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The Gauss map of a complete non-flat
minimal surface cannot omit 7
points of the sphere

By FREDERICO XAVIER*

A well-known theorem of Osserman ([2], [3], [4]) states that the Gauss
map of a complete minimal surface M*C R® cannot omit a set of positive
logarithmic capacity unless the surface is a plane. In this paper we improve
Osserman’s theorem by showing that the Gauss map of M?* omits at most 6
points (provided M? is not flat). It should be pointed out, however, that no
example is known where the omitted set has 5 points. Therefore the problem
of determining the exact size of the omitted set remains unsolved (we refer
to[2] and [3] for a historical account as well as for general facts pertaining
to minimal surfaces).

We take the opportunity to thank L. Petrola for sharing his insights
with us and Professor J. Shah for some very enlightening conversations on
related matters.

The Theorem
For the sake of clarity we shall state our result more precisely.

THEOREM. The complement of the image of the Gauss map of a non-flat
complete minimal surface in R® contains at most 6 points of S*.

We need the following two results
THEOREM ([5], Theorem 1). Let M be a complete Riemannian manifold
of infinite volume and u a non-negative function satifying Alogu = 0 al-

most everywhere. Then S u? = o forp > 0.
M

LEMMA. Let f be a holomorphic function in the unit disk D and let
f#0,a. Let a =1— 1/k, k€ Z*. Then we have
Y U
TT'LT € L*(D)
S
for every p with 0 < p < 1.
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Proof. Let us recall that a function g on D is called normal if the family
{9(S(2))}, where S is a conformal transformation of D into itself, is normal
in Montel’s sense. Since f'* omits two values, it is normal (see [1], page
169). By Theorem 6.5 of [1], there is a constant C such that

'l ~__C
1+0gP  1—[zf
Applying this estimate on the spherical derivative to f'*, we have
£ ._¢
RFTTH T+ 7))~ 1 [2F

so that
Fd - __KC

‘f|1—l/k + Iflz—(l—mn =1 - ‘zlz ‘
In particular, | f'|/(| f1* + | f**)e L(D), 0 < p < 1.

Proof of the theorem

Suppose that M is a complete non-flat minimal surface whose Gauss map
misses 7 points. By arguing as in the proof of the theorem of Osserman
quoted above (see [3], for details), we may assume that M = D and the
metric is Mz)|dz|* with » = | f[(1 + |g|*)’, where the functions f and ¢
are holomorphic and |f] > 0. They come from the so-called Weierstrass
representation of minimal surfaces. The nice thing about it is that after
composition with the inverse stereographic projection, the map g becomes
the Gauss map of the surface. The fact that ¢ has no poles means that the
north pole is among the omitted points. In view of this we are reduced to
proving the following:

(*) Let f, g be holomorphic functions on D, | f| > 0. Suppose that for

six distinct complex numbers a,, a,, ---, a; the equation g(z) = a, has no
solution (i = 1,2, ---,6). Then the metric |f|(1 + |g*)*dz|* on D 1is not
complete.

For the proof consider the function
h= 5Tl (9 —a)™",
where 5/6 < a < 1is as in the lemma and p = 5/6a. Note that f~*” is well-
defined because | f| > 0. The Laplace-Beltrami operator A of the metric
MdzlP (v = [fFL + [glP))
is given by (1/0)(0/02)(0/0Z). Hence the function w = |k | satisfies Alogu = 0

almost everywhere in D (there may be a discrete set where ¢’ vanishes).
We assert that w ¢ L?(M). Indeed, if w is a (necessarily non-zero) constant,
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this follows from the fact that complete simply-connected surfaces of non-
positive curvature have infinite area. If u is not constant this follows from
Yau’s theorem. Since the area element is A dxdy, the condition w ¢ L*(M)
can be written

drdy = o .

S lg'P(1 + |g]?)
D :=1 lg — a,|™

The contradiction will be achieved by showing that this integral is
actually finite. Let

D;={zeDl||g(z) —a;| <1},
where 0 < I < (1/4)min, 4 4-1,...6l@; — a;|. Also, let D' = D\J., D,. De-
noting by H(z) the integrand of the last integral we have
j=1

Sdedy=E° g dedy—l—s Hdady .
D D; D’

On each D; we have an estimate H < C(|¢'["/|¢g — a;|**). We may also assume
1l < 1, so that

0" <o lg'? _
lg —a; 1"~ " (lg — a;]* + |g — a; ")
Hence S Hdxdy < -« by the lemma. The integral over D’ can be handled
D
in a simiiar fashion. We observe that
@+1gly @ +lgPy
H:=1 lg — a;|™ j’=1 lg — a;|”
is bounded over D’. Hence

S Hdady < CS 1" Gpdy < o,
» v Tg — a”
as before. This concludes the proof of (*).

Besides the people named in the introduction, we wish to thank the
referee for suggesting an improvement in the paper which allowed us to
bring down our original bound from 11 to 7. Also, we thank R. Osserman
for clarifying certain aspects of the proof.
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