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Abstract

We study local Markov chains for sampling 3-colorings
of the discrete torus T7p4 = {0,...,L — 1}¢. We
show that there is a constant p ~ .22 such that for
all even L > 4 and d sufficiently large, certain local
Markov chains require exponential time to converge to
equilibrium. More precisely, if M is a Markov chain on
the set of proper 3-colorings of Ty 4 that updates the
color of at most pL? vertices at each step and whose
stationary distribution is uniform, then the convergence
to stationarity of M is exponential in L?~'. Our proof
is based on a conductance argument that builds on
sensitive new combinatorial enumeration techniques.

1 Introduction

Sampling and counting colorings of a graph are fun-
damental problems in computer science and discrete
mathematics. We consider the problem of sampling uni-
formly at random from the set C, = Ci(G) of proper
k-colorings of a graph G = (V, E). A proper k-coloring
X is a labeling x : V' — k such that all neighboring
vertices have different colors. This sampling problem is
also fundamental in statistical physics and corresponds
to generating configurations from the Gibbs distribu-
tion of the zero-temperature antiferromagnetic Potts
model [20]. From the physics perspective, the under-
lying graph is typically taken to be the cubic lattice Z¢
and sampling and counting reveal underlying thermody-
namic properties of the corresponding physical system.

Much focus has gone towards solving the sampling
problem using rapidly mixing Markov chains. The
idea is to design a Markov chain whose stationary
distribution is uniform over the set of proper colorings.
Then, starting at an arbitrary coloring and simulating
a random walk according to this chain for a sufficient
number of steps, we get a sample from close to the
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desired distribution. The number of steps required of
this walk is referred to as the mizing time (see, e.g.,
[17]). The chain is called rapidly mizing if the mixing
time is polynomial in n = |V| (so it converges quickly
to stationarity); it is torpidly mizing if its mixing time
is super-polynomial in n (so it converges slowly). There
has been a long history of studying mixing times of
various chains in the context of colorings (see, e.g.,
[1, 6, 10, 11, 12, 15]).

A particular focus of this study has been on Glauber
dynamics. For proper k-colorings this is any single-site
update Markov chain that connects two colorings only
if they differ on at most a single vertex. The Metropolis
chain My, on state space C, has transition probabilities

Pk(XlaX2)7 X1, X2 € Ck7 given by
0, if[{veV:xi(v)# xe(v)} >1;

v v € Vixa(v) # xe(v)} = 1

Pk'(XhXQ) =
1- Z_xl;éx;eck Pr(x1,X3),
if x1 = xe.

We may think of M} dynamically as follows. From a
k-coloring x, choose a vertex v uniformly from V and
a color j uniformly from {0,...,k — 1}. Then recolor v
with color j if this is a proper k-coloring; otherwise stay
at x.

When My, is ergodic, its stationary distribution
is uniform over proper k-colorings. A series of recent
papers have shown that M, is rapidly mixing provided
the number of colors is sufficiently large compared to
the maximum degree (see [6] and the references therein).
Substantially less is known when the number of colors
is small. In fact, for k£ small it is NP-complete to decide
whether a graph admits even one k-coloring.

In this paper we focus on the mixing rate of My
on rectangular regions of the cubic lattice Z¢. Observe
that the lattice is bipartite, so it always admits a k-
coloring for any k > 2. It is also known that Glauber
dynamics connects the state space of k-colorings on any
such lattice region [15]. In Z2 much is known about



the mixing rate of My. Luby et al. [15] showed that
Glauber dynamics for sampling 3-colorings is rapidly
mixing on any finite, simply-connected subregion of Z?
when the colors on the boundary of the region are
fixed. Goldberg et al. [10] subsequently showed that
the chain remains fast on rectangular regions without
this boundary restriction. Substantially more is known
when there are many colors: Jerrum [12] showed that
Glauber dynamics is rapidly mixing on any graph
satisfying & > 2A, where k is the number of colors
and A is the maximum degree, thus showing Glauber
dynamics is fast on Z? when k > 8. It has since been
shown that it is fast for k > 6 [1, 3]. Surprisingly the
efficiency remains unresolved for k =4 or 5.

In higher dimensions much less is known when k is
small. Physicists have performed extensive numerical
experiments [5, 19] suggesting that Glauber dynamics
on 3-colorings is torpidly mixing when the dimension
of the cubic lattice is large enough. We prove this
conjecture for the first time here by studying the
mixing time of the chain on cubic lattices with periodic
boundary conditions.

1.1 Results Our focus in this paper is sampling 3-
colorings of the even discrete torus 17, 4. This is the
graph on vertex set {0,..., L — 1} (with L even) with
edge set consisting of those pairs of vertices that differ
on exactly one coordinate and differ by 1 (mod L) on
that coordinate. For a Markov chain M on the 3-
colorings of 17, ; we denote by 7o the mixing time of
the chain; this will be formally defined in Section 2. Our
main theorem is the following.

THEOREM 1.1. There is a constant dy > 0 for which
the following holds. For d > dy and L > 4 even, the
Glauber dynamics chain Mg on Cs(TL.q4) satisfies

Ld—l
d*log? L } '

Our techniques actually apply to a more general
class of chains. A Markov chain M on state space Cs3
is p-local if, in each step of the chain, at most p|V|
vertices have their color changed; that is, if

TMs = €Xp {

Pr(x1,x2) #0
implies
Hv e Vixi(v) # x2(v)} < plV].

These types of chains were introduced in [4], where the
terminology p|V'|-cautious was employed. We prove the
following, which easily implies Theorem 1.1.

THEOREM 1.2. Fiz p > 0 satisfying H(p) + p < 1.
There is a constant dy = do(p) > 0 for which the
following holds. For d > dy and L > 4 even, if M is an
ergodic p-local Markov chain on Cs(TL.q4) with uniform
stationary distribution then

Ld—l
d*log® L } '

Here H(z) = —zlogz — (1 — z)log(1l — ) is the usual
binary entropy function. Note that all p < .22 satisfy
H(p)+p < 1.

™ 2 exp{

1.2 Techniques We show slow mixing via a conduc-
tance argument by identifying a “bad cut” in the state
space requiring exponential time to cross. Intuitively, in
sufficiently high dimension, the set of 3-colorings of the
lattice is believed to naturally partition into 6 classes:
each class is identified by a predominance of one (of
3) colors on one of the two (even or odd) sublattices.
This characterization was recently rigorously verified on
the infinite lattice, thereby establishing the existence of
6 distinct “maximal entropy Gibbs states” [9]. That
work builds heavily on technical machinery introduced
by Galvin and Kahn [8] showing that independent sets
partition similarly in sufficiently high dimensions in that
they lie primarily on the even or odd sublattices. Specif-
ically, write £ and O for the sets of even and odd vertices
of Z% (defined in the obvious way) and set Ay = [~ L, L]?
and OAp = [-L, L]\ [-(L — 1),L — 1]%. For A > 0,
choose I from Z(Ap) (the set of independent sets of the
box) with Pr(I = I) o< AHl. Galvin and Kahn showed
that for A > Cd=Y*1log®*d (for a large constant C)
and fixed v e AL NE

Llim Ploel|ID0ALNE)
> lim P(v€1|120A,N0).

In other words, the influence of the boundary on the
center of a large box persists as the boundary recedes.
Notice that neither of the results of [8] or [9] es-
tablishing the presence of multiple Gibbs states directly
implies anything about the behavior of Markov chains
on finite lattice regions. However, they do suggest that
in the finite setting, typical configurations fall into the
distinct classes described in stationarity and that it will
be unlikely to move between these classes; the remain-
ing configurations are expected to have negligible weight
for large lattice regions, even when they are finite.
Galvin [7] extended the results of [8], showing that
in sufficiently high dimension, Glauber dynamics on in-
dependent sets mixes slowly in rectangular regions of
7% with periodic boundary conditions. Similar results



were known previously about independent sets; how-
ever, one significant new contribution of [7] was showing
that as d increases, the critical A above which Glauber
dynamics mixes slowly tends to 0. In particular, there
is some dimension dy such that for all d > dy, Glauber
dynamics will be slow on Z¢ when A = 1. This turns
out to be the crucial new ingredient allowing us to rig-
orously verify slow mixing for sampling 3-colorings in
high dimensions, as there turns out to be a close con-
nection between the independent set model at A = 1 and
the 3-coloring model. Note that unlike most statistical
physics models, the 3-coloring problem does not have a
parameter A that can be tweaked to establish desired
bounds; this makes the proofs here significantly more
delicate than the usual slow mixing arguments. Section
3.1 provides a more detailed discussion of the elements
of the proof and of some of the difficulties inherent to
the sampling problem under discussion.

2 Partitioning the state space

We begin by formalizing some definitions. Given a
Markov chain M on state space ) with uniform sta-
tionary distribution denoted by w, let P!(X,-) be the
distribution of the chain at time ¢ given that it started
in state X. The mizing time Toq of M is defined to be

1

Tam = min {to P Ty < = VE> to}
e

where

1
t - Pt XY Y
||] 77THtV IXng'é 9 YEEQ | ( ’ ) 7T( )‘v

is the total variation distance.

We prove Theorem 1.2 via a well-known conduc-
tance argument [13, 14, 18], using a form of the argu-
ment derived in [4]. As above, let M be an ergodic
Markov chain on state space §2 with transition proba-
bilities P and stationary distribution . Let A C Q
and M C Q\ A satisfy 7(4) < 1/2 and wy € A,wy €
Q\ (AU M) = P(w1,wz) =0. Then from [4] we have

m(A)

(2.1) S=an

™ 2

Let us return to the setup of Theorem 1.2. For even
L, Ty, q is bipartite with partition classes £ (consisting
of those vertices the sum of whose coordinates is even)
and O. To show torpid mixing, it is sufficient to identify
a single bad cut. We concentrate on the vertices in
each 3-coloring that are colored with the first color,
0. The objective of Theorem 1.2 will be to verify that
most 3-colorings have an imbalance whereby the vertices
colored 0 lie predominantly on £ or O, and those that

are roughly balanced on the two sublattices are highly
unlikely in stationarity. This is sufficient to show that
the conductance is small.

Accordingly let us define the set of “balanced” 3-
colorings by

€37 = {x €Cs: [XTHO)NEI= X (0)NO|| < pL7/2}
and likewise let
C5P = {x €Cs: [x " (0)NE[ > [x(0) NO| + pL?/2}.

By symmetry, m3(C5”) < 1/2. Notice that since M
updates at most pL? vertices in each step, we have
that if xy; € C5” and xo € C3\ (C5° UCo”) then
Pui(x1,x2) = 0. Therefore, by (2.1),

m3(C57) . — m3(C5")
T 8ma(ChP) T 16ms(Chr)

™

and so Theorem 1.2 follows from the following critical
theorem.

THEOREM 2.1. Fixz p > 0 satisfying H(p) + p < 1.
There is a constant dy = do(p) > 0 for which the
following holds. For d > dy and L > 4 even,

—2L%!

m3(Cy”) < exp {CM)gQL} :

3 Proof of Theorem 2.1

3.1 Setup and overview For a generic x € Cg’p
there are regions of T}, 4 consisting predominantly of
even vertices colored 0 together with their neighbors,
and regions consisting of odd vertices colored 0 together
with their neighbors. These regions are separated by
two-layer “O-free” moats or cutsets. In Section 3.2 we
describe a procedure that selects a particular collection
of these cutsets. Our main technical result, Lemma
3.1, asserts that for each specification of cutset sizes
c1,...,cp and vertices vy, ..., vy, the probability that a
coloring has among its associated cutsets a collection
Y1,y Ye With || = ¢; and with v; surrounded by ~; is
exponentially small in the sum of the ¢;’s. This lemma
is presented in Section 3.3 and Theorem 2.1 is derived
from it in Section 3.4.

The main thrust of [9] is the proof of a result that
is essentially (but not quite) the case £ = 1 of Lemma
3.1. One difficulty we have to overcome in moving
from a Gibbs measure argument to a torpid mixing
argument is that of going from bounding the probability
of a configuration having a single cutset to bounding
the probability of it having an ensemble of cutsets.
Another difficulty is that the cutsets we consider in these
ensembles can be topologically more complex than the



connected cutsets that are considered in [9]. In part,
both of these difficulties are dealt with by the machinery
developed in [7].

We use a “Peierl’s argument” to prove Lemma 3.1.
By carefully modifying each x € Cg"’ inside its cutsets,
we can exploit the fact that the cutsets are O-free to
map x to a set ¢(x) of many different x’ € Cs. If the
»(x)’s were disjoint for distinct y’s, we would essentially
be done, having shown that there are many more 3-
colorings in total than 3-colorings in Cg’p . To control the
possible overlap, we define a flow v : Cg’p x C3 — [0, 00)
supported on pairs (x, x') with x” € p(x) in such a way
that the flow out of each x € Co* is 1. Any uniform
bound we can obtain on the flow into elements of C3
is then easily seen to be a bound on m3(CY*). We
define the flow via a notion of approximation modified
from [8]. To each cutset v we associate a set A(7)
that approximates the interior of v in a precise sense,
in such a way that as we run over all possible v, the
total number of approximate sets used is small. Then
for each ¥’ € C3 and each collection of approximations
Aq,..., Ay, we consider the set of those x € C§”’
with X' € ¢(x) and with A; the approximation to ;.
We define the flow so that if this set is large, then
v(x,x’) is small for each y in the set. In this way we
control the flow into x’ corresponding to each collection
of approximations Ai,..., Ay; since the total number
of approximations is small, we control the total flow
into x’. In the language of statistical physics, this
approximation scheme is a course-graining argument.
The details appear in Section 4.

The main results of [7] and [8] are proved along
similar lines to those described above. One of the dif-
ficulties we encounter in moving from these arguments
on independent sets to arguments on colorings is that of
finding an analogous way of modifying a coloring inside
a cutset in order to exploit the fact that it is O-free. The
beginning of Section 4 (in particular Claims 4.1 and 4.2)
describes an appropriate modification that has all the
properties we desire.

3.2 Cutsets We describe a way of associating with
each x € Cg’p a collection of minimal edge cutsets,
following the approaches of [2] and [7]. First we need a
little notation.

Write V' for the vertex set of Tr 4 and E for its
edge set. For X C V' write V(X) for the set of edges
in E that have one end in X and one end outside X;
X for V \ X; 9;,:X for the set of vertices in X that
are adjacent to something outside X; d.,; X for the set
of vertices outside X that are adjacent to something
in X; Xt for X U e X; X for X NE and X© for
X NO. Further, for x € V set 0z = Jere{x}. We abuse

notation slightly, identifying sets of vertices of V' and
the subgraphs they induce.

For each x € CY* set I = I(x) = x '(0). Note
that I(x) is an independent set (a set of vertices no
two of which are adjacent). For each component R
of (I€)T or (I9)* and each component C of R, set
v =7grc(I) = V(C) and W = Wre(I) = C. Evidently
C is connected, and W consists of R, which is connected,
together with a number of other components of R, each
of which is connected and joined to R, so W is connected
also. It follows that 7 is a minimal edge-cutset in 77, 4.
Say that « is even if R is a component of (I€)* and
odd otherwise. Define int vy, the interior of 7, to be the
smaller of C, W (if |W| = |C|, take inty = W).

The cutsets v associated to x depend only on the
independent set I(x), and coincide exactly with the
cutsets associated to an independent set in [7]. We
may therefore apply the machinery developed in [7]
for independent set cutsets in the present setting. In
particular, from [7, Lemmas 3.1 and 3.2] we know that
for each x € Cs there is a collection of associated cutsets
I'(I) such that either

for all v,+" € T'(I),
~v,7 are even with inty Ninty’ = 0,
and I¢ C U,int,

(3.2)

or we have the analogue of (3.2) with even replaced by
odd. Set C§¥*" = {x € Cs : x satisfies (3.2)}. From
here on whenever x € C5§"°" is given we assume that
T is its associated independent set and that T'(I) is a
particular collection of cutsets associated with y and
satisfying (3.2). Numerous properties of v € I'(I) are
established in [7, Lemmas 3.3 and 3.4]. We list some
here that will be of use in the sequel. That the cutsets
are indeed 0O-free regions is established by (3.4).

(33) 6th - O and 8extW - (c,‘,

(34) 8inthI: @ and 86thﬂI = @,

(3.5) WO = 0. W¢ and W¢ = {y e&:0yC Wo};

(3.6) for large enough d, |y| > max{|W |~/ d'9}.

3.3 The main lemma For ce N and v € V set
W(c,v)—{'y: ~v € I'(I) for some x € C§ }

with |y| = ¢, v € W¢
and set W = U.,W(c,v). A profile of a collection
{1, e} S Wiis a vector p = (c1,v1,. .., ¢, v) With
vi € W(ci,v;) for all i. Given a profile vector p set

even . L (I) contains a subset
Cg(p){XGC'g : (1) }

with profile p



Our main lemma (c.f. [7, Lemma 3.5]) is the following.

LEMMA 3.1. There are constants c,dg > 0 such that the
following holds. For all even L > 4, d > dy and profile

vector p,
£
Cc ._1 C;
7(Cap)) < exp {Z;—l } .

We will derive Theorem 2.1 from Lemma 3.1 in
Section 3.4 before proving the lemma in Section 4. From
here on we assume that the conditions of Theorem 2.1
and Lemma 3.1 are satisfied (with dy sufficiently large
to support our assertions).

(3.7)

3.4 Proof of Theorem 2.1 assuming the main
lemma We begin with an easy count that dispenses
with colorings where [I(x)| is small. Set

cgmat = {x e e s min 1,19} < L/4a'/?}.

LEMMA 3.2. m3(C5m!) < exp {—Q(L%)}.

Proof: For any A C £ and B C O, let comp(A, B) be
the number of components in V'\ (AU BUJ*AU0*B),
where for T C & (or O),

T ={2€ 0T :0x CT} (={x€V:0xCT}).

We begin by noting that by £-O symmetry

(38) |C§mall‘ <2 Z 2|a*A\Jr|¢9*B|+Comp(A,B)7
where the sum is over all pairs A C £, B C O with no
edges between A and B and satisfying |A| < L?/4d'/?
and |B| < (p + 1/2dY/?)L%/2. Indeed, once we have
specified that the set of vertices colored 0 is A U B,
we have a free choice between 1 and 2 for the color
at © € 0*A U 0*B, and we also have a free choice
between the two possible colorings of each component
of V\ (AUBUO*AUOI*B).

A key observation is the following. For A and B
contributing to the sum in (3.8),

(3.9) comp(A4, B) < L?/2d.

To see this, let C' be a component of V' \ (AU B). If
C = {v} consists of a single vertex, then (depending on
the parity of v) we have either dv C A or 9v C B and
so v € 9*AU 0*B. Otherwise, let vw be an edge of C
with v € € (and so w € O). If v has k edges to B and
u has ¢ to A, then (since there are no edges from A to
B) we have (k—1)+ ({—1) <2d—2or k+{ < 2d.
(Here we are using that in T, 4, if uv € E then there
is a matching between all but one of the neighbors of u

and v.) Since v has 2d — 1 — k edges to O\ (B U {w})
and w has 2d — 1 — ¢ edges to £\ (AU{v}) we have that
|C| =4d — (k + ¢) > 2d. From this, (3.9) follows.
Inserting (3.9) into (3.8) and bounding |0*A| and
|0* B| by the maximum values of |A| and | B| (valid since
T C & (or O) satisfies |T'| < |0extT|, s0 [0*T| < |T|) and
with the remaining inequalities justified below, we have

g d
et < o tamth (L / 2)
i<Ld/4d'/? !
Z (Ld/2>
J<(p+1/2d/2)L4/2 J
(3.10) < o Pt thtH dm tH ety
311) < 2%0-0e0)

for sufficiently large d = d(p). In (3.10) we use the

Chernoff bound ZEﬁM ( ) < 2HBM for g < Liin

(3.11) we use H(p) + p < 1. Using 2L%/2 < |Cs], the

lemma follows. U
We now consider

large,even
C g .

(CB,/) \ Csmall)

even
negven,

By Lemma 3.2 and £-O symmetry, Theorem 2.1 reduces

to bounding (say)
3Ld—1
d4log? L } '

Let Céarge,e'uen,nt be the set of x € Céarge,even
such that there is a v € I'(I) with |y| > L471 (we
think of such cutsets as being topologically non-trivial
(“nt”); see [7] for an explanation of this) and also let

3.12 3 Clarge,even SeXp _
3

Clarge,even,triv _ C:l))arge,even \ C:l))arge,even,nt. We assert
that
Ld—l

(3.13) Wg(Céarge’evm’nt) < exp {—Q ( 7 )}
and

. 4Ld—1
3.14 - Clarge,even,trw < ex _ ;
(310 m(C )< e { ooy

this gives (3.12) and so completes the proof of Theorem
2.1. Both (3.13) and (3.14) are corollaries of Lemma
3.1, and the steps are identical to those that are used to
bound the measures of “Z;,7" > Zzl:éal” and “Ifgjgzeaévm”
in [7, Section 3.3].

With the sum below running over all vectors p of

the form (c,v) with v € V and ¢ > L%, and with the



inequalities justified below, we have

Zﬂg(cs(ﬂ))

prenf-0(55)
0[5

giving (3.13). We use Lemma 3.1 in (3.15). The factor
of L2 is for the choices of ¢ and v.

The verification of (3.14) involves finding an i €
[Q(logd),O(dlog L)] and a set I';(I) C T'(I) of cutsets
with the properties that |T;(1)| ~ L%/2%, |y| ~ 2 for
each v € I'i(I) and Y cp, [V & L4=1. The measure
of Clarge,evemtriv

3

3 (C:lsarge,even,nt) §

(3.15)

IN

IA

is then at most the product of a term
that is exponentially small in L¢~! (from Lemma 3.1),
a term corresponding to the choice of a fixed vertex in
each of the interiors, and a term corresponding to the
choice of the collection of lengths. The second term will
be negligible because I';(I) is small and the third will
be negligible because all v € T';(I) have similar lengths.

More precisely, for x € CY" 9% "% and v € T(I)
we have |y| > |inty|'~*/? (by (3.6)) and so

S YD > N finty] > 18] > L4 /4d'2.
~y€er(I) ~y€er(I)
The second inequality is from (3.2) and the third follows
since x ¢ C5malt.

Set T;(I) = {y € T(I) : 271 < |y < 2}. Note
that T';(I) is empty for 2¢ < d' (again by (3.6)) and
for 2071 > L971 50 we may assume that
(3.16) 1.9logd <i < (d—1)log L+ 1.

Since >_°_, 1/m? = w2/6, there is an i such that

_d_ Ld
Z |’)’|'171 >Q (d1/2i2) )

RIS ¥1¢))
Choose the smallest such i set ¢ = |I';(I)|. We have
> ern [yl = Q(€2") (this follows from the fact that
each v € T';(I) satisfies |y| > 2¢71) and

dL? d
o)zt (s 0s):
2 a1 42(1/2

The first inequality follows from that fact that > || <
dL? = |E|; the second follows from (3.17) and the fact
that each v has |y|%/ (=1 < 24i/(d=1)  We therefore
have x € Cs(p) for some p = (c1,v1,...,¢e,vp) with ¢
satisfying (3.18), with

(3.17)

(3.18)

J4
(3.19) > e =02,

with
(3.20) c; <2

for each j and with ¢ satisfying (3.16). With the sum
below running over all profile vectors p satisfying (3.16),
(3.18), (3.19) and (3.20) we have

(321) 71_3(C:lg.arge,emzn,tm'v) < Zﬂ?)(cg(g))
P

The right-hand side of (3.21) is, by Lemma 3.1, at most

d 7
max 2t <L > exp {—Q <£2) } .
i satisfying (3.16) t d

The factor of dlog L is an upper bound on the number of
choices for i; the factor of 2¢ is for the choice of the cj’s;

and the factor (L;) is for the choice of the ¢ (distinct)

v;’s. By (3.16) and the second inequality in (3.18) we
have (for d sufficiently large)

oli (0 (Q%ile/Q))e

24[2’

=)

so that in fact the right-hand side of (3.21) is at most

210
dlog L maxexp {Q (d> } .

Taking ¢ as small as possible we see that this is at most

dlog L

IN

IN

IN

204
dlog L maxexp{—Q (m )}
g d27-142q1/2

and taking ¢ as large as possible we see that this is at
most exp{—4L%1/d*log® L}. Putting these observa-
tion together we obtain (3.14).

4 Proof of Lemma 3.1

Much of what follows is modified from [7] and [9]. Our
strategy is as follows. Let p = (c1,v1,...,c0,v0) be
given. Set p’ = (c2,v2,...,ce,v¢). We will show
m3(C3(p))
T3 /

G0 <en{-0(7)}

from which the lemma follows by a telescoping product.
To obtain (4.22) we define a one-to-many map ¢ from

—~

(4.22)



C3(p) to Cs3(p’). We then define a flow v : C3(p) x
Cs(p’) — [0,00) supported on pairs (X,X’) w1th x €

©(x) satisfying

p
p

(4.23) Vx €Cs(p), Y. vixx) =1
x'€¢(x)

and

(4.24)

VX/ € C3(]1)7

D

X€p~1(x")

This easily gives (4.22).

For each s € {£1,...,+d}, define o, the shift in
direction s, by os(x) = x + es, where e, is the sth
standard basis vector if s > 0 and e, = —e_g if s < 0.
For X C V write 05(X) for {os(z) : . € X}. Fory e W
set W* ={z € 0;,W : 0_4(x) ¢ W}.

Let x € Cs(p) be given. Arbitrarily pick v €
I'(I) N W(c1,v1) and set W = inty. Write f for the
map from {0,1,2} to {0,1,2} that sends 0 to 0 and
transposes 1 and 2. For each s € {£1,...,£d} and
S C W define the function x% : V' — {0,1,2} by

0 ifves
ifve(Ws\S)u
ifoeW\ws

(VAW)

and set ps(x) = {x%: S C W=}
Cram 4.1. p4(x) € C3(p).

Proof: ~ An easy case analysis verifies ¢4(x) C Cs.
We begin with the observation that the graph 0;,,W U
OextW is bipartite with bipartition (Oint W, Oeat W).
This follows from (3.3). By (3.4), IN(0intWUBext W) =
() and so for each component U of 9;,;W U o0t W, x is
constant on U N9;,: W and on U NI, W and in neither
case does it take on the value 0.

Fix S C W*. We show that if {u,v} is an edge of
Tr,q then x&(u) # x&(v). We consider five cases.

If u,v ¢ W then x%(u) = x(u) and xZ(v) = x(v).
But x(u) # x(v), so x&(u) # x%&(v) in this case.
If w e Wand v ¢ W then x%(v) = x(v) and

x&(u) € {0,x(u)} (we will justify this in a moment).
Since v € et W we have x(v) # 0 and we cannot ever
have x(v) = x(u), so x&(u) # x%(v) in this case. To see
that x&(u) € {0, x(u)}, we consider subcases. If u € S
then xg(u) = 0. If u € W*\ S then xg(u) = x(u).
Finally, if u € W \ W* then x&(u) = f(x(o_s(w)));
and f(x(o_s(u))) is either 0 or x(u) depending on
whether x(o_s(u)) equals 0 or x(v) (x(o_s(u)) cannot
equal x(u)).

If u,v € W\ W* then x%(u) = f(x(o_s(w))) and
x&() = f(x(o—s(v))). Since f is a bijection and

o(w) # x(0—s(v)) we have y§(u) # x5(v) in this

v e W\W?®and v € W*\ S then xi(u) €
{0,x(u)} (as in the second case above) and x%(v) =
x(v). Since x(v) # 0, we have x&(u) # x&(v).

Noting that it is not possible to have both u,v €
We#, we finally treat the case where u € W\ W* and
v € S. In this case xg(v) = x(v) = 0. Suppose (for a
contradiction) that x%(u) = 0. This can only happen if
X(o_s(u)) = 0. If o_s(u) = v, we have a contradiction
immediately. Otherwise, we have o_s(v) ¢ W and
so (since o_s(u)o_s(v) € E) o_s(u) € 0in:W, also a
contradiction.

This verifies ¢(x) € C3. Because int+y is disjoint
from the interiors of the remaining cutsets in I'(1) and
the operation that creates the elements of ¢, () only
modifies x inside W it follows that ¢,(x) C C3(p’). O

Cramm 4.2. Given X' € ps(x), x can be uniquely
reconstructed from W and s.

Proof: Following [9], we may reconstruct x as follows.

ifveV\W
ifveW.

]

We define the one-to-many map ¢ from Cs(p) to

C3(p') by setting p(x) = @4 (x) for a particular direction

s.  To define v and s, we employ the notion of

approximation also used in [8] and based on ideas

introduced by Sapozhenko in [16]. For v € W, we say
A CV is an approximation of ~ if

A DWE and A° C WO,

dpo(z) > 2d —V/d for all z € A

and
dg\as(z) > 2d —Vd forally € O\ A°,

where dx (z) = |0zNX|. Note that from (3.3) and (3.5),
W () is an approximation of .

Before stating our main approximation lemma,
which is a slight modification of [8, Lemma 2.18], it will
be convenient to further refine our partition of cutsets.
To this end set

~v € I'(I) for some x € C§¥*"
v with [WO| = w,, W] = w,
and v € W¢

W(we, we, v) =

Note that by (3.5) we have |y| = 2d(|W°| — [W¥|) so
W(We, Wo,v) T W((wo — we)/2d,v).



LEMMA 4.1. For each w., w, and v there is a family
A(we, wey, v) satisfying

[A(we, wo, v)| < exp {O ((wo - we)d_% log% d)}

and a map m : W(We, Wo,v) — AW, wo,v) such that
for each v € W(we,w,,v), w(7y) is an approximation
for ~.

Proof: See [7, Lemma 4.2]. O

We are now in a position to define v and s. Our
plan for each fixed x' € Cs(p’) is to fix we,w, and
A € W(we,w,,v) and to consider the contribution to
the sum in (4.24) from those x € p~1(x/) with n(y) = A
(where for each x, v is a particular v € I'(I)NW(e1, v1)).
We will try to define v in such a way that each of these
individual contributions to (4.24) is small; to succeed in
this endeavor we must first choose s with care. To this

end, given v € W(we, w,,v), set
QF = A°N0:0r(0\A9) and Q7 = (0\A9)NDerr A%,

where A = 7(7) in the map guaranteed by Lemma 4.1.
To motivate the introduction of Q¢ and Q€, note that
for v € 771(A) we have (by (3.3) and (3.5))

A%\ QF C W,
E\ A C e\ W?,
A° Cc WO,

and
O\ (A°uQ% co\w°.

It follows that for each v € 771(A), Q¥ UQ® contains all
vertices whose location in the partition 17, 4 = WUW is
as yet unknown. We choose s(x) to be the smallest s for
which both of |W*| > .8(w, —w,) and |o,(Q%)NQ°| <
5|W*|/v/d hold. This is the direction that minimizes
the uncertainty to be resolved when we attempt to
reconstruct x from the partial information provided
by X' € ¢ '(x), s and A. (That such an s exists is
established in [8, (49) and (50)] by an easy averaging
argument). Note that s depends on v but not I.

Now for each x € C3(p) let v € T'(I) be a particular
cutset with v € W(ey,v1). Let ¢(x) be as defined
before, with s as specified above. Define

C=WNA° N, (Q°)

and
D=w*\C,

and for each x’ € ¢(x) set

) 1 [CNI(x")] 3 |C\I(x")] 1\ P!l
vix.x') = 1 1 ) .

Note that for x € o~ 1(x/),
not on Yy itself.
Since C'U D partitions W we easily have (4.23). To
obtain (4.22) and so (3.7) we must establish (4.24).
Fix w,, w, such that 2d(w, — w.) = ¢;. Fix
A € A(we,wo,v1) and s € {£1,...,+d}. For x with
v € W(we, w,, v1) write x ~5 Aif it holds that w(y) = A
and s(x) = s. We claim that with A, s, w, and w, fixed,
for x' € C3(p')
(4.25) B

v(x, x") depends on W but

D {vhex) ix~s A xee T (X)) < (?) :

We could extract this directly from [9], but for the
convenience of the reader we describe a proof below.

Write C3(p)(we,w,, s, A,x’) for the set of all x €
Cs(p) such that W € W(we, w,, v1), m(7) = A4, s(x) = s
and x’ € ¢(x) and set U = Q¥ No_,(x'). Say that a
triple (K, L, M) is good for x if it satisfies the following
conditions.

K U LU M is a minimal vertex cover of Q¢ U Q°,

KCQO LCUand M CQE\U

and
K = 0crt(U\ L).

We begin by establishing that x € C3(p)(we, wo, s, A, X')
always has a good triple.

LEMMA 4.2. For each x € Cg(g)(we,me,AX/) the
triple

(K,L,M) = (WNQZU\W.(Q°\U)\ W)
18 good for x.

Proof: [8, around discussion of (54)]. O

In view of Lemma 4.2 there is a triple (K, L, M)
that is good for x and which has |K|+ |L| as small as
possible. Choose one such, say (Ko(x), Lo(x), Mo(x))-
Set K'(x) = Ko\ K and L'(x) = Lo \ L. Lemma 4.3
below establishes an upper bound on v(y, x’) in terms of
|Kol, |Lol|, |K'| and |L'|, and Lemma 4.4 shows that for
each choice of K’, L’ there is at most one x contributing
to the sum in the lemma. These two lemmas combine
to give (4.25).

LEMMA 4.3. For each x € C3(p)(we,wo, s, A, X'),

\/§ Wo—We
2

= B(K',L).

9| Kol
31 Kol|+|Lo| Q| K'|—|L'|

IN

v(x, x)



Proof: We follow [8, from just before (55) to just after
(60)], making superficial changes of notation. a

The inequality in Lemma 4.3 is the 3-coloring ana-
logue of the main inequality of [8]. The key observation
that makes this inequality useful is the following.

LEMMA 4.4. For each w., w,, s, A, X', K’ and L',
there is at most one x with x € C3(p)(we, wo, s, A, X'),
K'=K'(x) and L' = L' (x).

Proof: In [8, (56) and following] it is shown that K’ and
L' determine W© via

K = (Ko\ K') U (8 L' N Q°)

and so W (via W& = {v € £ : 9v C W?}). But then
by Claim 4.2 K’ and L' determine Y. O
Lemmas 4.3 and 4.4 together now easily give (4.25):

> vlex) < > B(K.L)

XEC3(p)(we,wo,8,4,X") K'CKo, L'CLo

\/g Wo—We
-5 .

We have now almost reached (4.24). With the steps
justified below we have that for each x" € C3(p’)

IN

/ ' n. X "~s Aa
Xe;(x/)vwx) < > {V(X,X)~ NPTV }
(4.26) < 2dcf2%d1|.A(we,wo,v1)| <\g§>
(4.27) < QClcf%i1 exp {— (c1/d)}

(4.28) < exp{-Q(a/d)},

completing the proof of (4.24). In the first inequality,
S is over all choices of we, w,, s and A. In (4.26),
we note that there are | A(we, w,, v1)| choices for A, 2d
choices for s and cil/ (@=1) choices for each of We, W, (this
is because ¢; > (we +w,) /4, by (3.6)), and we apply
(4.25) to bound the summand. In (4.27) we use Lemma
4.1. Finally in (4.28) we use c¢; > d*? (again by (3.6))

to bound 2dc§d/(d71) = exp{o(c1/d)}.
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