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The theory of transfer matrix is used for the calculation of acoustic-phonon transmission through a
periodic AlN/GaN-based superlattice with a finite number of periods. The results are applied to the
design of broadband phonon filters and single-mode phonon cavities. The resonance phenomena of
phonons is found in the triple-superlattice and superlattice-single layer-superlattice cavity structures.

INTRODUCTION

Resonant cavities have been studied since 1877, when
Lord Rayleigh published his Theory of Sound. They
have achieved great achievements in optics fields. Fab-
ray and Perot cavity is a notable example. With dis-
tributed Bragg reflectors (DBR) combined, Fabray and
Perot optical cavity is widely used as a light filter, such as
single-wavelength photo-detector, or a container for pho-
tons with a certain wavelength, such as used in LASERs.
Fig 1 shows a layer structure for a single-wavelength
photodetector[1]. As designed, only the light with wave-
length of 1542nm can pass through the cavity and DBRs,
reaching the p-i-n region underneath. The reflection
spectrum is shown in Fig 2.

The DBR structure is composed with periodic units to
enhance the selectivity of wavelength. In each unit, there
are two layers A and B with different refractive indeces.
The thickness of each unit is equal to half of the wave-
length λp to be passed through. So the thickness of layer
A and B may be λp/4 separately. The thickness of the

FIG. 1: Photon cavity for single-wavelength photo-detector
application

FIG. 2: Simulated reflection spectra for the photon cavity
depicted in Fig 1

cavity is also the half of the λp. The more periods used
in DBR, the better the light is filtered. But considering
the dissipation of light in the DBRs, too many periods
is not desired. So selecting the material for layers with
large difference in the refractive indices is also helpful to
enhance the filtering effect.

Phonons are similar with photons in some sense. Both
of them are waves with a certain wavelength and have
reflection or transmission spectra between different ma-
terials. Since phonon is actually the vibration of lattice
atoms, instead of being related with refractive index in
optical materials, the transmission of phonons depends
more on the atom mass of the layer where they are prop-
agating.

Device researchers are interested in acoustic phonons
because they are related with the energy dissipation and
lattice heating during the device operation. And by de-
signing proper phonon cavities, it is possible to create
directional energy flow of lattice excitations in active elec-
tronic devices.

Trigo et al.[2, 3] have performed the first studies of the
scattering of standing-wave photons from standing-wave
phonons by placing an acoustic phonon cavity inside an
optical cavity, which is used to enhance the interaction
between photons and phonons. The structure is shown



FIG. 3: Scheme of the phonon cavity embedded within an
optical cavity

in Fig 3. Their research shows the possibility for the
generation of coherent phonons. The thickness of the
phonon cavity is λac/2, where λac is the wavelength of the
acoustical phonon at the center of the phonon minigap.

Raman spectrum can be used to analyze the phonon
mode staying in the cavity. But applying Transfer Matrix
Method, the phonon reflectivity and Raman spectrum for
the above phonon cavity can both be calculated, which
is shown in Fig 4.

Studies on acoustic phonon in nitrides are of special
interests because nitride devices are normally used for
high-power applications. Device heating is an important
issue. In this paper, we study the transmission behav-
ior of acoustic phonons in AlN/GaN-based superlattices.
Phonon filter and cavity are designed according to the
simulation results using transfer matrix method.

THEORY

Two methods for the calculation of acoustic-wave
transmission in semiconductor superlattices have been
widely used: Transfer matrix model and Kronig-Penny
model.

Transfer matrix method allows one to reproduce the in-
finite periodic system features (dispersion relations, stop
bands, etc.), by means of N repeated bilayers, if N is
sufficiently large. This means instead of solving a secular
equation in a number of eigenvalues which corresponds
to the number of interfaces, it is possible to obtain the
same results by solving an inhomogeneous 6 ∗ 6 system
in the unknowns transmission rate T and reflection rate

FIG. 4: Calculated phonon reflectivity (top) and Raman spec-
trum (bottom) in the spectral region around the first zone-
center minigap for the phonon cavity embedded within a pho-
ton cavity depicted in Fig 3

R. This method is numerically simple, and it is then
possible to be extended to more complicated systems,
such as multilayered structures, without increasing the
dimension of the transfer matrix.

The elastic analogue of Kronig-Penny model is widely
used for the study of the dispersion curves in superlat-
tices, i.e., a monodimensional method which can be ap-
plied only along directions of propagation for which the
phonon velocity is well defined.

In this paper, we are going to use the transfer matrix
method developed by S. Mizuno and S. Tamura[4]. For
the completeness of this report, the method is introduced
as below.

A periodic superlattice with a finite number of periods
is studied. The schematic picture of this structure is
shown in Fig 5. We assume that the superlattice consists
of a periodic sequence of alternate stacking of A1 and
A2 layers. The thicknesses of the A1 and A2 layers are
denoted by dA1 and dA2 , respectively, and DA (=dA1 +
dA2) is the thickness of the unit period of this system.

We consider the case where the phonon wave vector is
parallel to the growth direction (z direction). For this
propagation configuration all three phonon modes (shear
horizontal (SH), shear vertical (SV) and longitudinal (L))
are decoupled from each other if the interfaces are a
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FIG. 5: Schematic picture of the periodic superlattice with
the N periods

mirror-symmetry plane. We take such a simple situation
but treat only one mode of phonons. We adopt the con-
tinuum model for the lattice vibration, which is valid for
sub-THz acoustic phonons in most of the semiconductor
superlattices. The solution to the one-dimensional wave
equation for this elastic continuum is expressed in terms
of a linear combination of the transmitted and reflected
waves:

Ui(z) = ct
ie

ikiz + cr
i e

−ikiz, (1)

where i is an index specifying constituent layers, ct
i and

cr
i are the amplitudes of the transmitted and reflected

waves, respectively, and ki is the wave number. The
stress associated with the lattice displacement Ui is

Si(z) = iωZi(ct
ie

ikiz − cr
i e

−ikiz), (2)

where Zi (=ρivi) is the acoustic impedance with the mass
density ρi and the sound velocity vi, and ω = kivi is the
angular frequency.

The boundary condition for this system is the conti-
nuity of the lattice displacement Ui(z) and stress Si(z)
across the interfaces of adjacent layers. For the conve-
nience of writing these boundary conditions, we can in-
troduce a two-component vector

Wi(z) =
[

Ui(z)
Si(z)

]
. (3)

Let us consider the first layer A1, which is sandwhiched
by the substrate denoted by x and the second layer A2

(see Fig 5). The boundary conditions require

WA1(0) = Wx(0) (4)

and

WA1(dA1) = WA2(dA1) (5)

By the Eqn 1 and Eqn 2, Wi(z) can be written as

Wi(z) = hi(z)Ci, (6)

where

hi =
[

eikiz e−ikiz

iωZie
ikiz −iωZie

−ikiz

]
(7)

and

Ci =
[

ct
i

cr
i

]
. (8)

Using Eqn 6, we can combine Eqn 4 and Eqn 5 and get

WA2 = tA1
(dA1)Wx(0), (9)

where

tA1
= hA1

(dA1)[hA1
(0)]−1. (10)

This means that W changes to tA1
W after the propa-

gation of a wave through the first layer A1. Let α1 =
kA1dA1 . tA1

(dA1) can be written as

tA1
(dA1) =

[
cosα1

1
ωZA1

sinα1

−ωZA1sinα1 cosα1

]
. (11)

Similarly, we can define the matrix tA2
for the A2 layer.

Using tA1
and tA2

, we can relate W ’s right before and
after one unit period consisting of A1 and A2 layers,

TA1
= tA1

tA2
≡

[
λA

1
ωZA1

σA

ωZA1ζA μA

]
, (12)

where

λA = cosα1cosα2 − ZA1

ZA2

sinα1sinα2, (13)

σA = sinα1cosα2 +
ZA1

ZA2

cosα1sinα2, (14)

ζA = −sinα1cosα2 − ZA2

ZA1

cosα1sinα2, (15)

μA = cosα1cosα2 − ZA2

ZA1

sinα1sinα2, (16)

with α2 = kA2dA2 .
For the superlattice with N periods, we need to cal-

culate (TA)N ≡ TA(N). To obtain the analytical ex-
pression of TA(N), we need to transform TA into the
diagonal matrix T̃A:

T̃A = S−1TAS =
[

ε1 0
0 ε2

]
, (17)



where ε1 and ε2 are the solutions of the equation

ε2 − (μA + λA)ε + 1 = 0. (18)

Solving the above equation, we can explicitly express the
transfer matrix TA(N) for the following three cases.

(a) |(μA + λA)/2| ≤ 1. We define

cos θA ≡ μA + λA

2
. (19)

Hence, ε1,2 can be written as

ε1,2 = cos θA ± i sin θA = e±iθA , (20)

and the corresponding matrix S is given by

S =
[ −σA −σA

λA − eiθA λA − e−iθA

]
, (21)

With Eqn 17 and Eqn 21, TA(N) is calculated as

TA(N) ≡ (TA)N = S(T̃A)NS−1

=
[ λA−μA

2 SA(N) + CA(N) 1
ωZA1

σASA(N)

ωZA1ζASA(N) −λA−μA

2 SA(N) + CA(N)

]
, (22)

where

SA(N) ≡ sin(NθA)
sin θA

, (23)

CA(N) ≡ cos(NθA). (24)

(b) (μA + λA)/2 > 1. We define θA by

cosh θA ≡ μA + λA

2
. (25)

Then, ε1,2 can be written as

ε1,2 = cosh θA ± sinh θA = e±θA , (26)

and TA(N) has the same form as Eqn 22, but with

SA(N) ≡ sinh(NθA)
sinh θA

, (27)

CA(N) ≡ cosh(NθA). (28)

(c) (μA + λA)/2 < −1. In this case, we define θA by

cosh θA ≡ μA + λA

2
. (29)

Then, ε1,2 can be written as

ε1,2 = − cosh θA ∓ sinh θA = −e±θA , (30)

and TA(N) has the same form as Eqn 22, but with

SA(N) ≡ (−1)N+1 sinh(NθA)
sinh θA

, (31)

CA(N) ≡ (−1)N cosh(NθA). (32)

Next we can calculate the phonon transmission rate by
applying the above analytical expressions for the transfer
matrix. It is assumed that the high-frequency phonons
are excited at the back of the substrate x. Thus both the
incident and reflected phonons exist in the substrate but
there are only transmitted phonons in the detector layer.
Thus for an incident phonon with unit displacement am-
plitude, we have

Wx(z) = hx(z)
[

1
cr
x

]
(33)

in the substrate and

Wy(z) = hy(z)
[

ct
y

0

]
(34)

in the detector layer. The amplitudes of reflection cr
x and

transmission ct
y are determined by the continuity condi-

tion for W at each layer interface. Applying the transfer
matrix TA(N), this condition yields

Wy(NDA) = TA(N)Wx(0). (35)

Define

a =
λA − μA

2
SA(N) + CA(N), (36)

b = σASA(N), (37)
c = ζASA(N), (38)

d = −λA − μA

2
SA(N) + CA(N). (39)



Then TA(N) can be written as

TA(N) =
[

a 1
ωZA1

b

ωZA1c d

]
. (40)

Accordingly, from Eqn 33, 34 and 35, we have

ct
y =

2i

( Zy

ZA1
b − ZA1

Zx
c) + i(d + Zy

Zx
a)

e−ikyNDA , (41)

cr
x =

( Zy

ZA1
b + ZA1

Zx
c) + i(d − Zy

Zx
a)

( Zy

ZA1
b − ZA1

Zx
c) + i(d + Zy

Zx
a)

. (42)

The energy transmission rate T and reflection rate R are
defined by

T ≡ Zy

Zx
|xt

y|2, (43)

R ≡ |cr
x|2. (44)

From Eqn 41 and 42, we get

T =
4Zy

Zx

( Zy

ZA1
b − ZA1

Zx
c)2 + (d + Zy

Zx
a)2

, (45)

R =
( Zy

ZA1
b + ZA1

Zx
c)2 + (d − Zy

Zx
a)2

( Zy

ZA1
b − ZA1

Zx
c)2 + (d + Zy

Zx
a)2

. (46)

If multiple superlattices are stacked, the total transfer
matrix can be expressed as

T total ≡
n∏

i=1

T i, (47)

where i is the index for each superlattice. Applying equa-
tions similar with Eqn 33, 34 and 35, the amplitude of
total reflection cr

x and total transmission ct
y can be ex-

tracted. Inductively we have the total reflection rate
Rtotal and transmission rate Ttotal.

NUMERICAL SIMULATION

Single Superlattice

Single superlattice can behave as a phonon filter. As
a numerical example, we choose a (100) AlN/GaN su-
perlattice and consider two periodic superlattices A-
type and B-type, whose unit periods consists of (6 ML
AlN)/(6 ML GaN) and (9 ML AlN)/(9 ML GaN), re-
spectively. The number of periods in the A(B) super-
lattice is N = 35(M = 35). In Fig 6, we show the fre-
quency dependence of the longitudinal phonon transmis-
sion rates in these periodic superlattices calculated from
Eqn 40 and 45. The figure shows two dips of the trans-
mission rate, one is around 1THz, the other is around
1.5THz. This means the phonons with the frequency in
these ranges are all reflected before reaching the detector
layer.

FIG. 6: Frequency dependence of the L-phonon transmission
rate in (100) AlN/GaN superlattices: A-type superlattice (6
ML AlN/6 ML GaN) and B-type superlattice (9 ML AlN/9
ML GaN). Both the superlattices have 35 periods. The mass
density and longitudinal sound velocity are 3.23 g/cm3 and
10.97 km/s for AlN, and 6.15 g/cm3 and 8.04 km/s for GaN.

Multiple Superlattice

If multiple superlattices are stacked, the total trans-
mission rate can be extracted from the total transfer ma-
trix, which is the products of that for each superlattice. It
can be foreseeable that we actually have multiple phonon
filters working together. The phonons with frequencies in
either stop band of these superlattices can not get trans-
mitted. This is proved by numerical calculation which is
shown in Fig 7, where two superlattices are stacked

If more than two superlattices are stacked and well-
designed such that some part of their stop bands overlaps
with others, we could have a phonon filter with a ”broad”
stop band, which is useful for phonon cavity design if we
want to hold as many longitudinal phonons as possible.
Fig 8 shows the case where four AlN/GaN superlattices
(AlN6/GaN6, AlN7/GaN7 and AlN8/GaN8) are stacked.
Each of these superlattices have 15 periods.

Superlattice-based Cavities

The study of phonon cavity is attractive because it can
provide single mode transmission. For example, if we
have a stack of superlattice with the structure of ABA,
where A-type superlattice is with 6 ML AlN/6 ML GaN
and B-type superlattice is with 9 ML AlN/9 ML GaN.
The periods number for A and B are 10 and 15 respec-
tively. The total transmission rate is plotted in Fig 9.
The most noticeable feature is the appearance of three



FIG. 7: Frequency dependence of the L-phonon transmission
rate in the AB superlattice structure (N=20, M=15).

FIG. 8: Frequency dependence of the L-phonon transmission
rate in the three-superlattice structure with 15 periods for
each of them.

sharp enhancements in transmission in the stop band of
A-type superlattice. These enhancements in transmis-
sion correspond to the resonant transmission.

If we use a single layer with the thickness of λac/2
instead of the superlattice B in the above example, where
λac is the wavelength of the acoustic phonon at the center
of the phonon minigap, we can have one phonon-cavity
mode in the stop band of superlattice A, which is shown
in Fig ??. An enlarged view for the phonon-cavity mode
is also shown in Fig 11.

FIG. 9: Frequency dependence of the L-phonon transmission
rate in the ABA superlattice structure (N=10, M=15).

FIG. 10: Frequency dependence of the L-phonon transmission
rate in the A−Single− layerAlN −A superlattice structure.
A-type superlattice has 10 periods. The single layer AlN has
9 monolayers.

CONCLUSION

The transmission rate is calculated for AlN/GaN based
single superlattice, a stack of different superlattices. A
broadband phonon filter is proposed by stacking three
different superlattice. The transmission for the phonon
cavity is also calculated, which shows the existence of
phonon-cavity modes in the stop band of the superlattice.
These modes are due to the resonant transmission in the



FIG. 11: Enlarged view of the phonon-cavity mode in the
A − Single − layerAlN − A superlattice structure shown in
Fig 10.

proposed cavity structures.
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