Fundamentals of Electromagnetic
Fields and Waves: 1

Fall 2008, EE 30348, Electrical Engineering, University of Notre Dame

Mid Term Exam

e Please show your steps clearly and sketch figures wherever necessary.

e Points will be awarded for correct steps shown in the solutions.

e Necessary formulae and values of constants are given at the end of this document.
e There are THREE problems in this exam. Answer all.

Problem 1

Answer the following short questions.

a) Write down in your own words why for static electric field and magnetic fields (E, B), the two
fields can be uncoupled (not related), whereas for time varying fields, they have to be related.
(2 Points)

b) Stoke’s theorem states that for a vector field F, the relation §, F -dl = [ (V x F) - dS holds,
where s is the surface enclosed by the closed contour ¢. However, this relation holds only if F
satisfies certain conditions. What are these conditions? (1 point)

c¢) Show whether Stoke’s theorem holds for the vector field F = pa, for a circle of radius pg in
the x —y plane centered at the origin. Necessary formulae are given at the end of this document.
(3 points)

d) An electromagnetic plane wave from an enemy aircraft is intercepted by a RADAR. The
wavelength is measured to be A = 3 mm, and the maximum electric field is measured to be
E,, =1 V/m. Find the frequency and the maximum magnetic field of the intercepted signal.
(2 Points)
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Problem 2 (5 Points)

An infinitely long cylindrical wire of radius pg aligned along the z-axis is filled with non-uniform
positive charges. The volume charge density is given by p,(p, ¢,2) = Kp in C/m3, where p is
the distance from the axis of the wire. Outside the wire is air.

Find the electric field for

a) P > po,
b) p < po, &
c¢) Sketch the strength of the electric field as a function of the distance from the wire axis.

Problem 3 (7 Points)
The electric field of an EM plane wave is given by

E(z,t) = [ER cos(wt — [oz) + Er cos(wt + [pz)]ax.

The units are in V/m.

Answer the following questions:

a) Explain qualitatively how the EM wave is propagating.

b) What is the polarization of the wave?

c) Write the electric field in the phasor notation, and identify the spatial component E.
d) Find the corresponding spatial component of the magnetic field B.

Find the real magnetic field B(z,t).

Show that E L B. Is |E|/|B| = ¢? Why?
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Formulae

A) Fundamental constants

Permittivity of vacuum: €y ~ 53— x 107F/m,
Permeability of vacuum: ug = 47 x 10~7H/m.
Speed of light in free space: ¢ = 3 x 10® m/s.

B) Maxwell’s Equations: [Integral Form], [Differential Form)]

Gauss’s Law for Electric Felds : [§, eoE - dS = [ pydv = Qepei] 5 [V - (€E) = py]
Gauss’s Law for Magnetic Fields : [, B-dS = 0], [V-B =]

Faraday’s Law : [§,E-dl = —24([ B-dS)], [V x E = —2B]

Ampere’s Law : [39;% cdl= [ J-dS+ %(fs eoE - dS)], [V x % =J+ d%E]

Charge continuity equation: V -J + 85); =0.

Maxwell’s equations in the phasor notation (E = Re[Ee/*!] & B = Re[Be/“!]) are given by:

V'(GoE):ﬁU,
V-B=0,
V x E = —jwB,

Vx%:j—kjweo]i‘,.

C) Line, Surface, and Volume vector differential elements

Rectangular: (Unit Vectors: ay,ax,ax)

dl = dray + dyay + dzay,,

dsx = dydzay, dsy = dxdzay, ds, = drdya,,
dv = dxdydz.

Cylindrical: (Unit Vectors: a,,ay,a)

dl = dpa, + pdpdyay + dza,,

ds, = pdodza,, dsy = dpdzag, ds, = pdpdpa,,

dv = pdpdodz.

Spherical: (Unit Vectors: ar,ag,ay)

dl = dra, + rdfagy + r sin Odopay,

dsy = r?sin 0dfdoa,, dsg = rsin Odrdoay, dsy = rdrdbfag,
dv = 12 sin Odrdfde.
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D) Formulae for div, grad, & curl expressions in various coordinate systems

Cartesian | Cylindrical | Spherical

Independent Variables (u1, ua,us) T,Y, T 0, b, 2 r, 6, ¢
Vector components (A, A2, A3) | Az, Ay, A, | Ap, Ay, A, | Ay, Ag, Ag
Unit Vectors (ag,az,as) Ay, Ay, ax a,,a4,ay ar,ag,a,
Metric Coefficients (hi, ha, h3) 1,1,1 1,p,1 1, r,rsin6

Use the metric coefficients (h1, ho, h3), coordinates (u1, u2, u3), and unit vectors (az, az, ag) from
the Table above for the expressions of the grad, Laplacian, div, & curl in various coordinate

systems.

For a scalar field &,

grad ® =V = h%gzi a + h%é%@ + h%g—iag, and
: _\2FH — 1 0 (hahs 0P 9 (hihs 0% O (hihy 0P
Laplacian ® = V5@ = 57 (5 (50 Gur) + 56 (e ) + 9 (0% s
For a vector field A = Aja; + Asas + Asag,
the divergence (V - A) is given by
. 1 O(Aihah 0(A2h1h O(Ashih
div A = V- A = g [Pt 4 S5l Sesiuel],
and the curl (V x A) is given by
ai az 3
h%{m h18h3 hiho
curl(A) = 90 du  Dus
hi1Ay hoAs hsAsg
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