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Inclusion-Exclusion
Given a set of N objects, and a set of r properties 1, . . . , r .

N(i) of the objects have (at least) property i , for each i
N(ij) have (at least) properties i and j , for each i < j
N(i1i2 . . . ik ) have (at least) properties i1, i2, . . . , ik , for each
i1 < i2 < . . . < ik

The number of objects with none of the properties is given by

N0 = N −
∑

i

N(i) +
∑
i<j

N(ij)− . . .

+(−1)k
∑

i1<i2<...<ik

N(i1i2 . . . ik ) . . .

+(−1)r N(123 . . . r)
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Alternate formulation
A1, . . . ,Ar subsets of some set Ω

The size of the union of the Ai , and its complement, are given by

|A1 ∪ . . .Ar | =
∑

i

|Ai | −
∑
i<j

|Ai ∩ Aj |+ . . .

+(−1)k+1
∑

i1<i2<...<ik

|Ai1 ∩ . . . ∩ Aik | . . .

+(−1)r+1|A1 ∩ . . . ∩ Ar |

|(A1 ∪ . . .Ar )c | = |Ω| −
∑

i

|Ai |+
∑
i<j

|Ai ∩ Aj | − . . .

+(−1)k
∑

i1<i2<...<ik

|Ai1 ∩ . . . ∩ Aik | . . .

+(−1)r |A1 ∩ . . . ∩ Ar |
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