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How o‘,bout‘a wove practical
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Some. uﬂs%erl]‘ Flows way be pale
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¢ balance !

Force & Momentum out —

momentum rn !

(NM@MLer - Mameyﬁumﬁ

Porce are ve ceters!)
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Thus An e:mw/:/c g |
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Cur \)d'we, e,\apec{-s N

1 N UodeQ

Thus U & u,,az‘_z

] Le sfress 27 ‘H\e chner C//Mjef
1S QU ¥ 4 0
= 12}
= A 2y BB

The fofgue s

y @(;Z,,()(@ (zrR #)
where |4 /s +he Lp{yH' inthe
2~ Bire ction. Thus:

A Q,n..nRH Az«\

which coan be useQ 4o estmate M



Another EKQM/O/& £ E/_o‘g.\ Loy
an nelmel plane

.| X\; %
ec

TE the Cluif js viscous | it will

M/MJU] reach Som e constant ﬂf(/(uf‘;s

S, wnd seme steadly velocty
f)fop{/e,. What /s the re[e#mslzl'o
betuween Qg , u, 8, § K,9,
oanf) © 77 Tust o./a,o}z Lhe WNevier-
Slokes ffua,{fms,/

&(_s_‘_t_ we choose 4 coordmate

eysteM alsgneoQ w}%LfLegemc{rr-f

i mportant, Crosstng out @
you e;c’oed' to Le zero, TF
you Can Sg—é}_& Q,l_/ 13’,_9:9 with
the sbm)o/fﬁcﬁ cpuation, you got
it rialu‘:fa Thes s S'ﬁf_l‘_f_ﬁ/)/'é/‘ut
ouly - [ear proé/ens, as
nﬂ'ﬂ—/MEQP g?ue'(’r‘ms of*en Aay&
multiple so’/gfgcztse/ Even there
}{-)s &3009 wa)/ LLD gtart.

< now é.ﬁ_l\.@_’f_ PLZs;(J/Ef

Of(/ we prec’r uni&ﬂ‘ec'hm al vf%;o.
ﬂuS .

-2f
07 -2y,

! ved, +
o : té—f-u* x* 89,

Let X be the ::anec{’?’d*u 4./u;19

va; ,o[a,{'ﬂej a,ng )/ b& I)JYMa,(
to the /OIQ%'C. w/ y=o at the
f{mfe - ™

Thus §°-3cose éy +3sm9€x
Agadn, we have wnidirectizaal
Plows m the x-RByectirm, we
;ex,oec{' Lhere will be no€locw m the
‘y—@w&;m - Just a hydrostakic
pressure variation,

| Note t to sofue +lese sords of

problems, look of f pﬁzs"cal(y A
keep those fens whick appear fo

RECQ,” %A&'{' 10”' un‘t‘ﬂlye —
l”‘/’*"_ﬁtﬁmiii.ut £ low

DUy

5% - ©
There s 72 variatien in the 2-

Rwection (2-D 4/01.0), ths
_ 9t
B B 37
Now to salue : First we jd"lit
Pre ssure istr. lo wtion.

Z-0¢¢sSé
g, g

» P = Lexy - ¢qy (rsé
IQIA‘? P’y s’—" Po (QfmoV(G//C)

ﬂws P Po = g? (g.y)case



Mote that %% =0 45@

QISQ)L}dears Erom the x—MomenfuM
e?u4+7bw$

DZu
) ‘ ne
D-‘—fg/*‘e 5% + S9s

(»)
So bS ==5g o e
o
ﬁfejrw‘MS;

ux :'i' y1%$m9 + Ay +=5

We now Netermme the unlknown

constants from £he B.C%5. What

art H&y??

(> No - 917/9 condition ot y =0 Z
P(t%& fsn't Moving at yz0,$0
neither s the Ll &l

We 01,{50 wom‘{’ +o loole. a@

the 4o fal €low r‘a‘l’e s

\
€l

\

\-

€l

w F

o

on
(=}

2 Q varies as §° I we
knew Q (or G ), this relation
woul § give us §.

Thes esuation will potholdd ¥
§ is too (o.rje (or pt too small), What
hagpens (s the Llow €ield Lecomes
unstable and ripples Porm !

e 20
Thus Bzo.
2) at y:§ the shﬂ stress
1S Zero ﬁ, The gas (a>r) over
the €18 doesn*t oxert ey Stress

6 7'1“/ )

|-

Y-¢ )=s
go A : + S_;z_g_ S e
ﬂu.s ‘

Uy = f%gismé (-g' - %_({‘)1)

From this we see that Ux Varies &s
gq; anf ot y=8 we quve, a

S
Maxim ww Q")Mu: L ‘S,S/f sme

This (5 an &)can/o/c pr4 -HL
e-@peq‘,’ 5\0 na*ﬂ-/?heq.n"/’its! There
are M_:{_[_hﬁlg/ golutions o the
Lull eguations where w, 22, ad
wheve w, anf w, are Lunctiras
of time . Suel waves have been
e;clws;uel/ S'f«-woieg sver the /045'['
2o yezurs! Tn owur ﬁé}é’er{'men'{’
CL\QWj i's perkeps the /eaﬂ:nj cx,oerf
on é//hfzj & /MS/ while Me Crmﬁ/v /s
the /eaﬁl‘nj ex/oen" on instabilties
n cowrrem"ja_s -/;;u.ip Llows where
the gas exerts Sovme strecs on the
infer-face C’&‘W}g% 6 ), These two
areas ore mporfant i Coating Flows
anf pipelme £lows.



Anotler euw»t/ote Flow Hwougk
o P ip e .
Po Z _.__......L.'_._-«--—-_.......V_.M FL

%Jt@ R

Suﬂoose we have an Q_}?AI pressue
ﬁrg@_o_u_f (e.g./ %i— 7‘0>

What s the Llow profile ?

For o guwen M, A/‘> R what
(s the £loco rate? /9\941!71 we_
cheose o coopdlimate sys teum
a;[?gneé w_i_ff\ the ng_n_ﬁu’t/t

Ly lindirieal coor Bmates !

Letd solve tlrs @ We begn witl

ihe C€

YO s T Y

@,

=X 19 (24 ‘Q)P_gj
X AN T A X

Note that Lhere are two poss.ble
Lources tﬁar Mawen¥v~w1 P pressure—
gwaﬁien{s g__f\cj\rqvffy. Both act
‘n e’X_a_ﬂ_ﬂy {he Same wa}/.’ Roth
(i€ tonstant) are wunilorpm Sourced
(orshks> of € mowmentur in He

m(Q Here. we take j = 0ad
look at +he pressare 95&&&4’

2P _ 4P

Let 2 =  (pressuce Lo T
*2 = (note f‘d/f,:{:“_{é/

—

w

So Qw<w Qug

We Fn'f\?grcfce e s

q
For %»Q(IQC'{’:MQ( Flow s Fhe
2- Qwecf?aw, Up = U= O

Thas 242

—- - 0

°Z
The as}i&:’ﬁt\gﬂ_ ewﬂomfn%rec%(bwg/
low will Imit the qplicsbildy
of our solwtion! wWe'l see hou
this wocks loter!
Ok, now We solve Lor the ve/az{r/\/
QTS‘HI 'ow"ian. We Focus on the 2~

Momentum ¢fn o czl‘nﬂrzc,,( eserl);

(e 30 )

O(ss) (95 (<E)
= —?P L2 (v J .L z
e +/"L{:r'®r‘( e‘+?
O (syrmetry) o[ cE)

+ %‘j%

(nult. both sibes 7 éepwe:@ag )i

fug _ 1 .2 L 4P
wﬁ-fv’ T tA
Quzg

= L, L 2P A

Le "2V ET T e
"(z:z‘ivﬂfz‘% +Alr +RB
Now at w=o Uy must be Extle
thus: Az O

Whieh s a /auabola, a—qui

Gravity weuld yge(Q the same result,
Just replace —'T_P“ w it £9, l



What 75 the 4otal @/M@
Q = gu QA S\Zﬁu,?wﬁr‘

amce /fs not a2 (9)
fn'}f\?raj“(\nj .

|
g (G 2 5 ) { vl
Ye

Whick s known as Posseuille ’s Law
8 Clow thyu afube /s alsp callel)
Poisew:lle Llow,

Ok/ what s if gaagfsr? Tt is tle
basis of tle C_q'@_[[g_ey VS cormeter

oz (E)E AL

PLys?:qﬂ/, tHis represents gud;o
of inertial forces 4o uscous fees

= An alternedive }n+ev/o¢e+a+?a'ﬂ

15 in derms o f character:s tic paps:

Recall that momentam can move

eithey by copvectioy oroQ_f_@
(2.3.) +e kmematic Vfrcasz‘\t}/). Then
Re s the ratis of the Lllisiow

time 4o the Lzﬂf_@_n__éfwtz
(B4 . vo

Re_ = L/) —;5
Reynows Bun8l Llsw 2o be unstable
£or % 2 2100 Lr tubes. You
3@:(’ «Q‘-Cperew(' values of Re,r -pov-
R:flerent 3€ome+r?é’5.

Ocually, the apis provided Gy
Azﬁqsﬁ‘gc pressure variation : just
measare tme Cor Pluill +o Cull beturen
two [es! TH's an 24;,'// (4/J£rdf£
instrument;

What are Lhe [srtations on
Poseuille's Law 7 => 435qw,ofm, of
uwﬂh’e(ﬁwq‘ “(YMD
Tlece are ff_gu_n»_a.,ﬁ Lhis is vieleded:
entrance efficts & tucbulence
Look at turbulence brst: £
Flow s ‘éoe@as{-/ becomes Me/
Re7ncl£5 Showell Lhat Loa tube
the transition /s 5ovemeQ L/v o

Dovensian less Number

- LD
Re = =5

ok, what about enfrcmc%l
eflects 7 = anff(“a///\/ en ffrh:f
*Mbu) ,oro('{/e ;s (move or /sz)ﬁZ_?f
ekwu;'f' evelue +4» pamba/?c Sia/oe.
How Lar Bowp the 4ube Loes Hez
tike?

The Lhu evolues Lue 4o Liflusion

of mmenhm) 2o
i / R,s%m € over

wsiaon
‘LL = {»d-zes f’l“_(ﬁ_,

How fur Qaes it move J)urinj {:Q ?

/fcz‘ud‘n the entrance /enj¥L g usua/}

wea a s , ub
: Le=0.035 D 35

whick 15 justa bit nmem‘m“y sw ller!



Lefs /ook at &no%fr fr@

in cy(m vicel Coovdipafes *
Couette P/aw f:

&
=6
we agam use the we 2 coerid.

System., Ths time, l\oweuer te
\)e|oc<+y /S Htc & Ryectins |

(bdg ?b(%

I Wfbw = (ru) L 52+ 53
DUy _

Tlous Fp U= 42:8 then ,-5-59“0

P ——

(no variation in & Qsrection)

Now o the pomentum €9 uations

=D e fookell at 2 -wiomentum lest fome
Now look at M & & Cm/wnemzs.{

k, /6*”’ loo k ot the & zaw/oaﬂgq‘f

(ohere the actipn s | )

e e, Up YUs ety DY
S w“”ca’f i 53

-5 36758 J"LET(”’V“M‘))

1 ZYs 2 Qde |, Dde
*V qeq_*w"-‘be “"?%1-

Ok. most of Lhese terms are 2er0
toel Lets [ooke at one tHat pys
up &ue to ‘“«A c"ﬁ'fﬁhﬁ‘l‘é {fwsﬁfme‘/,b;:

U-Ug
==
w

This is 4he coﬁolfs \[)N( , Tt
/S vevy IM/GW'(’M\'F n /qrje scale_
(eg, Ltj(» Re\) rotat e\n\g S75+€V"f50

T he wmost mpor(m{' EXMIO(e (s te
wexﬂmr‘ T's U)L(/ the wmQ Rereclioy

™ = tomentum ¢

g 24 2 2 2
3(‘5’5+u"‘bw *’%q%‘—%’r%ﬁ

— ,(DP ) 9 o
=-s5 * S?V+M[:‘S’F <.p?_;(r ,))
74"";_ -z e | Fu.

e w20 Y 2':-
/\/ow ;-p gw:o, L(r=b{2=0 ““Q?-g'g-=0
we've lei{' witl

gl _ _2F
Y
A

wilg

|

L
+ 1

V)

aen-fr‘rpusal Lorce ter M!J Tt isa
/;osequ Bree wlick anses from He
coorlmate fwansporu—m‘/zbw!

Thas P:=f(e2)+ gg il
Which can be (n'('ejrd'ea A yru kaow
b(b ("3 ‘

s Pgr;_t;v;_éi&lar 4o presss
gmcﬁiem'k.

To See u)‘r\y this oceurs, zwssgpr

A Qtsk lszwQ@(“j&hﬂj SDIZQ L‘MQ/ f‘b‘t‘a‘/idwi

A

7
Now Wz ULy Por salid kag}/ rotation,
The local 0«./\6&((41/' ve(ach‘y s constait.
€ Clul s Q?s)o(qreﬁ 7/)UJ4/Q$ , Hoew

i€ U, /s conservedl (gau,v, tnservatars

o€ Roetic energ/) +hee [3_(1’ rete.

of rotatiom JN27= %Q‘M >J2. In

the rototong veference frame., it lokes
(% ke (€% §eing Pasﬁr(



On the eu'-H«/ ro-{'d'{a*ne( W‘ou’;{e’!

are MHCL\ L?;Ler {Lan wZnﬂ ve[ac,%‘p_s

at least on Qg_g_ {L sﬁ_/is

thus Fthe Coriols foﬂé s AQanbm,,i-
Jzz~mr 4,000 m! ~’_’ﬁfq

On lab lg_g_ﬂg 355*_’!-5 (H's small

(ot reast Due to e_@_r_'f_l_» rotation D

the bethtub vortex ;s Aue 4o some

initial swirloy motion !

Ok, Low about Couette 10/414)7
U-=0 S Caﬁefis 'porce QOPSMIP
mater!

?fpé =0 Lo S’/Mﬁn‘r/) g6

5 ﬂf(wf—twue>>

We wish fo Cﬁlcu.lc‘:[e the gav?ue.
on the cnner Cy(maaer, We kaye:
4= EXE

Now Ahe focce F}sdus-F the shear
gtvess Zpg times the area of
the cylmbler: Reeall Zpp 2 EA
exected by €luil) of qreater v
273 C/u;‘oo of lesser v M the &
Qirec‘l'?m '

o M
go : IQV“—

A
Mz 2T by T Co
Atrva
Fn C)l[‘nﬂhcu' cavfﬁtyaf!s

T /"'[ J) _#(%g]

72

We irbegrate this onces
L 4 =C
o (rug) I

And 4 seconBl tome:
- z
MUs = L T C,

We have the no—slf,a R.C.%

_ (o) » =R,
bLe =
SR, MR,

7’1\%5 Cz -
2ok, ¥ o 70
C
TR _+ == =R,

l
Sor -2t R, koz)
G RF G GT JZ(R*-RD

and: RiRo\ [/ P-R;
!A JLR Rq_ 6;1.>< )

D

Now MQ,. ﬁ,nQ Up s 5;ueﬂ

Ly:f‘__: vaR, <' __e,>

VJ Rz /e’l—
<6 ! \)le i
’tr’9= zZM Rm_Raz. P
anfl hence +he %w;ue :
R, Ro L

M= ATk I —,g?-,‘{rée

Note thaet s is znﬂ'(’@engenf'
mc w { This makes sense : the
‘f'ol‘?ue, L)cer{'eﬁ /4 He outer c//)ﬂw
is the game o H‘d’ exer-ted o
ke inner cylinber; and every
c}/lmﬂr?ca( §uu’wﬁq ce ip between.
Otlerwise +he €lsw weuld be
aceelertting (ot at s&aﬁy»S&fcy



Ok, what about 4l ¢ Htm—ja,o
approxdm ation 2 Just as the earth
lvokes -C(a,{’ When v;eweﬂ ~m a /Luwao
fen@‘\’k scale, So Llu:f meckanics
problesms pmay ke owgol ek oken
chavacterss e /enjfLr (e-g. tHe
gap width Letween c//fnﬂerc> xS
much sweller then the radius
o€ curvature!

We take RizRe Ro z < |
Rl
Locally | we detlme coordongles :
——> VIR,

X £ @F’o
The €xce F o3 anvrox(‘mm‘e ly;
F < T\/K ’ ‘7-Trpol\.

—

ro tatcon rates the €ho Lglge:
LLnS(’alo{e.) y}elﬁ,\nj wWhat are
Ca}/uQ ﬂy(ar"'CoueHe vertices,
To see why, remerber the
Cen{'rfpug cl Bvece term z/\n e w-
wmonmentum &%: S &QV-\?
Because Uy /s A:&L‘er /'n__siﬂ_«_g

(swaller v) than outsidle (/evgerw)J

'f'lte -F’/ui.Q n S;ﬁé /{uan'fs i 4o *P/o(.d
sut wh: Ie 'Hu;'i’ ouk?ﬂe //quf's“ to
£low in. Thes profluces Hee vortgy

fm-H;efm e R

= Vtwhtes in
NM-& plane

wheve . V2R,
o RR,
<o
(M) = R R, 2R, h £3
aff)fe)t

We can ¢ompare Hu? 4o the exact
result

2 _p2
@_2“_/‘112*=-'— 2 RO:/'ZLR
(M>€Xac+ “ K(R"Ro> /

So if Roie 17 amﬁ R, .= 0.027
(about SOO,LM)\ -éLen fhe ervor ¢S
enly avound

T thee Rerivation we bhave assumel
t‘«qf U =Uz =0, Thes wblléz I/a/(‘Q

Prwl&@ the potation rate i«
Qu@pfcéen'("y SHQH- A‘i LfaLer

148
The critical rotation spee at

u)ktcL. vortices affgqr /s j[t/fﬂ
loy : z2— 3

JE, R AR y
T = e il 'Esr <'

o -

Thes f“e vemenon was Lirst levonstrehal
by &I Taylor in 1923,

Note that 7€ U2 is further
fncreqseﬁJ these vertices will Hom -
selves become wistable. 4o other
secmﬁwy Flowss — they become
Wavy in the 6 zQzW('f(}Jw Euewfwzﬁ/
te entive €1vwd becores turbuleat.

Taylor = Couetle flns s still
a¢ﬁv’€(y studied focaa/,/



D ipensionel Aralyss

Now that were Cam.licr W/ e
Navier - Stokes gguations, lets use
thewm #o Ivok at a more ('M/O/exj
3enerql praé/eu-( - QA.‘_":.'QY.E:LF/‘T‘J
past an aré{{'rqry S La,ae H

A
L=0 €x
—— N
“~

g, A Flui Azpro,oerhe

P>PR as /Xl-—)w 2

i ((’afaway)
What js fthe ‘-qu-j (Lovce) on the
aLJ'ec'(' 44
e Lorce exerted by the £1.&
o tle OLjEC‘lL (s

F= gz‘.’{? LA
~ ?D~

"mechan; cal Cawfud”er“— ;@

ag_u_qei’sﬁs used /n Qerlw\@ the
efMﬁaWS are \gg_fug ) the expprb«m‘)"
5LOM‘Q Ma‘{‘CL the <olution 4o the
N-S 27’/75./

To worke with a scile modlel
€4 D\ﬁrfre"' Hee vesuH:s)) we have to
render the ,mb/em ﬂwens;a,//pss w/
aperopricle /eanrL & toe scqles,

*'/1 | Rimensionless varicbles
shoul be OCI) in H«e rtgiév

of m%eresi‘ /

Ok, let's Se\-;ltou thos werks,
We heve the Continuity, Epn
8\ +L¢ N-S Ef‘ns.'

(&

U QU

THE RS T 2X; 'ax)
for an L?.L.ﬂ@i;é.{é Newtrwicy
Qlusd!

Thus , 4o calculate +he ‘6-{‘5@ we.
neel) the stress, and) to pet thet
we needd u QnﬂP ’ lA)e'fLu.s
have +o solve the #-S e?ns wLLcL
XS V Q(r.cu(f -Pe,- Q cuw,o(
aeme{’ryi
=2 Suppose that, Ms+eaﬁ we wisle
to Ko i+ Emwmw‘l Iy yusmy @
scqfe modlel System. How wo;dQ
tlhis work? E\(‘fechuel/ we are
//Sofvbag“ the equatioms using o

where

(=

L= (Mrom/oresu}»/&)

g[ - U J"‘VF+/.LVJ+$3

( Newtwnian £/ ui‘(QB
Let’s cheose U as fle ve/o:[é,
Sc‘.almg, 2 as the IengfL scdej
% as the Ltame QCQI&, Ang
LP, qs the pressuve scale (40 be
fetermmel )
Tlhus:
whe 5, B0 5 vy
p¥- P-P o sbtract o fd ', -ﬂe/ﬁ/

,o resSSupre

Pe
(veetor M grau['(/ ﬁfrecﬁaws



OK, now we renﬁer thes problem
Romensioyless ¢

2*'55 o unchnjeQ>

"V

N
—
lc:
<)
2
®

.(..
rl

¥

== 8% v“‘r ,a_g_ vy e 8

M we Jivide ‘é\wougk lo/ one of
Ehece terms to make the ,orololem
Drmensionless. Whick wne? Pick a
teru V*efresenﬁ)w a /sL/Sérql

me choancgm yowre ,omeHy Suve (s
}m/baﬁ\«wl'!

=>A‘t' L;gL velocfies the ?ﬂérﬁ'@‘
terms are l}Hely fo be importart s0°

0\0 Hw/ &L\Memsﬁ:n{ess terms 'I’Le}
mul +i 8[7/ @_ﬁ the wa\e:/omg}x
f"‘fﬁlc“\ Me cLam;MS‘

What ave ‘H»ty

\ _ViScous Qﬂeg

- <l T

g‘f}{ = Re T Tinertial Byees
TP Re>>| +then viscous forces
are untmpsy oy tant om a.len{'LsQJ,g
R cm,oa,mue +o the 53¢ oF te

097, We'll see [ater +lat Hme): are
tnfor+hn+ ' kou\gaf/w next 1o
Lhe laoQ of tlickness § hecause
— WL“'LLoa“\’ \hSCcsu(\y) you can't saf s[

the po-sl (P conlition |

Dt\h&t b/ gT"
»
P * ® *_"AP * K

At szL veloeties pressure 5mﬁ£em§
oavise €rom fn__'t_ﬁﬂa( ef@*cﬁ (f‘.‘i-,

'cmued}ay; o+ wwem+¢m>, So We

eheose |
— 8P
¢ L™
o AP, - = ac the chavacteriste

pre Ssurt &Ffﬁermw‘/a‘ !
/\/ofe fl\tu(’ we have +w0 ﬂ,wns[awlﬂss
Qroups op/o_.__q”\.“_e_/*"” in the wefadimsl

The meggf‘fuﬁt of these g roups
Qotermne the relatwe impotance

gL o L
ve Fr
Fr = FfDuLQe % = z—_“——ntf"(.'l.\c‘-

G-munly
Thiz plays a role in free surface
€ lsuws, such as the wake bekwd
o S[«i': (o a how wave),

We alse rendlor the boundary

conbFions Remensionloss

gl =0 %L
[X) 00
A
<o lix\ = g)(
~ /5‘]-»04




Sometmes you get alilizaal
Qamensionless groups from .05,
407 4 o[edec'{’ /s r‘o'fa‘{'btj,

Here there are o-',l/ two Awmension-

less groups which cm%c:y—i__ﬁ._

the Pomensionel mEormation! TF
these are beld constant Lotween
e rodlel & the Lull 5,26 system,

the Romensionless Llow will be

eadly the sare !

Tlheg (5 knswy as ﬁanmia

souclarity !

Ok, how cowll we use +his?

@u.ﬁpose we. want to Maﬁe/ o Submarime

with a oo scale Moooel) preserving

&71\“-1?(, SM;(QI“ "L)’

Lhe polel up to this spee 59:1‘

eﬁﬂ wouldt ackieve smi/u[-/-y!
Oowur QMM Lreak ﬁbum
because Yz, | (eg,,
the Macl % rgp™ ?M/() &nﬁ So
Hee Plail = cmgp_e_&ﬂgii.}

It Can work well, kowever-
Suppose we want to [sok at-the
Clhw pa,H—\erns in a big tank of
avro Syrup. we wollel £his woth
o amall tanke of water.

N, 225 stokes 7 0,01 stofees

L,=20 £+ Lys2"

Ok) WLWL'PS Uzq

. MLy -] o0l &)
U;' vl :Ul @’?">( z Ul

I,"(‘ thereds no Eree sur\cz‘ca) Fr
Roesn’t ;Ma#eo So we JU-S+ heave
to keep Re est. Let L = length
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I
> @J % >\37-
gl) 1 A'L
&>
’4/

To /we seyve (Qyncwic §bvt[/ar#7
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Let)s see how £hes works:
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Viscous. S(Q'Wuj

4
.

»Q"‘
%
usa[ ¢ .Vu] <aPCQ>V*P
> vy 5 Ve
+ V" u& L 3'
231

@
Whick is st/ pfeH7 large!

What about +Lhe relation betueen
the Cocce on the molel andd the
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N
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Qs o re /‘Q{j{’.wgé‘;;’f betuween
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guF/)oSG we have Re << |, T tha
case we expect jpertia (& hence
3) s wm\M,ow-(ean-tL:

E:\OL‘QUMO.>

- -
A TN T T

M

=

T|-> [ I B - I
zar«nk:z

‘h\ L{,g:‘ jrwfo

T

17
Agamn, there are 5 =32 LQyaensionless
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resuwlt ¢

F -cgt =CTT

]
MU o e
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at £low past an )nﬁgj_gly long c)//mcpér
of raflius o
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o functiom of time t, the &ensﬂ/
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the energy E, the ablia batic expovient
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. R = pn (t 3 gnx E1 PA > Y >
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R () st
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Codomental unts = 35 fanbamental
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for <ome O, &, Q,_) L,ete.
We have £le C;aq'fz}ms:
g (2 +yu ygu)s-gPruVY
you o
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MMipduss Ui couS less;Cmﬁ‘-m!
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(&5~ wkdev\er yalre

mterested ;, /

Tt\us
%'2(%W“+P-€$5) =5

o 2w +pP+gye = cst cst
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have ne -prf’cl'?ama‘ [osses (e-f.,

=0 D> muiscill €lowd) then

mechanical energy is conseyveld
&,lmnj a s{'reanlhﬂe.l
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the pozzle?
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boudory leyer vext 4o 4L@ch
where both viscesly and po-slp.

cmfpl{im must “ff/)"' A R\f_yno/gs

purber basel) sn 4the thickness of
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an bl ‘Hit/ﬁla.nt Lalls | §ecaw0) wvg control
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Re Q(ow% S Cms};@er Flow ,045*{’ a

W'm5 :
l/(,(,AjL@rovm'LLo,o s\owwg
. P 'S /&ow;r

(

T‘M' LP £rom ‘f’of fo éo'l%aw ,PNV:CGPS
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The scalong of the WN-S eg’ss
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Scale comparable 4o 4he S__;_a_e_mo
a bofy. The Buler £low egs
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(Re = plate Reymfﬂs&‘, Lased o) /enzlLlL L-)
W&je+ e Euler £ low oS |
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ﬁyc = (E.g-) A,B&C Q;‘SQ}DPG@/’!)

{W& &J_S_o_ have t» /oo/< et the /S.C:)S

At - '?556/=o
R =0 >7”<y,>
Cy:o

(e peg {r((4«a/vf>

| TRE .

What will woyk? I 3enerai/ any.
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\
1S /o)/ Fromow'mj f_u_q;bﬂ_eag_e__, soce
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TABLE 14,1  FRICTION LOSS FACTORS FOR VARIOUS
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Fitting K Le,/D
Globe valve, wide open 7.5 350
Angle valve, wide open 3.8 170
Gate valve, wide open 0.15 7
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180° Bend 1.6 75
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where the wall 5 at y=0. This const
X s known as dhe Vow K&rman copst
and s abeut ¥ = 0.36hby fittmg to
,eM,O[rlcq[ ant/'a../

Ok, now le ts ¢f>/>// thes +o €low
near w wall. T€+4le glear stress

Cmc{caw Ve 7\4 ‘°>/7' @

T he (Ck/D‘tj ‘1001"/ s ’Ha&. Viscous /e_qf_lj_

< CQIQ E '\3&’5>/'L.

We thuas erP\ne_ ccalel coordvates:
J y

+
AN
<

l:(- = "2‘;—-‘/1_ >/ =
<o ¢ 9_(1“’

and  OF = j:?’ﬂy-* +C

or the velocidy profile shoulll be logaritlm
near the wall I The constants o anll C
oge oL‘(qS&Q l:/ \()L'lLILNj tle MOQEV/ 4o
the Rata . For £low tlmujL tubes we

qet wx 036, CX3R L ytraoc

(e, y*a: 26 s the eﬁge ot 4he tuhalent



| 12
core)., This wocks Qor Re >@ao

on omeotl pipes. For y*‘ 26 you
neeQ to use. o%ker eorvelations whick
inelulle 2 ,x (€., viscosity ). For
very small y"' Lewq., 7*<5> we may
rather £lan & {% L Tles
75 +he Viscous sublayer, which
1?;”)5

ot y o<ytes

iyrere B1

Se we get !
| y-r O‘/"( 5
a_'.‘" =
I +
ST AR A y¥> 26
anbl a more CWfl[rav‘eoQ expression
+tle Luﬁ{ﬁf region  S<yTe26
W had are the f’i‘;&d &bg_ggusj_qns of
the -@ricjrf'm ve[cc(wﬂly o Viscous /enJ{‘LSQ{Q.?

315
Thus spce we reach the tarbaloat

core cm’; 520um frow the wall,
ver -{w&“y te entire ‘63_‘2_':: is -t‘urLu/mlL,(
jﬂ&‘ en U"CL‘ -CN SMaofL -éuloes :

V)

Ve (1 >/; = <§<u,)
z <—L 007;:! =z > e Re

Cor 2100 < Re< i0® , wL\ch,OraviQ€§
@ comvenient way of estimating the
‘thickness of the urscous sublayer (ekeut
5 - 26 times this value),

‘5%/70582 we ore Fuwl/o\nj w:&ev- ‘HerudL
o 4’ (locm> Qm pPipe atduy = [mg,
(~2qal/s)

We have
| Re < —5 =~ (0

At Lhis Re we are well mto the turbulad

re&weﬁ E’MPWZ«J Carvele ons s’ujfa#

ot Cor 20x103<Re< 10 Lhe wall
Slear stress is absut

o D078
,1"%(%} Rey"

T hus z, z 22 97"%»41“ - about
27 % grec&w then would he the case
Por l&mh«;r P(acdl We ‘H\us 3(%1%1

frickion veloeik, = (*) 4.7°%

and the vis cous length
> (

—— zZ b.00Zcm = Z20um
N



/\/o‘tLa. ‘ :
j/'”ﬁ&é /’i‘g‘ﬁ' @ number s¥ wun regemlég @ﬁi(&’s!
What s inLex notation?

Q = M inﬁfc-es/ scalapy
/s s;m/o// a Cm/ocac‘f' Q (‘muen;m‘/

X, Uy = one jnbex, both are
Way of re_':resenh\nj scalars, vectes, Lol vecters :
and tensors., Tt /s Par{-ftular’/ GT.& = ‘tv_éo fmof‘ces/ QMor:Qer
eunsor”
ueepu,( o f/ui’rQ Mechm‘tsf rd
Cie =2 2 mbices, B ocher
es‘,oecial(y (as we skall see)at tenser
[in Re, The lethers wsel s sulosw;/m‘s L't
‘:5> There s N0 new f(,ﬁs[cs M-f#er) £-9. ¥;, Xo, X, )dc,
45Car?q+eg W?‘Hx 7n£€x noﬁﬁm) are tyuiudemL
however i+ can reveal S/MMF‘/’riu =) exception : in an t/uq%fm} ead
g\relahmqs U)LJ(L weye 4/[__? Xy ‘LLPFM NLAS‘{' L\aud {Le same. unrp/oﬁv‘e,g
iLeN_! ;n‘Q:res) L.q,
X = y* /S game 4s X =
For OJV %MSOQ ftg, orﬂtr o# ’ : < “Z
the tensor i given by +he out  xy2yy s an erer !
@©
@ ature o*(‘ mge)c nefetion "k You Can/)o{' we,oea* an %@(
r% '(;tx ﬁa{‘ PFD uct . T.{. 4l
Y rodluct move & 4
= Rg,oeq,’ceﬂ ,nﬁ ces (m a.lo/aﬂuc{) by p “ o “r e
implies cwmpmation xiypz; 2y (502) (oK)
Tlws: Xy 2 oysﬁxcyi X;y. 2; = ervey |
L e s —
(e.q., Xeyr = Xy +X2_‘/7_+X373) The orler of Mu“*lra[f(cl’fow (Dot

e el o i el proLQuc{') /s preserve.Q B/ the
1t upona c"“"”/""‘*e")‘:‘s‘\"j locps 1 names/wﬂer of the inbices!

The veetor Composition or owler ﬁfosaMHL

~

, 4 Remember ﬁx =h 7
/s also swple ! Y

In mlex notation :

o A A i s Au X; = b,

AR RS
Smce Here are twe w_eﬁga_tQ : To 4oke 4he fransfose)Jusf revere
mbiees, XV Qs e 228 o1 der fensor] the orfler:

(A ) = Ast



Romember £he Nermal ffud.*ms?
ATAx=ATY
~x g

~
X ~

We woull write ths as
AKL AKj X; = At oy
We cOu.hQ also looke at the resibiel
Crom | ear regrcssémi
Moz A:d )(\3 - IOL
(Ai‘jx&’b;.)(AiK A= ki)

Note that there are no anrepeatel
‘nfices inthe faraﬁucig so [t aff_f_‘/‘ff
and that we switded a pair of 7j's
o "K's do avoibl cepeaty ) doo

Many trmes ! was regem‘eg

"y

ek

oK, let's use ¢his to slve
Lor the Nermeal Egua_'{?ms!

Recall we ke ¥ (vTp)=0

Tn inflex podation:
= Z("‘kak'bo‘)(/*uxx'bjg

=2 Y A xe - LA
"DXL% Aj Xic Agas = ki Ajg Xa

- A\SKXK bi Y L\',g
Or, gmce we M& have to preserve
the Mﬁero(‘ the ,\nﬂz‘ces .

- " \X
:%. g AJK A.'M X xx ZA\)KBJ K
L

+LJLJE

aflremQ}/, g% this /5 Ok, ¢.3-

whle e LﬁL Qre S(q(o’!‘
3 F A

s unrep odeg !

\’\)‘Q—\ gﬁ‘pme— o Couf){e. o "[ '{Lb-dr!
>, — gradient o pevator

—_—

TOVK (o ek, et

(&

S.. kvone creev g £E
‘o = :Qen%hb/ matrix)

O-—Lfd
fig‘% .

i
ny

ik

XL .
N T — 2 g T AN
- D X; - (Igj‘:t{w’/x

2L g =) =2

DXL “t _

A1}

Note +hot we combmed f@
two wlllle Lerms gmee

A R = AjgXg

The use of k or L was h.ﬁe'l’erm\q'/e

because fLe/ were rfﬁOa_Jer . on//

FHhe un reped'eg inﬂeX ”:]“ has o

he he seme o both sides !
Ok, now we fuke some Leriyetives.
Note thet Ay andl by are costds
go they pop out!
v (¥)z Ay Ay 2 00%)

V'

B L Xk b
ZAéKbdsf.:* X7

/[ °

gKi
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/‘/Ou\ we Ccyyjfu,‘éﬁ, —éLg -é&;'ﬁ{erm.‘

D (xeXy) X X
e KL= €L R
‘ Sy i Ty

L

(chan f‘w‘&)
* X gil *')(Rsik

So: ¥ (L’E“)E Ajk '4\‘3; <XK€£9.+XIQ[K>
-2 Ak b gik
’/'akmj the Qo%proﬁucc“’op a matrix
(or veeter) with the {ﬂen{{—y Mmettix
leaves S+ :,_tg_c__l\_ﬂtggﬁ_. Tn inblex
notation this s
/]LJ gjk = Al‘K
(S\ASt rEF(a(e 'H\.\f; ”‘j“ w[{LG- 'k

"

®

L E S'ﬁ order aH:ernqlmf}
A< Eensor

We use 'Hm's ' CM/Ou."'c\nJ tle
¢V‘oss—ProQuc“’

£

6 t:i, =k, evi=k

g = o
e I Lyk eyelic
L e cowrter-Crelic
ﬂu5~'
Elzz= 5312 :Ez-u: I
€321 7 &3 ° €212 7 7}

These are the only nom-2ero
elements ol

The crass-froﬁud— ISt
ﬁx é - g: l.s

.. @

V(L) E A A K+ A A %y
=2 A5 b

Now the €5t fup terms are dontical

cmce o both cases’?" all “k'are

v‘eFedeQ mlices anfl thus indeterrete.

So !
v (}:’Tf:» 0 becomes

2 A A Kt Ajt by =0

o AL AR = Al b

Which ;5 4he same as:
g% =gy |

x =

e

To o Ribion 4o the %-Fh)

Fhece 5 another spuiql beast welluse:

©

Note thet just as
AXB-BxA
In mﬂex Notation we have
Zijk — ZJLK
Swdching sede fhrows M a =) ,/
¢ Elje S G‘X_‘..’i&) £k ",ii’f
be counter-cyclic &viceversa

Techch’y) any matvix Lor u)L:cL
A e — Ad'i is terned Symmetr/c
A moteix for which By X
is anti- symmetvic

Mote: The Qouble ot pre duct
(e.q. A By = no unvepected nlices)

of @ Symmd’/ic & an ant -gyMMmLIZc



matrix S ZEro

-
A‘d BQ - ’qu, B ,-F’é-f
- - A., 7.

- Jb oo ’{\5 5

G (N;[ H. ot Q
§ Py Ty Lls )*'
Tlus <mce ’qu‘ Bij ='/);\j~ B[&)
both are %erof

—_—

We Can use this 4o prove that
e
o 1 (M> = E.¢~ -?;-—-—- )
gmax& X oo Wi 'bﬁ'%@
M A
anti - symmelric
s‘fmm#/z(

7

0~

@

The paost general 4% order

750-6&,;7( tensor /S

At ™M S5 St M Sk Syg
+'}\3 gz.lgdk

wWhere N, Ny Ny are Scalars

Ve Can use ths 4o prove ._/ec{'ar
calealus jdentities

From texts, we have
TA(TxL) =T (8)" VY

Let's prove o !
- % DU
v X (Lx4) = fi.ikf'z?}(} <€|<,Qw XY
Note the orller o€ 4he tndices.
Ths s MPH‘('M‘{' Wwhen ww‘kmj

W‘L%L\ g l

Whe o

Another useful concept i3 735%5,32
MAfLema{im“y, a tensor s istngi
AN savariant W.Qer votation
of the coorBvate system
Pl\ys“cqﬂ/} (s 75o1‘ra/0:¢ ,‘f it Isofes

the same -p(‘om el QZrtc‘[?th!

A qffx—g{_& es m#rop[c) . fothal
ion’t L

All scedars are fspi’roﬁ[c

—/
Mo veetors are /‘so+f77;c.
i

The most 3enerq‘ Z”—Q Nﬁpr

[

BSo{ropic Lenser~ ;S >‘§£d'
LJ? cb-ns'/‘, sealar
rQ ﬁe
T he MoS*'genem( 3— ordlop tenser
5 N

T hws @

Dl

UX(TXU) 2 € Ecom DK 2K,
>} - 2%
\A)\aqfs ELQ\K{KQIM .

4 unre/aeq}eQ inkices, s» s @

?’l\ WQU tensov—.
S isatreple | so the Pro«Qucf
(s Q_'.E? rsetropic
Hence

EijScam™ N gi{; gm« '*')‘2?21&»4

+Ns S Sig

where N, )>\7_ @s>\3 areto be Qef’emamg,

We can caleylote these by widbiphmg
botl sides b/ eacl of thethree denms
on the RHS (one at atimel ) whick

then yiellls £hree egns Por the theee \s.
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gt\\“( QKQM S'LJSXM': % € 28
4~

This is zero Lec‘auSL ZL”‘

Zero For all t k. Also,

SI&K 5‘2\\' O Lecayse ZLJK

/s anti-symmetric F SL\)

(s S‘/Mme‘}‘/‘ic , So £he Souble-

Xot Proﬁucf 6 f the twe /s
(

[ ke wise 2ero,
Now for the RHS:

(i S ™ Sin SN 68y

x(%ugﬁbﬂ) >‘;8u 9 R >\2 SMS'M
+ N R

=0 () # 0, (3) + N (3D

amee SCL 2 Ll ¥ =Z!

&

Tl ylelds -

G = 3\ + F1>» +73 >\
Like W?! ﬁ’[«; Mwl'hloltta‘{',d‘)y /
the /aS'{’ ferm y,el‘Qs ¢
eMK QM Sm gdﬂ 3\,+—3}\,L+?,\3

—

= Eiiw Gy 7P

T hece e?uu’-ia\,g bave the solution:

A £O, Ne =l Ag=-l
Thus ¢

Eig\K Cream” Siy g&m = giw ggg

an8 lhence: -
2]
vX (gxu) = gtokgmlm ﬁf‘g;,q
P
= (35 S S Dy

we Lhus get the Forst egag?‘fm;
02 TN +3n, +3 X,

Now far the second term. We
multiply both s:lles by $:98im

We get

g.. ¢ g 23N, + TN, 3N,

QK “ram ° om

Wheve Lhe R HS was Ca/(&le‘{TQ 'éli
Same Way as behore.,

The LHS Js:

€iiw G

Now ;'P gijk (S CZL/[(_ , So Y gki.‘r
L:h&“«’t\s‘ﬁl BF EZJ‘K /S Caqn{’@/—C/c/fg
S0 (§ £ £ Thus, ke ,croﬁud’
is just (D=1 or (-1)(-1)= ]
€ qll $ix nen-zero elemnh!

@,

'2“»-1
" 8 €y I

_
8L Eim 5o K24

u,
('EU,;) - ?bx_'z_
N\

(3=
whick comaglg%es the z‘ﬁenﬁ{yi

——
The last cMce/at we wish o

prtare. s the Qierence betueen
,'Oseuﬂo— tensors ank /DL/sz‘ce/ densors.
This Rectmetion arises Grom the
thoice of right handed o 1ot -
l\qnﬁeﬁ C&orﬂ\m*e gysfems A
pGeuﬁo tensor is ome whose ¢ Sign
‘chPenﬁs e this cheice, m,ol/sﬁcal
tensor ;s ene Which Loesnt!



Lets [wok at some E)cam;oiesz

BI\XS?c«l Eseuﬁo
Ve.looliy Mju,ler \/e'och(/
Q&r‘ce— ‘borzq,b
Ztres s Vor{-tcbly

g{i ﬁé‘)‘ KK

We go Prom one to the other
viee the cress—Froﬂucf./

The Varﬁc[{-y 1s Delined as

e oo Uk =
W = e 5% (e.9. W=YXw)

L, S a f:seu@ovec'for‘
Wi 8 a.ft\ysica‘ ve ctor
L‘\‘CQ,(‘OKLSQ>
XDz € ?;-K rs a.p&sfgl
~ J A5

Vetter, In \ﬂa_cf/ e s vector

b o

THs sedttlng wadler gravidy with
o net frrce f (physical vector ).
At very low Re, how Does its
b gul av- \_/_elo__c_gfy (pseadovector) J2
&fremﬂ o f 27

ﬁf’ [ 6w [Ze,) We. can show
that \J} /S Pf‘ofar'['fdmz} éof

Thas JL; = AjcFc where
A must be a.Fseon%ensor _
whick Qepenlls omly om P oundl
the ob;\ec{'ss skq,ef

VRent ‘17 yZszS

— Y 9 24
W - 01 ~

bR Eiik 2K, & ik 24,
A= -

whiek js o /obéﬁ_a__( vector
The rea son why we makee Lhiz Ditmction
S that a.p(ysica.l tensor and
a F$€wﬂo tensor Can never be

e yual |

How can we use £hs ? Consibler
the 'ﬂllou&ms prob’em, Supgpose
we have o bidy of revolutior
whose -orientation /s speciéeQ
L/ the unit vector pr ) ey

©

There s cw/y me way +to
NES -{:LtTSe”.
Ak =N Eiin P
[

Where £ 7s some scalay!

Thus J2; = N EQ’K Py FK
andl a sigle. experbuen-l- can
Qetermme W, whick is comstant
Lor all orendations ]
Likewise, i€ the okject hes
foce -anf-aft s)zmmeévy (e.5.,
n Bootball, whick loofes the same
$or £ and -P Nien(rahmss we
have. that Aj must be an vy

Lunction o € f, Smcee -éLegn__’y
‘[ADSSZLI?; Lorm of Air< rS



oQQ on £ A Mus{-b@
Zero \C’w such obj ects |
Thus, in eumple} rols (fore-
afl symmetyic cylz\&ers> Lot
retate when sebtlng at Lw

RQ_, Nﬁuﬁless of ori@n"‘c"‘l?n!

We can alse look at the

settlvg veloeidy, U; (physical
vector) for Some F

ST 51\3 ﬂ
here sz 's o,‘pLzs(‘ca‘ ‘ég?_éﬁ[
which &a,ou\ﬂs on P The
wmos genera\ Loerm s

B\\\ = )\. S'“:\ +')\.,_Fipj

T hus - @
UL 2 ()\l g,\\ "')\7_ FCPJ> F:)

“w\mere >\| 8\)\4_ wu.sf' be
%&eéermh\.e&,i;@nm experiment
o (-V)a.‘a{?\/) Caleulation, AC‘AAQ“)

lcy Mez\js*u"kh-j the se ﬁ-/;/ma velodi,
of a roll broadside o ank
enk o, you can get N, KAz,
aHaw‘nj yauf +to calculq}a U

Lor a.ll ”ar“ enﬂdes = inc momj




