Why Getting Numerical
Analysis Right Matters:

Or a Layman’s View of Economic
Disaster



Definitions

CDO: Collateralized Debt Obligation - A mixed up
collection of mortgages or other debts (designed to
reduce risk).

Tranche: A way of dividing up a CDO to make pieces
less (senior) or more (mezzanine) risky.

CDO2: A recombination of mezzanine CDOQO’s into new
senior and mezzanine tranches.

CDS: Credit Default Swap - A weird sort of life

insurance for bonds and mortgages (designed to
reduce risk).

Copula: The covariance of default risk.



The CDO Tranches

Major investors such as pension funds can only invest in AAA
bonds, as they are risk averse.

Subprime mortgages are intrinsically risky (that's why they are
subprime!).

To make an investment grade bond, a bunch of subprime
mortgages are combined into a pool, diversifying the risk.

This pool is then subdivided into tranches. Any defaults are
assigned to the lowest franche first (potentially wiping it out).
The senior tranches are the last to get defaults.

The bottom (mezzanine) tranches were then pooled together,
and then redivided into tranches again, producing the CDO?
financial product.

The top tranches were sold off to banks and pension funds,
creating a huge market for subprime loans.



The CDS

Banks like to control risk by insuring against loss, which is an
important way of protecting the financial system.

CDO's were insured via something called a credit default swap.

Insurance was sold that would pay out if the CDO defaulted, and
the insurance company got a premium for their risk.

Rather than just selling the CDS to the bond owner (which
makes sense), AlG and other insurers sold CDS’s to anyone,
including hedge funds which recognized that the insurers were
underestimating the risk.

This is sort of like taking out a life insurance policy on your
neighbor, without even letting him know...

The total exposure on CDS’s was actually far greater than the
total CDO market.

Goldman and deal makers made fees on every transaction.



Risk Estimation

In order to price the insurance and rate the risk of the CDO's, it
was necessary to determine the probability of default.

Because they were pooled investments, the default rate was
critically dependent on the covariance of the subprime
mortgages.

Rather than examining the bonds making up the CDOQO, David Li
proposed that the market price of the related CDS could be used
to determine the copula.

This worked great, except all the available data was during a
period of rising home prices - when the covariance was naturally
small.

When the housing market started to go down, really bad things
happened...



The Effect of Greed!

Wall Street was rewarded via fees for brokering
deals.

Because a market was created for sub-prime (read
“pad”) loans, lenders solicited wildly inappropriate
borrowing and passed the bad loans off to others.
This increased the total amount of borrowing far
beyond a sustainable level.

Insurers would issue CDS guarantees in an amount
far greater than the CDO being insured: again, they
would get lots of fees.

Provided that housing prices kept going up, the
banks and the insurers thought they had a great deal!



Why the error?

CDO correlation used CDS valuation, only available during a period of

Covariance is massively underestimated in an adverse housing market.
Reality was too painful to believe, and easier to ignore.

Senior management used the “black box” calculations and didn’t really
understand the implications of the underlying assumptions.

®
rising home prices!

[ ]

[ ]

®

Housing Price Variation
Seleaec Quarteny SAP/Case-Shiller Incex Values (1987-2008)
200
180 !
b

160 .
140
120
100

B0 — e

60

40

0

o
F IS F I TGS TP S S

Mortgage Delinquencies by Loan Type

Serious delinguencies storted earlier and were substantially higher amony
subprime adjustable- rite touns, compured with other loan types.
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Leverage: Compounding the error

Leverage means borrowing money to invest in a
higher yielding opportunity
Leverage can be very good, or very very bad.

You have to accurately asses the risk of the
investments

Financial institutions underestimated the risk of
CDO'’s, so what they thought was a sure thing, was
really a sure disaster

At the end, ML was leveraged 30:1 in CDO’s, with
predictable results...



A Timeline

1997 housing price index = 80
1997 CDS invented by JP Morgan Chase

2000 Paper by David Li “On Default Correlation: A Copula Function
Approach” - determined default correlation from CDS pricing

2000 “Commodity Futures Modernization Act of 2000"- A “late
night” bill deregulating credit default swaps

2001 $920 billion in CDS outstanding, $275 billion in CDO’s

2006 peak housing price index of 190 (2.4x in 9 years!)

2006 CDO market hits $4.7 frillion (17x increase in 5 years!)

2007 CDS market hits $62 trillion (67x increase in 6 years!)

2008 Lehman Brothers declares bankruptcy

2009 Troubled Asset Relief Program costs the taxpayer nearly $1T



The Take Home Message:

Numerical & Statistical Analysis can be very useful to
understand complex systems!

You must -always- question the assumptions that go
into any numerical model, particularly one involving
evaluation of risk/uncertainty.

Most systems and models will 1) assume some level of
independence, and 2) underestimate the degree of
covariance.

DON’'T BELIEVE THE ANSWER JUST BECAUSE THE
COMPUTER GIVES YOU A NICE GRAPH OR

NUMBER! UNDERSTAND WHAT YOU ARE DOING!



Further Reading

e Michael Lewis, “The Big Short”, 2010.

* Felix Salmon, “Recipe for Disaster: The Formula That
Killed Wall Street” Wired.com 2009.

e Anna Barnett-Hart, “The Story of the CDO Market
Meltdown: An Empirical Analysis” Senior Thesis,
Harvard University 20009.
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x 15

clear
echo on

format compact

In this problem we examine the behavior of a dilute

suspension of particles which is being sheared. As the
suspension is sheared (the motion which is produced

when a fluid is confined between two concentric cylinders

and one of them is rotated) the particles will tumble over

one another. This will lead to a random walk of the

particles which can be characterized by a diffusion
coefficient, much like a molecular diffusivity. We can

measure this gquantity - the shear-induced self-diffusivity -

by examining the random walk of a single tracer particle in

a suspension of otherwise identical particles. Because the
random motion is due to the interacticn of the tracer with
other particles, the diffusivity will be identically zero if the
concentration of the other particles is zero.
ause

In our lab we measured the shear-induced self-diffusivity in
the dilute limit. If the particles are perfect spheres, theory
suggests that the leading order term in the diffusivity

should go as c~2 where ¢ is the concentration. Other

models suggest that if the spheres are not perfect, the
diffusivity should be proportional to ¢ to leading order. More
recently, models have suggested that even for smooth spheres the
presence of bounding walls gives rise to an O{c¢) diffusivity.

In this example we examine data to determine which model best
describes the experiments:

c diffusivity error
0.01 2.37e-4 2.2e-5
0.025 5.63e-4 6.5e-5
0.05 1.42e-3 1l1.6e-4
0.075 2.27e-3 4.0e-4
0.10 4.06e-3 7.6e-4
0.15 9.96e-3 l.8e-3

The errors given above are the one standard deviation errors

in the measured diffusivities calculated from the statistics
governing the measurement process.

pause

% Using this data, we wish to fit a constitutive equation for the
% diffusivity of the form:

P 0P O P 0P OP OP OP OO OF OP OF OPF OF OV OP OP OF OF o OF OO 0P ') OF OP OP OPF OF OF OP O OF OP OF OP OP oo

%

% Diffusivity = ¢ * x(1) + ¢*2 * x(2}) + c~3 * x(3)

%

% using weighted linear regression, and determine the error

% in each of the fitting coefficients. 1In particular, we need to

% determine if the difference between the O(c) coefficient x(1) and
% zero is statistically significant.

% First we put in the data:
e=[.01,.025,.05,.075,.1,.15]"';



diff=[2.37e-4,5.63e-4,1.4153e-3,2.27e-3,4.055e-3,9.965e-3]";
sigma=[2.2e-5,6.491228e-5, 1.617643e-4,3.98208e-4,7.60592%e-4,1.775587e-3]";
pause

$Let's plot this data up:

figure(l)

errorbar (c,diff,sigma)

set(gca, 'FontSize',18)

xlabel{'concentration')

ylabel( 'diffusivity’)

grid on

%As you can see, it certainly goes to zero as the
%concentration goes to zero.

pause

2The asymptotic behavior can be visualized better
tby plotting diff/c rather than just diff:
figure(2)
errorbar(c,diff./c,sigma./c,sigma./c,'o'}

set{gca, 'FontSize',18)

xlabel( 'concentration’')

ylabel('diffusivity / concentration')

grid on

hold on

tHere there is clearly a non-zero asymptotic value
tof diff/c as ¢ goes to zero. This is what we are
$trying to capture.

pause

$0K, now for the weighted linear regression. The
$unweighted linear regression problem is of the

$form:

2

$ min || Ax -1 []
%

tIn the weighted regression problem we weight each
¥data point by the inverse of its variance when forming
$the sum of the sguares of the deviation. Let's do this:
%

$First we set up the matrix of modeling functions. We
$have a linear term, a quadratic term, and a cubic term:
a=[c,c."2,c."3)

pause

$This is the weighting function:
vardiff=diag(sigma.~2);

weight=inv(vardiff)

pause

$We now define a matrix kw:
kw=inv(a'*weight*a)*a’'*weight

$which can be used the conventional way:

x=kw*diff

twhich has a lead coefficient different from zero.
pause

¥Now for the error:

varx=kw*vardiff+kw'

xerror=diag(varx).".5;

%S0 the coefficients and errors are:

[x,Xerror]

$and in particular,



x(1)/xerror(l)

$50 the order c coefficient is statistically different from
%zero (about 8 standard deviations).

pause

fLet's finish off with a bit of graphics. Let's plot up
$the model predictions together with its uncertainty.
cp={.001:.001:.15]"';

ap=[cp,cp."2,cp."3];

dp=ap*x;

perror=diag(ap*varx*ap'}.”.5;

figure(2)

plot(cp,dp./cp,'b")

plot(cp, (dptperror)./cp,'qg")

plot(cp, (dp-perror)./cp, 'g"')

axis([0 .15 0 .1]};

%$where we have plotted the l-sigma confidence interval

$of the model function, based on the given standard deviations.
hold off

echo off

format compact

OF OF o0 oOf of df OfF o P OF P 0 OP df OF of OF oF OF '3 OP OF OP oF dP OP oOf O Of OF Of O o of

In this problem we examine the behavior of a dilute
suspension of particles which is being sheared. As the
suspension is sheared (the motion which is produced

when a fluid is confined between two concentric cylinders
and one of them is rotated) the particles will tumble over
one another. This will lead to a random walk of the
particles which can be characterized by a diffusion
coefficient, much like a molecular diffusivity. We can
measure this guantity - the shear-induced self-diffusivity -
by examining the random walk of a single tracer particle in
a suspension of otherwise identical particles. Because the
random motion is due to the interaction of the tracer with
other particles, the diffusivity will be identically zero if the
concentration of the other particles is zero.

ause

In our lab we measured the shear-induced self-diffusivity in
the dilute limit. If the particles are perfect spheres, theory
suggests that the leading order term in the diffusivity

should go as c*2 where ¢ is the concentration. Other

medels suggest that if the spheres are not perfect, the
diffusivity should be proportional to c to leading order. More
recently, models have suggested that even for smooth spheres the
presence of bounding walls gives rise to an O(c) diffusivity.

In this example we examine data to determine which model best
describes the experiments:

c diffusivity error
0.01 2.37e-4 2.2e-5
0.025 5.63e-4 6.5e=-5
0.05 1.42e-3 l.6e-4
0.075 2.27e-3 4.0e-4
0.1¢ 4.06e-3 7.6e-4
0.15 9.96e-3 1.8e-3



%

% The errors given above are the one standard deviation errors

% in the measured diffusivities calculated from the statistics

¥ governing the measurement process.

pause

% Using this data, we wish to fit a constitutive equation for the
2 diffusivity of the form:

%

% Diffusivity = ¢ * x{1l) + c"2 * %x(2) + "3 * x(3)

%

% using weighted linear regression, and determine the error

% in each of the fitting coefficients. In particular, we need to

%t determine if the difference between the O(c) coefficient x(1) and
%t zero is statistically significant.

$ First we put in the data:
c=[.01,.025,.05,.075,.1,.15]"';
diff={2.37e-4,5.63e-4,1.4153e-3,2,27e-3,4.055e~3,9.965e-3]";
sigma=[2.2e-5,6.491228e-5, 1.617643e-4,3.98208e-4,7.605929e-4,1.775587e-3]";
pause

tLet's plot this data up:

figure(1)

errorbar (c,diff,sigma)

set(gca, 'FontSize',18)

xlabel{'concentration')

vlabel( 'diffusivity')

grid on

tAs you can see, it certainly goes to zero as the
fconcentration goes to zero.

pause

tThe asymptotic behavior can be visualized better
tby plotting diff/c rather than just diff:
figure(2)
errorbar(c,diff./c,sigma./c,sigma./c,'o")

set{gca, 'FontSize',18)

xlabel('concentration')

ylabel('diffusivity / concentration’')

grid on

hold on

%Here there is clearly a non-zeroc asymptotic value
tof diff/c as ¢ goes to zero. This is what we are
¥trying to capture,.

pause

ROK, now for the weighted linear regression. The
tunweighted linear regression problem is of the

tform:

3

$ min || A x -b ||
%

tIn the weighted regression problem we weight each

tdata point by the inverse of its variance when forming
$the sum of the squares of the deviation. Let's do this:
3

$First we set up the matrix of modeling functions. We
$have a linear term, a quadratic term, and a cubic term:
a=[(c,c."2,c."3]

a=



0.0100
0.0250
0.0500
0.0750
0.1000
0.1500
pause

$This is the weighting function:
vardiff=diag(sigma."2);

0.0001
0.0006
0.0025
0.0056
0.0100
0.0225

weight=inv(vardiff)

weight =

1.0e+09 *

2.0661
0

c o oo

pause

0
0.2373
0

(=2~ =}

0.0000
0.0000
0.0001
0.0004
0.0010
0.0034

0
0
0.0382
0
Y
0

tWe now define a matrix kw:
kw=inv({a' *weight*a)*a’'*weight

kw =

l.0e+04 *

0.0115
~0.3532
2.1167

0.0009
0.0251
-0.3116

-0.0005
0.0474
-0.3388

0.006

0o W o oo

-0.0002
0.0126
-0.063%

twhich can be used the conventional way:

x=kw*diff
% =
0.0237
-0.053%9
2.2376

-0.0000
0.0017
0.0127

$which has a lead coefficient different from zero.

pause

$¥Now for the error:
varx=kw*vardiff+*kw'

varx =
0.0000
-0.0004
0.0024

xerror=diag(varx).”.5;

-0.0004
0.0195
-0.1500

0.0024
-0.1500
1.3349

%50 the coefficients and errors are:

[x,xerror]

ans =
0.0237
-0.053¢9
2.2376

0.0030
0.1395
1.1554

%and in particular,
X(1l)/xerror(l)

ans =
7.9682

0.0000
-0.0038
0.0472

¥S0 the order c coefficient is statistically different from
¥zero (about 8 standard deviations).

pause

$Let's finish off with a bit of graphics.
tthe model predictions together with its uncertainty.

Let's plot up



cp=[.001:.001:.15])";

ap=(cp,cp."2,cp."3];

dp=ap*x;

perror=diag{ap*varx*ap').".5;

figure(2)

plot{cp,dp./cp,'b")

plot(cp, (dpt+perror)./cp,'qg’)

plot{cp, {(dp-perror)./cp,'qg')

axis([0 .15 0 .1]);

twhere we have plotted the l-sigma confidence interval
tof the model function, based on the given standard deviations.
hold off

echo off
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Ex V1

clear

echo on

format compact

$This example demonstrates the consequences of
tsystematic error in parameter estimation and
ferror calculations. Suppose we are trying to
tdetermine the position of a ball at some time
¥tp. It is proposed that we do this by making

ta series of measurements at different times t
$near this value, fitting a line to the data, and
fthen evaluating this line at time tp. We shall
%use standard error propagation formulae to determine
$the error in our prediction.

pause

¥First we generate the data set artificially:
t=[0:.1:5]"';

c=[«>1W1R1L.

signoise=.15;
b=[t.”2,t,0ones(size(t)) | *c+tsignoise*randn(size(t));
%and we plot this up:

figure(l)

plot{t,b, '0")

set(gca, 'FontSize',18)

xlabel('time')

ylabel('position')

pause

§Next we fit a line to the data:
a=[t,ones{size(t})];
k=inv(a'*a)*a';

x=k*b;

figure(l)

hold on

plot(t,a*x,'g')

hold off

$which fits the data pretty well.
pause

$We also calculate the error making the usual
tassumption that 1) the error is random, and 2)
$the model itself is perfect.

r=b-a¥x;

n=length(t);

varb=r'*r/(n-2);

varx=k*k'*varb;

sigx=diag(varx).”.5;

$This yields the slope and intercept with one SD error:
[x,sigx]

pause

$The predicted value at tp = 2.5, with error, is:
tp=2.5;
ap=[tp,1];



bp=ap*x;
bpvar=ap*varx*ap';
[bp,bpvar.~.5]

fvs. the actual value:
actual=[tp~2,tp,1])*c
fwhich is off by:

abs (bp-actual)/bpvar~.5
%which is very large!
pause

%The explanation for this is that we have dramatically
funderestimated our standard deviation by assuming that

$the error is simply random - we have ignored our systematic
$error! We can see that the systematic error is significant
%by plotting the residuals:

figure(2)

plot(t,r,’'og’}

set(gca, 'FontSize',18)

xlabel('time')

ylabel('residual')

pause

$We can quantify the degree of non-randomness by looking at the
$normalized covariance of adjacent points:
covariance=r(l:n-1)'*r(2:n)/varb/(n-1)

fwhich is close to unity. This value would be much smaller if the
$data were, in fact, random.

pause

$Judging from the plot of residuals, our error cannot be calculated
%correctly using our standard statistical formulae. Rather than
%the error being random, instead the deviation between the model
$and the data is because we have left something out of the -model-!
$In this case we can get a better estimate (and error estimate) if
twe include the quadratic term in our model:
a=[t."2,t,ones(size(t))];

ap={tp.~2,tp,ones(size(tp})];

k=inv(a'*a)*a';

x=k*b;

figure(l)

held on

plot(t,a*x,'c")

hold off

$which is pretty similar to the linear fit.

pause

$Now for the error calculation and residual:
r=b-a*x;

varb=r'*r/(n-3);

varx=k*k'*varb;

bp=ap*x;

bpvar=ap*varx*ap';

iWe have the new predicted value:
[bp,bpvar.~.5)

$vs. the actual value:

actual=[tp"2,tp,l]*c



$which is off by:
abs(bp-actual)/bpvar~.5
$which is now order one!
pause

iWe can also plot up the new residual:

figure(2)

hold on

plot(t,r,'or’)

hold off

twhich is now random, as was assumed in our

%error calculation. We can also look at the

¥normalized covariance:

covariance=r(l:n-1)'*r(2:n)/varb/(n-1)

$In conclusion, *always* plot your residuals when

$doing curve fitting and error calculations!

pause

%In general, if you ignore systematic error in the

$residual, you will -overestimate- the error in the data points
tthemselves, but you will (often dramatically) -underestimate-
tthe error in the modeling parameters. That can lead to
tcompletely incorrect conclusions from your experiments!

%

% DON'T MAKE THIS ERROR!1!!

echo off

format compact

$This example demonstrates the consequences of
tsystematic error in parameter estimation and
terror calculations. Suppose we are trying to
%determine the position of a ball at some time
$tp. It is proposed that we do this by making

%a series of measurements at different times t
fnear this value, fitting a line to the data, and
%then evaluating this line at time tp. We shall
tuse standard error propagation formulae to determine
$the error in our prediction.

pause

tFirst we generate the data set artificially:
t=[0:.1:5]";

e=[.1 1 1]';

signoise=.15;
b=[t."2,t,ones(size(t))]*c+signoise*randn{size(t));
%*and we plot this up:

figure(l)

plot(t,b,'o")

set{gca, 'FontSize',18)

xlabel({'time"')

ylabel('position')

pause

tNext we fit a line to the data:
a=[t,ones(size(t))];
k=inv(a'*a)*a';



x=k*bh;

figure(1l)

hold on

plot(t,a*x,'g"'}

hold off

$which fits the data pretty well.
pause

$We also calculate the error making the usual
$assumption that 1) the error is random, and 2}
$the model itself is perfect.
r=b-a*x;
n=length(t);
varb=r'*r/(n-2);
varx=k*k'*varb;
sigx=diag(varx).”.5;
%This yields the slope and intercept with one SD error:
[x,sigx]
ans =
1.5000 0.0186
0.5703 0.0541
pause

¥The predicted value at tp = 2.5, with error, is:
tp=2.5;
ap=[tp,1]1;
bp=ap*x;
bpvar=ap*varx*ap’';
[bp,bpvar.~.5]
ans =

4.3204 0.0274
tvs. the actual value:
actual=[tp"2,tp,1]*c
actual =

4,1250
twhich is off by:
abs(bp-actual)/bpvar-.5

ans =
7.1227

twhich is very large!

pause

$The explanation for this is that we have dramatically
tunderestimated our standard deviation by assuming that

$the error is simply random - we have ignored our systematic
ferror! We can see that the systematic error is significant
tby plotting the residuals:

figure(2)

plot(t,r,'og')

set(gca, 'FontSize',18)

xlabel{ 'time')

ylabel('residual"’)

pause

tWe can quantify the degree of non-randomness by looking at the
tnormalized covariance of adjacent points:



covariance=r(l:n-1)'*r{2:n)/varb/(n-1})
covariance =
0.5640
fwhich is close to unity. This value would be much smaller if the
$data were, in fact, random.
pause

$¥Judging from the plot of residuals, our error cannot be calculated
$correctly using our standard statistical formulae. Rather than
tthe error being random, instead the deviation betwsen the model
tand the data is because we have left something out of the -model-!
%In this case we can get a better estimate (and error estimate) if
%we include the quadratic term in our model:
a=[t."2,t,ones(size(t))];

ap=[tp."*2,tp,cnes(size(tp})];

k=inv(a'*a)*a';

x=k*b;

figure(l)

hold on

plot{t,a*x,'r'}

hold off

fwhich is pretty similar to the linear fit.

pause

tNow for the error calculation and residual:
r=b-a*x;
varb=r'*r/(n-3);
varx=k*k'*varb;
bp=ap*x;
bpvar=ap*varx*ap';
%We have the new predicted value:
[bp,bpvar.~.5]
ans =
4.1421 0.0232
tvs. the actual wvalue:
actual=[tp~2,tp,1l]*c
actual =
4.1250
twhich is off by:
abs(bp-actual)/bpvar~.5
ans =
0.7355
$which is now order one!
pause

¥We can also plot up the new residual:
figure(2)
hold on
plot(t,r,'or")
hold off
fwhich is now random, as was assumed in our
ferror calculation. We can alsc look at the
tnormalized covariance:
covariance=r(l:n-1)"'*r(2:n)/varb/(n-1)
covariance =

-0.1588



$In conclusion, *always* plot your residuals when

$doing curve fitting and error calculations!

pause

%In general, if you ignore systematic error in the

tresidual, you will -overestimate- the error in the data points
$themselves, but you will (often dramatically) -underestimate-
tthe error in the modeling parameters. That can lead to
tcompletely incorrect conclusions from your experiments!

]

% DON'T MAKE THIS ERROR!!!

echo off

10 . . . .

position

0 1 1 ] 1

time
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Figure 2. The effect of recycle flow on methane conver-
sion for a feed concentration, C,,, of 1.976x10" mol/liter.
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2/24/14 2:20 PM_ /stuff/cheg classes/cbe 20258 .../delta.m 1 of 1

function y=delta(guess)

%This function takes in guesses for the unknown parameters n, 1ln(k0) and
‘E/RTr, and returns the deviation between the model and the data. We bring
4#the data in through the "global" command:

global crpass crOpass Tpass

Tr=298; %The reference temperature.
qr=0.1; %The flow rate (liters/min)
m=1; %The amount of catalyst (g}

n=guess(1l); %The first parameter
kO=exp(guess{2}); %The second parameter
ERTr=guess(3); %The third parameter

miss=crpass-crOpass+m/gr*crpass.”“n*k0.* (Tr./Tpass) . n. *exp (-ERTr*Tr. /Tpass) ;

%0K, the question is how to weight each of the data points. BAs it is
$currently written, it tends to accentuate the weighting at higher
$temperatures where the conversion is the largest. This is because cr is
$lowest, and it is multiplied by a large value to make it balance cr0. It
%also places a stronger weight on the runs with higher intial

$concentrations. On the other hand, for lower c¢r we should have more
%accurate measurements (if the fractional error is fixed, for example).
tDifferent weightings will yield different "solutions" for optimal parameters.

%A reasonable choice is to weight each of the runs with the inverse of the
$initial concentration. This is essentially equivalent to assuming an error
$proportional to the concentration measured, and each data point should be
$of 0{(1). Thus:

miss=miss./cxrOpass;

tand thus we get the objective function:
y=sum{miss.*miss);




gx,lg’

clear

echo on

$In this example we analyze the catalytic oxidation data obtained by a

¥group of students in senior lab. Under CSTR conditions they measured outlet
$concentrations for three different reactor feed concentrations. The data
$for the three feeds cr0 are given below:

Ta=[423 449 471 495 518 534 549 563);
cra=[l1.66E-04 1.66E-04 1.59E-04 1.37E-04 8.90E-05 5.63E-05 3.04E-0D¢
crla=1.64E-4;

Th=[423 446 469 490 507 523 539 553 575];
crb={3.73E-04 3.72E-04 3.59E-04 3.26E-04 2.79E-04 2.06E-04 1.27E-0¢
crO0b=3.6%e-4;

Tc=[443 454 463 475 485 497 509 520 534 545 555 568]);

crc=[2.85E-04 2.84E-04 2.84E-04 2.74E-04 2.57E-04 2.38E-04 2.04E-0¢
cric=2.87e-4;

pause

tWe can calculate conversion ratios for these three runs:
xa=l-cra/croa;
xb=l~crb/crob;
xc=l-crc/cric;

tand we can plot them up:

figure(l)

plot(Ta,xa,'c’',Tbh,xb,'*',Tc,xc,'"")

xlabel( ' Temperature (K)','FontSize',b14)

ylabel( 'conversion ratios', 'FontSize',14)

legend(['Cr0 = ',num2str{crla)],['Cr0 = ',num2str({crOb)],['Cr0 = ',num2str(crodc)],'l
title('Conversion ratios at different feed concentrations', 'FontSize',14)

set(gca, 'FontSize',14)

pause

$Looking at this plot, we can immediately see why the standard technique
$for analyzing the reaction data will run into trouble: Even with
f$interpolation, it will be very hard to get accurate values of the
fconversion at different concentrations for fixed temperatures. To use
$non-linear regression to get at the fitting parameters, we will have to
tdefine an objective function for minimization, as well as some initial
tguesses for the parameters. We can pass the data into the objective
%function using the "global" meat axe:

global crpass cr0Opass Tpass

Tpass=[Ta,Tb,Tc];
crpass=[cra,crb,crc];
cr0pass=(crla*ones(size(Ta))},crOb*ones(size(Th}),crlc*ones(size(Tc))];

$and you will have to save the function "delta.m" which returns the
fobjective function to be minimized.
pause



%0K, let's do it. We have the initial guesses:
guess=zeros(3,1);

guess{l)=.5; %¥This is the guess for n
guess{2)=15; %This is the guess for 1ln(k0)
guess({3)=38; %This is the gquess for E/RTr

$And we go:

guess=fminsearch('delta’,guess)

pause

$Looking at these values, they aren't too far off of those in the
tliterature. 1In particular, the exponent is quite close to the
texpected value of 0.5, and the activation energy is only off by 7%!
pause

iWe can plot the model up too. We need the other parameters
% (both here and in the function delta.m).

Tr=25%8; %The reference temperature.

gr=0.1; %The flow rate (liters/min)

m=1; %The amount of catalyst (g)

n=guess(l);
kO=exp{guess(2));
ERTr=guess(3);

Trange={min(Tpass):max(Tpass)]); %A plotting range
xmodel=m/gr*(Tr./Trange)."n*k0.*exp(-ERTr*Tr./Trange);

xafn=xa./(l-xa)."n/crl0a*(n-1);
xbfn=xb./(l-xb).*n/cr0b~(n-1});
xcfn=xc./(l-xc).~n/crlc”(n=-1);

10K, we've got the model and the data for the function x/(l-x)"n/er0~(n-1}.
$It should be independent of the concentration. Let's plot it up:

pause

figure(2)

plot(Ta,xafn, 'o’',Tbh,xbfn, '*',Tc,xcfn, '+',Trange, xmodel)

xlabel (' Temperature (K)','FontSize',14)
ylabel('x/(1-x)}"n/cr0~(n-1)', 'FontSize', 14)

legend(['Cr0 = ',num2str{crla)],['Cr0 = ',num2str{crOb}],['Cr0 = ', num2str{crlc)],'n
title(] 'Comparison of data to model, n = ',num2str(n)],’'FontSize',14)
set(gca, 'FontSize',14)

$Which shows that we get pretty much perfect collapse of the data.

pause

tNow we turn to the trickier error calculations. First, we need to get a
fmeasure of the uncertainty in the concentration measurements. We can get
fthis from the magnitude of the "miss" in the data:
miss=crpass-cripass+m/qr*crpass.“n*k0.*(Tr./Tpass}. n.*exp(-ERTr*Tr./Tpass);

tWe must adjust this to account for the relative weighting of the data. ZIn
3this case, a rough correction for the actual fractional deviation in cr
%$is given by:

miss=miss./cr0pass.*(crpass./crlpass);

$Thus we get the fractional standard deviation {assuming randomness) of:
crstdev=norm(miss)/(length(Tpass)-3)~.5



tWhich yields a fractional error of around 3% - not too bad. Note that these
tdeviations could have been due to errors in the temperature just as readily!
pause

30K, it is always important to plot up the residuals to see if the error is
¥really random. It is useful to plot up the actual cr's and predicted
%cr's. Alas, we have an implicit equation for the predicted cr's which
%cannot be solved analytically. Instead, we shall use the "miss” from the
tminimization routine. We need the range of indices corresponding to each
tdata set:

a=[l:length(Ta)];

b=[max(a)+l:max(a)+length(Tb)];

c=[max(b)+l:max(b)+length(Tc)];

figure(3)

plot(Ta,miss(a),'o’,Tb,miss(b),"'*',Tc,miss{c), '+")

hold on

plot(Trange, zeros(size(Trange)))

hold off

xlabel ( 'Temperature (K)','FontSize',14)

ylabel('Residual (dimensionless fractional deviation)', 'FontSize',14)
title('Plot of Residuals', 'FontSize',14)

legend(['Cr0 = ',num2str(crda)],['Cr0 = ',num2str(crdb)],['Cr0 = ',num2str(crdc)],'n
set(gca, 'FontsSize',14)
pause

#As you can see, there is a pretty significant systematic deviation between

$the model and the data. That means that the random error in cr is
t-overestimated- (it's less than 3%) while assuming the data to be

tdominated by independent random error will lead to errors in fitting parameters
$to be underestimated! It also means that there is something going on which is
tnot captured by the model - not a big surprise.

pause

%0K, we still want to measure the sensitivity of the calculated values to
$errors in measured concentrations. This can be done by taking the
tderivative of the fitted values with respect to each of the data points
% (not forgetting the initial concentrations, which have error tootl).
$First, let's do the cr's:

crkeep=crpass;
gradfcr=zeros(3,length(Tpass)); %The array where we stuff the gradient.
for j=l:length(Tpass)
crpass=crkeep;
ep=crpass(j)*crstdev; %The amount we change the j'th data point by.
crpass(j)=crpass(j)+ep;
$Now we calculate new values of the fitted parameters:
newguess=fminsearch('delta’,guess);
gradfcr(:,j)=(newguess-guess)/ep; %The gradient.
echo off
end
echo on

$And we do the same for the initial concentrations:
crpass=crkeep;



gradfcr0=zeros(3,3); %We had three initial concentrations.

cripass=[crla*(l+crstdev)*ones(size(Ta))},cr0b*ones(size(Th)),cr0c*ones{size(Tc}))];
gradfcr0(:,1l)=(fminsearch('delta’',guess})-guess)/(crstdev*cria};

crOpass=[cr0a*ones(size(Ta)),chb*(1+crstdev)*ones(size{Tb)),crOc*ones(size(Tc))];
gradfcr0(:,2)=(fminsearch('delta’,guess)-guess})/(crstdev*crib);

cr0pass=[cr0a*ones(size(Ta)),cr0b*ones(size(Tb)),cr0c*(1l+crstdev)*ones(size(Tc))];
gradfcr0(:,3)=(fminsearch('delta’,guess)-guess)/(crstdev*crlc);

fand we put crOpass back again:
criOpass=[crla*ones(size(Ta)),cr0Ob*ones(size(Tb)),cr0c*ones(size(Tc))];

pause

$That gives us the sensitivity gradients. To complete the problem, we need
tto determine the matrix of covariance of the concentration measurements.
tThis is a little more "iffy" because we -know- that they are not really
trandom! sStill, if we make the randomness assumption, we can get an
testimate of the matrix of covariance of the fitting parameters.

varcr=diag( (crstdev*crpass)."2);
varcrO=diag{([cr0a,cr0b,croc]*crstdev)."2);

tNote that we multiply by the wvalue of cr, etc., as crstdev was an
$estimate of the -fractional- standard deviation!

pause

$These will both contribute to the uncertainty. We can look at each
$separately. First, from cr:
varl=gradfcr*varcr*gradfcr’

tand now from cxr0:
varZ=gradfcro*varcri*gradfcri’
pause

tNote that the error due to the ipitial concentrations is actually greater
$than that due to all the reactor outlet measurements put together! That's
tbecause it is used in every calculated value of the fitting parameters,
twhile the "randomness" of the outlet measurements gets averaged out.

$Putting these two together yields an estimate of the variance:
var=varl+var2

Zand the fitting parameters + error:
(guess,diag(var).".5]

twhich, I would guess, gives a reasonable measure of the random uncertainty
tin the values. This is because the uncertainty in cr0 (which is probably
%overestimated) dominates the calculation, while the "randomness
%$assumption” underestimates the contribution due to error in cr. The total
$error will be greater due to other contributions not considered here. 1In
tparticular, calibration errors will yield systematic error not chservable
$from the residuals!

pause



%80, in conclusion, the fractional exponent lies within approximately two
¥standard deviations of the literature value of 0.5, and the activation
fenergy is also within two sigma of 38.5 (at Tr=298K). Error estimates
tcould be improved by having independent estimates of the uncertainty in
%cr0 (the dominant source), by modeling the matrix of covariance in cr,
%and by studying the effect of errors in the other parameters in the
$problem, such as T, gqr, and m. You can also study how the modeling
$parameters change if you leave cr0 as an additional adjustable parameter
%in the model, and simply add its normalized deviation from the measured
%value as an additional contribution to the objective function. That would
fdecrease the model dependence on these few particular data points, and
tmight actually decrease the parameter error bars and reduce the systematic
tdeviation in the residual. To get the most out of your data, you need to
%think about the analysis procedure: what assumptions and relative
3weighting it is putting on particular data points. You will have fun with
%this experiment senior year!

echo off

%In this example we analyze the catalytic oxidation data obtained by a

tgroup of students in senior lab. Under CSTR conditions they measured outlet
*concentrations for three different reactor feed concentrations. The data

%for the three feeds cr0 are given below:

Ta=[423 449 471 495 518 534 549 563];

cra=[1l.66E-04 1.66E-04 1.59E-04 1.37E~04 B.90E-05 5.63E-05 3.04E-0°¢
crl0a=1.64E~4;

Th=[423 446 469 490 507 523 539 553 575};
crb=[3.73E-04 3.72B~04 3.59E-04 3.26E-04 2.79E-04 2.06E-04 1.27E-0¢
cr0b=3.69%e-4;

Tc=[443 454 463 475 485 497 509 520 534 545 555 568);

crec=[2.85E-04 2.8B4E-04 2.84E-04 2.74E-04 2.57E-04 2.38E-04 2.04E-0¢
crlc=2.87e-4;

pause

tWe can calculate conversion ratios for these three runs:
xa=l-cra/crla;
xb=1l-crb/crib;
xec=l-crc/ecric;

%and we can plot them up:

figure(l)

plot(Ta,xa, 'o',Tb,xb,'*',Tc,xc, "~ ')

xlabel{'Temperature (K)','FontSize',14)

ylabel( 'conversion ratios', 'FontSize',14)

legend([ ‘Cxr0 = ',num2str(crla)),['Cr0 = ',num2str{crOb)],['Cr0 = 'ynum2str(crlc)],'1
title('Conversion ratios at different feed concentrations', 'FontSize',14)

set{gca, 'FontSize',14)

pause

$Looking at this plot, we can immediately see why the standard technique
%for analyzing the reaction data will run into trouble: Even with
$interpolation, it will be very hard to get accurate values of the
tconversion at different concentrations for fixed temperatures. To use
tnon-linear regression to get at the fitting parameters, we will have to



tdefine an objective function for minimization, as well as some initial
tguesses for the parameters. We can pass the data into the objective
tfunction using the "global" meat axe:

global crpass crOpass Tpass

Tpass=[Ta,Thb,Tc];
crpass={cra,crb,crcj;
cripass=[crla*ones(size(Ta)),crOb*ones(size(Tb)),crlic*ones(size(Tc))];

$and you will have to save the function "delta.m" which returns the
tobjective function to be minimized.
pause

80K, let's do it. We have the initial guesses:
guess=zeros(3,1);

guess{1l)=.5; %This is the guess for n
guess(2)=15; 3%This is the guess for In(k0}
guess(3)=38; %This is the guess for E/RTr

$And we go:
guess=fminsearch('delta’',guess)
guess =

0.6152

15.0920

36.0888
pause
tLooking at these values, they aren't too far off of those in the
$literature. 1In particular, the exponent is quite close to the
texpected value of 0.5, and the activation energy is only off by 7%!
pause

%We can plot the model up too. We need the other parameters
% (both here and in the function delta.m).

Tr=298; %The reference temperature.

qr=0.1; %The flow rate (liters/min)

m=1; %The amount of catalyst {g)

n=guess(1);
kO=exp(guess(2)};
ERTr=gquess(3);

Trange=[min(Tpass) :max(Tpass})]; %A plotting range
xmodel=m/gr*(Tr./Trange)."n*kl. *exp(-ERTr*Tr./Trange);

xafn=xa./(l-xa})."n/crla”(n-1);
xbfn=xb./(1-xb).*n/cx0b”(n-1);
xcfn=xc./(l-xc}. "n/ecrlc”(n=-1);

$0K, we've got the model and the data for the function x/(l1-x)*n/cr0-(n-1).

tIt should be independent of the concentration. Let's plot it up:

pause

figure(2)

plot(Ta,xafn, 'o',Tb,xbfn,'*' ,Tc,xcfn, '+',Trange, xmodel)

xlabel ('Temperature (K)', 'FontSize',b14)

ylabel('x/(1-x)"n/cr0~(n-1)', 'FontSize', 14)

legend(['Cr0 = ',num2str(crfa)],{'Cr0 = ',num2str(crldb)],['Crd = ',num2str(cric)],'n



title([ 'Comparison of data to model, n = ',num2str(n)], 'FontSize',14)
set(gca, 'FontSize',14)

tWhich shows that we get pretty much perfect collapse of the data.
pause

tNow we turn to the trickier error calculations. First, we need to get a
tmeasure of the uncertainty in the concentration measurements. We can get
$this from the magnitude of the "miss” in the data:
miss=crpass-crlpass+m/qr*crpass. "n*k0.*(Tr./Tpass). "n.*exp(-ERTr*Tr./Tpass});

%We must adjust this to account for the relative weighting of the data. In
%this case, a rough correction for the actual fractional deviation in cr
%is given by:

miss=miss./crlpass.*(crpass./cr0pass);

$Thus we get the fractional standard deviation (assuming randomness) of:
crstdev=norm({miss)/(length(Tpass)~3)".5
crstdev =

0.0312

tWhich yields a fractional error of around 3% - not too bad. Note that these
tdeviations could have been due to errors in the temperature just as readily!
pause

$0K, it is always important to plot up the residuals to see if the error is
%really random. It is useful to plot up the actual cr's and predicted
tcr's. Alas, we have an implicit equation for the predicted cr's which
tcannot be solved analytically. Instead, we shall use the "miss" from the
tminimization routine. We need the range of indices corresponding to each
fdata set:

a=[l:length{Ta)];

b=[max(a)+l:max(a)+length(Tb)];

c=[max(b)+l:max(b)+length(Tc)];

figure(3)

plot(Ta,miss(a),'o',Tb,miss(b), "*',Tc,miss(c),'+")

hiold on

plot({Trange,zeros(size(Trange))}

hold off

xlabel('Temperature (K)', ' 'FontSize',14)

ylabel('Residual (dimensionless fractional deviation)', 'FontSize',14)
title('Plot of Residuals', 'FontSize',14)

legend(['Cr0 = ',num2stricrla)],{'Cr0 = ',num2str{crOb})],{'Cr0 = ',num2str(crlc)],'n
set(gca, 'FontSize',14)
pause

tAs you can see, there is a pretty significant systematic deviation between

$the model and the data. That means that the random error in cr is
t-overestimated- (it's less than 3%) while assuming the data to be

tdominated by independent random error will lead to errors in fitting parameters
%to be underestimated! It also means that there is something going on which is
tnot captured by the model - not a big surprise.

pause

%0K, we still want to measure the sensitivity of the calculated values to
$errors in measured concentrations. This can be done by taking the



tderivative of the fitted values with respect to each of the data points
t(not forgetting the initial concentrations, which have error too!).
%First, let's do the cr's:
crkeep=crpass;
gradfcr=zeros(3,length(Tpass)); %The array where we stuff the gradient.
for j=1:length(Tpass)
crpass=crkeep;
ep=crpass(j)*crstdev; %The amount we change the j'th data point by.
crpass(j)=crpass(j)tep;
$Now we calculate new values of the fitted parameters:
newguess=fminsearch('delta’',guess);
gradfcr(:,j)=({newguess-guess)/ep; %The gradient.
echo off

$&nd we do the same for the initial concentrations:
crpass=crkeep;
gradfcrO=zeros(3,3); %We had three initial concentrations.

crbpass=[cr0a*(l+crstdev)*ones(size(Ta)),crOb*ones(size(Thb)),crlc*ones{size(Tc))];
gradfcrl(:,l)=(fminsearch('delta’',guess)-guess)/(crstdev*crla);

cripass=[cr0a*ones(size(Ta)),crOb*(l+crstdev)*ones(size(Tb)),crl0c*cnes(size(Tc)}];
gradfer0(:,2)={fminsearch('delta’',quess)-guess)/({crstdev*crib);

crOpass=[crla*ones(size(Ta)),crl0b*ones(size(Th)),cr0c*(l+crstdev)*ones(size(Tc))];
gradfcr0(:,3)=(fminsearch('delta’',guess)-guess)/{crstdev*cric);

tand we put crOpass back again:
cripass=[cr0a*ones(size(Ta)),crOb*ones(size(Thb)),crlc*ones(size(Tc))];

pause

$That gives us the sensitivity gradients. To complete the problem, we need
%to determine the matrix of covariance of the concentration measurements.
$This is a little more "iffy" because we -know- that they are not really
trandom! Still, if we make the randomness assumption, we can get an
testimate of the matrix of covariance of the fitting parameters.
varcr=diag({(crstdev*crpass}.~2);
varcr0=diag(([crla,cr0b,cric]*crstdev).”2);

$Note that we multiply by the value of cr, etc., as crstdev was an
testimate of the -fractional- standard deviation!

pause

$These will both contribute to the uncertainty. We can look at each
tseparately. First, from cr:
varl=gradfcr*varcr*gradfcr'
varl =
0.0005 0.0117 0.0127
0.0117 0.3550 0.4275
0.0127 0.4275 0.5431

$and now from cro:
var2=gradfcr0*varcr*gradfcr(’
var2 =
0.0027 0.0697 0.0759
0.0697 1.8849 2.1491



—

0.0759 2.1491 2.5335
pause

tNote that the error due to the initial concentrations is actually greater
$than that due to all the reactor outlet measurements put together! That's
tbecause it is used in every calculated value of the fitting parameters,
twhile the "randomness" of the outlet measurements gets averaged out.
$Putting these two together yields an estimate of the variance:
var=svarl+var2
var =

0.0032 0.0814 0.0886

0.0814 2.2400 2.5766

0.0886 2.5766 3.0765

%and the fitting parameters + error:
[guess,diag(var}.”.5]
ans =

0.6152 0.0565

15.0920 1.4966

36.0888 1.7540

twhich, I would guess, gives a reasonable measure of the random uncertainty
tin the values. This is because the uncertainty in cr0 {(which is probably
foverestimated) dominates the calculation, while the "randomness
$assumption” underestimates the contribution due to error in cr. The total
terror will be greater due to other contributions not considered here. 1In
tparticular, calibration errors will yield systematic errer not observable
$from the residuals!

pause

$S0, in conclusion, the fractional exponent lies within approximately two
$standard deviations of the literature value of 0.5, and the activation
tenergy is also within two sigma of 38.5 (at Tr=298K). Error estimates
$could be improved by having independent estimates of the uncertainty in
$crd (the dominant source), by modeling the matrix of covariance in cr,
tand by studying the effect of errors in the other parameters in the
tproblem, such as T, gr, and m. You can also study how the modeling
tparameters change if you leave cr0 as an additional adjustable parameter
$in the model, and simply add its normalized deviation from the measured
%value as an additional contribution to the objective function. That would
%decrease the model dependence on these few particular data points, and
tmight actually decrease the parameter error bars and reduce the systematic
tdeviation in the residual. To get the most out of your data, you need to
$think about the analysis procedure: what assumptions and relative
$weighting it is putting on particular data points. You will have fun with
%this experiment senior year!

echo off
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clear

format compact

echo on

%3The Jackknife

2In this example, we demonstrate the jackknife - a2 way of estimating the
$matrix of covariance of a set of fitted parameters without requiring
¥modeling of the residuals directly. We do this by solving the problem
fover and over, leaving out one data point each time. We then calculate
$the matrix of covariance of the fitted values. This has the advantage of
$not relying on the residuals being normalliy distributed, although if the
fresiduals are not of uniform error the same issues with bias of the
fregression will occur.

$0K, we shall take as our example the "ball in air" problem we've looked at
tbefore:

t=(0:.1:1]";

tand we generate some "data":

xexact=[0,2,-2]'; %The exact values

a=[ones(size(t)),t,t."2];

noise=0.05; %The amplitude of the noise

b=a*xexact+noise*randn(size(t})); %Our artificial data set.

pause

%$%Basic Regression:

$We solve this using the usual regression formula:
k=inv(a'*a)*a’';

x=k*b

tWe calculate the error in the usual way:

r=a¥*x-b;

varb=r'*r/(length(r)-3); %Three degrees of freedom lost
sigb=varb~.5

$Which is (usually) close to the value of noise we put in
varx=k*varb*k’

tand in particular we have the 2-sigma confidence intervals of the x
tvalues:

xinterval=[x-2*diag(varx).”.5,x+2*diag(varx).".5]

fwhich usually contains the exact values:

xexact

$Where probabilities are governed by the t-distribution:
prob=tcdf(2,length(b)-3)~-tedf(-2,length(b)-3)

%80 the 2-sigma probability in the 90% range (depending on n-m).

pause

*Now let's plot this up. We want some smooth plotting:

tp=[(0:.01:1]"';

ap=(ones(size(tp)),tp,tp."2];

bp=ap*x;

sigbp=diag(ap*varx*ap').”.5;

figure(1}

plot(t,b,'o',tp,ap*xexact, 'k',tp,bp,tp,bp+sigbp, ':r',tp,bp-sigbp,':r')



set(gca, 'FontSize',14)

xlabel('time')

ylabel('position'})

legend('data’', 'exact', 'model’, '1sig confidence interval’','Location’', 'South'}

pause

%%The Jackknife
%Now we look at how to estimate the matrix of covariance using the jackknife
fapproach. We simply leave off one of the data points and resolve for x.
$We then subtract it from the value obtained by loocking at all the points,
tand determine the matrix of covariance:
[n m]=size(a);
xjksgall=zeros(m,m); %We initialize the array.
xjkall=zeros(m,1);
for i=1:n
iall=[1l:n];
ikeep=find(iall-=i); %We keep all but the ith data point!
ajk=a(ikeep,:};
bijk=b(ikeep);
xjk=ajk\bjk;
xjksgall=xjksqall+xjk*xjk’;
xjkall=xjkall+xjk;
echo off
end
echo on
$And we get the final result:
xjk=xjkall/n
twith the matrix of covariance:
varxjk=(xjksgall-n*xjk*xjk')*(n-1)/n
3And that generates the matrix, without having to assume anything about the
tmatrix of covariance of b - other than assuming that the data points are
$independent, of course.

pause

$Let's compare this to the values we obtained using the error propagation
%formula:
var_ratio=varxjk./varx

$Which is (usually) close to one - it will change every time you run it. If
$you have a large number of data points it will converge exactly to one, as
texpected, but it takes about a thousand or so.

pause

tWe can also add this to our plot:

bpjk=ap*xjk;

sigbpjk=diag(ap*varxjk*ap').”.5;

figqure(2)

plot(t,b,'o’,tp,ap*xexact, 'k',tp,bpjk,tp,bptsigbp,':r',tp,bpjktsigbpik, '=-g',tp,bp-¢
set(gca, 'FontSize',14)

xlabel{'time')

ylabel('position')

legend('data’', 'exact', 'model’', 'normal error','jacknife error’','Location','South’)



pause

$4s a final note, the Jackknife will work both for linear and non-linear
fregression, although it does involve solving the problem n times. It does
$not require determining the residuals (other than assuming independence),
$but you can't use it if you -require- one of the data points in the model
%fitting (such as cr0 in Tuesday's reaction engineering problem). It also
$may be more prone to "strange results" if the number of data points is
$small, whereas the exact expressions (if the number of data points is
3still sufficient to estimate the variance in the data, or if you can get
$it in other ways) are less so. For example, if you have a small number of
tdata points and "leave off the one on the end", you will tend to get a
fmuch different value for fitting parameters, leading to (on average} an
foverestimate of the variance.

echo off

$3%The Jackknife

$In this example, we demonstrate the jackknife - a way of estimating the
gmatrix of covariance of a set of fitted parameters without requiring
g¢modeling of the residuals directly. We do this by solving the problem
$over and over, leaving out one data point each time. We then calculate
$the matrix of covariance of the fitted values. This has the advantage of
$not relying on the residuals being normally distributed, although if the
$residuals are not of uniform error the same issues with bias of the
$regression will occur.

$0K, we shall take as our example the "ball in air" problem we've looked at
$before:

t=[0:.2:1]";

%and we generate some "data":

xexact={0,2,-2]"'; %The exact values

a=[ones(size(t)),t,t."2];

noise=0.05; %The amplitude of the noise

b=a*xexact+noise*randn(size(t)); %Our artificial data set.

pause
$tBasic Regression:

$We solve this using the usual regression formula:
k=inv(a'*a)*a';

X=k*b
x=
-0.0174
2.1482
-2.1776

$We calculate the error in the usual way:
r=a*x-b;
varb=r'*r/(length{r)-3); %¥Three degrees of freedom lost
sigb=varb~.5
sigb =
0.0401
$Which is (usually) close to the value of noise we put in
varx=k*varb*k'
varx =
0.0009 -0.0035 0.0028



-0.0035 0.0202 -0.0187
0.0028 -0.0187 0.0187
tand in particular we have the 2-sigma confidence intervals of the x
fvalues:
xinterval=[x-2*diag(varx).".5,x+2*diag(varx).”.5]
xinterval =
-0.0785 0.0437
1.8640 2.4325
-2.4514 -1.9038
$which usually contains the exact values:
xexact
xexact =
0
2
-2
tWhere probabilities are governed by the t-distribution:
prob=tedf (2, length(b)-3)-tedf (-2, length(b)-3)
probh =
0.9195
$So0 the 2-sigma probability in the 90% range (depending on n-m).
pause

§Now let's plot this up. We want some smooth plotting:

tp=[(0:.01:1]1";

ap=[ones(size(tp)),tp,tp."21;

bp=ap*x;

sigbp=diag(ap*varx*ap').”".5;

figure(l)

plot(t,b,'c',tp,ap*xexact, 'k',tp,bp,tp,bptsigbp,':r',tp,bp-sigbp,':r")
set(gca, 'FontSize',14)

xlabel{'time"'}

ylabel{ 'position')

legend('data’, 'exact’, 'model’', '1sig confidence interval’', '‘Location', 'South')

pause

%%The Jackknife
¥Now we look at how to estimate the matrix of covariance using the jackknife
$approach. We simply leave off one of the data points and resolve for x.
tWe then subtract it from the value obtained by looking at all the points,
¢and determine the matrix of covariance:
[n m]=size(a);
xjksqgall=zeros(m,m); %We initialize the array.
xjkall=zeros(m,1);
for i=1l:n
iall=[1l:n];
ikeep=find(iall~=i); %We keep all but the ith data point!
ajk=a{ikeep,:);
bik=b{ikeep);
xjk=ajk\bjk;
¥xjksqgall=xjksgall+xjk*xjk’';
xjkall=xjkall+xijk;
echo off
$And we get the final result:
xjk=xjkall/n
xjk =



-0.0189

2.1549

-2.1833
$with the matrix of covariance:
varxjk=(xjksgall-n*xjk*xjk')*(n-1)/n

varxik =
0.0018 -0.0087 0.0052
-0.0067 0.0337 -0.02%0

0.0052 -0.0290 0.0258
$And that generates the matrix, without having to assume anything about the
tmatrix of covariance of b - other than assuming that the data points are
$independent, of course.
pause

$Let's compare this to the values we obtained using the error propagation
$formula:
var_ratio=varxjk./varx
var_ratio =
1.9536 1.899%4 1.8468
1.8994 1.6686 1.5467
1.8468 1.5467 1.3782

$Which is (usually) close to one - it will change every time you run it. If
tyou have a large number of data points it will converge exactly to one, as
texpected, but it takes about a thousand or so.

pause

tWe can also add this to our plot:

bpjk=ap*xjk;

sigbpjk=diag(ap*varxjk*ap'}.".5;

figure(2)

plot{t,b, 'o',tp,ap*xexact, 'k',tp,bpjk,tp,bp+tsigbp,':r',tp,bpjk+sigbpik, '--g',tp,bp-:¢
set{gca, 'Fontsize',14)

xlabel('time')

vlabel('position')

legend('data’, 'exact', 'model', ‘normal error', 'jacknife error’', 'Location', 'South')

pause

¢as a final note, the Jackknife will work both for linear and non-linear
$regression, although it does involve solving the problem n times. It does
tnot require determining the residuals {other than assuming independence),
tbut you can't use it if you -require- one of the data points in the model
$§fitting (such as cr0 in Tuesday's reaction engineering problem). It also
tmay be more prone to "strange results" if the number of data points is
¥small, whereas the exact expressions (if the number of data points is
$still sufficient to estimate the variance in the data, or if you can get
%it in other ways) are less so. For example, if you have a small number of
tdata points and "leave cff the one on the end”, you will tend to get a
$much different value for fitting parameters, leading to (on average) an
%overestimate of the variance.

echo off
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ex 20

clear

format compact

echo on

$¥The Bootstrap

$In this example, we demonstrate the bootstrap technique to estimate the
tmatrix of covariance. It is similar to the jacknife, except this time we
fanalyze the data by taking a random sample of data drawn from an
$infinitely replicated data set. The assumption is that our data is drawn
$from an infinite array of possible observations, and that the actual data
¥is a good representation of this data set.

iWe use the "ball in air" problem again:

t=[0:.02:1)])"';

tand we generate some "data":

Xexact=[0,2,-2]'; $The exact values
a=[ones(size(t)),t,t-"2];

noise=0.05; %The amplitude of the noise
b=a*xexact+noise*randn(size(t)); %Our artificial data set.

pause

$%Basic Regression:

3We solve this using the usual regression formula:
k=inv(a'*a)*a';

X=Kk*b

tWe calculate the error in the usual way:

r=a*x-b;

varb=r'*r/(length(r)-3); %Three degrees of freedom lost

sigb=varb~.5

%Which is (usually) close to the value of noise we put in
varx=k*varb*k"'

tand in particular we have the 2-sigma confidence intervals of the x
$values:

xinterval=[x-2*diag(varx).”.5,x+2*diag(varx).".5]

$which usually contains the exact values:

xexact

$Where probabilities are governed by the t-distribution:
prob=tcdf(2,length(b)-3)-tcdf(-2,length(b)-3)

¥So the 2-sigma probability in the 90% range (depending on n-m).
¥Now let's plot this up. We want some smooth plotting:
tp=[0:.01:1)"';

ap={ones(size(tp)),tp,tp."2];

bp=ap*x;

sigbp=diag(ap*varx*ap').".5;

figure(l)
plot(t,b,'o',tp,ap*xexact,'k',tp,bp,tp,bp+sighp,':r',tp,bp-sigbp,':x")
set(gca, 'Fontsize', 14)

xlabel('time')

ylabel{'position')

legend('data’', 'exact', 'model’, '1sig confidence interval', 'Location’', 'South'})

pause



$%The Bootstrap

$Now we look at how to estimate the matrix of covariance using the
fbootstrap approach. We Xeep our matrix a, but we "sample" it nbs times.
$For this to work, nbs has to be a pretty large number.

[n mi=size(a);
¥bssqall=zeros(m,m); %We initialize the array.
xbsall=zeros(m,1};
nbs=100;
for i=l:nbs
ikeep=ceil{rand(n,1)*n); %The indices we keep this time around
a bs=a(ikeep,:);
b_bs=b(ikeep);
xbs=a_bs\b_bs;
xbsall=xbsall+xbs;
xbssgall=xbssgall+xbs*xbs’;
echo off
end
echo on
¥Now we calculate the mean and matrix of covariance of these values:
xbs=xbsall/nbs
$And the covariance:
varxbs=(xbssgall-nbs*xbs*xbs')/(nbs-1)
$And that generates the matrix, without having to assume anything about the
tmatrix of covariance of b - other than assuming that the data points are
$independent, of course.

pause

tLet's compare this to the values we obtained using the error propagation
gformula:
var_ratio=varxbs./varx

$Which is (usually) close to one - it will change every time you run it. If
$you have a large number of data points it will converge exactly to one, as
texpected, but it takes about a thousand or so.

pause

fWe can also add this to our plot:

bpbs=ap*xbs;

sigbpbs=diag(ap*varxbs*ap').”.5;

figure(2)

plot{t,b,'oc',tp,ap*xexact, 'k',tp,bp,tp,bp+sigbp,’':r',tp,bpbs+sigbpbs,'--g',tp,bp-si¢
set(gca, 'FontSize', 14)

xlabel('time’}

ylabel('position’)

legend( 'data‘', 'exact’', 'model’, 'normal error', 'bootstrap error','Location','South’})

pause

%The bootstrap is an interesting approach, but it suffers £from the problem

%that you have to solve the problem a fairly large number of times to get a
$reasonable estimate of the variance. Even more than the jacknife, it runs
*into trouble with small data sets: there is a finite probability that all

%n data points it picks will be the same one, leading to a degenerate



$matrix and lots of warning messages! The variance calculated in this way
$is usually higher than the "correct" variance because of this effect. If
$both n and nbs are large, however, the variances will be the same.

echo off

$%The Bootstrap

%In this example, we demonstrate the bootstrap technique to estimate the
tmatrix of covariance. It is similar to the jacknife, except this time we
*analyze the data by taking a random sample of data drawn from an
$infinitely replicated data set. The assumption is that our data is drawn
%¥from an infinite array of possible observations, and that the actual data
%is a good representation of this data set.

iWe use the "ball in air" problem again:

t=f{0:.02:1]"';

tand we generate some "data":

xexact=[0,2,-2]'; %The exact values

a=[ones({size(t)),t,t."2];

noise=0.05; %The amplitude of the noise

b=a*xexact+noise*randn(size(t)); %Our artificial data set.

pause
%%Basic Regression:

%We solve this using the usual regression formula:
k=inv(a'*a)*a"';

x=k*b
x:
-0.0121
2.0129
-1.9847

$We calculate the error in the usual way:
r=a*x-b;
varb=r'*r/(length(r}-3); ¥Three degrees of freedom lost
sigb=varb~.5
sigb =
0.0384
$Which is (usually) close to the value of noise we put in
varx=k*varbr*k'
varx =
0.0002 -0.001¢ 0.0008
-0.0010 0.0051 -0.0048
0.0008 -0.0048 0.0048
tand in particular we have the 2-sigma confidence intervals of the x
tvalues:
xinterval=[x-2*diag(varx).".5,x+2*diag(varx}.”.5]
Xinterval =
-0.0431 0.0189
1.8695 2.1562
-2.1234 -1.8461
$which usually contains the exact values:
xexact
Xexact =
0
2



-2
tWhere probabilities are governed by the t-distribution:
prob=tecdf(2,length{b}-3)-tcdf(-2,length(b)-3)
prob =
0.9488
$S0 the 2-sigma probability in the 90% range (depending on n-m).
%Now let's plot this up. We want some smooth plotting:
tp=[0:.01:1}"';
ap=fones(size(tp)),tp,tp."2];
bp=ap*x;
sigbp=diag{ap*varx*ap').".5;
figure(l)
plot(t,b, 'o',tp,ap*xexact, 'k',tp,bp,tp,bp+sigbp, ':r',tp,bp-sigbp, ':r')
set(gca, 'FontSize',14)
xlabel('time"'}
ylabel('position')
legend('data’, 'exact', 'model', '1sig confidence interval', 'Location', 'South')

pause

§¥The Bootstrap
tNow we look at how to estimate the matrix of covariance using the
tbootstrap approach. We keep our matrix a, but we "sample" it nbs times.
¥For this to work, nbs has to be a pretty large number.
[n mj=size(a);
¥bssqgall=zeros(m,m}); %We initialize the array.
xbsall=zeros(m,1);
nbs=100;
for i=l:nbs

ikeep=ceil(rand(n,l)*n); %The indices we keep this time around

a_bs=a({ikeep,:);

b_bs=b(ikeep};

xbs=a_bs\b_bs;

xbsall=xbsall+xbs;

xbssgall=xbssgall+xbs*xbs’';

echo off
¥Now we calculate the mean and matrix of covariance of these values:
xbs=xbsall/nbs
Xbs =

-0.0122

2.0178

-1.9922
%And the covariance:
varxbs=(xbssgall-nbs*xbs*xbs')/(nbs-1)

varxbs =
0.0004 -0.0015 0.0012
-0.0015 0.0069 -0.0063
0.0012 -0.0063 0.0063

%And that generates the matrix, without having to assume anything about the
tmatrix of covariance of b - other than assuming that the data points are
%$independent, of course.

pause

$Let's compare this to the values we obtained using the error propagation
$formula:
var_ratio=varxbs./varx



var_ratio =
1.6126 1.5491 1.5653
1.5491 1.3368 1.3211
1.5653 1.3211 1.3148

§Which is (usually) close to one - it will change every time you run it. If
tyou have a large number of data points it will converge exactly to one, as
$expected, but it takes about a thousand or so.

pause

tWe can also add this to our plot:

bpbs=ap*xbs;

sigbpbs=diag(ap*varxbs*ap').".5;

figure(2)

plot(t,b, o', tp,ap*xexact, 'k',tp,bp,tp, bp+sigbp, ':r',tp,bpbs+sigbpbs,'--g',tp,bp-sic
set(gca, 'FontSize',14)

xlabel{'time')

ylabel('position')

legend('data', 'exact’', 'model’, 'normal error', 'bootstrap error’', 'Location', 'South')

pause

%*The bootstrap is an interesting approach, but it suffers from the problem
¥that you have to solve the problem a fairly large number of times to get a
$reasonable estimate of the variance. Even more than the jacknife, it runs
tinto trouble with small data sets: there is a finite probability that all
tn data points it picks will be the same one, leading to a degenerate
$matrix and lots of warning messages! The variance calculated in this way
%$is usually higher than the "correct" variance because of this effect. 1If
tboth n and nbs are large, however, the variances will be the same.

echo off
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clear

format compact

echo on

$3Undersampling

%In this example, we lock at the technique of undersampling. This is
freally only appropriate for very large data sets. The idea is that you
$break your dataset into many subsets, calculate the parameters for each,
$and then take the mean and standard deviations of these calculated values,
$Because you need a significant number of data points in each set (for any
$reasonable statistics) and a significant number of subsets, the total
$number of data points has to be really large!

$We use the "ball in air" problem again:

t={0:.01:1]"';

tand we generate some "data":

xexact=[0,2,-2]'; %The exact values
a=[ones(size({t)),t,t."2];

noise=0.05; %The amplitude of the noise
b=a*xexact+noise*randn(size(t)); %Our artificial data set.

pause

$%Basic Regression:

$We solve this using the usual regression formula:
k=inv(a'*a)*a';

x=k*h

¥We calculate the error in the usual way:

r=a*x-b;

varb=r'*r/(length(r)-3); $Three degrees of freedom lost

sigb=varb".5

$Which is (usually) close to the value of noise we put in
varx=k*varb*k'

%and in particular we have the 2-sigma confidence intervals of the x
tvalues:

xinterval=[x-2*diag(varx).".5,x+2*diag(varx).~.5]

$which usually contains the exact values:

xexact

¥Where probabilities are governed by the t-distribution:
prob=tcdf(2,length{b)-3)-tcdf(-2,length(b)-3)

$So the 2-sigma probability in the 90% range (depending on n-m).
tNow let's plot this up. We want some smooth plotting:
tp=(0:.01:1)"';

ap=[ones(size(tp)),tp,tp-°2];

bp=ap*x;

sigbp=diag(ap*varx*ap').”~.5;

figure(l)
plot(t,b,'o',tp,ap*xexact,'k’,tp,bp,tp,bp+sigbp, ':r',tp,bp-sigbp, ':r')
set(gca, 'FontSize',14)

xlabel('time')

ylabel ( 'position')

legend( 'data’, 'exact', 'model','Isig confidence interval', 'Location’', 'South')

pause



%%¥Undersampling
$Now we estimate our fitting parameters by undersampling.
[n mj=size(a);
xussqgall=zeros(m,m); %We initialize the array.
xusall=zeros(m,1);
p=10
for i=1:p
ikeep=[i:p:n]; %The indices we keep this time around
a_us=a(ikeep,:);
b_us=b{ikeep);
xus=a_us\b_us;
xusall=xusall+xus;
xussgall=xussgall+xus*xus’;
echo off
end
echo on
iNow we calculate the mean and matrix of covariance of these values:
xus=xusall/p
$And the covariance:
varxus=(xussqall-p*xus*xus')/(p-1)/p
tAnd that generates the matrix, without having to assume anything about the
tmatrix of covariance of b - other than assuming that the data points are
tindependent, of course. Note that we are getting the matrix of covariance
%0f the -mean- of p samples of our dataset.

pause

tLet's compare this to the values we obtained using the error propagation
$formula:
var_ratio=varxus./varx

¥Which is (usually) close to one - it will change every time you run it. If
%you have a large number of data points it will converge exactly to one, as
texpected, but it takes about a thousand or so.

pause

%We can also add this to our plot:

bpus=ap*xus;

sigbpus=diag({ap*varxus*ap').".5;

figure(2)

plot(t,b,'o’',tp,ap*xexact, 'k',tp,bp,tp,bp+sigbp, ' :r’',tp,bpus+sigbpus, '--g',+tp,bp-sic
set(gca, 'FontSize',14)

xlabel('time’)

ylabel{ 'position')

legend( 'data’, 'exact’, 'model’, 'normal error', ‘undersampling error', 'Location', ‘Soutt

pause

¥Undersampling is a very simple way of getting at the variance of
fmeasurements, but it does require a very large number of datapoints. You
%$certainly can't do it with just a few! Like the other resampling methods,
tit works as well for both linear and non-linear regression problems, and
$will also behave well for non-normal residuals (although it is
$questionable whether non-weighted regression is appropriate if your



tresiduals are not uniform). You can also use these techniques to estimate
tthe -distribution- of the fitting parameters: statistics beyond mean and
$variance, as fitting parameters are usually not normally distributed as
fwell.

echo off

$tUndersampling

$In this example, we look at the technique of undersampling. This is
treally only appropriate for very large data sets. The idea is that you
tbreak your dataset into many subsets, calculate the parameters for each,
$and then take the mean and standard deviations of these calculated values.
tBecause you need a significant number of data points in each set (for any
%reasonable statistics) and a significant number of subsets, the total
tnumber of data points has to be really large!

%We use the "ball in air" problem again:

t=[0:.01:1]";

%and we generate some "data":

xexact=[0,2,-2])'; %The exact values

a=[ones(size(t)),t,t."2];

noise=0.05; %The amplitude of the noise

b=a*xexact+noise*randn(size(t)); %Our artificial data set.

pause
$%Basic Regression:

¥We solve this using the usual regression formula:
k=inv{a'*a)*a';

x=k*b
x=
0.0191
1.9202
-1.9315

tWe calculate the error in the usual way:
r=a*x-b;
varb=r'*r/(length(r)-3); %Three degrees of freedom lost
sigb=varb~.5
sigb =

0.0440
$Which is (usually) close to the value of noise we put in
varx=k*varb*k"'
varx =

0.0002 ~-0.0007 0.0005

-0.0007 0.0035 -0.0033

0.0005 ~0.0033 0.0033
%and in particular we have the 2-sigma confidence intervals of the x
tvalues:
xinterval={x-2*diag(varx).".5,x+2*diag(varx).~.5]
xinterval =

~-0.0067 0.0448

1.8013 2.0391

-2.0466 -1.8165
twhich usually contains the exact values:
xexact
xexact =



o

2

-2
$Where probabilities are governed by the t~distribution:
prob=tcdf (2, length(b)-3)-tcdf (-2, length(b)-3)
prob =

0.9517
t50 the 2-sigma probability in the 90% range (depending on n-m).
tNow let's plot this up. We want some smooth plotting:
tp=[0:.01:1)"';
ap=[ones(size(tp}),tp,tp."2];
bp=ap*x;
sigbp=diag{ap*varx*ap').”.5;
figure(l)
plot(t,b,'o',tp,ap*xexact, 'k’ ,tp,bp,tp,bp+sigbp, ':r',tp,bp-sigbp, ':r")
set(gca, 'FontSize', 14)
xlabel({'time"')
ylabel('position')
legend('data’, 'exact', 'model’, '1sig confidence interval', 'Location', 'South’)

pause

t%¥Undersampling
tNow we estimate our fitting parameters by undersampling.
in ml=size(a);
xussqall=zeros(m,m); %We initialize the array.
xusall=zeros(m,1);
p=10
p=
10
for i=1l:p
ikeep=[i:p:n]; %The indices we keep this time around
a_us=a(ikeep,:);
b_us=b{ikeep):
xus=a_us\b_us;
xusall=xusall+xus;
xussgall=xussgall+xus*xus';
echo off
%¥Now we calculate the mean and matrix of covariance of these values:
xus=xusall/p
xus =
0.0160
1.9405
-1.9552
%And the covariance:
varxus={xussgall-p*xus*xus')/(p-1)/p
varxus =
¢.0001 -0.0005 0.0005
-0.0005 0.0031 -0.0032
0.0005 -0.0032 0.0035
$And that generates the matrix, without having to assume anything about the
tmatrix of covariance of b - other than assuming that the data points are
tindependent, of course. Note that we are getting the matrix of covariance
$0f the -mean- of p samples of our dataset.
pause



tlet's compare this to the values we obtained using the error propagation
$formula:

var_ratio=varxus./varx

var_ratio =

0.4948 0.6851 0.8419
0.6851 0.8844 0.9665
0.8419 0.9665 1.0511

tWhich is (usually) close to one - it will change every time you run it. If
tyou have a large number of data points it will converge exactly to one, as
texpected, but it takes about a thousand or so.

pause

tWe can also add this to our plot:

bpus=ap*xus;

sigbpus=diag(ap*varxus*ap').".5;

figure(2)
plot(t,b,'o’,tp,ap*xexact,'k’',tp,bp,tp,bptsigbp,':r',tp,bpus+sigbpus, '-~g',tp, bp-sic
set(gca, 'FontSize',14)

Xlabel('time')

ylabel({'position’)

legend('data', 'exact’, 'model’, 'normal error', 'undersampling error’', 'Location’', 'Soutt

pause

tUndersampling is a very simple way of getting at the variance of
tmeasurements, but it does require a very large number of datapoints. You
tcertainly can't do it with just a few! Like the other resampling methods,
tit works as well for both linear and non-linear regression problems, and
twill also behave well for non-normal residuals (although it is
tquestionable whether non-weighted regression is appropriate if your
tresiduals are not uniform). You can also use these technigques to estimate
tthe -distribution- of the fitting parameters: statistics beyond mean and
tvariance, as fitting parameters are usually not normally distributed as
fwell.

echo off
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clear

format compact

echo on

$¥Monte Carlo Simulation

$In this example, we look at the approach of Monte Carlo simulation for
terror estimation. This method requires knowledge of the residual (error)
%in the data set. If we know this (via calculation or via other
fexperiments) we can create "artificial" data sets with data that has an
tadded error characterized by this residual. We determine the fitting
tparameters for these, average them together, and compute the statistics.

tWe use the "ball in air" problem again:

t=[0:.1:1])';

tand we generate some "data":

xexact=[0,2,-2]'; %The exact values
a=[ones(size(t)),t,t.*2};

noise=0.05; %The amplitude of the noise
b=a*xexact+noise*randn(size(t)); %0Our artificial data set.

pause

%$%Basic Regression:

iWe solve this using the usual regression formula:
k=inv({a'*a)*a';

x=k*b

¥We calculate the error in the usual way:

r=a*x-b;

varb=r'*r/(length(r})-3); %Three degrees of freedom lost

sigb=varb~.5

$Which is (usually) close to the value of noise we put in
varx=k*varb*k'

$and in particular we have the 2-sigma confidence intervals of the x
fvalues:

xinterval=[x-2*diag(varx).".5,x+2*diag(varx).~.5]

$which usually contains the exact values:

Xexact

tWhere probabilities are governed by the t-distribution:
prob=tcdf(2,length(b)-3)-tcdf(-2,length{(b)-3)

$50 the 2-sigma probability in the 90% range (depending on n-m).
tNow let's plot this up. We want some smooth plotting:
tp=[0:.01:1])"';

ap=[ones(size(tp}),tp,tp."2);

bp=ap*x;

sigbp=diag{ap*varx*ap'}.".5;

figure(1l)

plot(t,b,'o',tp,ap*xexact, 'k',tp,bp,tp,bp+sigbp, ':r',tp,bp-sigbp,':xr'}
set(gca, 'FontSize', 14)

xlabel{'time')

ylabel{'position')

legend('data’, 'exact’', ‘model’','lsig confidence interval', 'Location','South'})

pause



$¥Monte Carlo
$Now we estimate our fitting parameters from Monte Carle simulation. We
fwant to use a fair number of samples to get reasonable statistics.
[n m]=size(a};
xmcsgall=zeros(m,m); %We initialize the array.
xmcall=zeros(m,1);
nme=100
for i=l:nmc
bme=b+randn(n,1)*sigb; %We add in noise based on our residuals
¥mec=k*bme; %$We use all the same times, so k doesn’'t change.
xmeall=xmcall+xmec;
xmesgall=xmcsgall+xme*xme’ ;
echo off
end
echo on
¥Now we calculate the mean and matrix of covariance of these values:
xme=xmcall/nmc
$And the covariance:
varxme=(xmcsgall-nmc*xme*xmec')/{nme-1)
3And that generates the matrix.

pause

$Let's compare this to the values we obtained using the error propagation
$formula:
var_ratio=varxmc./varx

$Wwhich is (usually) close to cne - it will change every time you run it.
%You don't need a large number of data points, but you do need to have a
%large number of monte carlo simulation runs!

pause

¥We can also add this to our plot:

bpmc=ap*xmc;

sigbpmc=diag({ap*varxmc*ap'}.*.5;

figure(2)

plot(t,b,'o’,tp,ap*xexact, 'k',tp,bp,tp,bpt+sigbp,':r',tp,bpme+sigbpme,'--g',tp,bp-sic
set(gca, 'FontSize',14)

xlabel('time"')

ylabel('positicn')

legend('data’, 'exact', 'model’, 'normal error', 'monte carlo error', ‘'Location’,'South')

pause

tMonte Carlo Simulation is an easy technigue for estimating the statistics
$of the fitting parameters. Unlike other resampling techniques, however,
$it does reguire knowledge of the residual: exactly the same information
trequired of the normal error propagation formulas. The computational
irequirement is much higher than that of other methods (at least 100
$simulations for decent statistics), and yields the exact same matrix

%of covariance (if the number of simulations is high enough). fThere are
¥two advantages: it does not require taking any gradients (this may be
$significant in non-linear regression, but is irrelevant in linear
fregression), and it can yield the distribution of the fitting parameters
$(more than just the covariance). Of the resampling approaches, it is the



fonly one which is suitable for small data sets.
echo off

%%Monte Carlo Simulation

$In this example, we look at the approach of Monte Carlo simulation for
$error estimation. This method requires knowledge of the residual (error)
%in the data set. If we know this (via calculation or via other
fexperiments) we can create "artificial” data sets with data that has an
$added error characterized by this residual. We determine the fitting
tparameters for these, average them together, and compute the statistics.
$We use the "ball in air" problem again:

t=[0:.1:1]";

$and we generate some "data":

xexact=[0,2,-2]"'; %The exact values

a=[ones(size(t)),t,t.~2];

noise=0.05; $The amplitude of the noise

b=a*xexact+noise*randn(size(t)); %0Our artificial data set.

pause
%%Basic Regression:

¥We solve this using the usual regression formula:
k=inv(a'*a)*a’';

x=k*b
x=
-0.0145
2.07459
-2.0510

¥We calculate the error in the usual way:
r=a*x-b;
varb=r'*r/(length(r)-3); %Three degrees of freedom lost
sigb=varb~.5
sigbh =
0.0382
tWhich is (usually) close to the value of noise we put in
varx=k*varb*k'
varx =
0.0008 -0.0032 0.0026
-0.0032 0.0183 -0.0170
0.0026 -0.0170 0.0170
%and in particular we have the 2-sigma confidence intervals of the x
tvalues:
xinterval=[x-2+*diag(varx).".5,x+2*diag(varx).”.5]
Xinterval =
-0.0728 0.0437
1.8041 2.3458
-2.3119 -1.7901
$which usually contains the exact values:
xexact
Xexact =
0
2
-2
¥Where probabilities are governed by the t-distribution:



prob=tcdf{2,length(b)-3)-tedf(-2,length(b)-3)
prob =
0.9195
$S0 the 2-sigma probability in the 90% range (depending on n-m).
$Now let's plot this up. We want some smooth plotting:
tp=[0:.01:1]";
ap={ones(size(tp)),tp,tp."2];
bp=ap*x;
sigbp=diag(ap*varx*ap').".5;
figure(l)
plot(t,b, 'o',tp,ap*xexact,'k’,tp,bp,tp,bp+sigbp, ':r',tp,bp~sigbp, ':r")
set(gca, 'FontSize',14)
xlabel('time")
ylabel('position')
legend('data’', 'exact’', 'model', 'lsiqg confidence interval', 'Location', 'South’')

pause

$tMonte Carlo
tNow we estimate our fitting parameters from Monte Carlo simulation. We
twant to use a fair number of samples to get reasonable statistics.
[n m]=size{a);
xmcsgall=zeros(m,m); %We initialize the array.
xmcall=zeros(m,1);
nmc=100
nme =
100
for i=1l:nmc
bmc=b+randn(n,l)*sigb; %We add in noise based on our residuals
xmc=k*bme¢; %We use all the same times, so k doesn't change.
xmcall=xmcall+xmec;
xmesgall=xmcsgall+xmec*xme’ ;
echo. off
iNow we calculate the mean and matrix of covariance of these values:
xmc=xmcall/nmc
Xme =
-0.0121
2.0532
-2.0312
$and the covariance:
varxmc=(xmcsgall-nmc*xme*xme ' )/ (nme-1)
varxmec =
¢.0008 ~-0.0026 0.0019
-0.0026 0.0143 -0.0131
0.0019 -0.0131 0.0133
2and that generates the matrix.
pause

tLet's compare this to the values we obtained using the error propagation
$formula:
var_ratio=varxmec./varx
var_ratio =
0.9054 0.7977 0.7268
0.7977 0.7782 0.7676
0.7268 0.7676 0.7792



P

$Which is (usually) close to one - it will change every time you run it.
tYou don't need a large number of data points, but you do need to have a
$large number of monte carlo simulation runs!

pause

tWe can also add this to our plot:

bpmec=ap*xmc;

sigbpmc=diag(ap*varxmc*ap').".5;

figure(2)

plot(t,b, 'o',tp,ap*xexact, 'k’ ,tp,bp,tp,bp+sigbp, ':r',tp,bpmc+sigbpme, '--g', tp, bp-sic
set{gca, 'FontSize',14)

xlabel{'time')

ylabel{'position')

legend('data’, 'exact', 'model’', 'normal error','monte carlo error','Location','South']

pause

tMonte Carlo Simulation is an easy technique for estimating the statistics
tof the fitting parameters. Unlike other resampling techniques, however,
it does require knowledge of the residual: exactly the same information
$required of the normal error propagation formulas. The computational
trequirement is much higher than that of other methods (at least 100
$simulations for decent statistics), and yields the exact same matrix

tof covariance (if the number of simulations is high enough). There are
ttwo advantages: it does not require taking any gradients (this may be
tsignificant in non-linear regression, but is irrelevant in linear
$regression), and it can yield the distribution of the fitting parameters
$(more than just the covariance). Of the resampling approaches, it is the
tonly one which is suitable for small data sets.

echo off
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