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Abstract. Any non-empty open convex subset of R™ is the convex hull of a com-
plete submanifold M, of any codimension, but there are obstructions if the geometry
of M is, a priori, suitably controlled at infinity. In this paper we develop tools to ex-
plore the geometry of 9[Conv(M)] when the Grassmanian-valued Gauss map of M
is uniformly continuous, a condition that, in the C? case, is weaker than bounding
the second fundamental form of M. Our proofs are based on the Ekeland variational
principle, and on a conceptual refinement of the Omori-Yau asymptotic maximum
principle that is of interest in its own right. If the Ricci (sectional) curvature of
M is bounded below and f is a C? function on M that is bounded above, then
not only there exists some maximizing sequence for f with good properties, as pre-
dicted by the Yau (Omori) principle but, in fact, every maximizing sequence for f
can be shadowed by a maximizing sequence that has good properties. This abun-
dance of good shadows allows for information to be localized at infinity, revealing in
our geometric setting the relation between the asymptotic behavior of M and the
supporting hyperplanes of J[Conv(M)] in general position that pass through some
fixed boundary point. We also use ideas from dynamics to prove a special case of a
conjecture meant to extend our refinement of the Yau maximum principle to man-
ifolds that satisfy a property weaker than inf Ric > —oo. The authors expect that
this new understanding of the Omori-Yau principle — in terms of good shadows and
localization at infinity — will lead to applications in contexts other than convexity.

1 Introduction.

Any non-empty open convex subset O of R™ is the convex hull of a C* complete
submanifold M, of any codimension. To see this when n > 3, take a smooth embedded
curve I' C O, of infinite length on both ends, whose convex hull is O. Let M be the union
over all p € I' of smoothly varying k-dimensional spheres Sﬁl&, 1 <k <n-—2, centered at
p and contained in the normal space of I" at p. Taking r(p) to decay fast enough one can
make sure that the resulting manifold M, which is automatically complete, is contained
in O. Since p is in the convex hull of Sﬁl(?)) for any p € I, it follows that the convex hull
of M satisfies Conv (M) = O.

Despite the examples of the previous paragraph, one expects that not every O can
be realized as Conv (M) if the complete submanifold M has a geometry that is, a priori,



suitably controlled at infinity. More generally, we study 0[Convh(M )], where h : M — R”
is an immersion, dimM = m, and the induced metric is complete. Along the way, we
introduce new tools that may be useful in other problems as well.

A natural way to control the geometry of a submanifold is to bound its second funda-
mental form, but this requires the immersion to be at least of class C?. Instead, we work
here with a weaker condition that makes sense even in the C! case: the Grassmanian-
valued Gauss map G : M — G(n — m,n), given by G(p) = [h.T,M]*, is uniformly
continuous. Indeed, if the immersion is C? then boundedness of the second fundamental
form is equivalent to the Gauss map being Lipschitz, a condition that is stronger than
uniform continuity (this can be seen using a Pliicker-like embedding; see Section 4).

It is shown in Theorem 2.1 that the number of supporting hyperplanes in general posi-
tion, at any point at the boundary of the convex hull of h(M), is at most the codimension
of the submanifold. This generalizes to these non-compact submanifolds the statement
that if M™~! C R" is a C' compact hypersurface, then each point in d[Conv (M"~1)] ad-
mits a unique supporting hyperplane and the resulting map 9[Conv (M" )] — G(n—1,n)
is continuous. Our main geometric result, Theorem 2.4, valid for the convex hull of certain
non-compact immersed submanifolds in arbitrary codimension, ultimately generalizes the
classical statement that if a compact convex body in R™ has a C? boundary, then the
second fundamental form at any boundary point is semi-definite.

On the technical side, our results on the convex hull of h(M) spring from two sources:
the Ekeland variational principle for the C' case, and a conceptual refinement of the
Omori-Yau maximum principle if the immersion is of class C", r > 2. In order to convey
the flavor of these new results, which are of interest in their own right, we recall that the
original Yau (Omori) maximum principle (see Section 3) guarantees, under the appropriate
curvature restrictions, the existence of a maximizing sequence along which the gradient
is small and the Laplacian (Hessian) of the function is almost negative.

We show in Theorem 3.4 that there is actually an abundance of these good maximizing
sequences: every maximizing sequence has a good shadow, a second sequence which is
good, in the above sense, and is such that the distance between the general terms of the
two sequences tends to zero.

The advantage of this result over the various forms of the Omori-Yau principle to be
found in the literature is that the new understanding allows for information to be localized
at infinity. In terms of our applications to convexity, this translates into one being able to
draw conclusions about the relation between the asymptotic behavior of h(M), and the
supporting hyperplanes of 9[Conv(M)] in general position that pass through some fixed
boundary point.

In the first version of this paper our refinement of the Yau maximum principle (one of
the halves of Theorem 3.4) was proved using ideas from dynamics, under the additional
hypothesis that the Hessian of the function is bounded, and we conjectured that this
assumption is superfluous. Afterwards, the possibility was raised to us that perhaps
our new ideas, together with the traditional approach to the Omori-Yau principle, using
arguments from Riemannian geometry, might be modified to yield a proof of our original
conjecture on the abundance of good shadows when inf Ric > —oo. This is implemented



in Theorem 3.4, the scope being broadened so as to cover also the Omori principle. On
the other hand, most applications to convexity given in Section 2 were already present in
the first version.

Our original technique using dynamics can be adapted to prove Theorem 5.1, still
under the assumption that the Hessian of the function is bounded, but where the condition
inf Ric > —oo has been replaced by the much weaker and flexible hypothesis that the
manifold satisfies LVP (Local Volume Property).

The latter condition means that there exist a > 0, b > 1, such that for any p € M
and 0 < 7 < a, one has Vol B(p,r) < bVol B(p, ). This class of manifolds is rather
large, containing all complete manifolds that are quasi-isometric to manifolds satisfying
inf Ric > —oo. More generally, if f: (M, g) — (IV, h) and there exist ¢;, ¢y > 0 such that
cilv| < |df (v)] < ealv| for all tangent vectors v, then (M, g) is LVP if and only if (N, h)
is. We conjecture that the conclusion in the Yau maximum principle should hold for all
complete LVP manifolds.

The main idea behind the proof of Theorem 5.1 is to establish estimates that control
the volume compression under the gradient flow. In principle, a similar technique should
also work for any differential operator given in divergence form ([14]).

The authors expect that this new understanding of the Omori-Yau principle — in terms
of good shadows and localization at infinity — will lead to applications in contexts other
than convexity. In this regard, a specially interesting question is whether the classical
Ahlfors-Schwarz Lemma (or its far-reching generalization, the Yau-Schwarz Lemma [21])
can be sharpened using Theorem 3.4.

2 Convex hulls and controlled submanifold geometry.

In this section we state our geometric results. The proofs, which are based on the
Ekeland variational principle ([5]) and on our refinements of the asymptotic maximum
principles of Omori ([12]) and Yau ([4],[20]), will be given in Section 4.

[sometric C' immersions are plentiful, thanks to the Nash-Kuiper theorem [9], but
their geometry is hard to control since one cannot make sense of extrinsic curvatures.
Nevertheless, under the hypothesis that the Grassmanian-valued Gauss map is uniformly
continuous, one has a fairly good description of their convex hulls (an immersion into R”
is substantial if its image is not contained in a proper affine subspace):

Theorem 2.1. Let M be a complete m-dimensional Riemannian manifold, n > m, and
h : M — R" a substantial C' isometric immersion for which the Grassmanian-valued
Gauss map G : M — G(n —m,n), given by G(p) = [hT,M]*, is uniformly continu-
ous. If Conv(h(M)) # R", then each point in J[Conv(h(M))] admits at most n —m
supporting hyperplanes in general position. In particular, in the hypersurface case each
point in O[Conv (h(M™1))] admits a unique supporting hyperplane, and the resulting map
d[Conv(h(M™1))] — G(n — 1,n) is continuous.



Although the result below is probably known, we were unable to locate a reference in
the literature:

Corollary 2.2. Ifh: M™ — R" is a substantial C* immersion and M is compact, then
each point in O[Conv(h(M))] admits at most n — m supporting hyperplanes in general
position. In particular, if M™ ' is compact and h : M"™ ' — R" is a C* immersion, then
h is substantial, each point in O|Conv(h(M™1))] admits a unique supporting hyperplane,
and the resulting map O[Conv(h(M™1))] — G(n — 1,n) is continuous.

Before proceeding to discuss our results on convex hulls of C? immersions, we need to
establish some terminology first. Given a substantial convex set A C R", a supporting
hyperplane H containing p € A, and a unit vector e that is normal to H, we say that e
is a positive normal for H if A intersects the component of R” — H determined by e.

Near the intersection of supporting hyperplanes that pass through the same point of
d[Conv (h(M™))] one expects, if h is at least C? and the geometry of h(M™) is not too
wild, that asymptotically the submanifold will be bending mostly towards the positive
side of the associated half-spaces. The theorem below confirms this intuition.

Theorem 2.3. Let M™ be a complete manifold with Ricci curvature bounded from below,
n>m, and h : M™ — R" a substantial C* isometric immersion for which the Gauss map
G: M — G(n—m,n) and the mean curvature vector field H:M —R" are uniformly
continuous. Suppose Conv(h(M™)) # R™ and let Hy, ..., Hs be supporting hyperplanes in
general position that pass through the same point in 0] Conv (h(M™))], with corresponding
positive normals eq,...,es. Then s <n—m, d(h(M™),H,N---NH) =0, and

lim inf <ﬁ(p),ei> >0, i=1,...,s.
d(h(p), H NN H)—0

The previous theorem admits a version where the hypothesis on the Ricci curvature
is replaced by the sectional curvatures being bounded below. Accordingly, the conclusion
will be about the second fundamental form, instead of the mean curvature vector. But
before we can state this result, we need to explain what it means to say, in our context, that
the second fundamental form o of an immersion A : M™ — R™ is uniformly continuous.
Denote by Q,(x) the associated quadratic form, Q,(x)(v) = o(z)(v,v) € [hT,M]* for
every v € T, M.

Definition. The second fundamental form o is said to be uniformly continuous if for
every € > 0 there is 0 > 0 such that, for all z,y € M with d(z,y) < ¢, the Hausdorff
distance in R™ between the sets given by the images under Q),(x) and Q,(y) of the unit
spheres in the respective tangent spaces is less than e. O

Remarks. In concrete terms, the above condition means that for all z, y in M with
d(z,y) <6, and v € T, M, |v| = 1, there exists w € T, M, |w| =1, such that

llo(z)(v,v) = o(y)(w, w)|| <e. (2.1)
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In particular, if o is uniformly continuous, (z,,v,) is a sequence in the unit tangent
bundle of M and d(z,,y,) — 0, then there exist unit vectors w,, € T,, M such that

|0 () (0n, vn) = o (yn) (wn, wn)[| = 0. (2.2)

The Riemannian connection on M, together with the connection V+ in the normal
bundle, given by V& = (Vx&)*, where V is the Euclidean connection and ¢ is a local
extension of &£, can be used to define the covariant derivative %ua of the second fun-
damental form, with respect to a vector u tangent to M ([8], p. 25). It is possible to
give a differential condition that implies uniform continuity of the second fundamental
form. Indeed, it will be shown in Section 4 that o is uniformly continuous if |o| + |Vo| is
uniformly bounded on M. m

When the sectional curvatures are bounded below the conclusion in Theorem 2.3 can
be sharpened. Asymptotically, the submanifold will bend towards the positive sides of
the half-spaces determined by the supporting hyperplanes in general position, and not
just in an average sense:

Theorem 2.4. Let M™ be a complete manifold with sectional curvatures bounded from
below, n > m, and h : M™ — R" a substantial C? isometric immersion for which the
Gauss map G : M — G(n — m,n) and the vector-valued second fundamental form o
are uniformly continuous. Suppose Conv(h(M™)) # R"™ and let Hy, ..., Hs be supporting
hyperplanes in general position that pass through the same point in d[Conv (h(M™))], with
corresponding positive normals ey, ... es. Then s <n—m, d(h(M™),HyN---NH,) =0,
and
d(h(p)%rlrrlml%st)_)O UETpmM{I'lU':l(a(p)(v, v),e)| >0, i=1,...,s.

In particular, the theorem applies when M™ is complete, h(M™) is contained in a half-
space, and |o| + |Vo| is uniformly bounded.

One should note that, albeit somewhat technical in its formulation, the above theorem
extends to the non-compact setting and to arbitrary codimension the following classical
result about compact convex bodies:

Corollary 2.5. If M" ! is compact and h : M™' — R" is a C* immersion such that
h(M™ 1) bounds a convex body, then the second fundamental forms of h are semi-definite.

Examples. It is easy to illustrate Theorem 2.1, already in low dimensions:

i) Let [ be a line in R3, and P;, P, planes such that P, N P, = [. Let O be a component
of R¥ — (P, U PR,). One can construct a complete C*° embedded curve I' C O such
that Conv (I') = O and I' has bounded curvature. The last condition ensures that the
Gauss map G : ' — (G(2,3) is uniformly continuous. Along [, the maximum number
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of supporting hyperplanes to 0O that are in general position is two, which is also the
codimension of I'. This gives the equality case in Theorem 2.1.

We give an informal description of how I' can be constructed. Start with oriented
line segments [,, parallel to [, n > 1, contained in O, getting longer as n — oo, and
accumulating onto the entire oriented line [. One obtains I' by connecting for all n > 1
the last point of [,,, in a smooth way, to the first point of /.1, by means of a curve =, of
curvature less than one. The curve 7, is supposed to be very long, going deep inside O
and turning slowly, so that the curvature can be kept smaller than one. Once 7, is far
from [, one can also make v, twist around, with controlled curvature, so as to make its
convex hull bigger. It is now clear that a sequence of curves 7, can be created so that I"
has curvature less than one and Conv (I') = O.

Observe that such a construction is impossible if, instead of a curve, one takes I' to
be a complete surface. Indeed, as the surface gets closer and closer to [, in order for I' to
remain in O it has to fold abruptly, thus violating the condition that the Gauss map is
uniformly continuous.

ii) Let M be an open hemisphere in S? C R3. TIts convex hull is, of course, the solid
hemisphere. At points along the great circle, Conv (M) has two supporting hyperplanes
in general position, whereas the codimension of M is one. This shows that Theorem 2.1
fails, as expected, if the submanifold is not complete. m

Remarks. The uniform continuity condition on the Gauss map allows for the Ricci
curvature of the submanifold to be unbounded from below. In fact, it is easy to construct
smooth complete graphs in R?® with these properties. This shows that the Omori-Yau
minimum principle cannot be applied to prove Theorem 2.1, even if the submanifold in
question is of class C°. We also note that Theorem 2.1 applies to these examples, whereas
Theorems 2.3 and 2.4 do not.

To put these matters in perspective we note that, by the Gauss equation, the natural
way to force the intrinsic curvatures of a submanifold to be bounded is simply to require
that the second fundamental form has bounded length. Although this is not obvious in
codimension greater than one, as it was already observed in the Introduction the last
condition simply means that the Gauss map is globally Lipschitzian, which is stronger
than merely requiring the Gauss map to be uniformly continuous (see Section 4).

We stress that, in Theorem 2.1, even if the submanifold is C"*° and has bounded
second fundamental form, the original form of the Omori-Yau minimum principle cannot
be applied. Indeed, as it will be clear from the proof, one needs to find good shadows
(that are provided in the C' context by Theorem 3.3) for arbitrary minimizing sequences.
The Omori-Yau minimum principle, on the other hand, guarantees the existence of some
minimizing sequence with good properties.

A natural question that arises is whether the condition in Theorem 2.1, stating that
the boundary points of the convex hull admits at most n — m supporting hyperplanes in
general position, is also sufficient for the construction of examples. We thank J. Fu for
pointing out that the work of Alberti [1] may be relevant to this question.



The Grassmanian-valued Gauss map G : M — G(n —m,n), G(p) = [h.T,M]*, can be
used in other contexts to retrieve geometric information. In this regard, we refer the reader
to [17] for its role in the problem of detecting when a family of compact submanifolds with
boundary, perhaps of different dimensions, has a non-empty stable interior intersection.
In turn, this problem is a facet of the more general question of deciding when maps are

globally invertible ([19]). O

3 Abundance of good minimizing sequences.

If M™ is a Riemannian manifold and f : M — R is a C*-function that attains a
minimum at a point p € M, then ||V f(p)|| = 0 and Hessf(p)(v,v) > 0 for all v € T,M.
Such a point p always exists in case M™ is compact but clearly it may not exist if M™ is
non-compact, even if inf f > —oo.

For a C?-function f : R™ — R which is bounded from below, there always exists a
sequence (p,) in R™ such that

f(pn) — i]r\14f £y IIVf(pa)|l — 0, liminf Hessf(p,) > 0. (3.1)
The last condition means that for every € > 0 there exists n, € N such that
Hessf(p,)(v,v) > —¢|[v|]?, v €R™, n > n,. (3.2)

In case M™ is an arbitrary complete non-compact Riemannian manifold, and f : M —
R is a C?-function satisfying infy; f > —o0, a sequence (p,) satisfying (3.1) may not exist.
This is the case, for instance, if M is a complete bounded minimal surface in R? (see the
discussion at the end of Section 5). However, Omori [12] proved the following.

Theorem 3.1. Let M be a complete manifold whose sectional curvature is bounded from
below, and f: M — R of class C? such that infy; f > —oco. Then, there exists a sequence
(pn) in M satisfying (3.1).

Subsequently, Yau ([4],[20]) obtained the following version for complete manifolds with
Ricci curvature bounded from below:

Theorem 3.2. Let M be a complete manifold whose Ricci curvature is bounded from
below, and f: M — R of class C? such that infy; f > —oco. Then, there exists a sequence
(Pn) in M satisfying f(pn) — infar f, [V f(pn)ll = 0 and liminf, oo Af(pn) = 0.

Theorems 3.1 and 3.2, which together are known in the literatute as the Omori-Yau
maximum (minimum) principle, became powerful tools in geometric analysis (see, for
instance, [7],[15],[21]).

The following result can be regarded as a strong version, in the C! category, of the
Omori-Yau minimum principle:



Theorem 3.3. Let M be a complete manifold, and f : M — R of class C* such that
infy, f > —oo. Then, for every sequence (p,,) in M such that f(p,) — infy, f, there exists
a sequence (q,) in M such that d(p,,q,) — 0, f(q.) — infar f and ||V f(q,)]| — 0.

In the proof of Theorem 3.3 we will use a well known result in control theory and
non-linear analysis ([5], [6], [16]):

The Ekeland Variational Principle. Let (X,d) be a complete metric space, and f :
X — R a function which is lower semi-continuous and bounded from below. Then for any
e,0 >0, and x € X with f(x) <infx f + ¢, there is y € X satisfying

i) d(z,y) <6

i) f(y) < f(z)

iil) f(y) < f(2) +5d(y, z), forall z € X with z #y.

Proof of Theorem 3.3. For each n € N, let ¢, = f(p,) — infy f, 6, = \/e,,. In the
sequel we will prove the existence of a sequence (g,) in M satisfying

F(@n) < fpn),  d(pn: @n) < 0n (3.3)

and

IV f(an)]] < 0n. (3.4)

Since §,, — 0 as n — 00, (¢,) will have the desired properties. If f(p,) = infy, f, take
Gn = pn- Otherwise, we have ¢, > 0, §, > 0, and applying the Ekeland Variational
Principle with ¢ = ¢,,, § = 0,, and = = p,,, we obtain ¢, € M satisfying (3.3) and

Fan) < J(2) + Zd(n,2) = J(2) + 6, dlan, 2) (35)

for all z € M with z # g,,. To show (3.4), take an arbitrary unit vector v € T, M and
let v : (—c¢,¢) — M be the unit speed geodesic in M so that v(0) = ¢, and +'(0) = v.
Reducing ¢ if necessary, we can suppose that the image of 7 is contained in a normal
neighborhood of ¢, in M. From (3.5) we have, with z = ~(t),

FO (@) = fgn) > =00 d(7(t),qn) = —0n [t], 0 <Jt| <c, (3.6)
which implies

f(’)/(t)) - f(Qn)

; < Op, —Cc<t<O. (3.7)

Since f is of class C1, it follows that

Jor(t) = lim F(r() = flan) <5

n
t=0 t—0— t ’

(Vi(a).) = 5

(3.8)



for all v € T, M with ||v|| = 1. Therefore,
(V[ (gn), v)] < 60, (3.9)
for all unit vector v € T;, M, so that
IV f(gn)l| <0, neN. (3.10)
The sequence (gy,,) satisfies (3.3) and (3.4) and thus the conditions of the theorem. O

The result below strengthens the original asymptotic maximum principles in [12] and
[20]. Tt can also be understood as a version of Theorem 3.3 in the C? setting of the
Omori-Yau maximum principle.

Theorem 3.4. Let M™ be a complete manifold with Ricci curvature (sectional curvature)
bounded from below, and f : M — R a function of class C? such that inf f > —oo. Then,
for every minimizing sequence (p,) of f there exists a sequence (q,) such that

d(Pn,qn) = 0, flgn) = inf f, [[VF(gn)]| =0 (3.11)
and
lirriinf Af(g,) >0 (linlinf Hessf(qn) > O). (3.12)

Proof. Given the fundamental nature of the result, we provide full details. For each
n € N, let

o= fpa) —inff, 6n =1/t en =1, (3.13)

n Y

We will construct a sequence (g,) satisfying

A(gn Pn) < 6n, Flan) < F(a)s IV F(ga)ll < 20)° (3.14)
and
Af(g,) > —2mCe, (Hessf(qn)(v,v) > —4an||v||2), (3.15)
for some C' > 1. Since r,, d,,&, — 0 as n — oo, the sequence (g,) will then satisfy (3.11)
and (3.12).
If f(p,) =infy f, take ¢, = pn. If f(pn) > infy, f, define a function f,, : M — R by

ful@) = (@) + endy (2), (3.16)

where d,,(x) = d(pn, x) is the distance in M™ from z to p,,.
We claim that inf,, f, is attained. If M™ is compact, this follows from the continuity
of f,. If M™ is not compact, we have, since f is bounded below and ¢, > 0,
lim f,(z) = +o0, (3.17)

r—00



and inf,, f, is attained as well.
Choose g, to be any point for which f,,(¢,) = infys f,. Using (3.13) and (3.16), and
noting that f,(p,) = f(pn), we have, for every x ¢ B(p,, 0,),

(@) > f(2) + enby = f(2) + 70 = f(2) + f(pn) =0 £ > f(pn) = fu(pa),  (3.18)
which implies d(gy, p,) < d,. From (3.16) we also obtain

f(pn) - fn(pn) > fn(Qn) = f(Qn) + 5ndi(‘]n) > f(Qn)' (3'19>

We will need to prove that f, is differentiable in a neighborhood of ¢,, but before
doing this let us first show how this fact can be used to obtain the inequality (3.15) and
the third inequality in (3.14). We can suppose ¢, # pn, since in the case ¢, = p, these
inequalities are easily obtained from Vd2(p,) = 0 and Hess(d?)(p,)(v,v) = 2||v||>. From
(3.16), we have

0=V fultn) = V[(gn) + 260dn(qn) Vdn(gn)- (3.20)
Recalling that ||Vd,|| = 1, it follows from (3.20) and d,(¢,) < §, that
IV £(an)l| = 2end(pn, n) < 2806, = 2%, (3.21)
Using that ¢, is a minimum point for f,, we also have
0 < Hess fu(gu) (v, v) = Hess f(g2) (v, v) + enHess ()(g,) (v, ), (3.22)
which implies
Hess () (v, 0) > —=nHess (¢2)(gu) (0, 0). (3.23)
Taking the trace in (3.23), we obtain
Af(an) > —enl (d7)(an). (3.24)

If the sectional curvature of M™ is bounded from below and k, is a positive number
such that infy; K > —k? we have, by the Hessian comparison theorem [13],

Hess (di)(qn)(v,v) < 4dn(qn)kocoth(kodn(qn))|\sz < 4(5nkocoth((5nko)||v||2, (3.25)

where the last inequality follows from d(p,, g,) < ¢, and from the fact that ¢ — ¢ coth(t)
is increasing. Since ¢, — 0 as n — oo, there exists C' > 1 such that §,k,coth(d,k,) < C
for all n € N. Thus

Hess (d;,)(¢a) (v, v) < 4C|[v[%, (3.26)

and (3.15) follows from (3.23) and (3.26).
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If the Ricci curvature of M™ is bounded from below and k, is a positive number such
that inf; Ric > —k2, we have, by the Laplacian comparison theorem [13],

A (d2)(qn) < 2mkod,,(qn)coth(kod,(gn)) < 2mkyd,coth(k,d,) < 2mC (3.27)

and (3.15) follows from (3.24) and (3.27).

To complete the proof it remains to show that f,, is differentiable at ¢,,. The argument
we will present here is a slight modification of an argument presented by Borbély [2]. In
view of (3.16), it is enough to prove that d,, is differentiable at ¢,. If not, ¢, is on the cut
locus of p,, and we have two possibilities ([13]):

(i) There are two distinct minimizing geodesic segments v, o : [0,t,] — M joining p,, to
Gn; tn = dn(qn) = d(pn; Gn)-
(ii) There is a minimizing geodesic segment 7 : [0,¢,] — M from p,, to g, along which ¢,
is conjugate to p,.

Suppose first that we have (i), and let v = +/(¢,), w = o'(t,). Since f, attains a
minimum at ¢,, from (3.16) we have

0 < liminf <2

- s—0t

= 115111) égf {

= ., lim inf 3.28
v(f) + enlimin . (3.28)
Using that |, is minimizing, we also have
P G e AGI)
s—0t S
2 Q) 2
i f0 =) = FO0) | BO =) - BOw),
s—0+ s 5
)
= —u(f)+en hrnlnfM
s—07t S
= —u(f) — 2e,tn. (3.29)
From (3.28) and (3.29), we obtain
dz2(y(tn — d2((t
§— S

On the other hand, since v # w there exists 0 < ¢ < 1 such that, for all s > 0
sufficiently small,

d(o(t, —s),v(tn +5)) < 2cs, (3.31)
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which implies
dn(Y(tn + 5)) < dn(o(t, —s)) +2cs =t, — s+ 2cs = t,, + (2¢ — 1)s. (3.32)
Recalling that t,, = d,(¢,) = dn(7(t,)) and 0 < ¢ < 1, it follows from (3.32) that

g 0+ 5)) = B0 (00)
s—0*t S
which contradicts (3.30).

Suppose now that we have (ii). From (3.29) we have V f(g,) # 0 and so the level set
I'={zxeM: f(x) = f(g,)} is a smooth hypersurface in a neighborhood of ¢,,. Let I'; be
the hypersurface parallel to I and passing through the point v(¢). There exists ¢ € (0,t,)
such that, for all ¢ € (¢,t,), I'; is smooth near (t).

Since 7 : [0,t,] — M is minimizing, d,, is differentiable at v(¢) and Vd,(y(t)) = 7/(t)
for all t € (0,t,). Thus the geodesic sphere S; with center at p,, and radius ¢ is smooth in
a neighborhood of (), for all 0 < t < t,,.

Also, since ¢, = 7(t,) is the first point that is conjugate to p, = v(0) along ~, there
exists a Jacobi field J along ~ satisfying J(0) = J(t,) = 0, J(t) # 0 for t € (0,t,),
(J,7'y = 0. From

< 2t,(2¢— 1) < 24y, (3.33)

Hess du(J(1), J(1) = (J(0), /(1)) = 5(17(1)P) (3.34)

and J'(t,) # 0 (because of the uniqueness of the solution of the initial value problem for
the Jacobi equation), it follows that
. J(t) J(t)
tlgg Hess d,, <|J(t)|’ |J(t)|) 0. (3.35)

We claim that for some ¢ € (t,t,) there exists ¢; € I';, sufficiently close to y(t), that
lies inside the open ball B(p,,t) with center at p, and radius ¢.

If 7/(¢) is not normal to Ty for some t € (¢,t,), Iy is transversal to S; and the claim
follows trivially. Thus we may suppose v'(t) L Ty for all t € (,t,), in which case T'; and
Sy are tangent at y(t).

Given a smooth function g : M — R and a level set S of g through a point p with
Vyg(p) # 0, one has

Hess g(w,w) = —{o(w,w), Vg(p)), w € T,S, (3.36)

where o denotes the second fundamental form of S. Indeed, denoting by V° the connection
on S and extending w to a local field on M that is tangent to .S, one computes

0 =w(Vg,w) = Hess g(w,w) + (Vg, V,w), (3.37)
and (3.36) follows since
(Vg, Vww) = (Vg, Vyw + o(w, w)) = (Vg, o (w,w)). (3.38)
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Applying (3.36) to g = d,, and recalling that Vd,(y(t)) = +/(t), we obtain

Hess d,,(w,w) = {oy(w,w), = (t)), (3.39)
for all w € TSy = TyyI'y, where oy is the second fundamental form of S;.
From (3.35) and (3 39) one has
Jim (o (w(t), w(t)), =7/ (£)) = =00, (3.40)

where w(t) = J(t)/|J(t)|. Denoting by &, the second fundamental form of I';, it follows
from (3.40) that there exists ¢t € (¢,t,) satisfying

(T (wlt), w(t)), —/ (1)) > (o3 (w(t), w(t)), — (). (3.41)
Let av: (—=9,d) — I'; be a smooth curve such that a(0) = ~v(t) and o/(0) = w(t), and
let £(5) = d(pa. a(5)) = dy(a(s)). We have £(0) = d,(4(t)) =  and

f'(5) = (Vdn(a(s)),o/(s)). (3.42)

In particular, f'(0) = (v/(t),w(t)) = 0. It follows from (3.39) and (3.42) that
f10) = (Vuu Vdn, w(t)) + (¥ (1), Vard (7(1)))
= Hessd,(w(t), w(t)) + (v'(), 7 (w(t), w(t)))

= {ou(w(t), wt), () + (@ (w(b), w(b)) ¥ (1)), (3.43)

and using (3.41) one obtains f”(0) < 0. Since f(0) =t and f’(0) = 0, we conclude that
d(pn,a(s)) = f(s) <t for all s # 0 sufficiently small, and the claim is proved.

Since I'y is parallel to I, there is a point ¢ € I" such that d(g;, q) < t,, — t. Combining
this with d(q;, p,) < t yields

dn(Q) - d(pm Q) < d(pm Qt) + d(Qta Q) <t+il,—t=t,= dn(Qn>' (344>
From (3.16), (3.44) and the definition of I', one obtains
@) = f(@) + endi(q) < (gn) + €y () = fulan), (3.45)

contradicting the fact that f,, attains a minimum at ¢,.
Since both (i) and (ii) lead to contradictions, f, must be differentiable at ¢,. The
proof of the theorem is now complete. m

The Omori-Yau minimum principle guarantees the existence of a minimizing sequence
with good properties. By contrast, Theorems 3.3 and 3.4 guarantee the existence of a
good minimizing sequence asymptotically close to any given minimizing sequence.

Definition. We refer to any sequence that has the properties of (g,,) in either Theorem
3.3 or 3.4 as being a good shadow of the minimizing sequence (p,,). O]

As we will see in the next section, the abundance of good shadows plays a fundamental
role in the proofs of Theorems 2.1, 2.3 and 2.4.
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4 Proofs of the geometric theorems.

In the Introduction, as well as in the Remarks at the end of Section 2, we alluded to
the fact that the Grassmanian-valued Gauss map is Lipschitzian if and only if the length
of the second fundamental form is uniformly bounded. Although this statement is not
needed in order to establish Theorems 2.1, 2.3 and 2.4 below, for the sake of completeness
we provide its proof here, especially because it does not seem to have been recorded before.
In fact, we will prove only that boundedness of the second fundamental form implies that
the Gauss map is Lipschitzian, leaving the converse to the reader.

Let h : M™ — RY be an immersion, r = N — n its codimension, and o its second
fundamental form. Passing to the orientable double cover, if necessary, we may assume
that M™ is orientable. Also, for notational simplicity, we assume M™ C RY and that h is
the inclusion map.

The Grassmanian G°(r, N) of oriented r-planes in RY can be identified with a subset
of the r-th exterior power A"(R”Y). Indeed, the Pliicker map P : G°(r, N) — A"(RY),
which assigns to W the pre-dual of its volume form, is well-defined and injective. More
concretely, if {vy, - -+ , v, } is any positive orthonormal basis of W, then P(W) = v1A- - -Av,..
A distance function can be given on G°(r, N) by setting d(Wy, Ws) = ||P(W;) — P(W2)||.

The orientations of T, M™ and RY induce an orientation on [T, M"]*, and so one has
the (oriented) Gauss map G : M™ — G°(r, N), G(p) = [T,M"]*. Let « : [0,l(a)] — M™
be an unit-speed curve joining p and ¢, and {Ny(¢),--- , N.(t)}, 0 <t < («), a smoothly
varying orthonormal frame of G(a(t)). For a fixed unit vector u € G(p), let S, be the
linear endomorphism of T, M™ given by (S,(X),Y) = (¢(X,Y),u). Denoting by V the
connection in RY, it is easy to see that S,(X) = —[Vxu|T, where 7 is an unitary local
section of the normal bundle that extends u and the superscript T' stands for the tangential
component. Suppose now that ||o|| is uniformly bounded on M". In particular, ||S,]| is
also uniformly bounded, independently of p € M™ and the unitary normal vector w.

From
d _
%[Nl(t)/»--/\Nr(t)] = ;Nl(t)/\---/\[Va/Nj(t)}/\--J\NT(t)
= D> Ni(t) A A Vo N A AN(1)
= —ZNl(t)/\'--/\[SNj(t)a’(t)]/\---/\NT(t), (4.1)
one has

H%[Nl(t) A AN <C

for an absolute constant C. Integrating 4.1 over [0,[(«)] and taking the infimum over a,

d((9(a),G(p)) = lIN1(@) A+ ANi(g) = Ni(p) A+ A No(p)]] < Cdlp, ),
showing that G : M™ — G°(r, N) is Lipschitzian. O
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In our comments in Section 2, following the definition of uniform continuity for the
second fundamental form, we remarked that o is uniformly continuous if |o| and |Vo| are
uniformly bounded, say by constants D and C'.

To see this, let z,y € M C R™ and v € T,M, |v] = 1. Consider a normalized
minimizing geodesic v : [0,!]] — M joining = and y, and denote by V(s) the parallel
vector field along 7 such that V(0) = v. Denote w = V(I), and let &, ..., &, be parallel
normal vector fields along y such that {& (s), ..., &-(s)} is an orthonormal basis of [T, ) M]*
for all s € [0,1]. Define g : [0,1] — R" by

T

g(s) =Y (o(V(s). V(s)), &(s)&(s)-

=1

Decomposing V at various stages of the computation below into its tangential and normal
components, using iji =0, V,V =0, and the definition of S given in the above proof,
we have

Vag(s) = ZW%)“(V’ V)75i(8)>5i(8)+Z(O(WS%V(S)%fi(S))[Vw&]T

T T

= S {(Towo)V(3), V() &5)) &) = D {0 (V(5), V(5)), €(3))Se o7 (5),

i=1 i=1

so that

19O < D Vol + oyl < (C+ D).
=1 i=1

Thus

l
llo(w, w) = a(v,v)[| = |lg() = g(0)I| < /O lg'(s)llds < (C' + D*)rd(z,y).  (4.2)

It is now clear that (4.2) implies (2.1), showing that o is uniformly continuous. O

Proof of Theorem 2.1. Suppose Conv (h(M)) # R™ and let Hy,--- , Hs be supporting
hyperplanes in general position through a point p, in the boundary of Conv (h(M)). We
want to show that s < n —m. To this end, for i = 1,..., s, denote by e; the unit vector
that is normal to H; and points inside Conv (h(M)), and let f; : R™ — R be the height
function with respect to H;, i.e.,

fiy) = (Y — po, &) (4.3)
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The fact that e; points inside Conv [h(M)], i = 1,...,s, means that
h(M)C{yeR": fi(y) >0}, i=1,...,s. (4.4)

By our assumption that the immersion is substantial, one has that k(M) is not con-
tained in H; N--- N H.

We claim that there is a sequence (pg) in M, h(py) ¢ Hy N --- N Hg, such that the
distance between h(pg) and Hy N --- N H tends to zero as k — oo (the sequence h(py)
may actually go to infinity in R").

To prove the claim we will need a formula for computing the distance to the intersection
HyN---N H; of the affine hyperplanes Hy, ..., Hs. Let y be a fixed point in R™. Suppose
first y ¢ HyN---NH, and let z be the unique point in Hy N---N H, realizing the distance
between y and HiN---NH,. Since y—z L HyN---N H,, there exist unique real numbers
ai,...,as such that y — z = aje; + - - - 4+ agses. Hence,

Zai<€i7€j> = <y - z7€j> = <y _poaej> + <p0 - 27€j> = <y _p076j>7 (45)

which implies

S

aj:Z(y—po,ei>g”, j=1,..s, (4.6)
i=1
s- From (4.5) and (4.6),

where (¢7); j—1.. s is the inverse of the matrix ({e;,€;)); =1

dly, Hin---NHy) = |ly -zl

1
s s 2
= <E aiei,g Clj@j>
i=1 j=1
[ s

= Zajzai<€z,€j>] :[Zaj<y_pm€j>]

Lj=1  i=1

-----

=

2

- Z<9—Po’€i><y—pmej>g"j] 7 (4.7)

Lij=1
Ifye HiN---NH,, we have (y —p,,e;) =0,1=1,...;s, and (4.7) holds in the same way.
Assuming the claim is not true, there is € > 0 so that
d(h(z),HyN---NH,) >¢e, x€M. (4.8)

Let H be the hyperplane of R™ that contains p, and is orthogonal to the vector e; +- - - +e,
and f : R" — R the corresponding height function with respect to (e; + -+ + e;)/a,
a=|ler +--- + e, so that

fly) = <y — Pos ¥>

(4.9)
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If fily) >0,i=1,...;s,and f(y) <9, it follows from (4.3) and (4.9) that
0<(y—poei)<ad, i=1,..s, (4.10)
which implies, with the aid of (4.7),

d(y, Hy N ---N H,) < naCs, C?:=max|g"|. (4.11)
,L’]

Choosing 6 = ¢/naC', we conclude that d(y, HyN---NH) < € for all y € R™ satisfying
fly) <6 and fi(y) >0, i =1,...,s. It follows from the above and (4.8) that f(h(z)) > 6,
for all z € M. Since the set {y € R": f(y) > d} is convex, we conclude that

Conv (h(M)) C{y e R": f(y) > 6}, (4.12)

contradicting the fact that p, belongs to H and also to the boundary of Conv (h(M)).
Hence (4.8) cannot occur, and the claim is proved.

Since
Jim fi(h(pr)) = inf(fioh) =0, 1<i<s,

we can use Theorem 3.3 to obtain s sequences q,ii) e M, 1 <1 <s,k>1, such that
the distance between q,(:) and py goes to zero and V(f; o h)(q,(f)) — 0 when k£ — oo.
Since V(f; o h)(z) is the tangential component of V f;(h(z)) in T, M for all z € M, and
e; = Vfi(y) for all y € R, this last condition means that the angle between e; and the

normal space G (q,(;)) is tending to zero.

Passing to a subsequence, we may assume that G(py) — W for some W € G(n—m,n).
Since the distance between q,(:) and py is going to zero as k — oo, and the Gauss map is
uniformly continuous, it follows that G (q,(:)) is also converging to W. But, as remarked
before, the limit of G (q,(j)) in G(n —m,n) contains e;. This proves that W contains the s
linearly independent vectors ey, . .., es. In particular, codim h(M) = dimW =n—m > s.
To conclude the proof of Theorem 2.1 we observe that, in the hypersurface case, the
assertion about continuity follows from the fact that the limit of supporting hyperplanes
is itself a supporting hyperplane. O]

Proofs of Theorems 2.3 and 2.4. The first assertion in Theorem 2.3, s < n — m,
follows from Theorem 2.1 and our hypothesis that the Grassmanian-valued Gauss map is
uniformly continuous.

Defining f; : R™ — R by (4.3), it follows from our assumption on the vectors ey, ..., e
that the functions f; o h, ¢ = 1,...,s, are all nonnegative on M™. A simple calculation
shows, for i =1,...,s, that

Hess(f; o h).(v,v) = (o(v,v),e;), =€ M, veT,M, (4.13)
and so

A(fioh)(z):m(ﬁ(:v),ei), reM,i=1,...,s. (4.14)
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Let (px) be a sequence in M™ such that d(h(pg), Hy N---N Hs) — 0 as k — oo. That
such a sequence exists is a consequence of the proof of Theorem 2.1. It is immediate that
(px) is a minimizing sequence for each one of the functions f; o h.

Since, by assumption, the Ricci curvature of M is bounded from below, we can apply
Theorem 3.4 to obtain s sequences (q,(;)) in M,1<1:<s,k>1,such that

: (4) —_
Jlim d(g;”, pi) =0, (4.15)
lim inf A(f; 0 h)(q,) > 0. (4.16)

It follows from (4.14) and (4.16) that

lim inf <ﬁ(q,§i)), ei> >0, i=1,...,s. (4.17)

k—o0

Using (4.15) and our assumption that the mean curvature vector field H is uniformly
— — .

continuous on M, we obtain || H (py) — H(q,(j))|| — 0, which implies, with the aid of (4.17),

that liminfy_ . <ﬁ(pk), ei> >0, i=1,...,s. This concludes the proof of Theorem 2.3.

The proof of Theorem 2.4 runs along similar lines. Let (pg) be a sequence in M™ such
that d(h(pr), HiN---NH;) — 0 as k — oo, and choose unit vectors vy € T, M. Using the
half of Theorem 3.4 that improves on the Omori theorem, one can construct sequences
(q,(;)) in M,i=1,...,s, such that lim;_, d(q,(;),pk) = 0 and, from (4.13),

lim inf min <a(q,(:))(w, w), ei> >0, i=1,...,s. (4.18)

k—oo |w|=1

Since ¢ is uniformly continuous, it follows from (2.2) that there exists w,ii) €T oM,
k

]w,(f)| = 1, such that

o (px) (vr, v) — (g (W, wi)]| — 0. (4.19)

Combining (4.18) and (4.19) one has lim infy_., (o (px)(vk, vg), €;) > 0, as desired. [

5 Dynamics and good shadows.

Definition. A complete Riemannian manifold M™ satisfies the Local Volume Property
(LVP) if there exist a > 0, b > 1, such that for any p € M and 0 < r < a, one has

Vol B(p,r) < bVol B(p, g)
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Examples. If f: (M,g) — (N, h) and there exist ¢1,ca > 0 such that ¢;|v| < |df (v)] <
co|v| for all tangent vectors v, then (M, g) is LVP if and only if (NN, h) is. Homogeneous
manifolds are clearly LVP.

Suppose now that the Ricci curvature of M is bounded from below. If M¢ stands for
the space form of curvature ¢ < 0, where ¢ is sufficiently negative as compared to the
lower bound of the Ricci curvature of M, Gromov’s theorem on monotonicity of volume
ratios ([3], [13]) implies that for all z € M the quotient

Vol“(r)
Vol(z,r)’
between the volumes of balls of radius r in M¢ and M, is a nondecreasing function. In
particular,
VOl(B(p,T)) < Volc(r)
Vol(B(p, %)) ~ Vol*(5)’

(5.1)

showing that complete manifolds with Ricci curvature bounded from below are LVP.

The previous observation about quasi-isometric manifolds indicates that an LVP man-
ifold need not have Ricci curvature bounded from below. Two dimensional examples can
be easily constructed by taking a conformal metric A(z)|dz|* on R?, with \ varying be-
tween positive constants to ensure the LVP property, and for which the curvature

1

is unbounded below. Here, A stands for the flat Laplacian and so

1 1
Alogh = ~AX — — |V
In particular, inf K = —oco if X is chosen so as to have a sequence p,, of critical points
that satisfy sup AX(p,) = oo. O

The hypothesis in the Yau maximum principle that the Ricci curvature is bounded
below has been weakened by several authors (e.g., [2], [14]). Here we propose a conjecture
that weakens the hypothesis on the Ricci curvature, while strengthening the conclusion.
Recall the definition of good shadows, given at the end of Section 3.

Conjecture. If M is an LVP manifold and f € C?(M) is bounded below, then any
minimizing sequence of f admits a good shadow (relative to A). O

The result below verifies the above conjecture for a special class of functions:

Theorem 5.1. Let M™ be a complete manifold that satisfies LVP, and f : M — R a
function of class C* such thatinf f > —oco and sup ||Hessf|| < co. Then every minimizing
sequence of f admits a good shadow (relative to A). Ezplicitly, if f(p,) — inf f, then there

exists (q,) such that f(q,) — inf f, d(pn,q.) — 0, ||V f(gn)|| — 0, and liminf A f(g,) > 0.
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Proof. Let ¢; be the local flow of X = =V f on M, so that

S o) = ~VI(0p), dulp) = (52

where t € [0,7(p)) = the maximal interval of existence of the forward solution.

For each n € N, set
0n =/ (pa) —inf f, 1, = V0, (5.3)

Since 6, — 0 as n — 0o, we may suppose, without loss of generality, that 9,, < r, for all
n € N. We will construct a sequence (g,) in M satisfying

d(pn, qn) < 1, liminf Af(g,) > 0. (5.4)

For every n € N for which §,, = 0, we have Af(p,) > 0 and we choose ¢, = p,. For each
n € N so that §,, > 0, we have two possibilities:

a) Every positive orbit originating in B(p,, ) remains in the open ball B(p,,7,).

b) There is at least one trajectory that joins the boundaries of B(p,,72) and B(p,,r,) in
finite time.

In the first alternative, 7(p) = oo for every p € B(p,,72). Let u denote the Riemannian
measure of M. By Liouville’s formula for the change of volume under a flow [10], one has,
for all t > 0, since A = divV,

1(B(pn,m0)) = p(dn(B(pa,2))) = /B( P (/O —Af(¢s(p))d8)du(p)- (5.5)

If there exists € > 0 such that Af(q) < —e for all ¢ € B(pn,rn), a contradiction can
be easily established by letting ¢ — oo in the above formula. Hence one can choose
Gn € B(pn, ) such that Af(g,) > 0.

We now work under the conditions of alternative b). Consider the quantity 7,, which
gives the shortest time to travel from OB(p,,r?) to OB(p,,ry), along a trajectory of X.
Formally,

T, = inf {t :t€(0,7(p)), p € OB(py,r2) and ¢ (p) € 8B(pn,rn)}. (5.6)

In particular,

Gr, (B(pn,72)) C B(pn, 7). (5.7)

We want to estimate the first exit time 7,,. Let x,, € dB(p,,r2) and t,, € (0,7(z,)) be
such that ¢, (z,) € 0B(pn,rs) and t, < 27,.
The last integral of

F(@n) — F(be,(2)) = — / "(Foduyds = / "IV 1P (faln))ds

0
1 2

s IVl @eds] (58)

v

tn
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gives the length of the portion of the orbit of X = —V f over the time interval [0, t,],
through z,,. Since the last point of this orbit segment lies in dB(p,,r,), its length is at
least 7,(1 — r,,). Collecting this information, and observing (5.8), we obtain

Ou(l—ra)* _ra(l = 1)
2T - t,

< f(wn) = f(dr,(20)) < flan) — i]r\l/[f I (5.9)

We will now estimate the last term in (5.9). Define h : M — R by h(z) = ||V f(2)||*+¢,
where ¢ is a positive real number. Given p,q € M, consider an unit speed minimizing
geodesic 7y : [0,al — M joining p to ¢. If K is an upper bound for the norm of the Hessian
operator of f, we have

S| = 29,5,V )l < 2KV 1] < 2K V/AGD) (5.10)

and so

VAGE) - VAGO) | < Kt, t>0. (5.11)

Setting t = @ and letting ¢ — 0,

IV = IVf(@ll| < Ka= Kd(p.q), p,q€ M. (5.12)

On the other hand, from the proof of Theorem 3.3, there exists y, € B(pp,d,) so that
IV fI|(yn) < 6,. Using this fact and (5.12), we obtain

IV < IV F(y)ll + Kd(yn, 2) < 0a(1 +2K), 2 € B(pa,6n). (5.13)

Considering an unit speed minimizing geodesic segment ~ : [0, d,] — M joining p, to z,,
it follows from (5.13) that

@) — Foa)| < / "N o) (t))dt = / T (0)), (1))
< / IV ) < 821+ 2K). (5.14)

From (5.9) and (5.14), we obtain

571, — I'n 2 .
ﬂan) S f(xn) - f(pn) + f(pn) - 111\1/[ff
< 2(142K)+ 82 =282(1+ K), (5.15)
and so
a _TT")Z < 46,(1 + K). (5.16)



Since 9, — 0 and r,, — 0 as n — oo, one has, in particular, lim,,_ ., 7, = +0o0.

From Liouville’s formula,

(6 (Bnr2) = [ e ([ -astuis) auw) (5.17)

Jensen’s inequality applied to the probability measure v/v(2), where v is a finite
measure on ), gives

" (ﬁ /Q gdu) < ﬁ /Q (60 g)dv, (5.18)

whenever 1 is convex and g is integrable.

Applying (5.18) to (5.17),

MO0 ) » [t [ (7 -sremna) i) e

Using our assumption that M™ satisfies LVP, it is not difficult to see that

p(Bp,d) _ 4
W(Bp.o) ="

forall p e M and 0 < ¢ < d < a. Indeed, from

(5.20)

Vol B(p,r) < bVol B(p, g), r<a,
one obtains inductively, for any positive integer k,
r
Vol B(p,r) < b*Vol B(p, Q_k)

Hence, if 0 < ¢ < d < a and k is the least positive integer such that % < 2% one has
2kl < g and so k < 2k < g. In particular, since b > 1,

d
Vol B(p, d) < b*Vol B(p, ﬂ) < b*Vol B(p,c) < be Vol B(p,c).

Recalling that ¢, (B(pn,72)) C B(pn, ™), it follows from (5.19) and (5.20) that

exp[ e / (/ N )mmk%sw, (5.21)

which implies

m /B o ( /0 K —Af(¢s(p))d8> du(p) < k;i b (5.22)
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Next, we take €, = B(p,,r?) x [0, 7,,], endowed with the probability measure v given
by the normalization of the product measure on B(p,,72) x [0, 7,]. Dividing (5.22) by 7,,
and using (5.16), we obtain

log b < 4(1 + K)rylogd
Taln (1—r,)?

/ —Af(6u(0))drg,5) < (5.23)

n

Since 2, has mass one, it follows from (5.23) that there are s, € [0,7,] and ¢, €
B(p,,r?) such that, with ¢, = @, (q,), one has

—4r, (14 K)logb
(1—ry)>
and (5.4) follows from the fact that r, — 0 as n — oo.

Next we will prove that (g,) is a minimizing sequence of f. Employing the same
argument that was used to obtain (5.13), one obtains

d(Pns @n) < Tny Af(gn) > (5.24)

IV < ra(l+2K), 2 € B(pn,7a)- (5.25)
Using the above inequality and reasoning as in (5.14), we arrive at

Fl@n) < fpn) +r2(1+2K). (5.26)

In view of (5.4) and (5.26), to complete the proof that (g,) is a good shadow of (p,),
it remains to show that ||V f||(¢.) — 0 as n — oo. By Theorem 3.3, there exists a
minimizing sequence (q,,) with d(q,,q,) — 0, ||V f||(¢,) — 0. Applying (5.12) to ¢, and
q,,, one sees that ||V f||(g,) also tends to zero. O

Adjusting the proof of Theorem 5.1 one can prove a result which, in the terminology
of [14], represents a “weak minimum principle”:

Theorem 5.2. Let M be a complete manifold that satisfies LVP, and f : M — R a
function of class C? satisfying infy; f > —oo. Let (p,) be a sequence in M that is strongly
manimizing for f, in the sense that there exists § > 0 such that the oscillation of f on
B(pn,d) tends to zero, i.e.,

lim | max f — min = 0. 5.27
n—00 B(pm‘s)f B(pn76)f ( )

Then there exists a minimizing sequence (q,) in M for f such that

lim d(pn,q,) =0, liminf Af(g,) > 0. (5.28)

n—oo

Proof. For each n € N, set

rp, = | max f— min f| . (5.29)



We will construct a sequence ¢, such that
d(pn, qn) < 1y, liminf Af(g,) > 0. (5.30)

From (5.27), one sees that such a sequence (g,,) will satisfy (5.28). Since r,, — 0 asn — oo,
we may suppose, without loss of generality, that r,, € [0, ) for all n € N, where ¢ is as in
the statement of the theorem. If r, = 0, f is constant in B(p,,d), and we take g, = p,.
Fix a real number x € (0,1) and denote by ¢; the local flow of X = —V f on M. For each
n € N for which r,, > 0, we have two possibilities: either every positive orbit originating
in B(p,, k7,) Temains in the open ball B(p,,r,) or there is at least one trajectory that
joins the boundaries of B(p,,, kr,,) and B(pp,r,) in finite time. In the first case we obtain,
as in the proof of Theorem (5.1), a point ¢, € B(p,,r,) such that Af(g,) > 0. In the
second case, reasoning as in the proof of Theorem 5.1, with 72 replaced by kr,,, we obtain

(1 — k)% )
VR _ 5.31
o S nax f Jnin f (5.31)

which implies, in view of (5.29),

<7 (5.32)

In particular, 7,, — 0o as n — oo. Continuing as in the proof of Theorem 5.1, we arrive
at

sl o [m / . ( [ —Af(¢s(p))d8> du<p>}  (533)

Since M satisfies the local volume doubling condition, and r, — 0 as n — o0, it follows
from (5.20) and (5.33) that

e ) /B(m) < I —Af(qss(p))ds) au(p) < 2. (5.34)

Using (5.34) and (5.32), and arguing as in Theorem 5.1, we conclude that there exists
Gn € B(pn,rs) so that

2r2log b

Af(qn) > W1 — k)

(5.35)
Now (5.30) follows from (5.35) and from the fact that 7, — 0 as n — oco. That (g,) is
minimizing is an immediate consequence of (5.27) and (5.28). O

Corollary 5.3. Let B(0,1) be the open unit ball in R3, (M,g) a complete surface and
X : (M,g9) — B(0,1) a proper minimal isometric immersion. Then (M,g) does not
satisfy LVP.
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(Examples of complete minimal surfaces that are properly immersed in the open unit
ball in R? have been constructed by Martin-Morales ([11])). If X : M? — B(0,1) C R3 is
such an immersion, let f(p) = —| X (p)[>. Since X is proper, lim, . f(p) = —1 uniformly
on p, and condition (5.27) holds. On the other hand, from the minimality of M we obtain
Af = —4. Tt now follows from Theorem 5.2 that these surfaces are not LVP. O]

If true, the conjecture at the beginning of this section would imply that no complete
bounded minimal surface, properly immersed or not, is LVP. On the other hand, it has
long been known that such surfaces must have unbounded Gaussian curvature (see [18]
for a more general result).
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