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Planck, Entropy, and

Quanta, 1901-1906

I

If there is a single concept that unifies the long and

fruitful scientific career of Max Planck, it is the con-
cept of entropy. From the Munich dissertation which he wrote
at the age of twenty-one, right through to the papers he wrote
during his late seventies, the Second Law of Thermodynamics
and the associated idea of entropy were always central in his
thought. Although much of his work can be viewed as an
extended series of variations on what he called his pet theme
(“Lieblingsthema”), the theme itself was radically altered in
1goo. In that year Planck introduced, in his theory of the black-
body radiation spectrum, the idea which immortalized his
name, the idea of energy quanta. This idea grew directly from
Planck’s years of study of the way in which the second law of

thermodynamics applied to the behavior of radiation.* But
despite its connections with his work on entropy during the
previous twenty years, it was the very success of his theory of
radiation that forced Planck to make a thorough revision of
his ideas on entropy.

~ Before_1gco Planck had resolutely followed the single line
of pure thermodynamics in his work, avoiding the difficulties
that surrounded the path of kinetic theory. He was willing to
grant that the attempts to expose the molecular basis of macro-

scopic behavior offered the hope of more fundamental insight
into nature; but he expressed his doubts, on more than one

5ccasion, that these attempts to dig deeper than the laws of

Thermodynamics could meet with real success in the foreseeable
83



84 MARTIN J. KLEIN

future. At no point in any of the forty or so papers that he
wrote prior to 1goo did Planck use, or even refer to, the rela-
tionship that Ludwig Boltzmann had discovered between en-
tropy and the probability of molecular configurations. (The
muse of entropy was as dear to Boltzmann’s heart ag to
Planck’s, but how different she appeared to her two admirers!)
As Planck wrote many years later, referring to his work in 19oo:
“I had not cared about the connection between entropy and
probability myself until that time; there was nothing tempting
about it for me because every probabilistic law admits excep-
tions, and at that time I attributed universal validity to the
second law of thermodynamics.”? And yet, within two years
after his first paper on quanta, Planck had not oply accented
Boltzmann’s statistical interpretation of entropy as a useful
idea, but had begun to build it into the very basts of his own
Thought '

Planck’s introduction of quanta constituted, then, only half
of the revolutionary change in his thinking that began in 1goo;
the other half was his acceptance of the statistical Interpreta-
tion of entropy. Naturally enough, it took time for the implica-
tions of both changes to be fully absorbed into his physical
outlook. This absorption occurred during the years between
1900 and 1go6, from the time Planck first constructed his
successful theory of the radiation spectrum, in those “few
weeks of the most strenuous work of my life,” to the appear-
ance of his book, Lectures on the Theory of Heat Radiation.?
The changes in Planck’s views on both entropy and the quan-
tum theory have never been traced before, so far as I know.*
Planck himself makes no mention of these years in any of his
retrospective accounts of the discovery of quanta, and even
so perceptive a student of the period as Rosenfeld has written:
“In fact, and it is a phenomenon often recorded, Planck does
not go all the way to the end of the new trail which he opened.
At first he stops, seeks a diversion in works of quite another
kind; when he returns to the question five years later, it is still
not to go forward, but rather to retrace, in a series of masterly
lectures, the entire route already traversed.”s This statement
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hardly does justice to-the increase in insight a'nd change in
viewpyoint th;t Planck had reached by 1906._Wh11e Plall‘l-Ck d%d
not develop the quantum theory along radlcal‘ly new mlc;s in -
the manner of Albert Einstein, his understanding of the asic
questions that his work had posed, was markedly deeper in

1906 than it had been in 1goo. This is hardly surprising, since,

as Planck reported in 1911, he had been struggling incessantly

from the beginning to push the theor.y further, even t}}opgh his
efforts had not been successful.® But it was p.recxsely his mcreaz
ingly surer grasp of the statistical interpretatlon of entropy a}rll'
the second law of thermodynamics which clearly shows in his
deeper insight into the problems of the quantum theory.

II

In the preface to his Treatise on Therm'odynamics,; wr;ttg:_
in April, 1897, Planck contrast_ed Fhe possible r'netho s ot <
veloping the subject. Of the kinetic theory, Wthh. attempts t
express all thermodynamic concepts “and laws in terms ‘
molecular motions, he wrote that it “penetrates .deepes't 1m 0
the nature of the processes considered, ar.xd, were it possible to
carry it out exactly, would be characterized as the most per-
fect.” But, he went on to say, “Obstaclgs, at present insur-
mountable, seem to stand in the way of its further progrfessi
These are due not only to the highly comp}lcateq mathematlclj
treatment, but principally to essential d1PE10}11t1es, not to de
discussed here, in the mechanical .interpreta_tlon of the fu]I; ta—
mental principles of thermodynamics.” .In view of thesefons a-
cles, Planck thought that the most fruitful method to o ovz,
the one corresponding best to the present. state of thfe smenct \
was one which, “keeping aloof from definite assump'tl.oni ?s to
its nature, starts direct from a few very general empirical fac s,
mainly the two fundamental principles of thermodynamics
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and proceeds “by pure logical reasoning,” i.e., the method of
pure thermodynamics.

These characteristic remarks, fully in keeping with Planck’s
thermodynamic researches during the previous two decades,
take on a more explicit meaning, however, when read in con-
junction with a paper that he had published only two months
before the treatise was written.® This paper was the first in
what was to become an extended series of studies of irreversible
radiation processes that would eventually lead into the quantum
theory. In the introduction, Planck formulated the problem
that he viewed as basic: to demonstrate that the electromag-
netic radiation in an enclosure would evolve irreversibly into
an equilibrium state as a result of its interactions with a col-
lection of charged harmonic oscillators. Such a demonstration,
wrote Planck, would be the first proof that a conservative
system could actually exhibit the irreversible behavior required
by the second law of thermodynamics. If such a proof could
be carried out, it should also lead to a determination of the
energy spectrum of black-body radiation, that is, to a full
determination of the properties of the equilibrium state, and
it was known from Kirchoff’s work that this energy spectrum
was a function of universal significance.

Planck pointed out that the kinetic theory of gases had
undertaken to solve just such a problem in another domain:
to prove that the molecules of a gas would approach a unique
equilibrium state as a result of their collisions, the approach
being monotonic as required by the second law. The corre-
sponding equilibrium state would be characterized by the
Maxwell-Boltzmann velocity distribution. Planck expressed his
doubts that Boltzmann’s famous H-theorem had acinally solved
this_problem. Bv citing Zermelo’s criticisms of Boltzmann’s
reasoning, Planck implied his feeling that Boltzmann’s work

as marred by the n isti is it

to_the basic dynamical equations. (These criticisms made by
E. Zermelo,_who swas Planck’s etudent surely representthe

“‘essential difficulties” in the kinetic interpretation of the second

law_to which Planck referred in the preface to his Thermo-
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dynamics quoted above.) Planck hoped that his own Drogram.
dould bz —carried—out without the need for any c’rahqtmixl
hypotheses, and that irreversibility could be deduced by purely
) amic arguments. .
Cle%;zgg nhopes vgere soon dashed when Bpltzmann himself
showed that the equations of electrodyna'mmS could no more
@fuce Trreversibility in_the system of oscillators and radlatlor;
than the equations of mechanics could.ip.the case'of a_gas.
Planck saw the force of Boltzmann’s criticism and in Noven'i;
ber 1899, when he rewrote his work as a smgle monograp
for the Annalen der Physik, he incorporated this criticism into
his presentation.® By this time, Planck had deyeloped t}];e
statistical hypothesis whose necessity had been pointed out by
Boltzmann. Several pages of The lengthy imtroduction to the
Annalen paper deal in detail with the pa¥al!ehs,:’m between
Planck’s statistical hypothesis of “natural. radiation” and Boltz-
mann's hypothesis of “molecnlar chaos” in the.theory of gg(sies.
Both hypotheses were necessary, Elanck admitted, to bn?)gl;e
the gap m their respective theories between the reversible
Wmmw
demanded by the second law. This admission clearly ‘rpance;‘
{he fArst step which Planck had faken in the direction o
Boltz s i i i : he_first ste .

As we have seen, Planck was searching fpr a dlcinvatl'ondf)f
the spectral distribution of black-body radiation.** This s
tribution is defined as the function p (v, T.)‘, Where p ('v, T) dv
is the energy per unit volume of thej equ.lhbr_lum radiation in
an enclosure at temperature T, which lies in the'frequer'lcy
interval between v and v + dv. Planck knew that. this functloln
‘must satisfy the Wien displacement law, a rigorous result
which requires that p (v, T) have the form,

p(v, T) = v*f(/T), (1)

where f(v/T) is a function only of the ratio ‘of freguency to
temperature. By taking advantage of the universality of the
function p, Planck had proved that p must be elated to the
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average energy u,(T) of an oscillator of frequency » with
which the radiation is in equilibrium through the equation

p(nT) = (8m2/c%) u,(T), (2)

where ¢ is the velocity of light. Planck’s one remaining task
was to determine the average energy of such an oscillator as a
function of temperature. His earlier work in thermodynamics
led him to prefer an alternate formulation in which he had to
determine the entropy of the oscillator as a function of its
energy.

It must be mentioned at this point, that Wien had proposed
an explicit form for p(v, T) several years earlier,’? on the basis
of a not very convincing theoretical argument. According to
Wein, p(v, T') should have the form

p(vw T) = av* exp (— Bv/T), (3)

where « and B are constants. The important point is that
Wien’s distribution law was in good agreement with the
available experimental results at the time Planck was writing.
Planck must have been especially gratified when his reasoning
led to the Wien distribution and seemed to give this em-
pirically verified equation the certainty of the laws of thermo-
dynamics. What Planck had done was to define a form for the
entropy-energy relationship of an oscillator which, he showed,
was the only form compatible with the second law. New
experimental results, obtained in the spring of 1goo, produced
a very serious problem for Planck, when they indicated that
the Wien distribution simply was inadequate at the longer
wavelengths. Planck reexamined his reasoning'® and decided
that there was a flaw in it: his entropy-energy relation for an
oscillator was really not uniquely fixed by the second law.
Nevertheless, Planck offered other arguments for the correct-
ness of his entropy equation and therefore for the validity of
the Wien distribution.

By October 1goo new steps were clearly necessary. Rubens
and Kurlbaum had made careful measurements of the energy
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spectrum in the long wavelength region. Wien's law had failed
there, and Planck immediately proposed an improved distribu-
tion law which did fit the experimental data over the entire
frequency spectrum.* This law, announced by Planck in a
discussion remark after Kurlbaum’s paper to the German
Physical Society, had the form

(¥V3

I) = ——8———

p(»T) exp (Bv/T) —1 (4)
Having found what proved to be the correct form for the

distribution law, Planck now faced the harder problem of “in-

vesting it with a_true physical meaning.” For Planck this still

meant finding and justifying that entropy-energy relationship
for a harmonic oscillator which would lead to his distribution
law. 1t was this problem that Planck solved by breaking with
Iis_own past and adopting Boltzmann's_statistical approach
to entropy, and, at the same time, by breaking with fhe entire
past of physics and treating the energy as a discrete variable,
rather than as a continuously varying quantity. Planck
described his reasoning briefly in a paper'® before the German
Physical Society on December 14, 1g9oo, and again, at greater
length, in the paper he sent off to the Annalen a few weeks

later.!® In the latter paper, after discussing the inadequacy

of his earlier attempts to find the entropy of an oscillator as
a function of its energy, Planck wrote: “Another condition
must therefore be introduced which allows the calculation of
the entropy, and in order to accomplish this a closer investiga-
tion into the meaning of the entropy concept is necessary.” He
made it quite clear how this closer investigation would pro-
ceed as he went on to write, “Entropy specifies disorder,” a
phrase new to Planck’s writings. In the earlier version of the
paper he was even more explicit: “Since the entropy of an
oscillator is specified by the nature of the simultaneous distribu-
tion ot energy over many oscillators, 1 conjectured that it

would have to be possible to calculate this quantity by intro- {

ducing probabilistic considerations, whose importance for the
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second law of thermodynamics was first revealed by L. Boltz-
mann.”

It is significant that Planck viewed his new proced.urf.: as
merely an extension of the hypothesis of “natural IadlatIOI}
which he had already introduced. Certainly both were moves in
the direction of Boltzmann’s ideas, but there was a real dif-
ference which was pointed out a few years later by Ehrenfest.*”
Planck’s hypothesis of “natural radiation” was the _analogue
of Boltzmann’s hypothesis of “molecular chaos,” and it forme’d
a necessary step in a program which paralleled Boltzm.ar_ms
H-theorem. That is to say, it was part of Planck’s original
attempt to follow the kinetics of the evolution of the state qf
the radiation into thermal equilibrium, as Boltzmann's kinetic
method had done for gases. Planck’s new procedure, however,
which started with Boltzmann’s basic relationship between
the entropy S of a state and its probability W,

S=kln W, ()

was_the analogue of the statisticaLp.r_c,o;nb,inatatialhln_.e,th_.od,
vx;lggh Boltzmann had used to give an. independent derivation
of the state of thermodynamic equilibrium as the most prob-

able state, Planck gave no indication that he recognized the

distinction at this stage of his work and, in fact, he did not

even follow Boltzmann'’s statistical method very cloé;e'ly.mPléﬁck
considered equation (5)_as “fundamentally a definition of the

probability” and he did not calculate the equilibrium_distribu-

I

In his later years Planck remarked on several occasions that,
although the proportionality constant k which relates entropy
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and probability, was, understandably, known as Boltzmann’s
constant, Boltzmann himself never attached any significance
to it and never attempted to estimate its numerical value.
Planck, on the other hand, grasped the importance of this
constant immediately and laid heavy emphasis on its uni-
versality. Boltzmann’s constant is one of the two basic physical
constants that Planck made use of when he carried out the
theoretical derivation of his distribution law, equation (4).
The other was, of course, the constant ki, which bears Planck’s
name and which determines the magnitude of the energy
quanta ¢ for an oscillator of frequency » through the equation,

e = hv. (6)

Expressed in terms of these two constants and the velocity
of light, the distribution law has the form

p(nT) = <§7cr3_ﬂ><exp (hV%T) - 1>’ (7)

where the second factor represents the average energy of the
oscillator according to equation (2). The constants h and k
were determined by Planck from measurements of the radiation
spectrum.

Planck related the constant k, which entered his calculations
through equation (5), to other physical quantities by the fol-
lowing argument. Boltzmann had shown that the entropy Sg

of a monatomic gas in a given state was related to the prob-
ability of that state Wy by the equation

Se = (R/Ny) In We. (8)

In this equation R is the gas constant and N, is the ratio of
the mass of a mole to the mass of an atom, that is, the number
of atoms per mole, or Avogadro’s number. But if one considers
a system composed of a gas together with a collection of oscil-
lators and electromagnetic radiation, the same universal rela-
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tionship must hold between the entropy of the composite
system and the probability of the state of the composite system.
Since the two parts, gas and oscillators plus radiation, are quite
independent of one another, the probability of the joint state
is the product of the probabilities of the individual states. It
follows then that the proportionality factors k and R/N, must
be just two different ways of writing the same thing,

k= R/No. (9)

l Since the gas constant R was well known and Planck had just
evaluated k, this equation fixed the value of Avogadro’s number
N,. This meant that the mass of a single atom was also deter-
mined, with a precision that went far beyond any of the rough
estimates available for this quantity in 1goo. And, as Planck
pointed out, the quantum of electricity (the charge on a singly
charged ion or an electron) was also determined as the ratio of
Faraday’s constant to Avogadro’s number, also with a precision
not to be attained by direct measurements for almost a decade.

Planc results of his theory. He re-
ferred to them in his original communication as “additional
relationships which_seem to_me fo be of considerable_im-
portance for other fields of physics and for chemistry »_whose

testing by more direct merhods will be a problem for further

investigation as important as it is necessary.” When Planck

Tewrote his theory for the Anndlen der Physik, he separated |

off the calculations of the basic constants, which we have
just described, and wrote them up as a separate paper to stress
their importance. He repeated this discussion once more, this
time at much greater length, in a paper he wrote during the
summer of 1goz which was published as part of a Festschrift
for the Datch scientist, Johannes Bosscha.'®

This Bosscha Festschrift article is especially interesting, since
in it Planck took the opportunity of stating in some detail his
current ideas on entropy. Planck had evidently been reflecting
on the relationship between Boltzmann’s ideas and his own
previous work in thermodynamics. He saw an _important

.
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methodological connection between them which in .a sense
smoothed his own transition from a purely thermodynamic viev&;
of entropy to the probabilistic interpretation of this concept
Thg key point in Planck’s reasoning was expressed in_the Fnl:
l.owmg passage. “One of the most important methods of prob-
mg_more deeply info the special properties of physical and
chem1<.:al processes by theoretical means depends on_a_certain
e.xtensmn or generalization of the conditions which we con-
sider to be characteristic for the state of a material system
mtlon, those states which are really;
agcegmble to observation and measurement represent only very
special cases, distinguished by particular properties, among the
many more numerous and much more general states which are
in_themselves just as possible in nature, but which are not
observable, or not easily observable.”

Planck described the successive generalizations of the con-
‘c‘ept.of the state of a system, beginning with the “theoretical,”

labile,” or unstable states that were used in the discussic;n
of the isotherms and equation of state of fluids by Maxwell
van der Waals, and others. Another class of unobservablé
states had been used in the study of chemical reactions in
gases, where it proved convenient to consider states in which
a d.lssocmtion reaction, for example, had proceeded to an
:flrblt.rary desired degree. Planck had studied such states andy
in his work on the theory of solutions, had introduced state;
even further removed from observation. In order to fix the
entropy of the solution, he had found it valuable to imagine
the whole system heated to the point where it became an ideal
gas.

Up to this point, Planck’s description paralleled exactly one
he had.given eleven years earlier in a lecture on new develop-
ments in thermodynamics.?® In that lecture, however, he had
prefaced his discussion by an expression of disappc;intment
at the results of the kinetic theory. “Anyone who studies the
works of Maxwell and Boltzmann, the two scientists who have
prob.ably penetrated most deeply in the analysis of molecular
motions, will not be able to resist the impression that the
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admirable display of physical ingenuity and mathematical
cleverness shown in overcoming these problems is not in suit-
able proportion to the fruitfulness of the results achieved.”
This time he went on in a very different vein, and I shall
quote at some length to indicate how profoundly he had
altered his views. Planck is still discussing the generalization
of the concept of the state of a system.

“The kinetic theory of gases goes still further in the desig-
nated direction. . . . According to the kmetic theory, the state
oF a definite quantity of a monatomic gas, enclosed in a definite

volume, is not_yet defined when its total kinetic energy is
given; this_requires a_full knowledge of the position and
velocity distributions of the atoms, that is, a knowledge of the
number of atoms whose coordinates and velocity components
Tie between any specified pairs of limits. In the observable

stationary state, there is, to be sure, only one definite spatial
Jistribution, the uniform one, and one definite_velocity distri-
bution, the Maxwell distribution; but, in_general, ope can
assume a completely_arbitrary distribution law for both the
spatial and velocity distributions, and only when this distribu-
tion law is given can one consider the state of the gas as
completely definite. Fach such arbitrarily given state cor-
responds_to a definite entropy, and the maximum of the
entropy yields the conditions for the stationary state, according
5 the second law of thermodynamics. In order to find the
stationary state it is therefore essential to know the general
expression_for the entropy of the gas in any state. Now, as
Boltzmann has shown, there is a simple theorem which permits
one To calculate the entropy for any arbitrary given state of
the gas, that is, for any arbitrary given law for the distribution

oF Tholecular positions and velocities, and which is therefore
b6 considered as fundamentally_an extension of the defipi-
fion of entropy beyond the domain of pure thermodynamics
Toto that of the kinetic theory of gases.”

Turther along in this same article, after repeating Boltz-
mann’s calculation of the entropy of a gas, Planck commented
on the value of the probabilistic interpretation of the entropy.
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“The magnitude of the entropy acquires a_particularly intui-

tive meaning if one introduces the idea of probability. Since

the number of different possible complexions which correspond
to a deﬁmte state specihes the probability of this state, one
can say in general that the entropy of the gas in any state is

a_measure for the probability of this state, and that the sta-
tionary state is distinguished by the maximum value of the
probability.” I
Plfmck had indeed been converted to Boltzmann’s way of
loqkmg at entropy. He developed his views further in a paper
written, appropriately enough, for the Boltzmann-Festschrift
in 1903.2° This time Planck actually championed Boltzmann's
views on entropy against those of Gibbs whose Elementary
Principles in Statistical Mechanics had appeared the previous
year. Although Planck was, relatively speaking, a novice in
statistical mechanics, his twenty years of close familiarity with
entropy in thermodynamics enabled him to see directly into
i;he advantages that Boltzmann’s entropy definition possessed
in comparison to the various definitions that Gibbs had in-
trosiuced. The principal advantage was closely related to the
train of thought In the paper we have just discussed: Planck
saw Boltzmann’s entropy defitiition as giving a natural exten-
sion of the thermodynamic dehnition to all nonequilibrium
states. Since Planck, like his master, Clausius, found the
fl._ﬂl meaning of the second law in its explanation of irrever-
sibility through the increase of entropy, it was just this
feature of Boltzmann's work that appealed most to him.
Toespite the apparent generality of Gibhs definitions that could
m___BrinciDle. apply even to a system of few degrees of freedom:
and despite the fact that all three of Gibbs’ definitions gave
results in agreement with Boltzmann’s for a gas in equilibrium
Planck was_not _satisfied with them: their generality, at ﬁ]‘_gtL

sight i bought at the price of a_restriction of

their physical meaning. And so, Planck concluded, “Boltz-
mann’s definition of entropy proves itself to be the most
relevant and the most productive, among all those known up
to_now, for irreversible processes, which first give the entropy

N.B.
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its true meaning and which alone supply the key to the full
understanding of thermal equilibsium.”

v

NB  Planck regarded “the search for the absolute” as “the loftiest

goal of all scientific activity,” and, despite his earlier negative
attitude, came to look upon Boltzmann’s statistical explana-
tion of the second law of thermodynamics as a great stride
forward in this search. He developed this theme at some length
in an address that he delivered to the science students at the
University of Leyden in 1go8.2' In this lecture Planck tried
to show the unity of the world picture developed by the physi-
cist, a unity underlying the diversity of phenomena and inde-
pendent of the accidents of the history of science. He made it
clear to his audience that he was fundamentally opposed to
the positivism of Ernst Mach and his school and that he saw
the future goal of science as the development of a unified
theoretical structure, which would truly represent the essential
structure of the natural world.

The central sections of Planck’s lecture were devoted to the
development of the second law of thermodynamics, viewed as
a progressive freeing of this law, and its attendant concept of
entropy, from their peculiarly anthropomorphic origins. Planck
stressed the point that the second law provided a particularly
useful and interesting example of his thesis just because this
law had not yet put aside all traces of the “egg shell” from
which it had emerged. In all of the earliest formulations of the
second law, the essential feature of the law seemed to be the
impossibility of certain kinds of processes, for example, the
complete conversion of heat into work in a cyclic process.
Early attempts to express the work “lost” when heat flowed
from a higher to a lower temperature did not lead to a unique

s e A e
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answer because, as Planck put it, “this formulation of the
question was too anthrgpomorphically colored”; it was put from
a standpoint which was “too economically interested.” What
was really involved was the “preference” that nature had for
some states rather than others: processes whose final state was
less preferred than the initial state were absolutely impossible.

The general measure of this preference for one state rather
than another was discovered by Clausius in the concept of
entropy{The entropy of a state provided a quantitative measure
of nature’s preference for this stateyThe division of processes
into those that increase entropy, and so will always occur in
nature and cannot be reversed, and those that do not change
entropy and can therefore occur, at least ideally, in either
direction, marked a more fundamental classification than any
based on mechanical or electrical properties, or any other
apparent differences in processes. And yet, as Planck remarked
this classification itself needed a deeper foundation, since it stili
rested on the possibilities of experiments, that is, on whether
or not an experiment could be carried out to reverse a par-
ticular process. The value of the entropy itself, according to
Clausius’ definition, depended upon the possibility of carrying
out an idealized reversible process, and as thermodynamics
developed, these idealized processes, with their semipermeable
membranes and arbitrarily controllable chemical reactions and
other purely conceptual equipment, became so far fetched that
it was indeed remarkable that they led to sound results, con-
firmed by real experiments.

Since, however, the results deduced from these idealized re-
versible processes made no reference to the processes them-
selves, but related measurable quantities only, it was difficult,
remarked Planck, to suppress the thought that perhaps the
essence of the principle of increasing entropy really had not yet
been grasped. Perhaps it had to be detached from its original
connections with the impossibility of “perpetual motion of the
second kind,” even as the principle of conservation of energy
had been detached from the law of the impossibility of per-
petual motion. “The completion of this step, the emancipation

N8

e
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of the entropy concept from considerations of human experi-
mental abilities and the consequent elevation of the second
law into a real Principle, is the scientific life work of Ludwig
Boltzmann. It consists, briefly speaking, in the general reduc-
tion of the concept of entropy to that of probability. The
meaning of the words I used above, as a makeshift, ‘the
preference of nature for a certain state,” is simultaneously
explained in this way. Nature prefers more probable states to
less probable states precisely by carrying out only those transi-
tions which are in the direction of greater probability. . . . The
calculation of a definite value for the probability of every state
of a system is made possible by the introduction of the atomic
theory and statistical methods. . . . By means of this interpre-
tation, in one stroke, the second law of thermodynamics is
removed from its isolated position, the mystery in the prefer-
ence of nature for certain states vanishes, and the entropy
principle, as a well-founded theorem of probability theory, is
connected with the introduction of atomism in the physical
picture of the world.”

With these words Planck paid even more homage to the
central tole of Boltzmann’s ideas in physics than perhaps
Boltzmann himself would have done. He made only one reser-
vation in his otherwise complete acceptance of the statistical
world view, trying to hold fast to his idea of the absolute
validity of the second law. Boltzmann had left a place—an
essential place—in his statistical derivation of the law of in-
creasing entropy, for the occurrence of processes which proceed
in the direction inverse to that usually observed. According to
Planck, these improbable, entropy-decreasing processes must
be excluded, since a world that permits the spontaneous un-
mixing of gases, for example, is surely no longer our world.
Such processes were to be excluded by a general hypothesis of
molecular chaos, that is, along the lines of the one Boltzmann
himself had used or the one Planck had introduced into his
radiation theory. It is remarkable that Planck apparently failed
to realize that the improbable processes, which he thought
must be excluded from physical theory, had already taken an
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important place in Albert Einstein’s theory of the Brownian
motion. Despite his announced acceptance of the statistical
outlook, Planck still could not square a truly statistical view
wi.th his deepest convictions on the nature of scientific law.
His one reservation would really have drawn the teeth from
a probabilistic approach.
Even this last reservation was dropped within a few years,
and in two separate publications®* which appeared in 1914,
(Planck emphasized the truly statistical aspect of the second
¥aw and its final validation by the appearance of just those
improbable processes that he had wanted to exclude. It was
apparently the Brownian motion, or rather the strikingly suc
cessful explanation of this natural example of perpetual motion
by Einstein and Smoluchowski, that convinced Planck of the

reality of fluctuation phenomenay)even as it convinced Wilhelm
Ostwald of the reality of atoms.

\Y

One thing that Planck learned from his studies of statistical
mechanics in the years following 1goo was a proper apprecia-
tion for Rayleigh’s little note, Remarks upon the Law of Com-
plete Radiation.?® This two-page article (published in June
1900, just a few months before Planck’s own radiation law)
pointed out the inevitable outcome of applying classical sta-
tistical mechanics to the radiation problem. Neither Planck
nor his experimental colleagues, Rubens and Kurlbaum, had
taken Rayleigh’s paper very seriously in the fall of 1goo. Ray-
leigh’s proposed distribution law was compared with the ex-
perimental data and found to be in disagreement with it, except
for long wavelengths. It was then dismissed—along with several
other laws which had been proposed on a strictly ad hoc basis.
Planck made no specific reference to Rayleigh’s work in his
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own papers of 1goo and 1go1, though he must have been ac-
quainted with it—at least through the papers of Rubens and
Kurlbaum—and there is no indication that he recognized its
basic importance at that time.

During the following five years, Rayleigh’s classical radiation
theory suffered the same neglect as Planck’s radical break with
classical ideas. But, by 1906, when Planck published his Lec
tures on the Theory of Heat Radiation, he had seen the point
of Rayleigh’s compressed and somewhat cryptic remarks. After
deriving his own distribution law [equation (7) as stated
previously] in his Lectures, Planck proceeded to examine its
limiting behavior for very large and very small values of the
ratio (hv/kT).2* In the limit where (hv/kT) is large the
Planck law reduces to the Wien distribution [equation (3)]
as Planck had known from the beginning and had pointed out
at the time he introduced his law. Planck had never previously
considered the other limit, however. When (hvw/kT) is very
small compared to one, the Planck law reduces to the equation,

o(v, T) = (8m2/c?) (KT). (10)

Planck remarked that this result had the same form that Ray-
leigh had derived by very different methods in 1goo. It meant
that the average energy of a linear oscillator of frequency
v, u, (T) had the universal value required by the equipartition
theorem,

u,(T) = kT, (11)

as one can see from equation (2). In the light of the discussion
given earlier in this paper it is no surprise that Planck had
never even mentioned the equipartition theorem in his works
prior to 1gob.

Planck was now fully aware of the significance of the equi-
partition theorem, however, and discussed it for gases as well
as for radiation in his Lectures. He also presented Lord Ray-
leigh’s own method of deriving the distribution law expressed
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in equation (10). (Although Rayleigh had only sketched the
method very briefly in 1goo, it had been elaborated on by both
Rayleigh and Jeans in papers published in 19o5.2) In Ray-
leigh’s approach to the radiation problem, neither Planck’s
harmonic oscillators nor any other material system were ever
introduced, but attention was fixed directly on the standing
waves (or normal modes) of the radiation in a cavity. The
first_factor in equation (2) or (10) (87 +?/c?) then appears
as_the number of modes per umit frequency interval-at—fre-
quency v. The second factor u, (T) is the average energy asso-
ciated with such a mode. The equipartition theorem left no
alternative in the choice of u, (T): it had to be set equal to
kT, as in equation (11), leading to the Rayleigh distribution.

Planck also included a new way of looking at the underlying
assumption of his radiation theory in the Lectures®® After re-
peating the arguments he had previously used, in which he
counted the number of ways a given number of energy units
could be shared among the oscillators, he analyzed the prob-
lem afresh in terms of the phase space of an oscillator. The
curve representing the locus of phase points of constant energy
E is an ellipse, described by the equation,

(p?/2m) + 2a*Pmq® = E, (12)

where m is the mass of the oscillator, v is its frequency, g is
its coordinate, and p is its momentum. The area enclosed by
such an ellipse is (E/»). The elementary cells (or the regions
of equal probability corresponding to energy intervals AE)
afe the-eiptical Tings of area (AE/»). In PlancK’s theory these
Cells Tnust have areas equal to his new constant k, which then
fixes the atea of a phase cell for oscillators of all frequencies.
-—As Planck put if, the condition that phase cells of a fixed
definite size, h, are introduced is characteristic for his whole
theory. If h could be taken to be infinitely small the theory
would reduce to the classical case and produce the Rayleigh
distribution law.
This Rayleigh distribution suffers from an inherent difficulty
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that makes it totally unacceptable as a solution to the radiation
problem: It implies an infinite amount of energy associated
with the high frequency nodes. [For the integral of p(v, T)

with respect to frequency over all frequencies, T p(v, T)dy,

represents the total energy per unit volume in a cavity con-
taining black-body radiation and equation (10) leads to an
integral which evidently diverges.] Although Rayleigh must
have been aware of this difficulty in 1goo, his original note con-
tained no explicit mention of it. However, he did remark that
his use of the equipartition theorem and, consequently, also
the distribution law of equation (10) should at least apply
to “the graver modes.” He also went so far as to suggest an
exponential convergence factor, which would lead to an in-
tegrable form for p (v, T), although it had no theoretical basis
at all.

Planck had already overcome this difficulty in the classical
distribution law in 1goo without even recognizing its existence.
His attack on the problem had led him directly to the distribu-
tion law given in equation (7) which automatically avoids di-
vergence problems. When he came to the Rayleigh distribu-
tion, then, it was only the perfectly Iegitimate—and correct—
Tow frequency limit of his own law. Precisely because he had
not based his_arguments on_the equipartition theorem and
fiad not been conditioned early to a constiaiming respect for

the central importance of this theorem in classical statistical
mechanics, Planck was in a position to see just what wag in-

volved in its use here.

By 1905 Jeans had begun the series of attempts he made over
the next few years to avoid the necessity for quanta by treating
the black-body radiation as being in a nonequilibrium state.*”
Jeans, in other words, was willing to sacrifice the concept of
equilibrium in order to preserve the classical mechanics and
the equipartition theorem which it entailed. Planck’s criticism
of Jeans’ viewpoint in his Lectures is worth repeating here, as
an indication of the certainty he felt in his own views. “I am
therefore of the opinion that the difficulty under discussion is
brought about only by an unjustified application of the equi-
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partition theorem to all independent variables describing the
state. In point of fact, the validity of this theorem requires the

assumption that the distribution over all possible states, with
given total energy, is an ergodic one, or briefly speaking, that
the probability thatthe state of the system lies in a definite
lttle cell (in phase $pace] is simply proportional fo the volume
of this cell no matter how small the latter is chosen to be, This
hypothesis is, however, not fulfilled in the case of black-body
radiation; for the elementary regions, or cells, may not be
chosen to be arbitrarily small, but their volume is finite, de-
termined by the value of the elementary quantum of action h.
Only if one could assume that the quantum of action h were
infinitely small, would one arrive at the equipartition theorem.
In fact, as h becomes infinitely small the general distribution
law [equation (7) here] goes over into the special one [equa-
tion (10) in this article]. . . . Then the energies of all oscillators
would be equal, corresponding to the equipartition theorem,
which in general is not the case.”

The difficulty in classical physics which manifested itself in
the impossible distribution law first derived by Rayleigh, had
been recognized quite independently by Einstein, in the first
of his great trio of papers published in the summer of 1go5.?®
Without knowing of Rayleigh’s work, Einstein had derived a
result equivalent to equation (10) and had seen its devastating
implications. He had gone on to develop his revolutionary
coneept of light quanta and used it as a “heuristic” guide to
the understanding of such otherwise unintelligible phenomena
as the photoelectric effect. There is a remarkable footnote in
Planck’s Lectures,2® at the point where he is discussing the
equipartition theorem as applied to radiation, in which Planck
comments briefly on FEinstein’s paper. Planck only remarked
that the difficulty in the theory of radiation that Einstein had
raised (that is, the difficulty we have been discussing) arose
because Einstein had taken the equipartition law as valid for
all modes, whereas in Planck’s theory it held only for the long
wavelengths. What is extraordinary about this footnote is first,
that Planck apparently did not see—as Einstein had—the in-
evitability of the equipartition theorem within the framework
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of classical physics, and second, that Planck made absolutely no
mention of Einstein’s new ideas.

On the other hand, if we read Einstein’s paper—and do so
without the benefit of our accepted idea that Einstein was
building on Planck’s work of 1go1, we are surprised to discover
that Einstein made no real use of that work at all. The only
reference he made to Planck’s 1go1 paper on quanta was to
point out that Planck’s deduction of Boltzmann's constant
k, and the other natural constants, could just as well have been
done from the classical distribution [equation (10)], together
with the experimental measurements on black-body radiation.
(This same remark was made by Rayleigh®® and by Lorentz,*
earlier but less completely. All of Einstein’s startling new con-
clusions were drawn from the limiting form of the distribution
law for high frequencies, the Wien distribution [equation (2)],
which was well established experimentally in its own domain.
As a matter of fact, Einstein’s work on quanta was not tied
directly to Planck’s until his second paper on the subject, in
1g06.32 In this latter paper he even remarked, referring to his
1905 work, “At that time it seemed to me as if Planck’s
theory of radiation formed an antithesis to my work in a
certain respect.” Only Einstein’s new arguments, contained
in his 19o6 paper, had shown him that Planck’s radiation
theory made implicit use of Einstein’s light quantum hypothe-

" sis. Planck, however, did not accept Einstein’s interpretation
of his radiation theory and subsequently devoted comnsiderable
effort to trying to avoid Einstein’s overly revolutionary ideas.
But this discussion belongs to a period later than the one we
are considering here.

Vi

The concept of energy quanta that Planck introduced to the
world in 19oo has taken the central role in the physical science
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of the twentieth century. Planck’s constant k is involved in
the structure of matter and radiation in a particularly intimate
way. Planck himself emphasized the essential importance of
this constant from the very beginning when, in his first report
to the German Physical Society, he described his derivation of
the radiation distribution as based primarily on the introduc-
tion of two new natural constants & and k. As we have already
seen, Planck was immediately able to give his second constant
k (Boltzmann’s constant) a direct physical interpretation and
to use it for remarkably accurate calculations of Avogadro’s
number, the mass of an atom, and the electronic charge. Al-
though he could not interpret i so directly, Planck had no
doubt that when such an interpretation could be made it
would indeed be a significant one. He called attention to the
central position of h in the theory in several places in his
Lectures. “There can be no doubt whatsoever that the constant
k plays a definite role in the basic vibrational processes in
emission; our theories up to now do not, however, provide any
foothold for an investigation of this role from the electro-
dynamic side. And yet the thermodynamics of radiation will
not have come to a fully satisfactory conclusion until the
constant ki is perceived in its full, universal meaning.”’38

Planck also pointed out that his constant h, along with the
velocity of light and the universal gravitational constant, could
be used to form a truly natural system of units—one “inde-
pendent of all particular bodies or substances,” whose mean-
ing would necessarily be identical “for all times and for all
cultures, including extraterrestrial and extrahuman ones,” and
which “would retain their meaning so long as the laws of
gravitation, of the propagation of light in vacuum, and the two
laws of thermodynamics remain valid.”3

Planck stated that his element of action k had to acquire a
direct electrodynamic meaning, though “the nature of this
meaning still remains an open question.” He closed his book
by pointing to the need of a future elaboration of the theory
in which the emission and absorption of radiation could be
understood in detail. Such a theory, he concluded, “must in



106 MARTIN J. KLEIN

any case bring a more detailed explanation for the physical
meaning of the universal element of action h, a meaning which
is certainly not inferior to that of the basic unit of electric
charge.”®®
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