Solution for Review Problems Set 1

Problem 1. Normal Equations:

In this problem we are going to fit a parabola to the four data points given
below:

Data: (t,b): (1,1); (2,4); (3,9); (4,15)

Model: b = x(1) + x(2) * t + x(3) * t2

a. Write down the least squares problem in the matrix form given in class,
explicitly presenting the matrix A and the vector b.

b. Convert this problem to the corresponding normal equation problem
(Hint: this new problem should be 3x3 - square).

c. (only if you have time left) solve this problem by gaussian elimination.

Solution
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b. Normal Equation: AT Az = ATb
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Problem 2. Orthogonal Transformations:

a. A matrix P is orthogonal if P’P is the identity matrix. Prove that

orthogonal transformations preserve the 2-norm.
b. How can this property of orthogonal transformations be useful in solving

the linear least squares minimization problem min || Az — b ||2? A long answer
is not required.

Solution
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b. This property allows one to formulate QR decomposition.
Problem 3. Finite Differences:

The finite difference formula for a second derivative is given by:

(@) ~[f(@ = h) + f(z + h) — 2f(z)]/h°

a. What is the error in this formula (include both algorithm error and
machine error)?



b. Given a machine precision of eps, determine the optimum value of h and

the minimum possible error.
Solution
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So, algorithm error = % 3
Machine error = round off error There are round off error in f(x-h), f(x+h)
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b. The optimum value of h occurs when the two error sources are of the

same magnitude:
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Problem 4. Gaussian Elimination:

Given the 2x2 matrix A shown below, compute the upper bound on the error
of the solution x of Ax=b given that we have some error in the right hand side
vector b.

A=11,2;3,7

Hint: the formula for inv(A) is given by:

A =1Ja, b;c,d] inv(A) = [d, -b; -¢, a] / (ad - be)

Solution

To see how much x changes with a small change in b
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Manhattan norm,

m
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Problem 5. Statistics and Probability:

Suppose we have a set of N measurements [x(1), x(2), ... x(N)] for which we
wish to calculate the variance. Prove that an unbiased estimate of the popula-
tion variance is given by:

N zN Z_?
o’ =) =’ - %)/(N -1)
i=1
Justify the N-1 factor.
Solution:

Sample variance is defined as:
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Now,

By definition, Ziil (zi=x)=0

Also we have,

and
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So S,2 is an unbiased estimate for o2.



The N-1 part comes about because we are calculating the mean from the same
sample data that had been used in calculating the variance. We have reduced
the number of degrees of freedom by one.



