RANK TWO DETECTION OF SINGULARITIES
OF SCHUBERT VARIETIES

MATTHEW J. DYER

INTRODUCTION

Let G be a semisimple, simply connected complex algebraic group with Borel
subgroup B, maximal torus 7' C B and Weyl group W = Ng(T')/T. Identify W
with the T-fixed points of the flag variety G/B by w +— wB where w = wT with
w € Ng(T). For w € W, the Schubert variety X,, := BwB/B is a l(w)-dimensional
B-stable closed subvariety of G/B with T-fixed points {v € W | v < w } where <
denotes Chevalley-Bruhat order on W and [ is the standard length function. For
background and references to the extensive literature on Schubert varieties, and
in particular for the definition of rational smoothness, see [1] and also [27], [5],
[31], [6]. We mention in particular that v < w is a rationally smooth point of X,
iff there is a Zariski open neighbourhood U, of v such that the local cohomology
He(Xxa Xar\ {v'};Q) of X, in analytic topology is the same in each dimension as
H*(C!w) @)\ {0};Q), for all v’ € U,. Further, each v < w is rationally smooth
in X, iff H*(X2"; Q) satisfies Poincaré duality. A smooth point of X, is rationally
smooth. The main results of this paper entail the following criterion for smoothness
and rational smoothness of T-fixed points of Schubert varieties X,,.

Theorem. (a) For v < w in W, v is a rationally smooth point of X, iff
for each coset Dz of each rank two (not necessarily standard) parabolic
subgroup D of W such that z € [v,w] and §(Dz N [v,w]) > 3, there is a
unique * € Dz N [v,w] such that for each reflection t of D, either tx < x
or tx £ w.

(b) Fiz v € W with v rationally smooth in X,,. For each D, z and x as in (a),
let y be the minimum element of Dz in the order < on W, and let H be
a semisimple, simply connected complex algebraic group with the same root
system as D and a Borel subgroup C corresponding to the roots for D which
are positive for B. Then v is a smooth point of X, iff for each Dz (and
the corresponding x, y, H, C), 25~ 1C is a smooth point in Ciy~—1C/C (a
Schubert variety in H/C').

Part (a) is a reformulation of a criterion [5] for rational smoothness in terms of
the Bruhat graph (this result itself being a geometric version of Jantzen’s multi-
plicity one criterion [24] for Verma modules in regular integral blocks of O for a
corresponding semisimple complex Lie algebra). Note that all Schubert varieties in
rank two simply laced types (A1 x Aj, A2) are smooth, so from (b) we recover the
result of Dale Peterson (see [6]) that for G simply laced of any rank (e.g. of type A,
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D or E), the rational smoothness and smoothness of a point of a Schubert variety
X, are equivalent.

Some results closely related to (a) have been obtained geometrically by [4] in
the study of “pattern criteria” for smoothness and rational smoothness of Schu-
bert varieties. It would be very interesting to have a geometric proof of the
theorem in general. In this paper, the Theorem is deduced from general combi-
natorial results concerning the nil Hecke ring of W, using Kumar’s smoothness
criterion, which we now recall. Let S = S(h*) and @ = Q(h*) denote respec-
tively the coordinate ring and the field of rational functions of ) := Lie(T"), with
their W-action by C-algebra automorphisms. Define the BGG-Demazure opera-
tors xz,, for w € W, regarded as C-endomorphisms of @, by z, := é(sa —1w)
for a simple root o and z,, = 4, -+ 2o, if W = sS4, -+ Sq,, With a; simple, is
a reduced expression for w. Write x,, = ZUEW S'wyvv, with Sw,v € @ and let
Cop = (—1)HW)=U) (Haeth: sov<w ) S,.v; this is a polynomial with integral coef-
ficients in the simple roots. Kumar’s smoothness criterion [31] asserts that v < w
is rationally smooth (resp., smooth) in X, iff ¢, , is a non-negative integer for all
v <z < w (resp., iff ¢,y ,, = 1 or equivalently ¢,, . = 1 for all v < z < w). Let us say,
as an ad hoc terminology for this introduction, that v is p-smooth in X,, (where p
is a prime integer) if v < w and for each z with v < z < w, ¢, , is a non-negative
integer which is not divisible by p. Thus, v is smooth (resp., rationally smooth) in
X, iff it is p-smooth in X, for all (resp., one, or equivalently, all but finitely many)
prime p. Our combinatorial results imply more generally that part (b) of the above
theorem holds with “p-smooth” replacing “smooth” in its last sentence.

The notion of p-smoothness arises in the study of certain characteristic p (graded)
analogues of blocks of @ which may be constructed from the reflection represen-
tation of W and (a weight poset given by) reverse Bruhat order using ideas from
[21]. In fact, p-smoothness of v in X,, is equivalent to the assertion that a simple
module corresponding to w appears with multiplicity one as a composition fac-
tor of a “Verma module” (universal highest weight module) corresponding to v
in a certain such category, though we shall not prove this here. Using this and
ideas from [34], it will be shown elsewhere that each v < w is p-smooth in X,, iff
H* (X2 Z/pZ) satisfies Poincaré duality. We do not know in general if v < w is a
p-smooth point of X, iff there is a Zariski open neighbourhood U, of v such that
He (X2, X2\ {v'}; Z)Zp) = H*(CHw) CU )\ {0}; Z/pZ) for all v’ € U,.

The theorem remains true with semisimple algebraic groups replaced by Kac-
Moody groups and rank two parabolic subgroups replaced by maximal dihedral
reflection subgroups of W; the maximal dihedral subgroups are by definition the
subgroups generated by the reflections in (real) roots which lie in the subspace
spanned by two fixed linearly independent (real) roots. The representation-theoretic
results extend to representation categories associated to reflection representations
of Coxeter groups and to weight posets such as reverse Chevalley-Bruhat order,
Chevalley-Bruhat order or the orders of [17] (different weight posets correspond
roughly to the notion of different “blocks” of O for Kac-Moody Lie algebras; the
categories are defined for instance over any extension field of a field obtained as the
reduction modulo a maximal ideal of a number ring over which the reflection repre-
sentation is defined e.g. over arbitrary fields in the case of crystallographic reflection
representations). One might expect that for Weyl groups of Kac-Moody Lie alge-
bras, the results for Chevalley-Bruhat order (resp., the orders of [17]) should also
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have geometric interpretations involving the (possibly infinite-dimensional) dual
Schubert varieties [28] (resp., Schubert-like varieties considered in [22]).

In Section 1 of this paper, we give the general facts about the rational functions
Sygw, on which our results depend (actually, we find it more convenient to work

with S = S’I,wS’;}w, where S;lw is a known product of roots). We give a
family of congruences (Lemma 1.9) which characterize Sy ., in general recursively
in terms of the corresponding elements for rank two groups. In Lemma 1.13, we
use this to prove an identity which, for € W rationally smooth in X, gives rise
recursively to expressions of ¢, , as a product of ratios of elements c,; for rank
two groups. The theorem and its generalization to Kac-Moody groups is obtained
as an immediate consequence of this and Kumar’s smoothness criterion at the
start of Section 3. Representation-theoretically, the combinatorics in 1.1-1.17 is
most naturally regarded as attached to a weight poset of reverse Chevalley-Bruhat
order; we indicate in 1.19-1.21 how these results extend to other weight posets (e.g.
using Chevalley-Bruhat order instead, one gets by (1.20.1) similar results about the
“Inverse matrix” of (Syz)y,zew ).

The theme of Section 1 may be summarized as “reduction to rank two.” In
Section 2, we study the rank two situation in more detail. The main results are
an explicit formula (Proposition 2.25) for ¢, , and information on its divisibility
properties in the case of dihedral groups. In the case of the affine Weyl group
of type Agl), the ¢, are ordinary binomial coefficients; in general, they are of
the form “2rlonziil where ¢; denote certain (naturally parameterized) root
coefficients. Using the result 2.15 (which is proved using the analogue of an identity
[32, 34.1.2(c)] on Gaussian binomial coefficients which is used in the construction of
the quantum Frobenius homomorphism), we are able to give in Section 3 a complete
description of the p-singular loci in Kac-Moody groups of rank two. Although we
have no need for it in this paper, we also give as Proposition 2.23 the analogue of
the well-known formula for the p-adic valuation of an ordinary binomial coefficient.

Section 3 is devoted to applications of the results in Sections 1-2. We give our
characterization of singular loci of Schubert varieties in Kac-Moody groups, and
provide some examples; in particular, we explicitly list the singular loci of Schubert
varieties in rank two Kac-Moody groups since these are required ingredients in our
general description. The results for rank two groups are well-known at least in the
finite case; in the general rank two case, X, is singular in codimension two unless
perhaps w is of length at most 6.

Our original proof of the general facts underlying the above Theorem is in part
more representation-theoretic in nature, and yields as well various stronger results
that I am unable to prove by the methods of this paper; however, it requires a
large (by comparison with the proofs here) amount of background information,
only some of which is given in [21], [12], [13]. For this reason, we have given here
largely self-contained (though possibly less perspicuous) combinatorial proofs. At
the end of Section 3, we provide some indications without proof on the relations
to representation theory, and we defer a more systematic discussion of these to
future papers. In the case of finite Weyl groups, for which the stronger results are
probably of greatest interest, they can be obtained by combining results in [4] with
the combinatorial arguments of this paper, as we indicate.

I thank Jim Carrell for providing me with a copy of [6].
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1. GENERAL RESULTS

As general references for Coxeter groups, root systems and Chevalley-Bruhat
order, consult [3] and [23].

1.1. We consider contragredient reflection representations of a Coxeter system
(W, R) on real vector spaces V, V' endowed with a W-invariant R-bilinear map
(, )2V xV' = R. Let I C &, C & denote the simple roots, positive roots
and roots in V respectively, and IIY C ®Y C ®¥ C V' denote the simple coroots,
positive coroots and coroots in V', respectively. The reflection in a root « or
corresponding coroot a¥ will be denoted s,. We regard W as a subgroup of GL(V)
unless otherwise indicated.

Our results apply to standard (real, reduced) root systems and corresponding re-
flection representations of reductive complex algebraic groups ([2]) and Kac-Moody
groups (for which we follow conventions as in [30]) and to general Coxeter groups
([3], [23]). For a precise description of our technical assumptions on the root sys-
tem and some of their implications, see Appendix A. In particular, we assume in
Sections 1-3 that the simple roots are R-linearly independent and the root system
is reduced, unless otherwise indicated.

1.2. Let I': W — N denote the standard length function on W and I: W — Z
be defined by l(w) = —I'(w). We abbreviate I(y,z) = l(z) — I(y). Define the
directed, edge-labeled graph Q = Qy with vertex set W and labeled edges y = z
for y,z in W and o € &4 with I(y) < l(x), and y = sax (omitting the labels
and reversing the arrows gives the Bruhat graph of W, as defined in [16], for
instance). Define the partial order < on W by v < w iff there is a directed path
v =1y — v — - — v, = w in Q; < is reverse Chevalley-Bruhat order on
W, with 1y as maximum element (note that this differs from our use of < in
the Introduction). The following well-known “Z-property” [8] plays an important
implicit role in many of our inductive proofs; for y,z € W and a simple reflection
s with sy > y and sx < x, we have

(1.2.1) y<ax < y<sr < sy<uzx.

Forany y <z in Wset &, , :={aec®  |y<u 2 2}, Using the Z-property,
we have that for o € Il and v € &,

(1.2.2) zLw iff sez 20, Sa W, provided v # a.
1.3. Let S(V) denote the symmetric algebra over R of V and let Q(V') denote the
quotient field of S(V'), with their natural W-actions by ring automorphisms induced
by the W-action on V. Following [29], form the associative, unital R-algebra Qw
which has elements §, for v € W as basis as left Q(V') vector space, with R-bilinear
multiplication given by (¢d,)(¢'0w) = qu(q')dypw for v,w € W and q,¢' € Q(V).
There is a faithful representation 0: Qw — Endg(Q(V)) with 6(¢d,)q¢" = qu(q’).
For a € 11, define z,, := éésa — é&lw € Qw. It is known from [29, Proposition
4.2] that 22 = 0 and that for w in W, there is a unique element (BGG-Demazure
operator) x,, € Qw such that x,, = x4, -+ %4, whenever a; € II are such that
W = Sq, "+ Sa, 18 a reduced expression for w (the x,, for w € W form a left S(V)-
module basis for a subring of Qw which has been called the nil Hecke ring of W in
loc cit).
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1.4 Write 2 = D, oy S'w v0y, With S’w v € Q(V) (the element S’w,v is denoted as

Cy-1 p—1 10 [29], as ¢y, in [1] and as Sgw [12]). The equation
sow if 1 l
(1.4.1) oty =4 0 (Sw). < iw)
0 otherwise
for a € IT and s = s, readily gives the recurrence formulae
A 1 N A N
(142) Swyz = E(S(st,sz) - st,z) = Sw,sz» if l(S’LU) > l(w)
(1.4.3) S = Es(s;w,sw) if I(sw) > w
(1.4.4) Siq=1, Syp.=0 unlessw < z.

1.5. By (1.4.3)-(1.4.4), Sy, # 0 for v € W. Define S, = Z”’ € Q(V) for any

v,v

v,w € W. Write P for the set of closed intervals [y, z] with y < z in W.

Lemma. The elements Sy . defined for y,x € W are uniquely determined by the
following conditions:
(i) Syz=01ify L.
(ii) S11=1.
(iil) Sy = iS(Sysw) ifaell, s =54, st <x and sy > y.
(iv) Ssye = és(Ssyﬁsm) +5(Sy sx) v €11, s =54, sz <z and sy > y.

Proof. The conditions follow using (1.4.2) and (1.4.3); uniqueness follows from the
Z-property. U

1.6. Let S™* denote the set of polynomials u € S(V) such u is a Rx¢-linear

combination of products of positive roots, and let ST denote the set of elements f

of S(V) such that fu = u’ for some u,u’ € ST with u # 0. We give S(V) the
N-grading with S(V)p =R and S(V); = V.
The following Theorem is proved in [19].

Theorem. (a) For [y,z] € P, Sy, = (—l)l(m)’l(y)%a for some non-

a€dy o
zero ¢y, € ST, with ¢, , homogeneous of degree §(®,..) — l(y,x) in S(V).
(b) (Deodhar’s inequality) #(®,.,) > l(y,z) for [y,z] € P.

Part (b) was proved geometrically for symmetric groups by Deodhar [10], and
for crystallographic W (resp., finite Weyl groups W) it was proved in [5] (resp.,
[33]). Part (a) with ¢, , € S in place of ¢, , € ST is also proved geometrically for
crystallographic W in [31].

1.7. To any reflection subgroup D of W, there is a canonically associated root
subsystem of ® with positive roots ® := {a € ®, | s, € D} (the simple roots
of <I>£ are not necessarily linearly independent if W is infinite, see Appendix A).
In applying a notion defined for general Coxeter groups to D, we always consider
D as a Coxeter system with simple reflections corresponding to the simple roots of
L (i.e. we consider D with its canonical set of Coxeter generators in the sense of
15)).

We say that a subgroup D of W is a maximal dihedral reflection subgroup of
W if D is a subgroup of W generated by all the reflections in roots lying on some
fixed two-dimensional subspace U of V' which is spanned by a subset of ® (such
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D necessarily have exactly two simple roots (by [16] or [14]) which are of course
linearly independent). Let M (resp., M(,) denote the set of all maximal dihedral
reflection subgroups of W (resp., all those which contain a fixed v € ®). Observe
that for v € @, each reflection of W except s, is contained in a unique element of
M.

1.8. For any any edge-labeled directed graph I' and any subset X of the vertex
set of T', let I'(X) denote the full edge-labeled subgraph of T on vertex set X. We
shall use the following fact which follows from [16]:

Lemma. Let D be any reflection subgroup of W. Define the edge labeled Bruhat
graph Qp of D. For any y € W, let z denote the mazimum element of the coset
Dy in <. Then there is an isomorphism of labeled directed graphs Qw (Dy) — Qp
induced by the map p — py~! of their vertex sets.

Recall from Theorem 1.6 the elements ¢, ,, = (—1)l(“’)_l(z)5z,w Hae% o for
any z,w € W. For any reflection subgroup D of W and any z,w € W with
Dz = Dw, define SP,, ®P = cD  as follows; let p be the maximum element of Dz
in the order < on W and set Sszw = Sup—1wp-1, <I>£w = ®, -1 4p-1 and cgw =
Cop—1 wp-1 Where the right hand sides are computed in D (with positive roots <I>£
and reverse Chevalley-Bruhat order). Similarly, for z,w € W with Dz = Dw, we
write Ip(2) :=1"(2p71), Ip(z,w) =" (wp~1) =1"(2p71), 2 <p wif z2p~! <" wp~t,
where —I"” denotes the standard length function on D and <” denotes reverse
Chevalley-Bruhat order on D (which is not in general the restriction of reverse

Chevalley-Bruhat order on W).

1.9. Fix for the remainder of Section 1 a subring A of R such that (o, 8V ) € A
for all @ # 3 € II (equivalently, for all a # 8 € ®). In this case, we shall say that
® and PV are defined over A. We have ® C AII and similarly for ®V. For example,
one could take A = Z if the root system arises from a semisimple algebraic group
or Kac-Moody group; in general, one could take A = R, or A as a suitable number
ring in the case of the standard reflection representation of W.

Let A[II] be the subring of Q(V') generated by AUTI, and let B be any subring
of Q(V') containing A[II]. Denote by By (resp., B, for v € ®, ) the localization
of B at the multiplicative subset generated by ® (resp., by @ \ {£7}).

Lemma. (a) Sy € By and ¢y, € B for all [y,z] € P
(b) If 2 L w and [z,w] € P, then S, ., = —% HDeMW (=ySP,) (mod B.)).
(c) Ify <z 2 and [y, 2] € P, then Sy, = S, .S.. (mod B()-

Proof. For the proof, we take B = A[II] without loss of generality. Consider « € I,
x,y € W satisfying sy > y and sx < x, where s = s,. We have that

(I)sy,:v g (I)y7:v = s((I)?JySI) U {Oé}, cbsy,sw < (I)y,sw

Note also that if v € @, \ a and sy - z (equivalently, y =% sz) then sy & Dy s
while if v € &, \ @ and y = = (equivalently, sy - sx) then v ¢ @, ,. By Lemma
1.5, we get

1 1
(1.9.1) Sy,ac = _aSsy,w - ?S(SS%WC)

1
(1.9.2) Ssy.w = —ES(SSMW) + 5(Sy,s1)-
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The elements S, ., are uniquely determined by (1.9.1)—(1.9.2) and the initial values
S1,» = 01, for z € W. Using them, one sees that S, ., is actually in the subring of
Q(V) generated by (1 and) the elements X for a € ®. In particular, S,., € Bp).
Comparing with 1.6(a), we see that c, ., € R[II] N By = B (specifically, we have
Cow € RO, cyuwfi---fn € B = Al for some §; € ®; since B (resp., R[II]) is
a polynomial ring over A (resp., R) on generators z(II) for any fixed z € W, each
B; is part of a set of polynomial generators of R[II] over R and of B over A, so
obviously ¢, , € B). Using 1.6(a) and the remarks at the start of the proof gives

1

(1.9.3) Sy .z = —gs(Ssy,sw) (mod B.) ify 5z y#a
(1.9.4) Seye = 5(Sy,se) (mod B(y) if sy Lz, v #«
(1.9.5) Sew = ! if z 5 w and [(w) —I(z) = 1.

Y

It is clear that the elements S, ,, with z 2, w for some v € & are uniquely deter-
mined modulo B by the recurrence equations (1.9.3)-(1.9.4) and initial conditions
(1.9.5).

Let S, , := —% [pen, (—=ySP,) for any z L w and any y € ®, (although this
is possibly an infinite product, all but finitely many of its factors are equal to 1 by
(1.9.5) and the general fact (1.11.2) below). There is exactly one Dy € M, with
Sa € Ds. One has sDgs = D, € M, N M,(+). Further, the equations above hold
with each S, ., replaced by SP: | using Lemmal.8. For D € M, with D # D,, we

have sDs™! € My, and S, = s(S:Ps,) for any z,w € W with Dz = Dw (note
s(®F) = ®,(sDs)). Since the map D — sDs gives a bijection M, — My, one
can now check that (1.9.3)-(1.9.5) also hold modulo B,y with each S, replaced
by S, ;- This proves (b).

The proof of (c) is similar, using both sets of recurrence relations above. Observe
first that if z - x, then for any y € W, Sy,28:2=0=8,, (mod (B(,)) if y £ z,
by Theorem 1.6(a). Fix again for the remainder of the proof a € II, z,y € W
satisfying sy > y and sz < x, where s = s,. We next check (c) in case v = « € II.
If sy < sz = z, we have Ssyz = —és(Ssy,sx) = Soy,s¢59s2,2 (mod By,)) by Lemma
1.5(iv) and Theorem 1.6(a), since s(Sy sz) = Sy se (mod aB(,)). Similarly, we have
Syx = —és(Sy’sz) = Sy 5255z, (mod B(y)). Now fix v # o with y < 2z 2 2. To
prove (c) by induction, it will suffice by the Z-property to verify that if Sy o» =
Ssy,s25sz,s2 (mod B(,y), then the following two claims hold:

)

(i) Ssyz = Ssy,25:22 (mod Byy)) iff Sy sz = Sy 525250 (mod Byy))
(ii) if the equivalent conditions of (i) hold, then S, , =S, .S, . (mod B,)).

Assume the second condition in (i) holds. Then repeatedly using Theorem 1.6(a),

1
Ssy,z = *as(ssy,szssz,sx) + S(Sy,szssz,sx)

Sz if sz <z

—a?S,, ifsz>z

(= 5(Suuoe) + 5(502))- { = SeaSea

where the congruences are taken modulo By,). Similarly, the first condition in (i)
implies the second. To prove (ii), assume that both conditions in (i) hold and
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compute again modulo B, that

1 1
Sy,w = _assy,zsz,a: - ?S(Ssy,szssz,sm)

1 —L ifsz<z
= Sz <_*S‘s z SS sz ) ° o ) = S zSz
2\ T sy + 5(Ssy,s2) {1 fsz> 2 y,202,x

O

Remarks. Let [y,z] € P. If z L x, then the congruences above can be combined
to give Sy, = f%S%Z HDEMW (=vSL,) (mod By,). Taking B = A[II], we have
Nyes, Byy € B, and it follows that S, , is completely determined (recursively)
for y < x by the values of the Sgw (using these congruences for y < z, the initial
condition that S,, = 1 and the condition that Sy, is homogeneous of degree
—(l(x) = l(y)), using the grading of By with A C (Bp)o and IT C (By)1). To use
these facts to characterize the elements Sy ., it is therefore enough to describe the
S w in dihedral groups D; this we shall do in Section 2.

1.10. For any interval [y, 2] € P and any coset Dz of a maximal dihedral subgroup
D, Lemma 1.8 implies that Q(DzN[y, z]) is isomorphic to a full subgraph of Qp with
vertex set equal to a (open, closed or half-open) interval X in reverse Chevalley-
Bruhat order on D. We briefly discuss the structure of these graphs.

Consider G = Z as a poset with the partial order < such that a < b iff |a| < |b].
Give G the structure of a directed graph with an edge a — bif a < b and b — a is
odd (there are no loops, multiple edges or directed cycles in G). See Figure 1.

FicUrEe 1. Diagram of a full subgraph of G with vertex set given
by an open interval; all edges are directed upwards, and we have
omitted arrows for clarity.
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If D is a dihedral group, then every open, closed or half-open interval X in reverse
Chevalley-Bruhat order <p on D is isomorphic to an interval X’ of corresponding
type in the order < on G, and then Qp(X) = G(X') as directed graph. We observe
that for such X, the underlying undirected graph of Qp(X) is connected and has
more than one vertex iff it contains an edge; in that case, the underlying undirected
graph is a complete bipartite graph. Otherwise, Qp(X) either consists of one or
two isolated vertices (and no edges), or has no vertices.

We say that a vertex w of a directed graph I' is a source (resp., sink) if there is
a directed path from (resp., to) w to (resp., from) each vertex ¢ of I". In any finite
directed graph without loops or directed cycles, a source (resp., sink) is unique if
it exists. It is clear that for X as above, Qp(X) has a source (resp., sink) iff X
has a minimum (resp., maximum) element in the order <p. Moreover, if X # () is
closed (i.e. has both a minimum element m and a maximum element M) then every
vertex of Qp(X) is joined by an (undirected) edge to exactly n:=Ip(M) —Ip(m)
vertices of Qp(X), where —Ip denotes the standard length function of D, and
further, any totally ordered subset of X is contained in a totally ordered subset of
X of cardinality n + 1.

1.11.  The condition (ii) in the following theorem first appeared in Jantzen’s mul-
tiplicity one criterion for Verma modules [24].

Theorem. For [y,z] € P, the following conditions are equivalent:
(i) ¢y» €R forall z € [y, ]
(ii) for each z € [y, z], 4(Py,2) = Uy, 2).
(iii) for each D € M and z € [y, z] such that Q(Dz N[y, x]) has an edge, it has

a source.

We shall say that the interval [y, x] is R-smooth if it satisfies these equivalent con-
ditions (this property depends only on the order type of the interval [y, x] by [16]).

Remarks. (1) If Q(Dz N [y, z]) has a source, this source is necessarily a minimum
element of Dz N [y, z] in the order < on W; however, it is easy to give examples to
show that in general Dz N [y, x] may have a minimum element in < which is not a
source of Q(Dz N [y,x]), even if the latter graph has an edge.

(2) The hypothesis in (iii) that Q(Dz N [y,z]) has an edge could be replaced
by any one of the (inequivalent) hypotheses that §(Dz N [y,x]) > 3, or that (the
undirected graph underlying) Q(DzN [y, x]) is connected, or that Q(DzN [y, x]) has
at least two edges, or that Q(Dz N [y, x]) does not consist of two isolated vertices
(with no edges). The most natural formulation of condition (iii) is perhaps that for
each D € M and z € [y, z], there is a unique vertex 2z’ of I := Q(Dz N [y, z]) such
that there is a directed path 2z’ — --- — z (with n > 0 edges) in T' but no edge
2" — 2 inT.

Proof. The equivalence of (i) and (ii) is obvious from Theorem 1.6. We shall prove
the equivalence of (ii) and (iii) by induction on n := I(y,z). For n < 1, (ii)
and (iii) both hold. Suppose inductively that the equivalence is true for intervals
of length less than n. Let [y,z] be such that I(y,2) = n and for each z with
y < z<uz, §(Py.) =y, z) (equivalently by the inductive hypothesis, for each such
z, (Dz N[y, z]) has a source for each D € M for which it has an edge). It will
suffice to show under these hypotheses that §(®, ) = {(y, z) iff Q(Dz N [y, z]) has
a source for each D € M for which it has an edge. Observe also that by induction,
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if Q(Dz N[y, z]) has an edge, it does not have a source iff Dx N [y, x] = {21, 22, 2}
where z; 25 g for i = 1, 2 (with 21 # 2o).

Fix z € [y, 2] with 2 = x. If D € M, with Ip(z,x) > 1, there is a directed
path of length three or greater from z to x in Q(Dx N [z,z]) by Lemma 1.8. Let
D1, D, ..., Dy, be all the distinct elements D of M, such that Q(Dz N [y, z]) has
an edge or Ip(z,z) > 1. For each i = 1,...,m, Q(D;z N [y, z]) has a source w; by
induction. For p € D;z N [y, z] with w; <p, p, we have {a € &, | s € D; } =
@5;71,; this applies in particular with p = x or z and so by our remarks on dihedral
groups

H({a € (I)y,z | Sa € DZ}) = lDi(y’m) - lDi(y,Z) + lDi(Zwr)

(1.11.1) =t{a € @y | sa € Di}) +1p,(z,2).

Note v € &, , but v ¢ ®, .. Further,

(1.11.2) 1+ ) (Ip(z,2) —1) = (z,2)

DeM,

by [17, (1.2.1) and proof of 2.8]. By induction and definition of the D;, this gives

Zﬁ({a €Dy | 50 € Di}) = ﬁ(q)yZ) =1y, 2).

Subtracting 1 from both sides of (1.11.1), summing over i and then adding 1 again
therefore gives

(1.11.3) f{a € @yo| sa € UiD;}) =y, x).

Now if #(®,.) = I(y,z), then {so | @« € ®,,} C U;D;. This implies that if
Dz Ny, z] 2 {z1,22,2} where D € M, z; L, xfori=1,2and z = 2 # 25, then
D = D; for some i and hence Dz N [y, x| # {z1, 22,2} since Q(D;z N [y, z]) has a
source. On the other hand, suppose that for some D € M, Dz N[y, z] = {z1, 22,2}
where z; =% z for i = 1, 2 and 21 # 2zo. Taking z = z;, v = oy above, we
have D # D; for any i, as € @, but s, ¢ U;D;, which implies by (1.11.3) that
ﬂ((byw) >(y,z) + 1. U

1.12.  We record here the conclusion of the main step of the above proof.

Corollary. Assume [y,z] € P is R-smooth with l(y,z) > 1. Fizy < z 5 z. Let
D1, Da,...,Dy, be all the distinct elements D of M., such that either Q(Dz N[y, z])
has an edge or Ip(z,x) > 1. Then Q(D;z N [y,z]) has a source w;, ®y , = U;®L7
and ®, , = U;®L:

Wi,z "
1.13. Now we can prove a recursive formula for ¢, , in case [y, ] is R-smooth.

Lemma. Suppose [y,x] € P is R-smooth, with l(y,z) > 1. Fix z € [y,z] with

z L oz, and let Dy, Dy, ...,Dy, (with m > 0) be be all the distinct elements D

of M, such that either Q(Dz N [y, z]) has an edge or lp(z,z) > 1. Then for each
D

, . D
i=1,...,m, QD;x N[y, x]) has a unique source w; and ¢y, = ¢y . [], == in R.

Cw.;
W,z
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Proof. Take B = S(V) in Lemma 1.9, so B/yB is a polynomial ring over R (and
in particular it is a unique factorization domain). Then
(_1)1(@4(9;) 11, CQ; (_1)1(7,)71(:7@)%@

Sz,m = Sy,z =
Y Hi HaG@ZQ\{v} a’ Hae<1>y,1, a
Syz = 5y,25:22

(—1)1(2)*1(9)%72
Ha€<1>y,z @

where congruences are taken modulo B,y and we have used (1.11.2) for the sign
in the formula for S, ;. Substituting the first three of these equations in the fourth
and clearing denominators gives

cwc( H a)( H a) = cy,z:l:[cgg( H a)

a€®y: " aeu,aPi\(y) € Py\{7}

Sy,z =

modulo vB,y. Since both sides above are in B, this holds even modulo vB (hence-
forward we write = for congruence modulo vB). The analogous result in D; gives

cﬁ%( H a) ( H a) = cgich#;( H a)

Dj Dy Dj
acdli . acali\(y} a€®li \ {7}

for any w; € D;x such that w; <p, z. Taking the product of the last equations
over all i gives

I T T a=Ti)( T o)

D, D, D,
Q€U ®,¢ . acU; @2 5\ {7} v a€U; Py} \ {7}

Comparing the last and third last equation above shows that

(1.13.1) Cy,zHCf}Z,x( H oz) = cynycﬁf’Z( H oz).

] D; D;
g a€Py \U;i Py 2 a€®y \U;®,,! .

If [y, 2] is R-smooth, then taking w; as the source of Q(D;z N [y, z]), the proof is
finished by Corollary 1.12 (congruence implies equality since both sides are in R).
|

1.14. Recall that A denotes a subring of R containing {(«, 3V) for all o, 8 € 1I.

Theorem. Suppose that [y, x] € P is R-smooth. Then the following two conditions
are equivalent:

(i) For each z € [y, x|, ¢y . is a unit in A.
(ii) For each D € M and z € [y, z] such that Q(DzN[y, z]) has at least one edge,

cP s a unit in A where w denotes the unique source of Q(Dz N [y, 2]).

w,z
If these conditions hold, we shall say that [y, x| is A-smooth (this property depends
on both the interval [y,x] and the chosen reflection representation of W ).

Proof. Write A® for the group of units of A. We prove the equivalence by induction
on n = l(y,z). For n <1, it is trivial. Suppose that n > 2 and the equivalence
holds for intervals of length less than n. Consider an interval [y, z] of length n such
that ¢, . € A® for all y < z < z; equivalently by induction, for each such z and
each D € M for which Q(Dz N [y, z]) has a source wp, cf)_ . € A®. It will suffice
to show that ¢, , € A® iff for each D € M for which Q(Dz N [y, z]) has a source
wp, ¢k € A®. Observe that for D € M such that Q(Dx N [y,z]) has a source

wp,T
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D

wp,x = 1, unless perhaps there

wp, we necessarily have [p(wp,z) < 1 and hence ¢

is y < z 5 x such that D = D;, wp = w; for some j (as in Lemma 1.13). But then
for fixed such z we have ¢, . [T, ¢D ., = ¢, [], ¢l . where by induction, ¢, . € A,

and each cgii,z € A®. Thus, ¢, , € A® iff cﬁ:m € A*® for all 4. Since the choice of z

with y < z Xoxis arbitrary, this gives the desired equivalence. (I

1.15. Some Questions. There is a close analogy between face lattices of convex
polytopes and Chevalley-Bruhat intervals (cf [20], [11, Question 11.5]). We wish to
state some questions and a conjecture suggested by this analogy and the results of
this paper.

1.16. Fix an interval [y,x] € P and I(y,z) > 1. For z € [y,z] with z = z, set
U {a € Oy 1|54 € UL D;} where Dy, ..., D, denote all the distinct elements
D of M, such that either Q(Dz N [y, z]) has an edge or {p(z,x) > 1. Consider the
following condition (1.16), on z:

(1.16), [y, z] is R-smooth and Q(D;z N [y, z]) has a source for i = 1,...,m.
By the same argument as in the proof of (1.11.3), if (1.16), holds then §(®7 ) =
I(y,z). By Lemma 1.11, [y, z] is R-smooth iff (1.16)_ holds for each y < z % x;
moreover, in that case ®7 . = &, , for each such z. It follows that [y, x] is R-smooth

iff for all z € [y, ] with z 2 x, [y, 2] is R-smooth and @7 . = Py (cf [6, Theorem
1.1,1.2)).

Question. Suppose I(y,x) > 2. Is [y, ] R-smooth iff there are z; in [y, 2] satisfying
z; 2% 2 and the condition (1.16), , with @21 = &2 and 21 # 227

1.17. It can be shown that in special cases, S, is a degeneration of a rational
function whose values describe volumes of frustums of a polyhedral cone associated
to [y,z]. We do not know if it is reasonable to expect this to be true in general,
but at least conjecture that the following consequence of such a description holds.

Conjecture. For any y < z, S, , expressible in the form S, , = >y cov [[,cw a~t
for certain cy € R>g, where the sum ranges over subsets ¥ of ®, . of cardinality

Iy, ).
One could ask if this true even requiring cg € AN R>y.

1.18.  One might wonder if there is some sense in which Chevalley-Bruhat intervals
themselves may be described using “rank two data.” As an example of a naive
question in this direction, one could ask the following:

Question. Let z, 2’ € [y, z]. Is it true that z < 2’ iff for each D € M, DxN[z’,z] C
Dz N [z,2z] and Dy Ny, z] C DyNly, 7]

We mention that for W of type A4 and [y, z] = W, it is not true that z < 2" iff
for each D € M, Dz N[, 2] C Dz N[z, x].

1.19. More general orders. The previous results and questions apply mutatis
mutandis to Chevalley Bruhat order and to the orders on W defined in [17]. This is
mostly a matter of regarding the length function [ on which the preceding definitions
implicitly depend as a “parameter,” as we now indicate.

Let T denote the set of reflections of W and P(T') denote the power set of T'
regarded as abelian group under symmetric difference. Let N: W — P(T) be the
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“reflection cocycle” given by N(w) = {t € T | I'(tw) < I'(w)} where I’ denotes
the standard length function. We let Z be the set of initial sections I of reflection
orders of T; 7 has a W action w - I = N(w) + wlw™! (see [17], [18] for details
here and below). For example, the collection of subsets {s, | & € @4, = 0} as =
ranges over the vector space total orders of V forms a W-invariant subset of Z.
Fix I € Z. There is then a corresponding length function ! = If,: W — Z
defined by ! (w) = I'(w) —28(N(w~=)N1I)) where I’ is the standard length function.
Set ! (v,w) = I'(w) — 11 (v). Write v 5y, wif @ € &, and w = s,v with
I'(v) < I!(w). Define Q' = Qf, as the edge-labeled directed graph with edges
« I . . . . .
v Sy w, and <§,=<T as the partial order on W with v <! w iff there is a directed
ol
path from v to w in Q7. Finally, set &1 =&V ={ae®, |z <’ v =y w}and
write [z, w]! = [z,w]l, ={v € W |z <! v <! w}. Note that the undirected labeled
graphs underlying Qs and Qf coincide. We write P! for the set of non-empty

finite intervals [y, z]%, in which every length two closed subinterval has cardinality
four (for many I of interest, P! is the set of all closed intervals of W in <7).

1.20. From [12], there are elements S, of Q(V), defined for w,z € W with
either [w, z] € P or w £! 2, satisfying the recurrence formulae Lemma 1.5(i)—(iv).

(These are constructed from elements Sgw which have a natural description similar

to that for the S’zyw, involving a module constructed from <’ for the nil Hecke ring).
The following relation for [z,w] € P! is established in loc cit:

(1201) Z (71)l(v)7l(w)sl ST+I:52,11;: Z (71)1(1))71(,2)51 ST+I

z, 0w, v,wFvu,z

IS ERTIE veE[z,w]!
i.e. the “matrices” (S? ) and ((—1)1(2)_1(1”)557‘21)271” are mutually inverse. Since
I¥(v) and I(v) have the same parity, [ could be replaced by I’ if desired in these
equations. We have in particular S, ,, = Szw above.

1.21. Define ¢!, = 8!  [l,cer « for any [z,w] € P!. For any reflection sub-
group D of W and any [z,w] € P! with Dz = Dw, define SP;I ®D.I DI a5

R z,w) “w,z

follows; let p be any element of Dz, set J = p-IND and define SQ;UI = g0

zp~twp1?
@2@1 = (Dgp,l’wp,l, CQL{ = cip,l’wp,l where the right hand sides are computed
in D (with its natural based root datum and order </). One needs to note that
[zp~ L, wp~ Y] € P if [2,w]! € P, from [17, (2.2)]. These definitions are inde-

pendent of the choice of p, using the analogue [17, 1.4(3)] of Lemma 1.8.

Theorem. Theorem 1.6, Lemma 1.9, Theorem 1.11, Corollary 1.12, Lemma 1.13
and Theorem 1.14 hold mutatis mutandis for the corresponding objects associated
to 1l i.e. if we replace | by 17, Q by QF, < by <!, — by =, &, by @g’w, P by
Pl [z,w] by [z,w]{,v, Sew by Siw, Cow DY Ci,w’ and c?w by CQ;UI.

Proof. The generalization of 1.6 to orders <! is proved in [12]. The Z-property
holds for <!, but for the inductive proofs one requires as well a recursive charac-
terization [17, (2.5)] of P!. We supplement the remarks on dihedral groups in 1.10
by the following observations. For a dihedral Coxeter group W’ (with 2 simple
reflections and reflections T") and any initial section J of a reflection order on 7",
Q) is either isomorphic to QTV;//, where T" is the set of reflections of W, or to Q,
or, for infinite W', one other possibility for which (W', §§V,) is order isomorphic
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to Z in its usual total order. In the latter case, the only intervals [z, w]{;, € Pi.

have either z = w or [z, w]{},, = {2, w} with z i;[/, w for some o € ®. Because of
[17, (2.2) and (2.5)], it is still true that for [y, z], € P&, 2 € [y,2]f, and D € M,
the unlabeled graph underlying Q([y, z]{;; N Dz) is isomorphic to G(X) for some
interval X in the order < on the graph G considered in 1.10. Taking the above
remarks into account, the proofs extend mutatis mutandis from the case of [ to
1. O

1.22.  We find it convenient to use the following terminology. The A-singular locus
of y € W in the order <! is defined to be the set of all z € W such that [y, 2] € P!
and [y, z]! is A-singular (i.e. not A-smooth in the sense of Theorem 1.14); this
notion depends on y, I and the root system. If the A-singular locus is empty,
we shall say y is A-smooth for <!. We shall also say that 2 is A-smooth (resp.,
A-singular) in y in the order <’ if [y, z]! is (resp., is not) A-smooth.

2. RANK TwO RESULTS

In this section, we explicitly compute the rational functions S, for dihedral
groups W and discuss divisibility properties of their numerators, which turn out
to be binomial coefficients modeled on sequences of root coefficients. The sequence
of root coefficients has of course been previously studied; see for example [25], [15]
and [14, Ch 2]. These root coefficients are also intimately related to many classical
objects including Gaussian integers, Chebyshev functions, cyclotomic polynomials
etc and variants of many of the formulae given here have appeared in the literature
in these (and other) contexts; we indicate some of these connections but make no
attempt to supply full references or discuss the relationships comprehensively.

2.1. Throughout this section, we use the following notational convention. For
elements r, s of a monoid M, we write

(rs) = {7’17"2 coiTp, ifn>0
n -

1as, ifn=20
where r9;41 = r and 1r9; = s. If r, s are invertible, we extend this to define
{(rs)ntnez so (rs), = (s7ir=1)_, for all n € Z. If r, s are involutions (i.e.

r2 = s? = 1), then
(18)n(rs)m = (18)n(s1)—m = (rs)’nrl*(*l)"m'

2.2. Root coefficients. For a commutative ring R with identity element 1 and
elements a,b € R, define sequences {cy, }nez, {dn}nez in R by

(2.2.1) c0=0, c¢1=1r, c¢p-1+cpnt1=anc, forneZ
(222) do=0, dy= 1R, dp_1+ dn+1 =b,d, forn € Z
where agpm41 = bay, = a and agy, = bay41 = b for m € Z. If necessary, we write

¢n = cn(a,b) and d,, = d,(a,b) to indicate dependence of ¢, and d,, on a and b, so
for a homomorphism ¢: R — R’ of commutative rings, ¢(c,(a, b)) = cn(é(a), p(b))
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and ¢(d,(a,b)) = dn(¢d(a), d(b)). We have
(2.2.3) dn(a,b) = cp(b,a), cn(—a, —b) = (=1)" "¢, (a,b)

(224) Cp = —Cp, Cp = dn7 lf n %S Odd
bc, = ad,, if nis even
(2.2.5) cn(2,2)=n inR

(2.2.6) (cn)8_g = (0,1,a,ab — 1,a*b — 2a,a*b* — 3ab + 1, a*b* — 4a*b + 3a).

2.3. Let R be a commutative ring. Let F be a free group of rank two with
generators r, s. Let V (resp., V') be a R-module containing elements {A, B}
(resp., {AY,BY}). Suppose given a fixed (possibly degenerate) R-bilinear map
(, ): VxV'— R satisfying
<A7AV>:<B7BV>:U+U717 <A7Bv>:7b7 <B7AV>:7CL
where a, b, v are elements of R with v invertible in R (in this paper, we use only
the case v =1). If {4, B} is a basis of V and {AY, BV} is a basis of V', there is a
unique such bilinear form, but we do not assume these conditions.
Define an action of F' on V (resp., V') by setting

(2.3.1) r(z) = vz — (2, AV ) A, s(z) =vz—{(z,BY)B for zeV
(2.3.2) r(z)=v"'z—(A4,2)AY, s(z) =v'z2—(B,z)BY for 2 € V',
We have for instance 71 = r — (v —v™1)Idy on V and 71 = r + (v — v=1)Idy~

on V' (r, s afford representations of appropriate, possibly different, Iwahori-Hecke
algebras of an infinite dihedral group on V and V’). Note

(2.3.3) (fz,2') = (2, f712) forz€V,z €V’ and f € F.

2.4. If {A,B} is a basis of V, identify GL(V) with GLo(R) by taking matrices
of R-endomorphisms of V', with respect to the ordered basis A, B of V. Then
r = (—%71 g), 5 = (Z 71?71 ) By induction and the definition of ¢, = ¢,(a,b) and
dn, = dy(a,b),

—1 -1
_ [Cn+1 —U “Cop [~V “Can41 Con42
241) (rs)zn = <Ud2n —dan—1 > ’ (rs)en+1 = < —dap Ud2n+1> ’
—Can—1 VCon VCon+1 —Can
2.4.2 ST)op = - , ST)op+1 = _ .
( ) ( )2 (—11 1d2n d2n+1> ( )2 + (d2n+2 —v 1d2n+1>

Returning to the general situation in which it is not assumed that V has {A, B} as

basis, there are similar formulae (:Eg;) = (v 0)(4) et

2.5. Define “roots” {an,}nez and {8y }nez in V by

(2.5.1) ap = (18)n-1(4n), Br = (87)n—1(Bn).
where Asy, = Bopmy1 = B and Agpny1 = Bay, = A. From the above matrices,
(2.5.2) an = cpA+vd,_1B, Bn =d,B +ve,_1A

and so a,,, B, are determined by recursive formulae
(2.5.3) ap=—vB, a1 =A4, an-1+ant1 =anan,
(2.5.4) fo=—vA, p1=B, Bno-1+Put1="bubh.
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Similarly, define “coroots” {a,,}nez and {3 }nez in V' by
(2.5.5) ) = (rs)n_1(A)) =v'c,_1BY +d,AY,

n

(2.5.6) BY = (s1)p_1(BY) =v 'd, 1AV +c,B".

2.6. In this subsection, we assume that v = 1. Then the actions of F on V and
V' factor through the infinite dihedral group W := F/(r? s?), and 83, = —a_n11
for any n € Z. For integers p and n

(2.6.1)  (rs)na, = Optn %f n %s even 7 (s7)mary = Qp_n ?f n %s even
Bp—n if nis odd Bp4n if n is odd

(by symmetry, these equations reduce immediately to their easily checked special
case in which n = 1). Using this, one checks that for integers m and n,

(2.6.2) <ozm,av> _ {Cnm+1 — Cpn_m—1 meven or n odd

" dpn—m+1 — dp—m—1 m odd or n even.

In particular, (o, a,) = 2. Moreover, using (2.3.3), the reflections (rs)z, 1 of W
act on V and V' according to

(2.6.3) (rs)op-1(2) =z — (z,0))ay, for z €V
(2.6.4) (rs)ap-1(2) = z — (o, z)a)  for z € V',
Lemma. Fiz integers m, n and set t :== m + n. Define @’ = (a_py, ) and

b= (ap,aY,,) ie.

(@) (ct41 — Ct—1,dpy1 — di—1) if m is even or n is odd
a =
’ (diy1 —di—1,¢041 —ct—1) if m is odd or n is even.

Abbreviate ¢, := ¢, (a', V) and d], = d,(a’', V). Then
(a) If t is even, cty1 — ¢t—1 = dip1 — di1, and if t is odd, b(cip1 — ct—1) =
a(diy1 — di—1).
(b) det( 2, ") = cpdy det( % 5")
(c) Foranyl € Z, Cing(1—1)ym = C1Cn +di_1Cm and dipy 1—1ym = dydn +¢)_1dpm.

Proof. Part (a) follows immediately using (2.2.4). Define A= o, A = o),
B = —a_p, and BY = —aY,,. The matrix on the right (resp., left) side of (b)

is ((Y,XV))xveqa,py (resp., (<Y7Xv>)X,Ye{A,B})' We may define 7, 3, &y, B,
&, etc exactly as 7, s, ay, ), again using { , ): V x V' — R (with v = 1) but
using A, AV, B and BY in place of A, AV, B and BV respectively. Therefore,
as = LA +d._;B’. On the other hand, from above we have 7 = (rs)a,_1,

5= (rs)—am—1, (75)2x = (75)2x¢ and so

m*

Qo1 = (T8)2r (1) = (78)2kt (n) = Qakm(26+1)n
Qop = (78)2x(G0) = (75) 2kt (—m) = Q(2k—1)m+2kn-

The first identity in (c) follows by taking A, B linearly independent in V, as we
may, and equating coefficients of A in

Cint(1=1)ymA + ding-(1-1ym-1B = Qny—1ym = Q
=cdA+d,_B=c(chA+d,_1B)—d|_(ccmA+d_,,_1B).
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Equating coefficients of B and then replacing m by m + 1 and n by n — 1 gives the
identity dj,,q(—1ym = ci(V',a")dy + di—1(b',a’)d,, i.e. the second identity in (c).

For the proof of (b), we need a special case of the identities in (c¢). For integers
p and g define

Fpq = cpdg—1 — dp_1cy; Gpq = dpcq—1 — Cp-1dy

in R. Now if in (c) one takes n =1—m, t =1 (so (a’,V’) = (a,b) for even m and
(a’,b') = (b,a) for odd m), one gets identities equivalent to the following:

dg_p, if por qis odd
(2.6.5) Fpg=cpdg1 — dp 109 = { ep PO
Cq—p, if por qis even.
By symmetry between F' and G, this implies that
(2.6.6) Fyvorgron = Fpo, Gpiokgtar = Gpg, Gpq = Fpt1,q+1-
To prove (b), we show abcid; — a’'b’ — 4eydy = —4 as follows:

(ctq1 +crm1)(digr +de—1) — (crg1 — ce—1)(dig1 — di—1) — derdy =
2(ct—1dir1 + cip1di—1 — 2¢4dy) = 2(Fiq1 e + Gryre) = 2(co1 +doq) = —4.

O

2.7. Let F},, be as defined in the proof of Lemma 2.6.

Lemma. Forl,m,n € Z,
(a) Fimon + Foy oy + Fpjam =0.
(b) Fis1,m+18n + Fnt1n4101 + Frg1,0418m = 0.

Proof. Observe first that
(2.7.1) Fop=—Fpa Forrg+ Fp1q = apFpq

The equation in (a) may be rewritten as Fj ,,auy, = F, nay — Fypy v, Now for fixed
[ and n, this holds for both m = M and m = M —1 iff it holds for both m = M and
m = M+1, by (2.7.1) and (2.5.3). By the invariance of the equation (a) under cyclic
permutations of (I, m,n), it is therefore enough to prove (a) for I,m,n € {0,1}. But
then, say m = n and Fj ,,ap + Fyy noy + Fy 0, = Fp o, +0ag — F o, = 0. The
equation in (b) follows by symmetry and (2.6.6). O

2.8. Here, we record some further consequences of Lemma 2.6(c). Replacing m by
—m, the first identity there may be rewritten

(2.8.1) Cmait = ci(a’ ;) emas — di_1(a’, b )em,

(a, b,) _ {(Ct+1 — Ct—1, dt+1 - dt—l) if m is even

(2.8.2) s
(di41 — di—1,¢041 — ct—1) if m is odd

for integers m, t, . Replacing [ by —I and adding gives
(2.8.3) Co4lt + C—it = (dl+1(a’, b/) - dl_l(a', b'))cm
A telescoping sum argument shows that for N € Z and ¢,q € N.

(2.8.4) CN F CNg2t + -+ Cngot(g—1) F CNtatq = dgg1(a’, b )N iq
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where (a’, ') are as above with m = n + tq. Taking [ = 1 in (2.8.3) gives

(ct41 — Ct—1)Cm i m is even

2.8.5 e, =
(28.5) Cmett T Cm—t {(dt+1dt_1)cm if m is odd.

From (2.6.5), we have

dmt1Cn — dp—1¢m  if mor m is even
(2.8.6) Cntm = ]
CnCm+41 — Cn—1Cm  if m and m are odd

where for the case of odd n and m, we use ¢,, = d,,, ¢;, = d,,. On the other hand,
taking m = 0 in 2.6(c) gives

(2.8.7) e = ci(a” V" )ep, din = dy(a”,b")d,

where (a”,b") = (chy1 — cn—1,dns1 — dn_1).

2.9. Tt is convenient to collect here the following miscellaneous facts.

Lemma. (a) For integers m,n, g with gcd(m,n) = g, we have Rep, + Rey, =
Rey.
(b If C = 0, then Cl+k = —Cl—k and Ck421 = Ck.-

)
) We have {m | ¢y, =0} =271 and {m | d,, =0} = Zl’ for some l,I' € N.
) If R is finite, we have 1 < 1,1’ < 2|R|? where I, I' are as in (c).

For (e)—(i), assume R is an integral domain and let I, I’ be as in (c).
If L £ 1, then one of I,1' is equal to 2 and the other is even.
If 1 > 0 is even, then cpyim = (—1)Fc,, form,k € Z, and ¢;_1 = dj_1 = 1.
If 1 is odd, then dpy; = dig1¢m and ¢y = Cp1dy for m € Z, with
c+1di41 = 1g.
(h) Iflis odd and a = b, then for m,k € Z, ¢,y = dpy, and cppyp = cfﬂcm with

Cl4+1 € {:t].}

(i) If 1 > 0, then c114k1 and di11g are units of R for all integers k.

[*"s]

(
(

—_—~
— D
= =

Proof. The identities (2.8.7) and (2.8.6) imply that whenever we have an identity
s = xm + yn in Z, there is a corresponding identity c¢s = Xc¢,, + Y ¢, where X,
Y are certain elements of R. Part (a) is an immediate consequence of this and
the fact that Z is a principal ideal domain, while (b) follows from (2.8.5) and (c)
follows from (b) (or (a)). For (d), note there are integers 0 < N < M < |R|? with
(can,can+1) = (caar,canrv1) € R X R. The definitions give conir = caprir for
all k € Z; in particular, cyar—n) = ¢o = 0, proving (d). Now we assume R is an
integral domain, and that I,1" are as in (¢). If I # 2 (i.e. a # 0), then ¢,, = 0 implies
d, =0, by (2.2.4). Similarly, if I’ # 2, then d,, = 0 implies ¢, = 0. Part (e) follows
readily using (c). By (2.6.5), we have

—m f i
(2.9.1) endy i = di—m : ! is odd
Ci_m if lis even

If [ > 0 is even, we get ¢,,dij—1 = —Cm; taking m = —1/2 gives (dj—1 — 1)¢;/2 = 0,
hence d;—; = 1 and (f) follows. If { > 0 is odd, we get I’ = [ by (e) and ¢, dj41 =
Aitm, dmCly1 = Clom SO Cl41d141Cm = Ci41di4m = C2i4m = Cm and (g) follows.
Finally, (h) is immediate from (g) and (i) follows from (f)—(g). O
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Remarks. Of course, we get analogous results to those stated above by interchanging
a and b, c and d, and ! and I’. The above Lemma implies that if ¢; = dy = 0 for
some f > 0 and A, B form a R-basis of V, then r, s satisfy the braid relation
(rs)y = (sr)y on V and so afford a representation (essentially the well known
reflection representation) of an Iwahori-Hecke algebra of a finite dihedral group of
order 2f.

2.10. Binomial Coefficients. Till 2.24, we take R = Z[x, y], the integral polyno-
mial ring in two variables x and y. We write ¢, = ¢, (2,y), d,, = d,(z,y) as in 2.2.
Fix an algebraically closed field F' containing Z[z,y] as a subring. We consider in
F' the elements
T+Vy? -4 v VY

(2.10.1) v =T Y, ti=—t v = —t, w= =t

vy 2 NG Ve
where arbitrary fixed square roots of x, 3, 2 — 4 have been chosen in F. We have
(2.10.2) y=t4+t1, v+w Tt =g, v w =y, vw = t2.

In particular, v and w are algebraically independent over Q, t is transcendental
over Q and Z[z, ] is a subring of the ring Z[v*!, w*!] of Laurent polynomials in v
and w over Z. Define elements ,, € F' as follows (see (2.2.4)):

Ve =YZq ifnis even
Tn = {\/5 vy

(2.10.3)
Cn = dp, if n is odd.

Then the equation (2.2.1) becomes

(2.10.4) =0, M=% -1t Tnt1 =
It follows that 7, is the n-th Gaussian integer in Z[t, t =] (cf [26]):
th—t7"
The above equations also imply that
(1)10)"/27(1)111)_"/2 . .
Vi if n is even
(2.10.6) Cp = { (vw)(n+1)/27(1)171))—(71,—1)/2 s odd
VW— ’

with d,, given similarly (interchanging v and w) i.e. ¢,, d, are “two-parameter
Gaussian integers” as elements of Z[v*! w*!].

2.11. For any integer N> 1, let ¢y € Z[t] denote the N-th cyclotomic polynomial.
Let ¢ denote the Euler totient function, so p(N) = deg¢n. Recall that

(2.11.1) t"—1=J] én:  if Nis odd then ¢on(t) = ¢n(—1);
N
. - qf)pN(t) if plN
(2.11.2) For p prime, o (#7) = {¢pN(t)¢N(t) otherwise.

Note that Z[y] is the subring of Z[t,t~1] consisting of elements fixed by the ring
involution @ of Z[t,t~!] determined by #(t*) = t~*. Define monic polynomials I'y
in Z[y] by T = t WMy (t?) = tPMNMpn(t72) for N > 2. Actually, Ty = v
and for N > 3, T'ny € Z[y] N Z[t*?] = Z[y?] since ¢(N) is even. Define also
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pn =t M2 (1) = t#N)2¢ N (1) € Z[y] for N > 3. From above, for n > 2,
Y = 172" — 1) /(t? — 1) factorizes in Z[t,t~!] as

P2N if N is even
2.11.3 w= 1Ty, Tn=
(211.3) = 1] T N {prgN if NV is odd.

N>2

From the factorization ¢y =[] o<k<n (t - e%TM) in C[t,t71], we get

ged(k,N)=1
n—1
2k k
(2.11.4) PN = H (7—2(305 —ﬂ->7 Y = H('y—2cos —ﬂ-)
0<k<i N k=1 "
ged(k,N)=1
k k
(2.11.5) 'y = H (7—2005 Fﬂ) = H (,yz — 4cos? Wﬂ-)
0<k<N 0<k<N/2
ged(k,N)=1 ged(k,N)=1

in R[y] for n > 2, N > 3. In particular, for N > 3, py is the minimum polynomial
of 2 cos 27 over Q and it is therefore irreducible in Z[v]. It follows that (2.11.3) gives
the factorization of T'y into irreducibles in Z[y]. For odd N, ¢n(—t) = dan(t) #
+on(t) so pn(—Y) # pn(y) which implies that px, pan & Z[y?]. Hence for any
N >3, T'y is irreducible in Z[y?]; in fact, it is the minimal polynomial of 4 cos? ¥
(as a polynomial in the variable 2 over Z). Note I'y € Z[zy] for N > 3 since

72 = xy.

Lemma. Define elements of Z[z,y] by Cy = %’72 =z, Dy = %72 =y and

Cy =Dy =Tn for N > 3. Then the family {CQ,DQ} @] {CN =Dy = FN}NZS 18
a family of pairwise non-associate, irreducible elements of the unique factorization
domain Z[z,y] and for any n > 2, ¢p = [I ), y>1 COn (resp., dn =[Injp ns1 DN)
gives the factorization of ¢, (resp., dy) into irreducibles in Z[x,y].

Proof. The factorizations of ¢, and d,, are immediate from (2.10.3) and (2.11.3).
Now fix N > 3. It is easy to see I'y is irreducible in Z[z,y]. (Any irreducible
factor of I'y in Q[z,y] has non-zero constant term. Let S be the (finite) set of
irreducible factors of I'y in Qx,y] with constant term 1. Since I'y € Q[zy], the
map A — (F(z,y) — F(Az,A\"'y)) for A € Q® and F in S determines a group
homomorphism from the multiplicative group Q°® of QQ to the symmetric group on
S, with kernel K, say. For any F' = F(x,y) € S, we have F(Az,\"1y) = F(z,y)
for all (infinitely many) A € K, and it readily follows that F € Q[zy]. Since I'y
is irreducible in Z[y?] from above, F(z,y) must be associate to I'y in Q[y?]. This
implies that I'y is irreducible in Z[z,y].) The Lemma follows readily. O

Remarks. In Z[v*' w*?'], the elements Co = v 4+ w™!, Dy = v~! + w are asso-
ciate, Oy = Dy = (vw)~?W)/2¢ (vw) is irreducible for N > 3, and the elements
{Cn}nN>2 are pairwise non-associate. We have

(2.11.6) (CN) %o = (z,2y — 1,2y — 2,2%y* — 32y + 1,20y — 3).
2.12. For z € {¢,d,v}, m € Z and n € N, define “binomial coefficients” in F' by

m _ AmAm—1---Zm—n+l
nj, Znin—1---21
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It is well known that for z = v (resp., z = ¢, d) this element is in Z[t,t~1] (resp.,
Z[vt wtl)); indeed, it is just a one-parameter (resp., two parameter) Gaussian
binomial coefficient.

Lemma. For any m € Z and n € N, [Zj is in Z[xz,y] (resp., Z[y]) if z = ¢ or

z=d (resp., if z=").

Proof. This can be deduced from the above-mentioned relation with Gaussian bi-
nomial coefficients, but follows readily from the next three identities as well:

(2.12.1) [m] = (~1)" {_m e 1] for m < 0,
n z n z

(2.12.2) [ﬂ =0, f0<m<n

(2.12.3) [ﬂ = [[Zn) ™  to<n<m

N>2

where €(N) = €, n(N) = | %] — [®5*] — L&) € {0,1} and where Z =C, D or T
according as z = ¢, d or . Here, the third identity follows using Lemma 2.11 and
(2.11.3) and for m € R, |m] := max{n € Z | n < m}. O

2.13.  We shall describe below a process which converts a polynomial identity in

Z[t,t~1] involving ¢ and Gaussian binomial coefficients [%]w to an equivalent series

of identities in Z[z,y]. Observe first that, using (2.10.3),

(2.13.1) [ﬂw = \\/g [ﬂ = \\g [’:L if n and m — n are both odd

(2.13.2) {m} - [m} = {m] ) if n or m — n is even.

n n n

We endow the ring Z[t,t~!] with a Z/2Z-grading with deg(t") = 7 where n —
7i: Z — Zy is the canonical epimorphism. Also give the subring Z[z*/2 y+1/2]
of F a 3Z-grading with deg(xz™/?y"/?) = % — 4. The latter grading restricts to
a Z-grading of the subring Z[z,y]. We write deg(a) = m if a lies in the m-th
homogeneous component of one of these rings (note the abuse of notation in the

case of deg(0)). Then we have

(2.13.3) deg(yr) =k — 1, deg({m} > _ {1 if m —n and n are odd
2!

n 0 otherwise

1 if kis even

(2.13.4) deg(cy) = —deg(dy) = {

0 otherwise

1 ifm—
(2.13.5) deg {m} = —deg {m} _ m n and n are odd
n. ni, 0 otherwise.

Fix an integer k and consider the following elements of F":

- T m; - m; - m;
1= = =

X;
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where m € Z and where Y = X, X3,..., X, € {¢,d} are chosen in the following
way. Set (mg,ng) = (m + k,1). Choose the unique directed path in the graph
(d7I)
@ (e 2y )@
(Cvi)
which begins with the vertex y such that the labels of the edges along the path are
(Xo,€0), (X1,€1),..., (X, € ) successively where ¢; = n;(m; —n;) in Zs.
One easily checks that n = deg(T}) € {0,1}. Then
n
_ _ VT
2.13.7 7 =deg(T}) = deg(t*'T), Tp=|Y=| T}.
( ) (Ty) ( ) N
Since m is uniquely determined by T if T' # 0, it follows that T} depends only on
T and k.

Proposition. Fiz k € Z. For each T as above, fix a choice of Ty as above. Let np
be integers, all but finitely many of which are zero. Set E := Y .nrT € Z[t,t™!]
and Ey == Y pnrTy € Zlx,y|. Assume that E is homogeneous i.e. there is i €
Z/27 such that ny = 0 if deg(T) # p.
(a) If E=0 in Z[t,t7 ], then Ex =0 in Z[z,y].
(b) Fiz an integer | > 2. Suppose that for every ring homomorphism
a: Z[t,t7 — A

such that A is an integral domain, a(t?') = 1 and a(t?') # 1 for every

integer ' satisfying 1 < 1" < I, we have a(E) = 0. Then for every ring

homomorphism (: Z[x,y] — B such that B is an integral domain, B3(c;) =0

and B(cy) # 0 for every integer I satisfying 2 < I’ <1, we have 8(Ey) = 0.
Remarks. (1) By (2.11.3) and Lemma 2.11, the intersection of the kernels of all
the homomorphisms « (resp., 3) as in (b) is the principal ideal of Z[t,t~!] (resp.,
Z[x,y]) generated by the homogeneous element T'; (resp., C;).

(2) The hypothesis in the Lemma that E is homogeneous is not necessary (this
is clear for (a) and follows using (1) for (b)).

(3) For z € {c,d}, we have f([7].) = [’,ﬂy where f: Z[z,y] — Z[y] is the ring
homomorphism determined by f(x) = f(y) = v. Hence f(Ey) = >, nrT}. Using
the identity tymrx —Ymir_1 = t™ ¥, it follows that Ex = 0 and Ej_; = 0 together
imply E = 0. A similar result holds in the situation of (b).

Proof. Recall the ring involution @ of Z[t,t~!] given by t +— t~1. If E = 0, we have
another homogeneous relation

t*"E — O(t*E)
/. _ E T =
Ek._it—tfl = T’fLT k_O

in Z[t,t!]. By homogeneity of E, Ej is homogeneous; then (2.13.7) implies

deg Ej
E, = E. (*\g) —0,

proving (a). For (b), it will suffice by (1) above to show that §'(E) = 0 where
B': Zlz,y] — Zlz,y]/{C;) is the canonical epimorphism. Choose an algebraically
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closed field K containing Z[z,y]/(C}) as a subring. We may construct in turn ring
homomorphisms 3", 7, @ making the following diagram commute

Lz, y|——Z[Vz, /] =<— L[]

A e T

Zlz, y] /{C)© K Zlt, 71

[e3%

where the arrows < are the natural inclusions. We assert that a(t?') = 1 and
a(t®™) # 1 for 1 < m < [, or equivalently in view of (2.10.5) and (2.11.3), that
() =0, a(t —t') # 0, and 7(I'y,) # 0 for 2 < m < I. Now 3”(\/y) # 0 since
B'(y) #0,s0 a(l'z) = 7(7) = " (Voy/y) = 0iff §'(x) =01i.e. iff | =2. For m > 3,
Ty, = Cn € Z[y?] C Z[z,y] so 7(Tm) = B(Cr,). Finally, if a(t) equals 1 (resp.,
—1), then 7() equals 2 (resp., —2) and using (2.10.4), (2.2.5) and Lemma 2.11, we
see, since K has characteristic zero, that in either case 7(I';) # 0, contrary to the
above. Now we have also (af)(t?) = 1 and (af)(t>™) # 1 for 1 < m < [. Using
the hypothesis of (b), we get that a(t —t~1)a(E},) = a(t*E) — (af)(t*E) = 0 and
so T(E}) =0, where E;, € Z[v] is as in (a). Using (2.13.7) and homogeneity of E,

. f deg E},
ﬂ'(EmT(E;)(g,,E éi) —0.

O

2.14. Let ¢: Z[z,y] — A be a homomorphism of commutative rings. Many useful
identities concerning the elements c;S( U}L]z) can be obtained from known identities
on Gaussian binomial coefficients (see [32, 1.3, Ch 34] or [26] for instance) and

Lemma 2.13. Part (a) of the following Lemma affords a non-trivial example.

Lemma. Assume A is an integral domain and that ¢(c;) = 0 for some non-zero
l € Z. Fiz ]l minimal and positive with ¢; =0 (note | > 2). Forn € Z and m € N,
write n = Iny1+ng and m = Im;+mg where n;, m; are integers and 0 < ng, mg < [.
(a) Let z =d if mo(ng — mg) is an odd integer and m(n —m) is even, and let
z = ¢ otherwise. Also, set k = ngmi — nimg + (n1 + 1)myl € Z. Then

o(n],) = sese(f].) ()

where (;:Lll) is an ordinary binomial coefficient in Z.
(b) We have qb([,’ﬂc) =0 1in A iff mg > ng or (:111) is zero in A (i.e. divisible
in Z by the characteristic of A); moreover, ¢(z14x1) is a unit in A.

c) Ifl=2 (i.e. a=0), then d, = (—1)"0t™1 L (pn,)1="0 gnd
(c) )
n (17n0)m0 ni
— (—1)™not+mo(not+ni+1) (p _ )
¢<L”L> = (brs = mn)) mi
Proof. The identity ([32, Lemma 34.1.2.(c)])

R CARIC I

for homomorphisms « as in 2.13(b) gives (a). Part (b) follows using Lemma 2.9(i)
and (2.12.3), since ¢(Cy) # 0 for 2 < f < I. We shall not use (c), and leave its
proof to the reader. [
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2.15. In this subsection, let ¢: Z[x,y] — A be a homomorphism of Z[z,y] into an
integral domain A. Assume ¢(¢;) = 0 for some [ > 0, and let [ € N be the smallest
such integer. Let p be the characteristic of A.

Proposition. Fizn,m,r :=n+m € N. Define n;,m;,r; € N as follows. If p =0,
then for N = n, m or r, write N = N1l + No with N; € N and 0 < No < [. If
p>0,setpy=1,p;=pfori>1and P, = Hz;épi fori >0, so Py =1; for
N =mn,m orr, write N =3,y NiP; with 0 < N; < p;.

(a) gi)([@ﬂc) =0 iff n; > my; for some i.
(b) qb([_m_l]c) =0 iff m; > r; for some i.

n

Remarks. We shall require the above expression N = . N; P; again subsequently;
we call it the [-modified p-adic expansion of N.

Proof. Tt is well known that an ordinary binomial coefficient (’:) in Z withm, n >0
is divisible by a prime p (i.e. zero in Z/pZ) iff €, ,(p') > 0 for some i > 0, where
€mn 18 as defined in 2.12. (This also follows inductively from Lemma 2.14(b) by
considering ¢: Z[z,y] — Z/pZ with ¢(z) = ¢(y) = 2). On the other hand, (")
is zero in Z iff n > m > 0. Part (a) follows immediately from this and Lemma
2.14(b). Then (b) follows from (a) on applying ¢ to the identity

(2.15.1) [ =D ]
m

2.16. Many of the above identities involving ¢, d,, and binomial coefficents mod-
elled on these sequences have (trivial) extensions to non-commutative rings. We
briefly indicate the necessary changes. Below, we use the convention that for ele-
ments x; of a non-commutative ring R, H?:p Tj 1= TpTp41 - - Tq for integers p < q.

First, one defines ¢, (a,b) and d,(a,b) for a,b in a (possibly non-commutative)
unital ring R by exactly the same recurrence formula and initial condition as in the
commutative case, so for instance

(2.16.1)  (¢,)8_o = (0,1,a,ba — 1, aba — 2a, baba — 3ba + 1, ababa — 4aba + 3a)

and d,(a,b) = c,(b,a). Now define C,, = Cy(a,b) and D,, = D,(a,b) as follows.
Let (ba) (resp., {(ab) denote the (commutative) subring of R generated by 1 and
ba (resp., 1 and ab). Let Cy = a, Dy = b, and C (resp., Dy) for N > 3 denote
the minimal polynomial of 4 cos? % evaluated at ba € (ba) (resp., ab € (ab)). We
have for n > 2 that ¢, =[]y, x50 Cn (resp., dn = [y}, N0 Dn). Note that the
order in which the factors are taken is actually irrelevant except that Cy (resp., D)
must come first if n is even. Similarly, one may define [ ] € (ba) Ua(ba) (resp.,
(7], € (ab) Ublab)) by the three identities (2.12.1)~(2.12.3) with z = ¢, Z = C
(vesp., z =d, Z = D).

In particular, take R to be the free ring Z(a, b) on two non-commuting variables
a,b. Suppose given a relation F = Y. nyT = 0in Z[t,t ] (vesp., Z[t,t 1] /{¢1(t?))
with [ > 2) as in Proposition 2.13, where T runs over terms as in (2.13.6) and np €
Z. Define Ty, € Z{a,b) formally as in the third equation in (2.13.6), regarding terms
¢, d and the binomial coefficients there as being given by their non-commutative
versions defined above (here, the convention on ordering of terms of the product
is essential). Then one checks that T) € (ba) U a(ba) and it follows readily from
Proposition 2.13 that Ey := > . nyTy, =0 in Z{a,b) (resp., Z{a,b)/(C})).
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2.17. The ¢, again arise as root coefficients (for reflection representations of di-
hedral groups over possibly non-commutative coefficent rings). The author does
not not know of any interpretation of the corresponding “binomial coefficents” de-
fined above, for instance analogous to their interpretation in Proposition 2.25 in
the commutative case. We do however mention the following observation.

Let H denote the generic Iwahori-Hecke algebra ([27]) of an infinite dihedral
Coxeter system (W, S) with S = {r,s}. For w € W, let C,, denote the correspond-
ing Kazhdan-Lusztig basis element of H defined in loc cit. Fix an integer n > 1

and let w := ((sr)n)fl € W. Then
Cw = Cn(cra Cs)cs

(as follows readily on comparing the recurrence formulae (2.2.1) with [27, (2.3)(a)]
and using the well-known fact that the (non-zero) Kazhdan-Lusztig polynomials
for dihedral groups are all equal to 1).

2.18. Valuations of Binomial Coefficients. In 2.18-2.23, we shall establish a
formula for the valuation of an element (b([}ﬂc), where ¢: Z[z,y] — A is a ho-
momorphism into a valuation ring A. This result is not used subsequently in this
paper. First, we collect some additional facts concerning 7, and I';, (cf [26] for the
first few of these).

The Chebyshev functions T, (x) := cos(narccosz) and Uy, (x) := sin(n arccos z)
of the real variable x are defined for n € Z and provide for n > 0 two linearly
independent solutions of Chebyshev’s differential equation (1—22)y” —2zy’ +n?y =
0. We now regard x as an indeterminate and T'(z) € R[z], U(z) € R[z, V1 — z2]. Tt
is well known (and easily checked) that T,,(z) and U, (x) both satisfy the recurrence
formula f,+1 — 22 f, + fn—1 = 0 which is also satisfied by 7, (2z); comparing initial
conditions,

x x x
2181) (@) =Ua(3)/00(5): @) —ea(@) =27()
for n € Z where Uy (3) = /1 — ‘%f. We have the generating function formulae
(2182) — —i O Sl —1+i( N
.18. T~y +22 n=0’7n+1 ) -yt 22 2 Yn+1 — Yn—1

in the power series ring (Z[v])[[2]] and formulae

Lnfl

2 ) 1 _
(2.18.3) Vo= Yen= Y (~1) (" , j>7"12ﬂ for n > 0,
. j
J=0

(2.18.4)
2]

) —1—3 )
Y4l — Yool =t H T ="+ (—1)J7.L<n : ])W"QJ for n >1
= g\ J-1

w3

in Z[y] C Z[t,t™']. From (2.11.4), it follows that for N > 3, I'y is a monic
polynomial of degree o(N)/2 in Z[y?], with successive coefficients of alternating
signs. From above, the constant term of y2,,41 is (—1)™ and the coefficient of v in
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Yo is (—=1)"T1n, for n > 0. Using (2.11.3), it follows that for N > 3,

—1)¢(N)/2p if N = 2p™, p prime, m > 1
Iy (0) = {( ) g vy -

2.18.5
( ) (=1)#(N)/2° " otherwise.

From (2.11.3) and Lemma 2.11,

(2.18.6) o= ] ™Y, o= [ &Y n>2
N|n,N>1 N|n,N>1

where p is the Mobius function. By definition, T, (t+t~1) = t=?(M ¢, () for n > 2.
From (2.11.1), this gives

(2.18.7) Toy = (—1)@<N>/2FN(\/4 - 72), for odd N > 1

ie. if Iy = fn(7?), then Ton = (—1)?(M)/2 fr (4 — 42). Now fix an integer N > 1
and a prime integer p > 0. Similarly by (2.11.2), recalling t* + ¢t = yp41 — Yp—1,

Y itN =1
(2.18.8) Pnp = S TN(Vpt1 = p-1) i pIN
Iy Opt1—9p-1) (Vfijvl(;)v p=1) otherwise.

A special case of this is the formula Iyni1 = Ign (y? — 2) for n > 1, which implies

(2.18.9) Ton (V4 —192) = (=1)?®) /200 (y)  forn > 2.
Another special case (taking N = 2) is
r if p is odd
(2.18.10) Tp+1 — Tp—1 = T 1 piso
Iy, ifp=2.

Now Vpi1 — Yp—1 = (t +¢71)P =P (mod p), so it follows by induction that
(2.18.11) Topm = AP 2P™) (mod p) for prime p and m > 1.

Thus, for m > 1, I';pm is a monic integral polynomial of degree ¢(2p™)/2 in
the variable 72, with constant term £p and all coefficients other than the leading
coefficient divisible by p (it is an Eisenstein polynomial for p).

2.19. We give specializations of some of the above formulae for I'y under a ring
homomorphism 7: Z[y] — S, where S is commutative ring of characteristic p. Let
Fs: S — S be the Frobenius homomorphism of S, given by A — AP for A € S.

Since T(Yp41 — Yp-1) = 7(7¥) = (Fs7)(y) and 7(L'y (7)) = (Fsm)(I'y) for any
N > 0, we get that for M,n € Z~¢ with ged(M,p) =1,

Fo=tr)(r if M =1
(2.19.1) T(Capn) = ( i_lﬂ)( 2)_1 :

(F¢~'m) (T, ) if M > 1.
If S is an integral domain, we see that for an integer N > 2,
(2.19.2) m(fn)=0 iff #«(T,n)=0.
If S is a finite field with ¢ = p™ elements, we also get

(2.19.3) m(Tng) =m(Tn) if p|N.
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2.20. In this subsection, fix an integer [ > 2. We suppose A = Z[z,y|/(C}) and
that ¢: Z[z,y] — A is the canonical epimorphism, which we write as f +— f for
f € Zlx,y]. We write f ~ g to indicate that elements f, g of the integral domain

A are associate.

Lemma. Let m > 2 be an integer.
(a) If m = q"l with q a positive prime and n > 1, then Cp ~q in A.
(b) Cp, is a non-unit of A iff m = ¢"l for some prime integer q and some
n € Z.

Proof. First, we show that if m { [ and [ { m, then C,, is a unit. Write ged(m, 1) = g.
By Lemma 2.9(a), ¢, A = ¢4 # 0. Hence AT],. o< gy, Ca = ATly. 9<g)y Ca # 0 by
Lemma 2.11, giving [],. djm,dtg C4 ~ 1 and so C,, ~ 1. Now suppose that m = nl
with n € Z~;. Using Lemma 2.14 and (2.12.3), we get

) e
c N>2 j:2<jin
since C'y is unit unless N | [ or [ | N, in which case €,;;(N) # 0 iff N = jl with
2 < j | n. It follows readily that C,; ~ 1 unless n is a positive power of a prime
q, in which case Cy,; ~ q. Now C,, is a unit in A iff A/(C,,) = Z[z,y]/(C},Cp,) =
0. From what we’ve seen already, it will therefore suffice to prove (b) under the
assumption that !|m (interchanging ! and m if necessary). This follows from the
above since for k € Z, k is invertible in A iff k is invertible in Z. O

2.21. Let ! € Z>y. Write C,, = Cy,(x,y) to indicate dependence on z and y. Set
(@', V) == (cp1 — ¢1_1,di41 — di—1) € Z[x,y]? and define ¢/, = ¢,(a’,V'), C!, =
Cyn(a',b') in Z[z,y] for n > 2. Thus, by (2.8.7) and Lemma 2.11,

(2.21.1) o= H Cly, Cp = H Cy, cnl = i,
N|n,N>2 N|n,N>2
and similarly for d,,. From this, it follows that for n > 2, the factorization of C,
into irreducibles in Z[z,y] is given by
(2.21.2)
C, = H C;, I,,:={jeN| jnl,jtml for mn with 1 <m <n}.
J€In,

2.22. Let L be a field and v: L — R U {oco} be an additive valuation i.e. a map
satisfying
(i) v(z)=c0iff 2 =0
(i) v(zy) = v(z) +v(y)
(i) v(z +y) > min((z), v(y))
for x,y € L (we allow trivial v i.e. v(x) =0 for all = # 0). Let A be the valuation
ring of L (ie. A={x € L |v(x)>0}) and m = {z € L | v(z) > 0} be the
maximal ideal of the (local) ring A. Let ¢: Z[z,y] — A be a ring homomorphism,
and m: A — A/m be the natural epimorphism.
Ifv(c;) =0 (ie. ¢; € m) for all j > 2, then for any integers m and n, (ucﬁ)([’:}]c)
is zero unless 0 < m < n, in which case it is co. We assume henceforward that
v(c;) > 0 for some j > 2.

Lemma. Set p:= char(A/m) and | := min{j € Z>o | v(¢;) >0} > 2. Then
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a) Forn>2, v(¢(Ch)) #0 iff n=1p™ > 0 for some m € N.
(b) Ifp|l thenl=1p orl = 2p.
) Suppose that p > 0 and char(A) = p. Then v(¢(Cin) = p" v (¢d(Cyp) for
alln > 1.
(d) Suppose that p > 0 and char(A) = 0. One may chose an integer M > 2 so
that (p™)(ve) (cidi(4—zy)) > 2v(p). Then v(Cipn) = v(p) for alln > M.
(e) For integers 0 < m < n,

(o([2] )= X cnntwimteci)

FEN:Pi >0

where €(N) = €nn(N) = [ 5] — ["F] — [§] € {0,1} and where we
terpret 0 - oo as 0.

Proof. For m € Z, v(¢(Cy,)) > 0 iff m¢(C),) = 0. Now 7¢ factors as a composite
Zlp,q] — Z[p,q]/{C;) — A/m. Suppose m # | with (7¢)(Cy,) # 0. By 2.20(b),
we have m = lq™ for some prime ¢ and n # 0. By choice of [, n > 1. By 2.20(a),
we get 0 = (7¢)(C),) = ¢, so p = g > 0. Suppose on the other hand that p > 0.
By 2.20(a), (7¢)(Cpn;) = p = 0 for n > 0. This proves (a). If p > 0 and m > 2,
then (w¢)(Cpm) = 0 iff (1¢)(Cy,) = 0 by (2.19.2), since C,, = I'y, for m > 2. This
proves (b). If char(A) = p > 0, then we have similarly that ¢(Cjpn) = qi)(C’lp)ﬂF1
for n > 1 by (2.19.1), since Cj, = I'y, and p|lp. This proves (c).

Suppose now that p > 0 and char(A) = 0. Since v(¢;) > 0 and v(p) # oo, we
may certainly choose the integer M as in (d). We shall now use the notation of
2.21. Observe that in (2.21.2), we have v(C;) = 0if j € I,; and j # nl, so we get
that (v9)(Cn) = (v9)(Cl). For N > 3, write I'y = fn(+?) for some polynomial
fn € Z[y]. From (2.18.7), (2.18.9) and Lemma 2.6(b), it follows that for n > 2

(2.22.1) Cpn = fpr(a'V) = for (4 — c1di(4 — zy)) = £gn (a1di(4 — zy))

where

(2.22.2) gn(7) = {f%n (y) ifp#2

fpn (’y) lf p= 2.
Now ¢g,(v) € Z[] is a monic Eisenstein polynomial for the prime p, of degree

©(p")/2 and with constant term +p. Writing p = (v¢)(qdi(4 — zy)) > 0, the
non-Archimedean property of the valuation gives for n > 2

=3 p if $o(p™) p < v(p)
(2.22.3) () (Cipn) = (VD) (Cpu) § = v(p) if $(p") 1= v(p)
=v(p) if $o(p™) > v(p).

The last case gives (d). Part (e) follows by taking valuations of both sides in the
following formula, which follows from (2.12.3):

(2.22.4) ¢<[ﬂ): I ((Cn)yemn™.

N>2
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2.23. Maintaining the assumptions of the last subsection, we immediately get the
following.

Corollary. Fiz n,m,r := n+m € N and for N = n,r,m define the l-modified
p-adic expansion N =), N;P; as in Proposition 2.15. Then,

(@) Wo)([W].) = i nism, V(3(Cpi)) f 0 < n < m and ¢([7],) =0 if

0<m<n.

(b) we)([T071].) = Xi s, V(0(Cipe)).

Remarks. According to (a), for 0 < n < m, (V¢)([7Z]0) is the weighted sum of
the “carries” when m is added to n — m using [-modified p-adic notation, with a
carry in the i-th place (i > 0) being accorded weight v(¢(Cypi)). Moreover, the
sequence of weights becomes regular for sufficiently large 4, by Lemma 2.22(c)—(d).
This generalizes the well-known formula for p-adic valuations of ordinary binomial
coefficients.

2.24. BGG-Demazure operators. In 2.3, we take R = R, v = 1, and assume
that IT := {A, B}, IV = {AY, BV} afford sets of R-linearly independent simple roots
and coroots for a reduced root system of a reflection representation of a dihedral
Coxeter system (W, S) (soa>0,b>0,a=0iff b=0, ab € {4cos® = } U[4,00),
and a = b if ab = 4 cos? % with m odd). We define m € Z>3 by m = oo if ab > 4,

and ab = 4 cos? 2 otherwise, so W has order 2m. If m is infinite, every root in
®, is uniquely of the form +a,, for some integer p; if m is finite, a1, = —a; and
every root is equal to a unique one of «y, ..., @s,—1. We denote s4 as r and sp as

5. We recall that < (resp., <?) denotes reverse (resp., ordinary) Chevalley-Bruhat
order on W with maximum (resp., minimum) element 1.

Lemma. Fiz I =0 or I =T and denote <, I’ just as <, l. Consider x <y in
W' with I(y) — l(z) = 2n + 1 and choose p € Z such that x = sq,y. Then

(a) there existe € {£1} andq € N such that {t € T |z <ty <y} = {54, |Jj €
X} where X = {p,p+e€,...,p+netU{p—(¢+1)e,p—(g+2)e,p— (g+n)e}.

(b) p—(q+1)ep—(g+2)e " * Ap—(g+n)e = FCq yQpteQproc: - Apyne (mod ) in
the ring R[A, B].

Remarks. If ¢ = 0, then in (a) one could replace € by —e and still have the same
set X, while in (b) one would have ¢, , = 1 since apire = —ap—k (mod ).

Proof. The first assertion is clear from inspection of Figure 2. For the second, we
have SI =+ . From (1.9.3)—(1.9.5) and Figure 2, on the other hand, it

Ci Y
Hjex @j
follows by induction (we omit the detailed computations in the dihedral group)
that Sf , = iﬁ (mod R[A, B](4,)) where real[A, B](,,) is the localization

i—1 Yptie ’ ’

J
of R[A, B] at its multiplicative subset generated by all roots not proportional to
oyp. Equating these two expressions for Si,y and clearing denominators gives the
congruence in (b). O

2.25. We continue to abbreviate ¢, = c¢,(x,y) and d,, = d,(x,y), where z, y
are generators of a polynomial ring Z[z,y], so [’Zﬂz € Z[z,y] for z = ¢,d. Let
¢: Z[z,y] — R be the ring homomorphism with ¢(x) = a, ¢(y) = b.
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(ST)n+2k—1 (TS)n+2k—1

A (k—1) QAntk

(87)n+3 (r$)n+3
(Sr)n—i-l\\il O‘"“//(rs)n-H
N

051/ n\-,
P / \\
(Sr)n_l/OCZ an—l\(\’l’S)n_l
(87)n—3 (r$)n—s

An—k+1

(ST)n—2k+1 (TS)n—2k+1

FI1GURE 2. Diagram of edges incident with a vertex in the Bruhat
graph of a dihedral group. A label of v on an edge joining z, y
means that 7 is a (not necessarily positive) root with y = s,.

Proposition. The elements ¢, , = cz;y and ¢ y i L>o defined in 1.6 and 1.20

for x,y € W, are given in the case of the dihedral group W of order 2m by the
following formulae:

T n-—
C
(Ts)na(rs)n—k < |: L%J

k=1 n—1 .
C?ST)"Ly(TS)n+k :(_1)L 2 ¢( LkglJ] ) f0<n<n+k<m+1
—n—

-1
C%;s)n,(sr)nk:¢([nk—1j ) f0<n—-k<n<m+1
2 1l
1 )
=9¢ ]) if0<n—-k<n<m+1
(&

0 — (_1)L5]
C(ST)nv(ST)n+k_( 1) ¢([ ng

Remarks. There are similar formula obtained by symmetry (interchange r < s on
the left hand sides and ¢ < d on the right hand sides). The second pair of formulae

1] > fo<n<n+k<m+1.
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(except for the sign and the inequalities) is obtained formally from the first pair on
replacing T by () and n by —n, recalling our notational convention (rs)_,, = (sr),.

Proof. By (1.5)(iii),

(2.25.1) Czlhx = CgI;,sx for y <z and vy € I with s,y >’ y and s,z <’ =
since @] , = s, ((I)zisww) U {v}. Hence it is enough to prove the formulae for odd .

Since both sides of the identities are positive, it is enough to establish them up to
sign. There are four cases; we shall treat only one of them in detail.

Case (1). For k > 1 with n + 2k — 1 < m + 1, the preceding Lemma and Figure 2
gives the following congruence in R[A, B]:
car)nﬁkil,(m)”aoa,l S (h—2) = Fn1Qng2 - Qpgp—1 (mod a_(p_1)).

From Lemma 2.7, we have F_p s a__1) + Fs _(x—1) @—k + F_(x—1),—r @s = 0 and
so since F_(,_1),_ = —1, we get ag = F, __1ya—x (mod a_(,_qy). In particu-
lar, ax and a_(;_1) span V, so they form a basis for V. Substituting into the
congruence above gives

T k—1
lorympants(rs)n = (=1),0F = (k=1),—1 -~ Fo (1), - (k-2 07
=4F iyt Ptz Fo(mtymgr—10t 3 (mod a_x_1))

and so

L Foetyni1Fe—tymnr2 Fo(k—1)ntk—1

C(sr)ntar—1,(r5)n

F_ogo—1yoF - (k—1),-1  F_(h—1),—(k—2)

| [erlesmes forodd ko n+ 2k — 2
=4 - i¢
dntidnior—2  fo oo L k=1
drdi ‘

which gives the second identity to be proved (with n replaced by n + 2k — 1, k
replaced by 2k — 1, and r < s, ¢ <> d interchanged). We use above that csds # 0
for 1 <s<m.

Case (2). One uses
T —
Clrs)npan—1,(rs)n WnH10n+2 7+ Qo1 = FA0Q—1 -+ A (9)  (mod i)

and as = —Fg i1k Qnik+1 (mod ayyy) for k> 1 with n 42k —1 < m + 1 to prove
the first identity in the Proposition.

Case (3). One uses

Clsryn oy (rs)n V102 Q1 = *anon 1y (k—1)+1  (mod ag)

and as = F sapt1 (mod ay) for k > 1 with n — 2k + 1 > 0 to prove the third
identity in the Proposition.

Case (4). One uses
0 _
Clrs)n_ans1s(rs)n OnOn—1 """ On_(k—1)4+1 = tajas - ap—1  (mod ap_gi1)

and as = Fs p—pt10n—k (mod ap_g41) for £ > 1 with n — 2k +1 > 0 to prove the
fourth identity in the Proposition (with r < s and ¢ < d).

O
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2.26. A-singular loci in rank two. Let A be a subring of R over which  is
defined, and recall the definition 1.22 of the A-singular locus of w € W (in the
order <! with I =@ or I =T).

Proposition. Consider a closed subinterval Q of W in the order leq’. Then the
folowing conditions are equivalent:

(i) For each x S{ y in Q, [z,y] is A-smooth

(ii) For each x <y in Q with I (x,y) = 2, [z,y] is A-smooth.

Proof. That (i) implies (ii) is trivial; the reverse implication follows readily from
the definitions and Proposition 2.25, on noting that if a binomial coefficient cé,x
with y <! 2 in Q is not a unit in A, then one of the factors (root coefficients) in
its “numerator” (as in 2.12) must be a non-unit in A, and that the root coefficients

which so appear are precisely the cé’m with i1 (y,z) = 2. O

2.27. We assume @ is defined over the valuation ring A of a number field L with
a non-trivial discrete valuation v. Let m be the maximal ideal of A and p (a prime
in Z) be the characteristic of the residue ring A/m. Let I be the minimal positive
integer such that v(¢;) > 0 (i.e. ¢ € m); such an integer exists by Lemma 2.9.
Consider the I-modified p-adic expansion n = ) .., n;P; for an integer n > 0, as in
Remark 2.15. B

Corollary. The A-singular locus of w = (rs), in (W,<!) (I =0 or I =T) is
determined as follows.
(a) Suppose first that I = T. If n = 0, then w is A-smooth. If n > 0, choose
i minimal with n; # 0. If n; # 0 for all j > i, then w is A-smooth in
<T'. Otherwise, the minimum element of the A-singular locus of w in <T
is (rs)p—o, where v =n;P;.
(b) Now suppose that I = () and rs has infinite order. If n =0, w is A-smooth
in <P. Ifn >0, choose i-minimal with n; # 0. Then the minimum element
of the A-singular locus of w in <” is (r$)nt20 where v = (p; —n;)P;.

Proof. This follows readily from Propositions 2.25 and 2.15 (the latter applied to
the composite homomorphism Z[z, y] 2 A A/m). O

Remarks. If rs has finite order m in the situation of (b), then w # 1 is A-smooth
if n 4+ 2v > m, and otherwise the A-singular locus is as given in (b). However,
this result is equivalent to that in (a) for finite W, since then Qf, and QY are
isomorphic as edge labeled directed graphs.

3. APPLICATIONS AND EXAMPLES

3.1. Smoothness of Schubert varieties. Suppose that G is a Kac-Moody group
over C associated as in [30] to a not necessarily symmetrizable generalized Cartan
matrix (refer to loc cit here and below for precise definitions). Alternatively, we
could take G as a connected, simply connected, semisimple algebraic group over
the complex numbers (see e.g. [2]).

Fix a standard maximal torus and Borel subgroup 7' C B C G, and define the
Weyl group W := Ng(T)/T of G, where Ng(T) is the normalizer of T in G. For
w € W, choose a representative w of W in N(T'). We let h = Lie(T") denote the
Cartan subalgebra corresponding to T of the (Kac-Moody or semisimple complex)
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Lie algebra g corresponding to G. Let 1 C & C ® C h*, IIV C &Y C ®V C b
denote the simple roots, positive (real) roots etc corresponding to our choice of B.
Taking V = RII, V' = RIIY and ¢: I — IIY as the natural bijection, we obtain a
based root datum E = ({ , ): V x V' — R,¢: IT — ITV) in the sense of Appendix
A, with corresponding Coxeter group naturally identified with W. All results of
Sections 1-2 are applicable in this situation.

Associated to the above data, we have the flag variety G/B (which is possibly
infinite-dimensional in the Kac-Moody setting) and (finite-dimensional, complex
projective) Schubert varieties X,, := BwB/B in G/B for w € W, namely the
closures of the B-orbits on G/B in their natural reduced scheme structure. We
have X, C X, iff v <? w iff w <7 v where <? (resp., <T') denotes ordinary (resp.,
reverse) Chevalley-Bruhat order on W. We identify W with the set of T-fixed
points of G/B by the map w + wB. For I = or T, we write [v,w]l :={z € W |
vtz <t w}.

3.2. For definitions and some discussion of rational smoothness and smoothness
of points of Schubert varieties, see for instance [1], [27], [5] and [6]. We record in
the notation of this paper the main result of Kumar [31, 5.5], which characterizes
the smooth points and rationally smooth points of Schubert varieties X,,.

Theorem. Define ¢, = cz;,x e S(V) fory<Tz asin 1.6. Fory <T z in W,

(a) z is a rationally smooth point of X, iff ¢, . € R for all z withy <* 2 <T z
(b) x is a smooth point of Xy iff ¢y =1

Remarks. Since x is smooth in X, iff z is smooth in X, for all y <T 2 <T gz, the
condition ¢, , = 1 in (b) is equivalent to ¢, , = 1 for all z with y <T 2 <T g. Since
@ is defined over Z, ¢, , € Z[II] C S(V) for any y <7 z by Lemma 1.9.

3.3. Recall from 1.22 that for I = () or I = T, we say that [y, z]! is A-smooth if
y <! z and céz is a unit of A for all z € [y, z]!. Kumar’s criteria imply that rational
smoothness (resp., smoothness) of = in X, is equivalent to R-smoothness (resp., Z-
smoothness) of [y, z]” in this sense. We shall say that = is an A-smooth point of
X, if [y, z]T is A-smooth. The next result follows immediately from Theorem 3.2

using Theorems 1.11 and 1.14.

Theorem. Let A be any subring of R.

(a) Forwv <Y w in W, v is a rationally smooth point of X, iff for each coset Dz
of each mazximal dihedral reflection subgroup D of W such that z € [uw]m
and §(Dz N [v,w]?) > 3, there is a unique x € Dz N [v,w]? such that for
each reflection t of D, either tx <" x or tz f‘n w.

(b) Fizv e W with v rationally smooth in X,,. For each D, z and x as in (a),
let y be the minimum element of Dz in the order <® on W, and let H be a
Kac-Moody group (as in [30]) with the same root system as D and standard
Borel subgroup C corresponding to the roots for D which are positive for B.
Then v is an A-smooth point of X, iff for each Dz (and the corresponding
x,y, H, C), zy~! is an A-smooth point in Ciy=1C/C.

3.4. To apply the above theorem to investigate smoothness of a point v € X,,, it
is only necessary to consider the finitely many maximal dihedral subgroups D of
W for which D N [w,v]T has at least three points; these are effectively computable
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(e.g using results of [15] adapted to the more general class of root systems consid-
ered here (cf Appendix A). The necessary information on singular loci of Schubert
varieties for rank two Kac-Moody groups is recorded in 3.7-3.13.

For G of finite or affine type above, it is easy to describe all the maximal dihedral
subgroups of W completely. In the finite case, they are just the rank two para-
bolic subgroups (for the finite classical types A-D, one can even find all reflection
subgroups of W listed explicitly in [14]). In the affine case, the maximal dihedral
subgroups are the rank two parabolic subgroups together with certain infinite di-
hedral subgroups; in the irreducible affine case, a typical infinite maximal dihedral
subgroup is generated by all reflections in reflecting hyperplanes parallel to a fixed
reflecting hyperplane, in the standard representation of W as affine reflection group.

For G of classical (finite) type, the cosets of the maximal dihedral subgroups
of W have simple explicit descriptions using standard representations (by (signed)
permutations, for instance) of elements of W. Using the known descriptions of
singular loci for rank two finite groups, and standard descriptions of Chevalley-
Bruhat order in terms of signed permutations etc (collected in [1], for example), it
would be routine to write down explicit combinatorial characterizations of singular
loci in these cases (see also 3.17).

3.5.  We give the following generalization of Peterson’s A, D, E-theorem [6].

Corollary. Let G be a semisimple, simply connected complex algebraic group and
let x € W be a rationally smooth T'-fized point of X,.

(a) In general, ¢y, =2"3™ for some n,m € N.

(b) If G has no factors of type G, then cy , = 2" for some n € N

(c) If G is simply laced, then ¢y, = 1.

Proof. This follows directly by induction from Lemma 1.13 and the well-known
values of the ¢, , for the rank two semisimple groups (see [31], [1] or 3.7-3.10). O

Remarks. According to [31, Remark 5.3], if there are no components of G of type
Ga, then ¢, , is the multiplicity of x in X,,. We do not know if this holds for G or
in the general Kac-Moody setting.

3.6. Examples. Recall the terminology 1.22. In subsections 3.7-3.13, we determine
the singular loci in that sense of points w € W for both orders <T <? and the
root systems associated to the generalized Cartan matrices (Eb }“) of rank two
(for the finite types, we treat only <” since the results for < are equivalent). We
repeat that v is a smooth point of the Schubert variety X,, iff v is a smooth point
of w in reverse Chevalley-Bruhat order <”. Additionally, we shall say p-smooth,
p-singular etc instead of Z,z)-smooth, Z,z)-singular etc, where Z,z) denotes the
localization of Z at its prime ideal pZ for a prime integer p (as in the Introduction).

For each of the rank two root systems considered, we denote the simple roots
as A, B and the corresponding simple reflections as r and s respectively. We
write m for the order of the product rs, and for a positive prime integer p, set
lp = min{k € Nxg | plcg}, I}, := min{q € Nxo | p|d, }. For the finite types
(ab < 4), we shall explicitly list the p-singular loci and singular loci. For the
infinite types ab > 4, we are unable to improve on Proposition 2.27, except for
explicitly giving the values of [, and l;, in the affine cases ab = 4. In the finite (resp.,
affine) case, we also list (resp., express in terms of classical binomial coefficients)
all elements ¢([2])Z with z =corz=dand 0 < k < n < m (resp., k > 0)
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where ¢: Z[x,y] — Z is the ring homomorphism determined by ¢(z) = a, ¢(y) =b
Finally, for the infinite types (ab > 4) we describe the singular loci in both orders
<p and <p. Recall that all elements of (rank two) W are R-smooth in either order
<p or <p. Most of the facts follow directly from the general results, so will be
stated without proof; many are well known, especially in the finite cases.

For singular w, we shall indicate the singular locus of w in the order <!, when it
is non-empty, simply by listing the minimum element (in <) of the singular locus.

3.7. Ay x A;. We have a = b =0, &, = {A,B}, m = 2, (¢,)%2_ = (dn)?_y =
(0,1,0), (;5([ ]) —(;S([ ])d— 1 for 0 < k < n < 2. Further, [, = [}, = 2 for any
prime p. All w € W are p-smooth and smooth in <.

3.8. Ay. Wehavea =b=1,®, = {A, A+ B,B}, m =3, (cn)3_o = (dn)3_, =
(0,1,1,0), qS([ ]) fgb([ ])df1f0r0§k§n<3 Further, [, = I, = 3 for any
prime p. All w € W are p-smooth and smooth in <p.

3.9. Ba. Wetake a =1,b=2, &, = {A, A+ B,A+2B,B}, m =3, (cp)p_o =
(0,1,1,1,0), (dn)t_, = (0,1,2,1,0) o([R],)=0([R],) =1foral0<k<n<4
except (Z)([l ]d) = 2. For p # 2,1, =1, = 4 and all w € W are p-smooth in <r.
For p =2, 1o =4 and I}, = 2 and all w are 2-smooth and smooth in <7 except srs
with 2-singular locus (and singular locus) s.

3.10. Go. We take a =1,b=3, &, = {A,A+ B,2A+3B,A+ 2B, A+ 3B, B},

m=6, (c,)¢_,=1(0,1,1,2,1,1,0), (d.)S_, = (0,1,3,2,3,1,0). For p > 3, we have
I, = l; = 6 and all w are p—smooth in <p. For p = 3, we have I3 = 6 and l§ = 2,
while for p = 2 we have I, = I, = 3. We give the other information in Tables 1-2
below.

o([%]1.) n o([% 1) n
012345 012345
0[1 1 1 1 1 1 0/1 1 1 1 1 1
1 112 11 1| 132 31

ko2 12 2 1 ko2 12 21
3 111 3 13 1
1 11 1 11
5 1 5 1

TABLE 1. Specializations of certain binomial coefficients in type
G2; missing entries indicate zeros.

Element || 2-singular locus | 3-singular locus | singular locus
sr's [} s s
rSTS rs 1] rs
sTSsT s 1] s
TSTST T 1] T
STSTS S sTS sTS

TABLE 2. The singular w in <7 in type G, and their singular
loci, 2-singular loci and 3-singular loci
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3.11. Agl). Here,a =b=2, ¢, =d, =n forn € Z, and (j)([z ] ) (") for z =c
or z = d and all integers n and k. For a prime p, we have [, = l

3.12. AgQ). Here, we take a = 1, b = 4. We have

5 for even n 2n for even n
Cn = n —

n foroddn ’ n  for odd n

()= s

qb({] ) 2(}) for odd k(n — k)

k], (%) for even k(n — k).

For a prime p, we have [, = [}, = p if p > 2, and Iy = 4, [; = 2. Thus, the pattern
of p-smooth loci is the same as for Agl) provided p # 2.

3.13.  We shall call Z-smoothness in </ simply smoothness in <’, etc. Finally, we
describe the singular loci in the infinite cases.

Proposition. Suppose that ab > 4 with b > a.

(a) Suppose a > 2. Then the smooth w in <p are 1, r, s, rs and sr; the
singular locus of (r8), (resp., (sr),) in the order <r is (rs),—2 (resp.,
(87)p—2 forn > 3.

(b) If a > 2, the only smooth w in the order <y is 1, and the singular locus of
(r8)n (resp., (sr)n) in the order <g is (rs)nsa (resp., (s7)ny2) for n > 1.

(¢) If a =1, then the smooth w in <p are 1, r, s, rs, sr and rsr; the singular
locus of (18)n (resp., (sr)n) in the order <t is (rs)p—_a (resp., (sr)n—o for
n>4 (resp., n > 3).

(d) If a =1, the only smooth w in the order <y is 1, and the singular locus of
(r8$)n (resp., (sr)n) in the order <y is (r8)pto (resp., (s7)nt2) form > 1
(resp., n > 2) while that of s is (sr)s.

Proof. If (rs),, is singular in the order <r (resp., <p) its singular locus is necessarily
of the form (78),,—2, (resp., (rs)nt2y) for some v > 1 (by Lemma 2.27, for example).
Using (2.2.6) and Proposition 2.25, one readily checks that the singular loci are
contained in the indicated sets in each case. In the affine cases, it is clear from
3.11-3.12 that the singular loci are as given. In the general case, we observe from
(2.11.5) that for positive a,b € R with ab > 4, C\,(a,b) and D, (a,b) are both non-
decreasing functions of a and both non-decreasing as functions of b; it follows from
(2.12.3) that gf)([};]z) is also non-decreasing as a function of either a or b in this
range, for z = c or z = d and for 0 < k < n. This implies that the singular loci in
cases (a) and (c) (resp., (b) and (d)) have the same pattern as for the affine case

Agl) (resp., Agz)). |

3.14. Connection to representation theory. We indicate without proof or even
complete statements some of the connections of the subject matter of this paper
with representation categories [21] and generalizations (see also [12, 13]).

Adopt the notation of 1.19. Fix an interval X € P!. Give X the order topology,
with a basis for open sets provided by the sets {w | w < z} for z € X. Let A[Il]
be the Z-graded subring of S(V') generated by A UII (it is a polynomial ring over
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A on generators II), graded so A[ll]p = A and A[ll] = All := ) ;Aa C V.
Let Z be the naturally-graded A[ll]-algebra of functions f: X — A[II] satisfying
f(x) = f(y) (mod aA[II]) for all z = y in Q¥ (=), under pointwise operations. For
x € X, let €,: Z — A[II] denote the evaluation homomorphism f +— f(z). One
can verify that the data (Z, A[Il], A[II], X, € := {e, }zex, !) satisfies the conditions
in [21, 1.12] and one may define the exact category C-gr as there. From [13], it
follows that there is a projective object P of C-gr such that any projective object of
C-gr is a direct summand of a finite direct sum of degree shifts of P (if A is local,
P could by loc cit be uniquely specified by conditions as in [21, Proposition 1.12],
where however the statement was limited to the case that A is a field). We define
the Z-graded A[Il]-algebra B4 := End(P)°P, well-defined up to Morita equivalence.

Remarks. We consider this construction in greater generality elsewhere. As one of
several very interesting variants related to Coxeter groups, we mention the closely
related K-theory analogue which is defined if A = Z; replace Z[II] by the integral
group ring Z[L] of the root lattice L = ZII, use f(z) = f(y) (mod (e* — 1)Z[L])
in the definition of Z, and use filtrations in place of gradations. Lemma 1.9 and
its K-theory analogue become more natural when interpreted in the exact category
e.g. 1.9(c) generalizes to arbitrary objects of C-gr, where it follows from an Ext!-
vanishing property.

3.15. For a maximal ideal m of A, let B := A, be the localization of A at m
and k = A/m be the residue field of the (local) ring B, regarded as B[II]-module
annihilated by II; then (see [13]) Bp ®pm k is a finite-dimensional Z-graded k-
algebra with a highest weight representation theory (it is quasi-hereditary (see [7])
with weight poset X as ungraded k-algebra, for example). It has (suitably graded)

simple modules L2 and universal highest weight modules (Verma modules) A
naturally parameterized by X. We form Poincaré polynomials

xT

MBI = mBW (0) = YA LE ()" € Z[o, 071,

Y,
ne”Z

from the graded composition factor multiplicities of L7 (n) in Zf, where (n) denotes
grading shift. The theorem below, in which (a)—(c) are essentially trivial in the
appropriate context, collects some properties of these multiplicities which we shall
prove elsewhere; in particular, (e) provides a representation-theoretic interpretation
of B-smoothness for local rings B.

Theorem. Let B C R be any Noetherian local ring over which ® is defined.

(a) mPW!T =0 unless y <! z; mP V1 =1

(b) mPZ W1 > mB WL (coefficientwise) if B' is a Noetherian local ring with
B C B’ CR, and for fized y, the set of z for which strict inequality holds
is closed in X.

(¢) If A is the ring of algebraic integers of a number field, than mﬁ;*w’l =
mg)’XV’I for all but finitely many maximal ideals m of A.

(d) mPZ VT > Ull(z*f”)mB’W’I (coefficientwise) for z € [y, z].

(e) The ungraded composition factor multiplicity mB WI(1) €N of Lf n Zf
is equal to 1 iff [y, z]! is B-smooth in the sense of this paper.
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3.16. For the remarks here, we need to consider root systems for which the simple
roots are not necessarily linearly independent, or finite in number (see the Appendix
A). Let us say that a subgroup W’ of W is pseudoparabolic (for the given reflection
representation of W with root system @) if it is generated by {so |a € UN®}
for some linear subspace U of RII (for finite W, the pseudoparabolic subgroups are
just the parabolic subgroups). There are then inequalities such as

(3.16.1) mBWI(1) > ZmB W BPYVIZ;Z{TW'(U

where 2 ranges over the vertices z of Qf([y,z] N W’x) for which there is some
directed path from z to = in Q! ([y, 2] NW'y) but no edge t = z in Q! ([y, x| NW'y),
and p € W'z = W'z is fixed but arbitrary. These arise as follows. Let B’ be
the localization B[II], of B[II] at the muliplicative set of all homogeneous elements
of B[] not lying in its homogeneous prime ideal p generated by the maximal
ideal of B and U N ZII; B’ is chosen so the weight posets of the blocks of B’ :=
Bp ®ppm B’ are the non-empty connected components of the graphs Q(X N W'z)
as W'z ranges over cosets of W’. The above inequality reflects the decomposition
PEWIQpm B = @n%ZPZB’WI’I@B[H] B'(l1(y, 2)) of the localization of a projective
indecomposable Pf WL of B = BW as a direct sum of localizations of projective
indecomposables P2V for a similar algebra B" ' associated similalrly to a coset
of W’. Considering filtration multiplicities of standard objects parametrized by z in
both sides shows n,, . = m W1 (1) for z as in the sum in (3.16.1), and then (3.16.1)
follows by looking at the filtration multiplicities of standard objects coresponding
to . One has B’ 2 B’(2), so one loses information on graded multiplicities.

Let us indicate how (3.16.1) specializes if W is a finite Weyl group, A = R,

=0 and I =T. The proven Kazhdan-Lusztig conjecture for semisimple complex
Lle algebras then implies that my """ = =" *)P, ,(v™%) where P, , denotes a

Kazhdan-Lusztig polynomial [27] (see [21]; this equality conjecturally holds for
arbitrary W). Then (3.16.1) becomes
(3.16.2) Pry(1) =Y PV (1P (1)

where z runs over the same elements as before, where ¢ is the maximum element of
W'z in <T and where the PV are Kazhdan-Lusztig polynomials computed in W',
with respect to its canonical Coxeter generators. These last inequalities (for finite
Weyl groups) have been obtained independently (by a technique of “hyperbolic
localization in intersection cohomology”) in [4].

3.17. The inequalities (3.16.1) are far from equalities and are probably not of any
particular significance except for the following special case. In (3.16.1), each term
on the right is one or greater, so if mi’m‘/,v’l(l) =1 for some z’ > z, then by Theorem
3.15(d) there is only one term in the sum on the right of (3.16.1) (and that term is
necessarily equal to one). Applying this remark with B = R gives part (a) of the

following:

Theorem. (a) If [y, z)' € P! is R-smooth, then for each pseudoparabolic sub-
group W' of W and each z € [y,z]!, there is a unique vertex 2’ of T :=
QL ([y,z] " W'z) such that there is a directed path from z' to z in T but no

« .
edge 2" — 2" inT.
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(b) Let A be a subring of R and M' be any family of pseudoparabolic subgroups
of W, such that any dihedral reflection subgroup of W is contained in some
element of M'. Then [y,z]! € P! is A-smooth iff for each W' in M’
and z € [y,z|' as in (a), there is a unique 2’ as in (a) and moreover

[2'p~t, zpfl]%'/l,mwl s A-smooth in S?,[',I,QW/ for some (or equivalently, any)
peEWiz=W'7.

We are unable to give a direct combinatorial proof of the statement (a) along
the lines of the arguments in Sections 1-2 this paper. However, given (a), part (b)
follows readily by applying Theorems 1.11 and 1.14 to W and the various W”’.

For finite Weyl groups, (a) also follows from the above-mentioned work [4] and
then (b) with A = Z provides criteria for smoothness of points v in Schubert vari-
eties X, for semisimple complex algebraic groups, in terms of smoothness of points
in Schubert varieties for lower rank groups. When formulated concretely in terms of
(signed) permutations for classical types A, B, C, D, the resulting smoothness cri-
teria for the case M’ consists of a suitable family of rank three parabolic subgroups
resembles and is related to (but does not obviously imply) various known and con-
jectural characterizations of singular loci in terms of “patterns” (cf [1, Chapter §],
4]).

For crystallographic W, (b) with A = Z can be regarded as giving similar ‘pat-
tern” descriptions of smooth and rationally smooth loci of Schubert varieties for
Kac-Moody groups. For more general W and B, (b) may be reagrded as giving sim-
ilar “pattern” descriptions of multiplicity one loci for the representation categories
mentioned above.

Remarks. We have not attempted to compare the efficiency of the smoothness
criteria here with other general and special tests for smoothness. However, we
remark that several general tests require (at least implicitly) a preliminary test for
rational smoothness, and the efficiency of this step might be considerably improved
if some statement akin to 1.15 could be proved.

3.18. The determination of the multiplicities mzﬁ W:I even in special cases such as

for finite or affine Weyl groups is a very interesting problem. The results proved
in this paper together with Theorem 3.15 provide a description of the closed set
My p = {z >y | mJ (1) > 1} of the closure § of y. Conjecturally, my "
is expressible in terms of the appropriate Kazhdan-Lusztig polynomials which are
defined purely combinatorially as in [27], [28], [17] from W and the order <!. It
would therefore be of considerable interest to have a characterization of the “B-
indifference locus” Oy p = {z € 7 | mJ"" = mi 1}, which is open in 7.
Theorem 3.15 together with the results proved in this paper imply that O, g\ M, r
can be determined by reduction to the case of dihedral groups; it is natural (but
possibly too optimistic) to ask if there is a similar description of O, p itself.

If W is the Weyl group of a Kac-Moody group G, it would also be very interest-
ing to have an interpretation of m?ﬁ ’wW’T, in terms of geometric data attached to the
point x in the Schubert variety X, similar to the interpretation [28] of Kazhdan-
Lusztig polynomials as Poincaré series of the local intersection cohomology (for
B = R, this would follow immediately from the above-mentioned conjecture that
myp VT = vlT(y’z)Px7y (v™2)). In general, mZ V"7 cannot arise directly as a Poincaré
series of local intersection cohomology since, although satisfying the equations cor-

responding to Verdier duality (fixedness under the Kazdhan-Lusztig involution) it
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does not satisfy the necessary degree-vanishing conditions (the analogue of the de-
gree bounds for Kazhdan-Lusztig polynomials). Possibly it has in some cases an
interpretation in a framework similar to that considered in [34, Section 3] or per-
haps in connection with some currently unknown K-theory analogue of categories
of perverse sheaves (cf Remark 3.14 and [21, 8.3]).

Remarks. Apart from combinatorial and geometric applications and their intrinsic
representation-theoretic interest, another main reason we have considered these
representation categories is the possibility that, in the case of affine Weyl groups,
they are related to categories of representations of semisimple algebraic groups in
defining characteristic p > 0 (and quantum groups at roots of unity, in the K-theory
case). Relations between mffﬁz) ’W’T(l) (for W a finite Weyl group and p larger than
the Coxeter number) and special multiplicities in semisimple algebraic groups can
be deduced using results in [34]. One might hope that the categories considered
here for affine Weyl groups are related to regular block categories for semisimple
algebraic groups in an analogous manner to that in which regular blocks of O
are related to blocks of parabolic O for semisimple complex Lie algebras, at least
for sufficiently large p; the Kazhdan-Lusztig conjecture and Koszulity conjecture
in characteristic 0 in [21] together with the Lusztig conjecture would imply the
existence of such a relation at the level of multiplicities (for p >> 0).

APPENDIX A. ROOT SYSTEMS AND REFLECTION REPRESENTATIONS

We describe our technical assumptions on the reflection representations and cor-
responding root systems which we consider in this paper. The results are variants
of standard facts and can can be proved in a similar way (see [9],[15],[14]).

A.1. We consider two R-vector spaces V', V' with a given fixed R-bilinear pairing
(,):VxV =R Forany a € V, o/ € V with (a,¢/) = 2, we let sq4o €
GL(V) be the linear map (pseudoreflection) given by v — v — (v, &), and define
Sar,a € GL(V') similarly. Assume given subsets II C V, IIV C V’ such that II
and IIV are R-linearly independent, or more generally, such that each finite subset
of II (resp., IT') forms a set of representatives for the extreme rays of a pointed
polyhedral cone in V' (resp., V') i.e. if 3 . caa = 0 with ¢, € R and at most
one ¢, negative, then all ¢, = 0, and similarly for IIV. We also assume there is
a given bijection ¢: IT — IIY denoted a — " such that (o,a") = 2 for a € II.
Let R := {Saov | @ € II'}, W denote the subgroup of GL(V) generated by R,
@ = Uyew w(Il), and & := &N Y .y R>oa Define R, W', &V, &Y similarly
using IIY C V' instead of I C V.

Define P := {4cos? = | m € N>3 } U[4,00) € R>o. In the above setting, the
following conditions (i)—(iii) can be shown to be equivalent:

() @ =@, U(-D.)
(i) @V = 0} U (-2Y)
(iii) for aw # B in II, we have (a,3Y) < 0 and co 5 == (a,8Y)(B,aY) € P;
moreover («,3Y) =01iff (B,a¥) =0

We say that E = ({,): V x V' — R;u: Il — IIY) is a based root datum with
associated Coxeter system (W, R) if (i)—(iii) hold, as we now assume. We call II C
. C @ the simple roots, positive roots and roots respectively, and IIY C ®Y C ¢V
the simple coroots, positive coroots and coroots, respectively.

acll
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For o, 8 € 11, define mo g = 1 if @« = 3, map = 00 if o3 > 4 and mq g =
m if cqp = 4cos® = with m € N>y, Then (W,R) and (W', R’) are isomorphic
Coxeter systems with Coxeter matrix (mq,g)a,germ, an isomorphism being given by
0 : Sa,av — Sav,o for a € II. Regarding 0 as an identification, we have (wa, 8) =
{a,w™'3) (i.e. the representation of W on V and V' are “contragredient”) and
the bijection II — IIV extends to a W-equivariant bijection ® — ®V, which we still
denote as a — «". The reflection in a root a or corresponding coroot oV will be
denoted just sq.

A.2. We shall say that ® is defined over a subring A of R if {a,3Y) € A for all
o, 3 € 11, or equivalently, for all o, 3 € ®; then ® C AIl, and ®V is also defined
over A. We say that ® is reduced iff o, ca € ® with ¢ € R implies « = +1. This
holds iff (o, Y ) = (B,a") for all «, 3 € II for which m, s is an odd integer, and
also iff @V is reduced. A root system defined over Z is automatically reduced in
the sense here.

A.3. Reflection Subgroups. A subgroup W’ of W which is generated by the
reflections it contains (i.e. by W/ N T) is called a reflection subgroup of W. The
following theorem can be deduced from corresponding results in [14] or [15] or
proved in the same way

Proposition. (a) Let W' be any reflection subgroup of W.There is a set of
Cozeter generators R' for W' and a based root datum E = ((,): V X
V' = R;/: T — II"Y) with associated Coxeter system (W', R') such that
II' C @, and ' is the restriction of t: ®V — ®"Y. The set II' is unique
up to multiplication of its elements by (possibly different) positive scalars;
hence it is unique if ® is reduced. In any case, R' is uniquely determined
by W'.
(b) A subset II' of ® arises from some W as in (a) for some W' iff the condi-
tions of (iii) above hold for all o # p € II'.

Remarks. This would not be true in general if in our definition of a based root
datum, we did not allow II to be infinite and possibly linearly dependent. It would
also not be true even for dihedral W' if we used instead of P the set {4cos® I |
m € Nxp U {oo} } (with I- := 0) in the definition (as one effectively does for the
“standard” reflection representation as in [3] or [23]).

A.4. Reduction to the case of linearly independent roots. Throughout Sec-
tions 1-3 of this paper, we have considered only based root datums for which ®
is reduced and II is linearly independent, unless otherwise indicated. However,
the assumed linear independence of simple roots becomes a technical inconvenience
when, in order to study objects associated to W, one needs to apply results for
corresponding objects defined from reflection subgroups of W. We indicate here a
technique, used in the proof of the version of Theorem A.3 in [14], which can in
many cases be used to reduce the general case to the case of linearly independent
roots.

Consider two based root datums E = (((,)): V x V' — R;/: I — II'Y) and
E=((,):VxV = R;i: 1T - IIV) We say that E is a covering root datum of
E if there is a given pair of linear maps m: V. — V and 7’: V/ — V' such that
(o, 7'") = ((v,0")) for all v € V, v/ € V, and if moreover 7 (resp., 7) induces
a bijection II — II (resp., II' — II' satisfying 7'(s(a) = i(n(a)) for all o € II.
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It follows that 7 restricts to a bijection of root systems ® — & and there is an
isomorphism of corresponding Coxeter systems 6: (W, R) =~ (W, R) determined by
Sa > Spa for a € @ and satisfying m(wv) = f(w)w(v) for w € W and v € V
(similarly for W acting on V’). Given any based root datum F, one can always
choose a covering root datum E such that IT and IIV are R-linearly independent.
To apply this to the study of rational functions Sg ,, Sa:;w associated to W

on V and W on V, for example, note that 7 induces an algebra homomorphism
S(V) — S(V) which extends to a homomorphism of the localizations at multi-
plicative subsets generated by the roots, which we still denote as 7 : S(V)[®~1] —
S(V)[®~1]. Tt is easy to see from the recurrence formulae (1.4.2) that (for ® re-
duced) W(S’wyw) = Sou,0w, SO most results proved for S'I,w for W (for which the roots
are linearly independent) immediately give corresponding facts for Sy .

Remarks. For non-reduced ®, the BGG-Demazure operators x,, are still well-
defined up to multiplication by a unit of any ring A over which & is defined. Thus,
the rational functions S’m,w etc are only well-defined up to unit factors, so more
care is needed in dealing with the “recurrence formulae” for them. Most results in
Sections 1-2 extend to non-reduced root systems; the assumption that ® is reduced
is necessary only to avoid the more complicated statements in the non-reduced case.
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