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Abstract

I use the monetary version of the neoclassical growth model developed by Aruoba,
Waller and Wright (2008) to study the properties of the model when there is exogenous
growth. I first consider the planner’s problem, then the equilibrium outcome in a
monetary economy. I do so by first having price taking determining the terms of
trade and then with proportional bargaining. I obtain closed form solutions for the
balanced growth path of all variables in all cases. I then derive closed form solutions
for the transition paths under the assumption of full depreciation and, in the monetary

economy, a non-stationary interest rate policy.



1 Introduction

I study the neoclassical growth model with a monetary search sector. The model adds
exogenous labor enhancing technological change as in the AWW model. I determine the
necessary conditions for balanced growth in this model. I then obtain closed form analytical
solutions for the steady state capital to labor ratio for: 1) the planner allocation, 2) the
monetary equilibrium with price taking and 3) the monetary equilibrium with proportional
bargaining. I then study the transition dynamics of the model under the assumption of full
depreciation of capital. For the planner allocation, the saving rate is constant, the capital-
labor ratio converges monotonically to its steady state value and hours are constant along
the transition path. For the monetary economy, given a constant interest rate policy, this
is not the case — hours vary along the transition path which makes the saving rate vary as
well. T then consider a particular non-stationary policy for the nominal interest rate. Under
this policy, the nominal interest adjusts to the growth rate of real wages — if wage growth is
excessively high, the nominal interest is below its steady state value. This policy makes the
opportunity cost of holding money constant. With this policy, I am able to obtain closed form
solutions for the transition paths under both pricing mechanisms. These solutions involve a
constant saving rate, constant hours along the transition path and monotone convergence of
the capital-labor ratio to its steady state value.

The benefit of this analysis is that it provides clear and simple intuition for how bargain-
ing, random matching and changes in the nominal interest rate affect the steady state-capital

labor ratio, consumption and short-run growth rates of the economy.

2 Environment

The environment is essentially that of AWW. A [0, 1] continuum of agents live forever in
discrete time. Following LW, trade occurs in two separate subperiods. In the first subperiod
trade occurs in a decentralized fashion, DM for short, while in subperiod 2, trade occurs
in a perfect competitive centralized market, denoted the CM. In the DM, there is a double
coincidence problem and private trading histories are private information, i.e., agents are
anonymous.

As in AWW, there are two assets available to households, capital and money. Capital is
assumed to be non-portable in the DM so buyers must search for sellers. So capital cannot
be used as a medium of exchange and claims to such capital can be costlessly counterfeited
just as IOU’s can be counterfeited. Thus, money has a role even when capital is a storable

factor of production.



In the CM there is a general good produced using labor H and capital K that can be
used for consumption or investment. Production occurs according to the aggregate produc-
tion function where Y; = F(K,, Z;H;) where F' is the technology and Z; is a labor/effort
augmenting technology factor that evolves according to the process Z; = (1 + u) Z;_1. We
also have Y;/Z, = F(K,/Z;, H;). Capital is assumed to depreciate at rate 0 < ¢ < 1.

In the DM, each period with probability o an agent can consume but not produce, while
with the symmetric probablity he can produce but not consume. With probability 1 — 2 he
is a nontrader — he neither produces nor consumes and gets a utility payoff of zero. Due to
symmetry in the measure of buyers and sellers, I assume that there is a matching technology
that randomly assigns one buyer to one seller. Sellers in the DM can produce output ¢; using
their own effort e and capital k using a the CRTS technology f(k;, Zie;). Sellers produce
where their capital is located so they have access to their capital, even though buyers do
not. We then have ¢;/Z; = f(ki/Z;, ;).

Instantaneous utility for everyone in the CM is U(x) — Ah, where z is consumption
and h labor. Preferences are separable in consumption and leisure. In the DM, with
probability ¢ you are a buyer and enjoy utility u(q), and with probability ¢ you are a
seller and get disutility ¢ (e), where ¢ is consumption and e labor. The utility functions
u and U have the usual monotonicity and curvature properties and u (0) = 0. Solving
0t/ 7y = f(kZy, e0) for e, = f~Yq/Zy, ki) Zy), we get the utility cost of producing ¢ given k —
C(e) =L[fYq/Zi, ki) Zy)) = c(qi/Zs, ki) Zy). Monotonicity and convexity imply this latter
function has the properties ¢4, cqq > 0, ¢ < 0 and ¢, > 0, and ¢y, < 0 since fi fee < fefer
holds when £ is a normal input. Agents discount across periods at rate § = (1 + p)_1 where
p is the time rate of discount.

The money stock is given by M; and evolves according to the process M; = vM;_1. Agents
receive a lump-sum transfer of cash, 70, in the CM. In an earlier version of the paper, I
included exogenously determined government spending and taxes; they are excluded here to
minimize clutter and focus on how trading frictions and bargaining affect the steady-state
allocation and dynamics. For notational simplicity, period ¢ + 1 is denoted +1, and so.
Agents discount between the CM and DM at rate [ but not between the DM and CM.



3 Planner Allocation

Consider the planner’s problem in this economy where agents are treated symmetrically and

the planner can dictate quantities traded. The planner’s problem is

J(K) = max {au(q) —oc < > IZ( ) L UX) — AH + BJ(K4) (1)
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st. X = F(K,ZH)+ (1—0)K — K4,

Eliminating X and differentiating, the first order conditions are

;. ul(e)=c (%
H: A_U’( ) Fir

Ky U'(X) =BJ( +1)

Also, using J'(K) = U'(X)[Fx(K,ZH) +1— 6] — ocy (£,%) £, we have
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So the equilibrium allocation solves
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Two comments are in order. First, if ¢ = 0, then ¢ = 0 and the model collapses to the
standard neoclassical growth model. Second, if capital is not productive in the DM, then
the model dichotomizes as in Aruoba and Wright (2003) — the steady evolution of K, X, H
and Y can be determined independently using (5)-(7) while (4) detemines ¢q/Z.



Consider the following functional forms:

F(K,ZH) K*(ZH)"™™ 0<a<l1
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Note that without bargaining, we do not need u (q) to go through the origin which occurs
when b > 0. So set b = 0 and use u(q) = ¢ "1 Hence, (4)-(7) become
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3.1 Steady State

Conjecture a steady state with balanced growth and constant aggregate hours H,; = H for
all ¢. This implies we have a constant value of capital per efficiency labor unit, K = K /ZH,
and all real variables grow at the rate 1 + p.

Using (8) and (11) yields

KlfaJra/e
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1 — (64 p) Ki-«
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where K > 0if [1/ (0 + ,u)]ﬁ > K. This implies that K grows at gross rate (1 + p)"/¢. With
constant hours and Z growing at rate 1 + p we need € = 1 or log utility in the CM. This is

standard in the neoclassical growth model when preferences are separable over consumption



and leisure. So impose this. Steady-state hours and consumption are then giving by
(1—a)BA™!

1— (6 +p) Kt
= (1—a)BA'K°*Z

From (9) we obtain
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The growth rate of ¢ equals 1+ p when 1 = 1 which also makes ¢,1/K; constant in steady

~
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state. Hence, we need log preferences in the DM to have balanced growth in DM production.
Impose this from here on. Note that dg/dK > 0.

Finally, using (8), (10) and (11) with € = = 1, we obtain the planner’s choice of K and
H:

R, - 5o (55) : (12)
L= B(1=08)+ (3 +p)oB (47)
L+ pu—=B(1—=08)+(0+p)op 1’;—
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So we have a balanced growth path with K, X and ¢ all growing at gross rate (1 + u). For

o > 0 and 9 > 1, capital has additional value for producing in the DM so the steady-state
capital per efficiency unit of labor is higher along the transition path than in the standard

neoclassical growth model and hours are higher.



3.2 Dynamics

To obtain some analytical results on the transitional dynamics, let § = 1. From (9)

q A 1/
()

while (8) and (11) yield

_ -1
Kyt = {1 _(1=a)B4A ] K (ZH)'™. (15)
We can then write the Euler equation as
1 H —1
K=+ {oﬁ?“ +0of (wT) (1-a) A—l] KeZ\=eqH' (16)

Conjecture that hours are constant for all ¢ along the transition path. Combining (15)

and (16) gives us the planner’s choice of hours

_ (I—a)BA™! P —1
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With full depreciation, the planner keeps hours at the steady state value. For ¢ > 0 and
1 > 1, hours are higher along the transition path than in the standard neoclassical growth
model. It also implies that investment (CM consumption) is a higher (lower) fraction of

output with transitional dynamics

K [af + 0 (%) Ko (ZH)
I 1+o0p <¢;Bl>
B 1—ap o o
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and the transition path for K is given by

Ko (1) 0+ ()] g

1+p

If 0 = 0 then we have the standard transition path for capital in the Solow model . Thus,

the additional productivity of capital in the DM not only generates a higher steady-state



capital stock per efficiency unit of labor, but also a higher rate of investment and more rapid

growth in the transition to the steady-state.

4 Monetary Economy

In the monetary economy, firms hire labor and capital to produce output which is sold in
the CM at the monetary price p. Goods and input markets are perfectly competitive. Profit
maximization implies r, = Fx(K;/Z;, H;) and w, = F(K;/Z;, H;)Z;, where r is the rental
rate, and w is the real wage. Constant returns implies equilibrium profits are 0. Firms do
not operate in the DM but agents can use their capital and effort to produce output.

Let W(m,k,Z) and V(m,k,Z) be the value functions of agents in the CM and DM
respectively when holding m units of money, £ units of capital given the aggregate state Z.

Begining with the CM, we have

W(m,k,Z) = max {U(z)—Ah+ pV(my1, ki1, Z41)}

I7h7m+1 7k+1

st.x = wh+(1+r—5)k—k+1+7M+w.
p

Eliminating h using the budget equation, we have the first order conditions

A
/ e
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pw
A
ki o= BVi (Mg, kg, Z4a)
and the envelope conditions,
A
m ) ka Z = — 1
W(m.k.2) = = (18)
A(l -0
Wi(m, k, Z) = % (19)
In the DM market, we have
Vim,k,Z)=oVy(m,k, Z) 4+ oVi(m,k, Z) + (1 — 20)W (m, k, Z) (20)



with

%<m7 ka Z) = U(Qb) + W (m - db7 ka Z) (21)
k
‘/;(m,k,Z) = —C (q_ZS7§> +W(m+d57k72)7 (22)

where ¢, and d, are the quantities of goods acquired and money spent by buyers in the DM,
while ¢, and d, are the quantities of goods produced and money earned by sellers.

Using (18), we have
A k A
Vim,k,Z) =0 {u(qb) o= (q— —> + ds—l + W(m, k, 2).

Differentiating yields

A A A
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In order to solve (17), we must evaluate these derivatives. To do that we need to describe
how the terms of trade are determined in the DM. One possibility is pricing taking. Another

is bargaining.

4.1 Price taking

Assume that agents trade anonymously in a competitive market in the DM and take the

market price p parametrically. The buyer’s problem is

Vo(m, k,Z) = max u(gy) + W(im —d, k, 2)
a,

st.pgy = dandd <m

while the seller’s problem becomes

s k .
Vs(m, k, Z) = max —c q—,— + W m+ pq, k, Z].
qs YAA



It is easy to show that the buyer’s constraint d < m is binding in equilibrium, and so

q = M/p. The seller’s choice satisfies ¢, (%5, %) % = pA/pw. In equilibrium we have

dgs  0dy, dg 9d,  0d,

om om ok 0k 0Ok
% 1 8db

= 2, =2=1
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So,
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We now have
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Z1' Zi ) Za
A
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X+Ky = F(K,ZH)+(1-0)K. (26)

A monetary equilibrium is a sequence of quantities { X, K1, H, ¢} solving (23)-(26) given an

initial capital stock Ky and money stock M.

4.1.1 Steady state

Along the balanced growth path, hours are constant and X, K, and ¢q grow at a rate 1+ pu.
Conjecture that real balances M /p also grow at the rate 1 + p implying

I+7=0+m)(1+p).
It then follows that the nominal interest satisfies

I+i=0+mQ+p)(1+p).
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As with the planner, (24) and (26) yield

X = (1—a)BA'K°Z (27)

P (1—04)BA?1K 7 (28)
1—(0+p) Kim

_ (1—a)BA™! (29)
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From (23) we have
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So i = 0 generates the efficient quantity of goods in the DM. All that remains to determine

is whether ¢ = 0 generates the planner’s choice for K. Rewriting this expression we get

P—1
P

(1—a)BA'K
1—(6+p) Ko
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Using this expression as well as (25) in the Euler equation we obtain the equilibrium values

of K and H in the monetary economy with price taking:

) a5(1+§)+o—5<¢
K, = ,
I4+p—B0=0)](1+L)+0+np)op If/)—
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Compared to the planner allocation (12) and (13) we have K,, < K, and H,, < H, for
any ¢ > 0. Furthermore, we have df(m/di < 0 and dH,,/di < 0. We have Kp = IA(m ifi=0

or
1

DTN

So at the Friedman rule, deflation must be greater than the time rate of discount — it must

also account for growth to the real return to capital.

Finally we have

- }i (1—a)BAK, ]
' 1— (6 +p) Kl



Since K,, = f(p at © = 0, we have ¢,, = ¢, at the Friedman rule. Intuitively, inflation acts as
a tax on DM consumption which reduces the equilibrium value of ¢. This in turn lowers the

marginal value of capital and agents accumulate less capital and work fewer hours.

4.1.2 Dynamics

Set 0 = 1. The Euler equation and intra-temporal condition are given by

}_A(+1 1 6a+02ﬂ (w—l) - ]. (1—06) Ka
(1+4) vl B i) 140 Al
T H, A1+ p)

Combining these two equations gives us a non-linear dynamic equation in H,; in term

of H and K®. So the dynamical system

(AH — (1—a) B] {AHA_(f;#‘;‘) B} R (1 49)
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Determines the paths of H,, and K, as a function of current H and K.

Consider a non-stationary monetary policy along the transition path. One such policy is

A

[0}

K
L 14+id)—1+0=0

Ka

where €2 > ¢ is some constant. It then follows that current interest rates satisfy

A~
«

K
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Manipulate this expression to write it in terms of real wages

1+¢:(Q+1_U)wi+l(1+u)
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If real wages converge to the balanced growth rate, then this policy rule converges to the
value i = Q) — 0. If Q = o, this policy rule generates the Friedman rule along the balanced
growth path.
Under this non-stationary interest rate policy we have
: 1 [esro8 (%) 8] .
Ky = T o8 M) K~
¢B

)
 (I-a)BA™ -1
= 05 P+w(w3>

SN

Under this policy rule, the transition path for K is monotone. It mimics the planner’s

|

2l Q

transition path but at a slower growth rate when 2 > o. What does this policy do? It
adjusts the interest rate such that the cost of acquiring money in ¢t and ¢+ 1, i.e., the growth
rate of real wages, is unaffected by the transition to the steady state. If real wages are going
to grow unusually fast, then it is cheaper to acquire a unit of money in ¢ 4+ 1 than acquire
a unit of money in ¢ and carry it to t + 1. Hence the demand for money would fall along
with its real value. To counter this, the policy above lowers i to improve the value of money

when wage growth is excessively high. To see this in more detail, from (23) we have

K3, 25" H
KaZl—aH—a

’

' (g41)
c g+1 Kia 1
I\Zy1’ Zy1 ) Z4a

The RHS is the marginal liquidity value of money. The LHS is the marginal cost of holding

-1

1+7m)(1+p) —1=0

money from ¢ to ¢t + 1. Under the proposed policy, the LHS is constant. Thus, ¢,; adjusts
to equate the marginal liquidity value to this constant cost of holding money along the

transition path.

4.2 Proportional Bargaining

Now suppose that instead of a centralized trading arrangement in the DM, agents are ran-
domly matched in a bilateral fashion. Each buyer is randomly paired with a seller. In the
search theoretic models of money, bargaining has traditionally been used to determine the
terms of trade in bilateral trades, with Nash bargaining being the standard. However, as
Aruoba, Rocheteau and Waller (2007) emphasize, in the LW framework, Nash bargaining

generates non-monotonic surpluses for buyers. Thus inefficiencies occurring under the Fried-
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man rule are due to this property of the bargaining solution rather than a holdup problem
as suggested by LW.

To avoid this problem, I will consider proportional bargaining as the way in which terms
of trade are determined. Under proportional bargaining, the buyer’s gains from trade is a

fixed share, 0, of the trade surplus:

u(q)—%dz@{u(q)—c(%,%)}.

Imposing d = m we have
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and
9q  _ 1 A >0
om — (1=0)u (q) +0c (%, %) 3 pw
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An equilibrium allocation solves
A
/X —
U= Fw zm )
/ 1 k4
A _ A [ [ (a1) — g (4252 ) 24 B "
P T e | (0 () e (3252 A
U'(X) = BU'(Xs1) 1+ Fr(Kur, ZyaHia) — 0] (32)
k 1 1-0)u
—hoc (?1 ’ ZH) Z , o (qi)l ) 1
' Z) Zin (1 — ) (g40) + e, <Z_+1’Z_+l> ~
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4.2.1 Steady State

Once again,using the functional forms above, conjecture there is a constant value of K =
K/Z H along the balanced growth path. Then as before (30) and (33) yield

= (1—a)BA'K°“Z

K
1— (6 + p) Ko

= (1—a)BA™ Z
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With K = K/ZH and letting b — 0, (31) yields

’ o g+1 Kia 1
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K
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1=

Note that if ¢ = 0, then for any 0 < § < 1 we have

u' (q1) = ¢ <q+1 K+1) !
* "\Z Zia ) Zia

which is the efficient quantity given the current capital stock K,;. This is consistent with
the results in Aruoba, Rocheteau and Waller (2007) — under the Friedman rule, proportional
bargaining generates the efficient quantity of goods traded in the DM even though buyers
do not get the entire trade surplus. In short, there is no holdup problem on buyers at the
Friedman rule. Note, even though ¢, is efficient, it is not equal to the planner’s choice of
¢+1 unless K4 is the same as the planner choice. As we show below, this is not the case due

to the hold-up problem on capital discussed in AWW. Solving for ¢, yields

_p=1
Y+n—1

o0 — (1—0)i) #nt (1-a)BK v
941 =\ "7 T N N A
0(i+0) A[1—(5+M)K1—a
Again, q grows at 1+ when n = 1, i.e., utility is log in the DM. Also note that for ¢, > 0,
we need
ot >
i
1—-0

For any value of 6, ¢.1 = 0 at a finite inflation rate. In short the monetary equilibrium

collapses. In what follows, assume this condition holds.
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The steady state has

o af+(1-0)8 (45) (2% 1) o
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o [o0—-(1—-0)i]7 | (1 —a)BA'K, v
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Note that even if the FR holds i = 0, we do not replicate the planner allocation since
1—0 < 1. The reason is that 1 — @ appears in front of the second term of the numerator and
denominator on the RHS. This is capturing the holdup problem on capital. Thus, while the

FR eliminates the holdup problem on money, there is still a holdup problem on capital.

4.2.2 Dynamics

To obtain analytical results, again assume § = 1. We then have

% (i) 1= 0+ 00— (1410) (1 - 0) (K3, /K*) (KH)V

~ ) \ew (1+14) (f(jfl/f(a) —l+0

K, = 1i {B+(z;[i)ﬁ<w;l) (1;9> [1—0(1—0)—(1+i)(1—0)[;%]}KO‘
.1 {H (1-a)B

_ Ko
L+ p [Hig AH }

Once again, these two equations can be combined to obtain a non-linear equation for H
as a function of H and K.
As with price taking consider a non-stationary interest rate policy given by
1-0(1—0)—A

w
14+i= 14 p) —
+1 T (erb)w+1

where ) is a constant and satisfies 06 > A\. When wages grow at the balanced path growth

rate, we have i = "6 )‘ > 0 with the Friedman rule corresponding to 6 = A.
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It then follows that the transition paths for K+1 and H, are given by:

Ko = L[aﬁgl—a)ﬂ(w—l) (1_9)A}f(a

1+,U AH_H ’QD 0
A 1 H 1—a)B| -
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Conjecture that hours are constant along the transition path. Then we have
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Again, the transition path for KH is monotone. Note that even at the Friedman rule

H =

A = 06 the transition paths do not mimic the planner allocation due to the hold-up problem
on capital. Thus, the holdup problem on capital leads to a lower steady state K , lower

investment along the transition path and thus a lower growth rate of the economy for K < K,.

5 Conclusion

To be added.
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