 41O (2.41)
Also, from Lemma 2.4 and (v)?)p =—1,

(@X)p(0,w) = (VEX),(0,0) = Vo X — 20 (v, w),
= (V*X),(v,w) — o(v,w), v,w € T,N, (2.42)

which, in particular, implies that (V2X), is symmetric. From f.(0) = 4 (f.(0) — if,(0))
and

(@R (0), £0)) = HER)p(£(0) ~i£,(0), £2(0)  £,(0)
= @) (£00), £00) ~ (@), (£,(0) 1,(0))

= 2@ X), (£(0), £,(0) }, (2.43)

we obtain, applying (2.42) to each term in (2.43) and rearranging the terms,
(), (£2(0), £:(0)) = (V2X), (£2(0), £:(0)) = o (£:(0), /2(0)). (2.44)
Formula (1.2) follows from (2.41) and (2.44). O
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