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1 Introduction

In reverse mathematics, one formalizes theorems of ordinary mathematics in second order arith-
metic and attempts to discover which set theoretic axioms are required to prove these theorems.
Often, this project involves making choices between classically equivalent definitions for the rel-
evant mathematical concepts. In this paper, we consider a number of equivalent definitions for
the notions of well quasi-order and better quasi-order and examine how difficult it is to prove the
equivalences of these definitions.

As usual in reverse mathematics, we work in the context of subsystems of second order arith-
metic and takdkCAg as our base systerRCAg is the subsystem formed by restricting the compre-
hension scheme in second order arithmetiafformulas and adding a formula induction scheme
for Ef formulas. For the purposes of this paper, we will be concerned with fairly weak exten-
sions ofRCAq (indeed strictly weaker than the subsysta&fAg which is formed by extending the
comprehension scheme RCAq to cover all arithmetic formulas) obtained by adjoining certain
combinatorial principles t&RCAp. Among these, the most widely used in reverse mathematics is
Weak Konig's Lemma; the resulting theoWKLg is extensively documented in ][] and elsewhere.

We give three other combinatorial principles which we use in this paper. In these principles, we
usek to denote not only a natural number but also the finitg@et. ., k — 1}. For any sefX and
anyn € N, we let[X]" denote the set of all subsets ¥fof sizen. Similarly, [ X]=* denotes the

Cholak’s research was partially supported by NSF Grants DMS 99-88716 and DMS 02-45167. Marcone’s research
was partially supported by INDAM of Italy and he thanks the Math Department of the University of Notre Dame for its
kind hospitality. Solomon’s research was partially supported by an NSF Postdoctoral Fellowship.



RCAg + CAC—=RCAq + RTY

T

WKL + CAC RCAo

I

Diagram 1: none of the missing arrows hold except possibly the arrowRoig+ CAC to WKLo+
CAC.

WKLo

set of all finite subsets ok andY e [X]® is an abbreviation for the statement tiais an infinite
subset ofX. The Pigeonhole principle is the statement

VKV :N— k3Ac[N]® 3 <kVj e A(F()) =1)

and is denote®TL __. (This notation comes from thinking of the principle as a version of Ramsey’s
Theorem for singletons and finitely many colors.) Ramsey’s Theorem for pairs and two colors is
the statement

VE:[NZ > 23A € [N]“3i <2Vj e [AP(f(j) =)

and is denote&T%. The chain-antichain principle is denotédC and says that every infinite partial
order has either an infinite chain (that is, an infinite linearly ordered subset) or an infinite antichain.

It is known that none of these principles is provablé\iiLy and that oveRCA, RT% implies
CAC which impliesRTL . RTL__ is the only one of these principles which is trueREC, the
w-model of the computable sets, and therefore, the implication f€#@ to RT__ cannot be
reversed. Itis an open question in reverse mathematics whether the implicatioﬁ'ﬁg)to CAC
can be reversed, even owatKLy. Diagram 1 illustrates the relationship of these principles below
the systemWWKLg + CAC. (For more information on reverse mathematics and Ramsey’s Theorem,
see Cholak, Jockusch and Slamah)[

In Section2, we give some background on well quasi-orders including five classically equiv-
alent definitions for this concept. We show exactly how these equivalences are related in each of
the systems presented in Diagram 1 as well as inJtiheodelREC, with the exception of one po-
tential implication in the systerRCAg + CAC. (This potentially missing implication depends on
the open question of determining wheti&tAg + CAC impliesWKLg + CAC.) Our main results
are summarized in Diagrams 2, 3 and 4 and in Table 2. The proofs of these results are given in
Section3. Many of our results show that some implication between these equivalent definitions is
not provable inRCAg by producing an appropriate “computable counterexample” to the classical
equivalence. In some cases, these counterexamples can be extended to show that the implication is
not even provable ilVKLg. However, they do not lead to a reversal to a system strongeRiGAp
in the usual reverse mathematics style. Therefore, although we can describe the exact relationships
between the definitions in most of the systems above, we fall short of the ideal goal of giving an
exact classification of the proof-theoretic strength for most of these equivalences.

In Section4, we take a break from studying the reverse mathematics of equivalent definitions
for well quasi-orders to look at the difficulty of proving that the notion of well quasi-order is closed
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under products and intersections. Of course, we can check the difficulty of proving the closure
properties for each of our five definitions for a well quasi-order. It is known that for any of these
definitions,RCAq is strong enough to prove that the closure under either the operation of intersection
or product implies the closure under the other operation. For the strongest definition of well quasi-
order,RCAq suffices to prove the closure under these operation, but for the other four definitions,
we show that there is an-model of WKLy which is not closed under either of these operations.
Furthermore, we can mix-and-match these definitions by asking how difficult it is to prove that
if we start with a well quasi-order under one definition, then the intersection or product satisfies
another one of the definitions. We classify exactly which combinations are provaR{eAnand

which combinations are not provable\WKL.

In Section5, we return to studying the reverse mathematics of equivalent definitions by consid-
ering the notion of a better quasi-orders. We present some background on better quasi-orders and
examine the relationship between the definition of better quasi-order in terms of blocks and the def-
inition in terms of barriers. Because it is shown ifj {hat the closure of better quasi-orders under
products and intersections implid€Ao (which is a strictly stronger subsystem than any mentioned
in Diagram 1), we leave the project of classifying the proof-theoretic complexity of these operations
as an open problem.

For a general survey of the classical theory of well quasi-orders and better quasi-orders, includ-
ing important examples and more equivalent definitions, the reader is referred to Miraerd
Simpson §]. For more background in reverse mathematics, the reader is referred to Simpson [

For more on wqgo and bqo theory from the reverse mathematics point of view, the reader is referred
to Marcone [].

Before beginning the mathematical part of the paper, we fix some notation for sequences. Given
any setA, RCAg is strong enough to formh=®, the set of all finite sequences of elementsPofif
ai, ..., an € A then we write the sequence with these elementasas. ., ay). If s,t € A<, then
|s| denotes the length agfands * t denotes the concatenation®éndt. If a € A, we sometimes
write s x a in place ofs x (a). We writes C t to denote thas is an initial segment af ands C t to
denote thas is a proper initial segment of Finally, if n < |s|, then the restriction of to n, written
s|n, is the initial segment o of lengthn.

2 Well quasi-orders

We begin with the basic definitions associated with quasi-orders and well quasi-orders.

Definition 2.1. (RCAp) A quasi-orderis a pair(Q, <) such thatQ is a set and is a transitive
reflexive relation orQ.

Partial orders are the simplest examples of quasi-orders as a partial order is a quasi-order which
also satisfies antisymmetry. We can transform a quasi-dpdeto a partial order using the equiv-
alence relation defined by ~ m if and only if n < mandm =< n. The quotient structur&®,/ ~
is a partial order which can be formed usinQ comprehension iRCAg. Much of the standard
terminology and notation for partial orders is used in the context of quasi-orders. For example, we
write i L | to indicate that and j are incomparable under and we writex < y if x < y and
y £ X. Furthermore, we sometimes usg to denote the order relation given by the symkoin
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the language of second order arithmetic. This notation helps to emphasize when we are comparing
elements of a quasi-order via the quasi-order relation and when we are comparing them via the un-
derlying structure of arithmetic. We use this notation when the distinction between these orders is
not immediately clear from the context.

A C Qisanantichainifforall i = j € A,i L j. Aninfinite ascending chaim Q is a function
f :N— Qsuchthatforall <y j, f(i) < f(j). Similarly, a functionf is aninfinite descending
chainin Qifforalli <y J, f(j) < f(i). Any antichain inQ gives rise to a corresponding antichain
in Q/ ~ and vice versa. Infinite ascending chains and infinite descending chaipsumd Q/ ~
are similarly related. Therefore, we frequently work with partial orders rather than quasi-orders.

A quasi-order(Q, <) is calledlinear if for all i, ] € Q, eitheri < j orj < i. For a linear
guasi-orderQ, Q/ ~ is a linear order. I is a quasi-order o and=<\ is a linear quasi-order on
Q, then we say<| is alinear extensiorof < ifforall i, j € Q,i < j impliesi < j andi ~ |
impliesi ~ j. Notice that these conditions imply that- j if and only ifi ~ j. Therefore, the
linear extensions of a quasi-ord@rcorrespond exactly to the linear extensions of the partial order
Q/ ~. Alinear quasi-ordek on Q is said to bevell orderedif the induced linear order oQ/ ~
is a well order. (IlRCAp, the definition of a well order stating that each nonempty subset has a least
element and the definition stating that there are no infinite descending chains are equivalent. We
will use the definition in terms of no infinite descending chains.)

Definition 2.2. (RCAp) A quasi-orden Q, <) is awell quasi-order (or wqo)f for every function
f : N — Q there exism <y n such thatf (m) < f(n).

As we shall see, there are many classically equivalent definitions for a well quasi-order, but
the definition above is frequently used as the “official” definition for a well quasi-order in reverse
mathematics. The simplest examples of well quasi-orders are well founded partial orders which
have only finite antichains. For example, thefold cartesian produdi™ ordered by

(@g, ..., am-1) <nm (bo, ..., bm—1) & Vi <m(g < by)

is a well quasi-order.

One natural question to ask about well quasi-orders is how difficult it is to prove that a given
wqo is in fact well quasi-ordered. Simpson]] showed that (given a suitable set of notations for
the ordinals below) the systenRCAg can prove that for alin € N, the statement th&at™ (ordered
as above) is a wgo is equivalent to the statementdifats a well order. It follows that for each
standardn, RCAg can prove thah™ is a well quasi-order, but th&CAg cannot prove the uniform
statement that for ath, N™ is a wqo.

Rather than pursue the task of describing the quasi-orders which are well quasi-oRIefgin
we will look at various classically equivalent definitions for the notion of a well quasi-order and
examine how difficult it is to prove their equivalence. An important notion for this direction of
study is the finite basis property.

Definition 2.3. (RCAp) A quasi-order< on Q has thdinite basis propertyf for every X € Q there
exists a finiteF C X such thatyx € X3y € F (y < x).

Theorem?2.4lists several classically equivalent definitions for a well quasi-order. Each of these
equivalences can be proved using either Ramsey’s Theorem for pairs or Weaksd_emma, and
the proofs can be formalized WKLo + RT3.



— wqo wqo(set) | wgo(anti) | wgo(ext)
wqo RCAoF | — RTL_ | RCAQF
WKLg t
(*)
wgo(set) | RCAp+ | RCAp F RCAo -
wao(anti) — RTY_ | RCAQ -
WKLg b/
wqo(ext) RCAq +

Table 1: Previously known results

Theorem 2.4. For any quasi-ordel Q, <), the following are equivalent.
1. (Q, x) is a well quasi-order.
2. Forall f : N — Q thereis aninfinite set A suchthatforalljie A,i < j — f() < f()).
3. (Q, x) has no infinite descending chains and no infinite antichains.
4. Every linear extension aiQ, <) is well ordered.
5. (Q, x) has the finite basis property.

Our goal is to examine how difficult it is to prove these equivalences from the point of view
of reverse mathematics. We use wqo to denote our official definition of well quasi-orB€rin
We let wqo(set) denote the condition in 2, wgo(anti) denote the condition in 3, wgo(ext) denote the
condition in 4, and wqo(fbp) denote the condition in 5. That is, we@agatisfies wgo(ext) to mean
that every linear extension @ is well ordered, and we write wgo(ext»> wqo(anti) to denote
the statement: for all quasi-ordeg if every linear extension of) is well ordered, ther® has no
infinite descending chains and no infinite antichains.

A number of facts about the relationships between these notions are already known. For exam-
ple, it follows trivially from the definitions thaRCAg F wqo(set)— waqo. The following theorem
summarizes the results of Lemmas 4.2, 4.4 and 4.8 in Marcdnend Lemma 3.2 in Simpson
[10. (Lemma 3.2 in [(] is stated in terms of partial orders rather than quasi-orders, but the proof
translates quite easily.)

Theorem 2.5 (Marcone, Simpson). 1. RCAg - wgo— wqo(anti).
2. RCAp - (wgo— wqo(set) — RTY .
3. RCAp  wqgo < wqo(fbp).

BecauseVKLg F RT1<OO, statement 2 in Theoret5implies thatWKLg t# wgo — wqo(set).

We can draw a number of other simple consequences from these results. For exampR{, Aiice
wqo(set) > wqo andRCAp + wgo — wgo(anti), we haveRCAy + wqo(set) — wqo(anti).
For a second example, fix any mod#l of RCAg and wqo(anti)— waqo(set). SinceRCAg +
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— wqo waqo(set) wqo(anti) | wqo(ext)
wgo RCAoF | — RTL, RCAoF | RCAQH
WKLo b (3.19
CACH
(3.4
REC &
(3.7
wqo(set) | RCAg+ | RCAg + RCAq + RCAg
(3.13
wqo(anti) | REC = | < CAC RCAoF+ | REC [&
(3.9 (3.3 (3.10
CACH | WKLo CAC F
(3.5 (3.6) (3.5
WKLo WKL F
(3.1) (3.19
wqo(ext) | REC = | — RTL REC = | RCApH
(3.2) (3.20 (3.23
WKLo F | WKLo ¥/ WKLp -
(3.17 (3.20 (3.18
REC =
(3.29
WKLo + CAC H
(3.4+3.17)

Table 2: Equivalent definitions for well quasi-orders

wgo — wqo(anti), we have thad = wgo — wqo(set) and henca( = RT1<OO. Therefore,

RCAq + (wgo(anti) — wqgo(set) — RTiOO. We summarize the results in Theoréhd and

their simple consequences in Table 1. To read this table, consider the entries in square marked
(*). The —» RTl<Oo indicates that (oveRCAg) wgo — wgo(set) implieRTX __ and theWKLg
indicates thaWKLo ¥ wgo — wqo(set). In Table 1, we did not put a row or column for the
condition wgo(fbp) because by statement 3 in Theoemthe row or column for wgo(fbp) would

be equivalent to the corresponding row or column for wqo.

Notice that while statement 2 in Theoretrb implies thatWKLg ¥ wqo — wgo(set), it does
not rule out the possibility that this implication is true in aimodels ofRCAg. In particular, it
leaves open the question of whetlR&C, thew-model consisting of the computable sets, is a model
for this implication.

In Section3, we improve the results in Theoreib to give all the results contained in Table 2.
This table is read exactly as Table 1 and the information which is not contained in Table 1 will be
proved in Sectior3. As a reference to the reader, for all the results in Table 2 which do not appear
in Table 1, we indicate in parentheses the number of the theorem, lemma or corollary in which we
prove the particular statement.



wqo(anti)

wqo(set) — wqo

N

wqo(ext)

Diagram 2: the exact implications RCA, in REC and inRCAg + RT2 .

w(go

T

wqgo(set) wqgo(anti)

\/

wgo(ext)

Diagram 3: the exact implications WKL.

The reverse mathematics content of Table 2 can be more easily visualized and summarized as
follows. The systenWKLg + CAC is strong enough to prove the equivalence between all of the
definitions for well quasi-order considered in this paper. QR@h, the only implications between
the various definitions are those shown in Diagram 2 plus the facktbag - wqo < wqo(fbp).
Because we give computable counterexamples to implications which do not hold and H&e@use
is a model forRCAq + RTX _, Diagram 2 also illustrates which implications hold in thenodel
REC and in the subsystefRCAq + RT1<OO. Over WKLy, the implications which hold are exactly
those shown in Diagram 3.

Over RCAg 4+ CAC, the known implications are those shown in Diagram 4. Unlike Diagrams
2 and 3, it is possible that the lone missing implication (from wqo(ext) the other three conditions)
in Diagram 4 does hold. However, notice that sive&Lg + wqgo(ext) — wqo, any proof that
RCAqp + CAC ¥ wgo(ext) - waqo would yield a proof thaRCAg + CAC ¥ WKLy and hence
RCAo + RT% t# WKLo. Such a proof would answer one of the major open questions in reverse
mathematics.

Finally, we note that there are many other combinatorial principles which sit b&léy + RT%

wqgo(set) <—— wqo<———— wqo(anti)
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wgo(ext)

Diagram 4: the implications iRCAg + CAC. It remains open whether the missing arrows hold.



in reverse mathematics and which could be compared to the implications examined in this paper.
For example, Hirschfeldt and Shorg have examined variations on the statement that every infinite
linear order has either an infinite ascending sequence or an infinite descending sequence (denote
ASDS). Itis easy to show thaCA¢ suffices to prove that wge> wqo(set) impliesASDS. To see

this claim, we assume that wge wqgo(set) and we work iRCAq. Fix a linear ordeL and assume

thatL has no infinite descending sequences. Thafviously satisfies wqo. Left be a one-to-one
enumeration oL and letA be the infinite set obtained from the statement of wqo(set). For any
I,j € Ajifi <y j,thenf(i) <. f(j) and soA gives us the ascending chain requiredASDS.

It follows from the work in [] that COH t# wqo — waqo(set) whereCOH is the combinatorial
statement that every sequence of sgtsi € N, has an infinite cohesive s€t That is, for alli,
eitherC is contained inX; except for finitely many elements of; is contained inC for finitely

many elements. We will not explore these connections any further in this paper, but we wanted
to alert the reader that the situation concerning combinatorial principles lﬁéTévis diverse and
complicated.

3 Proofs for well quasi-order results

We begin this section by showing that we can replace the uﬁTéfby CAC in the proofs of
several of our implications. Since it is not known whetG&C impliesRT?2, it is possible that this
replacement is not actually an improvement on the known results. First, we show two consequences
of RCAg + CAC. (We assume that Lemntalis already widely known and Lemnta2 is due to
Hirschfeldt and Shores]. We include proofs only for the sake of completeness.)

Lemma 3.1. RCAg + CAC - RTL .

Proof. Fixk e N and letf : N — k. We need to find an infinite set on whidhis constant. Define
a partial orde< ¢ onN byn <t mifand only ifn <y mand f (n) = f(m). Itis clear that for any
nandm, if f(n) = f(m), then eithem < morm < n. Therefore, any antichain in our partial
order has size at mokt Applying CAC, we obtain an infinite chain in this partial order. However,
f must be constant on any chain so we have our desired infinite set. ]

Lemma 3.2. RCAp + CAC suffices to prove that for every partial order P and for every infinite
chain C c P, either C contains an infinite ascending sequence or C contains an infinite descending
sequence.

Proof. Fix a partial orderP and an infinite chailC € P. We define a new partial order’ onC

by settingn <’ mif and only if n <p mandn <y m. Applying CAC, there is either an infinite
chain or an infinite antichain ig’. It is not hard to check th&CAq suffices to prove that an infinite
chain in <’ corresponds to an infinite increasing sequence gnand an infinite antichain i<’
corresponds to an infinite descending sequencepn (To see these correspondences, just list the
chain or antichain incy-increasing order.) O

Lemma 3.3. (RCAp) The following are equivalent:

1. CAC



2. wgo(anti)— wqo(set)

Proof. We first show thatCAC is strong enough to prove wqgo(anty wqo(set). Fix any quasi-
order (Q, <) which has no infinite descending chains or infinite antichains and fix any function
f : N — Q. Consider the equivalence relationon Q defined byx ~ y if and only if x < y and

y < X. If the range off intersects only finitely many equivalence classes undethen we can
applyRTL_, to obtain an infinite sef\ such thatf restricted toA maps into a single equivalence
class of~. Foranyi, j € A, we havef (i) < f(j), sSoA satisfies wqo(set) for the map Therefore,

by Lemma3.1, we can assume thdtmaps into infinitely many equivalence classes under

We now look at the partial orde@/ ~ and we viewf as mapping into this partial order. By
our assumption the range éfwhen viewed as mapping intQ/ ~ is infinite. We abuse notation
slightly and writex < y to denote the order relation iQ/ ~. We can assume without loss of
generality thatf is one-to-one, sincé can be replaced by a one-to-one functiowith the same
range and such that for allandk, if h(n) = k, then there is am > n such thatf (m) = k. We
need to find an infinite seA such that for ali, j € A, if i < j,thenf(i) < f(j). We define an
auxiliary partial orderP with domainN such thah <p mif and only if f(n) < f(m). Notice that
any antichain in<p corresponds to an antichain@y ~, which in turn corresponds to an antichain
in Q. Since there are no infinite antichains@ there cannot be an infinite antichainfn

SinceP is an infinite partial order, we can appBAC to it. Furthermore, sinc® has no infinite
antichains, we must obtain an infinite chain when we do this. However, by Leritn@AC can
prove that this infinite chain contains either an infinite descending sequence or an infinite ascending
sequence. Since an infinite descending sequenPewould yield an infinite descending sequence
in Q, there cannot be such a sequence. Therefore, we obtain an infinite ascending sbgugnce
by <p --- in P. We define an infinite seA by enumerating it in increasing ordaf <y a3 <y - - -
as follows. Setg = bg. If & = bj, then letaj 1 = bk wherek is the least index such thiat> |
andbx >n bj. Notice thatay <y aj if and only ifi <y j and thatay <y aj impliesa; <p a;
which impliesf (aj) < f(aj). Therefore A is the desired set for the functidnin the statement of
wqo(set).

We next show that wgo(anty> wqo(set) impliesCAC. Fix an infinite partial ordeP. We
need to show thaP has either an infinite chain or an infinite antichain. Assume fhatoes
not have an infinite descending chain or an infinite antichain. TPesatisfies wqgo(anti) and by
wqo(anti) > wqo(set) we have tha® satisfies wqo(set). Let be a one-to-one map frofd onto
P. The infinite setA from the statement of wgo(set) gives the desired infinite chain. O

Corollary 3.4. RCAg + CAC - wgo— wqo(set).

Proof. This corollary follows from Lemma.3 sinceRCAp = wgo — wgo(anti) (from Theorem
2.5). O

Corollary 3.5. RCAg + CAC suffices to prove wqo(ant> wgo and wgo(anti}> wqo(ext).

Proof. These two statements follow from Lemrie8 plusRCAg + wqo(set)— wqo (trivial from
the definitions) an®RCAg - wqgo(set)— wqgo(ext) (to be proved in Lemnial?). O

Corollary 3.6. WKLo # wqgo(anti)— wqo(set)



Proof. This corollary follows from Lemm&.3 becaus&VKLg t# CAC. O

Next we show that several of the implications between the classical definitions for a well quasi-
order are not true iIREC. Recall thaREC is thew model consisting of the computable sets and that
it is the minimalw model ofRCAy.

Lemma 3.7. REC [~ wgo — wqo(set).

Proof. Let L be a computable linear order which has order type »* but which does not have

any infinite computable ascending or descending chains. (The existence of such orders was proved
independently by Denisov and Tennenbaum and a proof can be foufif)iThe fact thatL has

no infinite descending chains means that it satisfies w@RE@. However, the fact thalt has no

infinite computable ascending chains means kthdbes not satisfy wqo(set) REC. O

Our use of an order which is not really a wqo but only looks like a wgRER is necessary in
the proof of Lemma3.7. To see why this is so, consider the following result from Herrmaijn [
We have stated the result in a slightly different form than/ijp hut an examination of Herrmann'’s
proof shows that it also yields this statement.

Theorem 3.8 (Herrmann). Every computable partial order has either a computable infinite as-
cending sequence orzag infinite descending sequence oﬂé infinite antichain.

Let (P, <p) be a computable partial order which is a real wgo so Ehags neither an infinite
antichain nor an infinite descending sequence. We claimRlestisfies wqo(set) IREC. Fix any
mapf : N — P. SinceREC &= RT1<OO, we can assume as in the proof of Lem#athat the range
of f isinfinite and thatf is one-to-one. We define an auxiliary partial orggrwith domainN such
thatn <¢ mifand only if f(n) <p f(m). By Herrmann’s result< s has a computable infinite
increasing sequena® <f N1 < ---. As in the proof of Lemma.3, this infinite increasing

sequence yields an infinite s&twhich satisfies wqo(set) for the mdp
Theorem 3.9. REC = wqgo(anti)— wqgo and henc®&CAg I# wgo(anti)— wqo.

Proof. We present the proof of this theorem in considerable detail and trust the reader to fill in
similar details on subsequent proofs. We build a computable partial 6RjJetp) in stages. At
stages, we specify a finite selPs and a partial order oRs. Once the partial order oR;s is defined
at stages, we cannot change it later in the construction. At the end of the construction, the domain
of P (which is| J Ps) will be equal toN, and hencéP, <p) will be a computable partial order. As
previously mentioned, we let 1. m denote thah andm are incomparable i?. P will have the
stronger property that 1. mif and only if n andm are incompatible=3z(z <p n A z <p m).

To make sure thatP, <p) has no computable infinite descending chains and no computable
infinite antichains, we meet the following requirements.

Re : getotal — In <y M(ge(N) <p Pe(M) V @e(N) L @e(M))
Se 1 getotal — 3N # M (pe(N) <p pe(M)).

The priority order on these requirementsis, o, R1, 41, .... To make sure thatP, <p) is not a
wqo in REC, we need to construct a computable functibisuch that for ali < j, either f (i) L
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f(j)or f(j) <p f(). Our functionf is the simplest possiblef (n) = n. That is, if we just list
the element oP in <y increasing order, we get a computable witness tRat<p) is not a wqo.
The basic module fofR. is as follows.

1. Put down two incomparable point§ andgs. Force all lower priority requirements to place
new points inP belowq.

2. Wait for stages and a numbex such thaipe s(x) = y for somey with y <p ¢f.

3. For all stages > s, force lower priority requirements to place new pointsArbelow g7
instead of belovg§. That is,Re forbids putting any points belowf after the current stage.

This module will succeed, at least in isolation from the other strategies. If there is never convergence
as in 2, therpe enumerates only points not bel@fy. Since there are only finitely many such points,
@e Cannot be an infinite descending chain. If there is convergence as in 2pdl@mumerates at
least one point belowg. By 3, the number of points belogf is finite, soge cannot be an infinite
descending chain.

The basic module fose is as follows.

1. Put down a single poing®. Force all lower priority requirements to place new point€in
belowq®.

2. Wait for stages and a numbex such thatpe s(X) = y for somey with y <p g°.

3. Pick a pointz <p y which is currently minimal irP. For all stage$ > s, force lower priority
requirements to place new points hbelow z. That is, e requires lower priority require-
ments to work in the cone belowvafter the current stage. (The only reason for choosing the
pointz is to make the order relation easier to describe in the general construction.)

Again, we explain why this module succeeds in isolation from the other strategies. If there is no
convergence as in 2, ther enumerates only points which are not belgf Since there are only
finitely many such pointspe cannot enumerate an infinite antichain. If there is convergence as in
2, thenge enumerates at least one poinabovez. Any element incomparable with this poigt
cannot be belowe. In this case, by 3 there are only finitely many points not betpgo pe cannot
enumerate an infinite antichain.

There is an obvious source of conflict between these strategies, but it can easily be resolved with
a finite injury construction. We present the formal construction using a tree of strategies, although
such a tree is not necessary. However, it will be useful for the proof of Cordlldybelow to
have the notation given by this tree. The tree of strategiés the full binary branching tree on
the symbolsw andd with thed outcome to the left of thew outcome. More formally, we define
T inductively. The empty string is in T and is anRg node. Ifx is anfRe node inT, thena * d
anda * w are both8e nodes inT with « * d to the left ofa x w. If « is ande node IinT, then both
a *d anda *x w areRer1 nodes inT with « * d to the left ofa * w. Fora # B € T, we say thatr
has higher priority tham if « C B ora(i) = d andB(i) = w wherei is the least value for which
a(i) # ). If « € T anda # A, thena™ denotes the node i formed by removing the last
element ofx.
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We can now present the formal construction. At stage 0, the current truégiati consists
only of the noder. Thea strategy defineg} = 0 andq; = 1, adds these two points #® and
makes them incomparable #p. Also, A definesu;, = qg. The parameteu, is used to tell lower
priority requirements which cones they have to place their points in. We end stage 0 and say that
the strategy. was eligible to act at stage 0.

At staget > 0, we define the current true pathin T such that|s;|] = t. We defines; by
induction using a sequence of approximatiéns for s < t, such thaté; s| = sandést s T 8t s+1.

We seté; = & t. We begin withd; o = A. To proceed by induction, assume tldat = «. We
describe the action taken lyand how to definé; s (if s < t).

If o is anRe strategy, then proceed as follows. The paramejerdenotes the element &t
below whicha must place its new points, if this is the first stage at which eligible to act. Notice
that step 1 will never apply td since) was eligible to act at stage 0. Therefore, we do not need to
worry thati~ is undefined.

1. If « has been on the current true path before, then skip to step 2. Otherwiggaledq; be
the <n-least numbers not i yet. Make them incomparable with each othexip, below
Ue-, and incomparable with all points which are net u,-. Setu, = qg. If s=t, thenend
the stage, and otherwise, go to step 2.

2. Check if there is ax < t such thatpe t(X) converges to a nodep qg. If not, then leave
Uy = qy and letéysy1 = « * w. If there is such arx, then redefinal, = qf and let
St.s+1 = a xd. (Of course, once we have seen this convergence and redafingeen we do
not redefine it again at future stages.)

If o is ande node, then proceed as follows.

1. If « has been on the current true path before, then skip to step 2. Otherwig&,detthe
<wn-least number not ifP yet. Placeg® belowu,- and incomparable with all points which
are not>p u,-. Letu, = q“. If s =t, then end the stage, and otherwise, go to step 2.

2. Check if there is ax < t such thatpe t(X) converges to an elemegt<p g“. If not, then
leaveu, = q* and lets; s+1 = o * w.

3. Ifthere is such a anda x d was on the current true path at stagel (thatis,axd C 8;_1),
then letu,, be the same as it was at stadge 1 and lets; s+1 = « * d. (This case corresponds
to the situation in which we have already diagonalized and just want to continue the action
described at stage— 1.)

4. If there is such ax anda * d was not on the current true path at stagel (thatis,o xd Z
3t—1), then consider the least sughand letpe(X) = y. Let z be any point such that <p y
and there are currently no pointsfhbelowz. Redefinau, = zand lets; s11 = o * d.

This completes the description of the constructionPof We sketch the verification that the
construction succeeds. First, we claim that it first eligible to act at stage then at stagé, there
are no points below,-. This is proved by induction ohand on the nodeg on §;. If « is on the
current true path for the first time at staggehen it is for one of three reasong: is first on the
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current true path at stagea = o~ *x d anda~ has always taken the™ x w outcome before, or
la| = t. Itis straightforward to verify in each case thgt- has no nodes below it befoseacts.

Second, the current true path can only move left between consecutive stages of the construction.
Therefore, the initialization of lower priority strategies is automatically taken care of by moving to
strategies which have never acted before. Furthermore, this property means that we can define the
true path as the pointwise limit of the current true paths visited during the constructiens dn
the true path, then there is a stagyjeuch thate T &; (that is,« is on the current true path) for
every stage > s. The module for a strategy on the true path succeeds exactly as in the informal
description of the modules working in isolation.

Third, notice that during stageof the construction, we never place a new point above a point
which is already inP. Since we place points i in <y increasing order, this means that the
function f (n) = nis a computable witness th&tis not a wqo. O

Corollary 3.10. REC [~ wgo(anti)— waqo(ext) andRCAg I/ wqo(anti)— wqo(ext).

Proof. Let <p be the computable partial order from the proof of Theof@® We prove that
there is a computable linear extensigp of <p and an infinite descending chain i given by

a computable functiorf. Before describing the linear extension, we note three properties of the
construction ofP. First, if x <p qy for someRe strategyw, thenx is placed in the partial order

by a strategys such thatx + w C . Second, ix <p qf for someR, strategyw, thenx is placed

in the partial order by a strategg/such thax x d C 8. Third, if X <p q* for somed, strategy,
thenx is placed in the partial order by a strategjpguch thatx = 8. These properties are all easily
verified by induction on the stages of the construction.

We next assign each poirtin P to a unique node in the tree of strategies from the proof of
Theorem3.9. If x = qg for someRe strategyw, thenx is assigned te x w. If x = qf for some
Re Strategyw, thenx is assigned ta * d. If x = g for somed, strategyw, thenx is assigned to
a *x w. We let p, denote the unique element (if any) Bfassigned te:. Notice that every point in
P is assigned to some. The linear order is defined bypg <, p, ifandonly ify © g orgis
to the left ofy. Since<| just copies the Kleene-Brouwer order on the tree of strategies, it is clearly
a linear order orP.

We need to see that| is a linear extension okp. We show by induction on that<| is a
linear extension okp on the points ofP at the end of stage At the end of stage 0P contains
only the incomparable poinqg andq%. Therefore, our induction holds at stage 0. We assume the
induction holds at stageand we show it holds at staget 1 by induction on the strategies in the
current true stage. That is, we examine how points are added duringt stafj@nd show thak
extends<p after each addition. Suppose a strateggdds points td® at stagd + 1 and that before
«a adds its points< is an extension ok p. We split into cases depending on what type of strategy
« is and whether it is below @ or w outcome.

Consider the case whenis anR. strategy and = o~ * w. Then,a™ is an4e_1 Strategy and
in <p, we addg§ andqj as incomparable points immediately belq#% . Therefore, it suffices to

show thaig§ andq; are<, g* . In our notation of assigning elementsPfto strategies, we have
0% = Pu, O = Pasw aNAQY = Pusd. Sincex C o * w ande C o * d, we have that§ <. q*

andgy <. gq* as required. A similar proof works in the cases wheis an 4. strategy and either
a=ao xwora =a *xd.
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It remains to examine the case wheis anRe strategy ande = o~ * d. In this caseq adds
the pointsg§ andqy to P immediately below some poiat<p q* . Therefore, it suffices to show
thatgg andqy are<_ z. By the properties listed in the first paragraph of this prads$,added toP
by some strategg with «~ C B. Sincex = a~ * d has never been eligible to act before this stage,
we cannot have = B. Therefore, eithep = a~ ora™ xw C B. If B = o, thenz = q* and
SO0Z = Py—sw- SiNCex = o~ x d is to the left ofa™ * w, we have thatr x w anda = d are to the
left of @~ % w. Thereforeg§ = Pusw aNAQ = Pasd are< q* = Py as required. The last
remaining case is wham™ x w C . But, thena is to the left of 8 and a similar argument shows
qg andqj are< z as required.

We still need to define a computable functibn N — P such that for alt, f(t + 1) <. f(t).
Lett be any stage of the construction. There is a last strategshich is eligible to act at this stage
and sincgat| =t, t is the first stage at whid is eligible to act. (Technicallyy; is equal tos;, but
we use the notatioa; to distinguish the strategy from the current true path.) Theretgradds at
least one point td® and defines,, to be one of the new points it has added®oFurthermore, in
the notation introduced above,, is always equal t@y,..,. We definef (t) = Uy, = Poysw-

Itis clear thatf is computable. To verify that (t + 1) < f (t), we split into two cases. First,
if oL 1 # o, thenarys is to the left ofay in the tree of strategies. (This follows since the current
true path in the construction only moves to the left.) Therefere; * w is to the left ofe; * w and
SO f(t 4+ 1) = Py gsw <L Pusw = f(1). Second, assume thatf+1 = . If a1 = o * w, then
atxw C ok w and sof (t+1) = Py, vw <L Paxw = f(1). Otherwise, we haver 1 = oy *d.

In this case, we first assume thatis an 4. strategy. We knowf (t) is set to the value of,, at
the end of stagé. Thus, f (t) = g*. However,a; was the last strategy to act at stagend so no
strategy has placed any points belg#. Therefore, whem goes to they; x d outcome at stage
t + 1, the only choice fou,, at stage + 1 is againg®. Thereforep;,, definesf (t + 1) = U, to
be a point<p q* = f(t). Since<_ extends<p, we havef (t + 1) < f(t). The last remaining
case iswhemr;1 = at *d anda; is anRe strategy. Therf (t) = qg‘ anday, 1 places its new points
<p q;'. Again, becauses extends<p, we havef (t + 1) <, q;*. However, we sefj;" < '
sinceq; = Puxd, 4y = Pusw @nda * d is to the left ofa * w. Therefore,f(t +1) <. f(t) as
required. This completes the proof thlagives a computable infinite descending chairin [

The proof of Theoren8.9 can be strengthened to show tWaKLy does not suffice to prove
wgo(anti)— wqo. The technique used to prove this stronger result is similar to the methods used
in [3] and the reader is referred there for more applications of this method.

Theorem 3.11.WKLg # wgo(anti)— wqo.

Proof. To prove this theorem, we show that a particular model (or rather a particular type of model)
of WKLo cannot be a model of the implication wqo(ant)y wqo. Formally, we show that if

Xo, X1, ... Is a sequence of uniformlzpsg, uniformly low sets, then we can construct a computable
partial order<p which meets the requirements:

Riei) : go’ total — 3N <y M (g7 (N) <p 927 (M) v 21 (N) L i (M)
Sieiy - o total — 3n £ m (e (n) <p i (M)).
The motivation for meeting these requirements is that there is such a sequenceXffeetshich
the w-model A with second order partY|3i(Y <t X;)} is a model ofWKLgy. Since<p is a
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computable partial order, it is an element4f Furthermore, ther iy requirements show thatp
has no infinite descending sequencestiand thes$ iy requirements show thatp has no infinite
antichains inA. Therefore,<p satisfies wqgo(anti) in4. To make sure thatp does not satisfy
wqo in A, we construct a computable functidnsuch that for ali < j, eitherf(i) L f(j) or
f(j) <p f(i), sowe even have a computable witness thatdoes not satisfy wqo. As above, our
functionis f(n) = n.

This argument is almost identical to the argument in TheoBehrexcept that we may finitely
often switch between the outcomesandd rather than just moving frorw to d and never returning
to w. The argument is still finite injury, but it may take more than one (but still finitely many)
attempts to successfully diagonalize. Although this argument can be given using a tree of strategies
as in Theoren8.9, it is probably easiest to formalize in a more straightforward manner. The main
point of using the tree of strategies in the proof of Theofefwas to make the proof of Corollary
3.10easier. We present the basic strategies for®hg, and Sy requirements and after a brief
discussion of their interaction, leave the formal details to the reader. The requirements can be given
any priority ordering of order type, for example givingR e iy the e, i) priority and giving4$ e i)
the e, i) + 1 priority.

We begin our discussion with the action taken for #iyg, requirement. As before, whefie )
is first eligible to act (say at stag®, it picks a new point)‘®'") and places it in the partial order
below a point dictated by the higher priority requirements. n.denote the number of points i
at stages. 4 ) forces all lower priority requirements to work belatf! until a stage > s such

that all of the c:omputationﬁé(i O, ..., goé(i (n) appear to converge at stage(Notice that we are

now approximating thexg set Xj, so we are really looking at computations of the fopéﬁ’t (X).
For simplicity of notation, we drop explicit mention of the stage from these computations.) At stage
t, there are two possibilities: either these computations all converge to points which are not below
q‘¢", in which case at least two of these computations must converge to the same value and so
3y Is currently satisfied, or there is a least<y n such that(pé(i (X) appears to converge to a
pointy <p q®". In the former cased e takes no action and continues to force lower priority
requirements to build belog®!). In the latter case$ ey picks a currently<p minimal pointz
belowy and requires all lower priority requirements to work belpat stages- t.

The main difference between this construction and the one in the proof of Thé€o®esthat
our approximation ofX; may change on small values and hence our apparent computations for
<pé(‘ O, ..., (pé<‘ (n) may diverge again at a stage t. If these computations change, thég ;)
initializes all requirements of lower priority and starts over again with the same witff&$s That
is, it waits for the computatiorm;sé(i O,..., goé(‘ (n) to converge to new values and either takes no
action (if it appears thas ) is satisfied) or it picks a new value afand forces lower priority
requirements to work below this new value of The obvious worry about this strategy is that it
might repeat itself infinitely many times. However, this is the point at which we can appeal to the
fact thatX; is low. BecauseX; is low, 0 knows whethe(oé(i 0, ..., <pé(‘ (n) really converge or not.
Therefore, we have Ag approximation to the question of whether they converge. We alter the above
argument by making e i) wait for a stage > s such that the computatiorg’ (0), ..., g2 (n)
converge and that ouﬂsg approximation to whether these computations really converge says that
they do in fact converge. Now we are in the situation that either these computations really do
converge, in which case at some finite stage we see their real values and these values never change,
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or they do not all converge, in which case there is a finite stage after which we never believe that
they all converge and s i) takes no action after that stage. This description makes it clear that
the action of ¢ j) is finitary, and hence (assuming th&g ;) is only initialized finitely often) it only
initialized the lower priority requirements finitely often.

The basic strategy for th& iy requirement is similarly modified from the proof of Theorem
3.9. WhenR ey is first eligible to act (or at the first stage at which it is eligible to act after being
initialized), it picks two new pomtq0 andq<e' and forces lower priority requirements to work
below q 1) | et n denote the number of points iR at stages. R i) waits for a stage > s
at which all the computationzﬁé(i O, ..., (pé(‘ (n) appear to converge. There are two cases: either
none of the these computations converge to a point below ejéﬁ@ror qie’” (in which case at least
two of the computations must converge to the same poitR &g, currently is satisfied) or there is
a leastx <y n for which goe '(X) appears to converge to a point below one]g?f or q<el In the
former case,R i) takes no new action. In the latter case, assumaﬂiﬂz(b() =yandy <p q}e’”

R iy now forces all lower priority requirements to work bequﬁ'j>

Just as with the$ ¢ i) strategy, the apparent computati(mig(O), cees (pe '(n) may later diverge
or converge to different values. However, the lownesXpopfuarantees that there is a finite stage
at which either these computations settle down or there is a finite stage after which we never again
believe that these computations really converge. Therefgenay finitely often change its mind

about whether lower priority requirements have to build be:ié‘?/v orq1 ) but eventually, |fpe is
total, then,R' eventually finds true computations and elther has to perform no action to diagonalize

(becausee X is not one-to- -one) or seeaé< (X) = y <p q ) for a <y, least value ok and forces

all lower priority requirements to build beloq{ j forever.

As in the proof of Theoren3.9, there is an obvious source of conflict between these require-
ments. However, here we have described the solution to this conflict in terms of initializing lower
priority strategies. Since the action of ea&ihand gzg strategy is finitary, each requirement even-
tually reached a stage after which it is never initialized and henceforth it behaves exactly as in the
description above. This completes the description of the construction and the proof of Theorem
3.11 O

We next examine how wgo and wgo(ext) are relatBdAq suffices to prove the implications
wqo — wqgo(ext) and wgo(sety> wgo(ext).

Lemma 3.12. RCAp - wqo — wqo(ext).

Proof. Fix a wgo (Q, <) and assume thaD has a linear extensiofL, <) which is not well
founded. Recall that this meahsis a linear extension o/ ~ (wherex ~ yifand only ifx <y
andy < x). Fix afunctionf : N — L such that forali < j, f(j) <. f(i). Because<| is an
extension of, f(j) <. f(i) implies that eitherf (j) < f (i) or f(j) L f(i). Therefore, viewing
f as a map fronN into Q, we see thaf contradicts the fact thap is a wqo. ]

Corollary 3.13. RCAg - wgo(set)— wqo(ext).
Proof. This corollary follows from Lemma&.12together with the fact thad@CAy - wqo(set) —
wqO. [
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We also want to examine the implication wgo(ext) wgo. One method for trying to prove
this implication for partial orders is as follows. (The general case for quasi-orders follows from
this special case.) Letp be a partial order with domail which does not satisfy wqo and let
f : N — P be a function which witnesses thRtdoes not satisfy wqo. That is, if <y m, then
f(n) £p f(m). We would like to define a linear extension of the partial order under which
f enumerates an infinite descending chain. Such a linear extension would shdw dbat not
satisfy wqgo(ext) and hence would finish our proof that wqo(ext)wgo. We begin to construct
such a linear extension by defining a binary relattan P: x Ryholds if and only if eithex <p y
or there are numbers <y m such thatx = f(m) andy = f(n). Let <}, be the transitive closure
of the relationR. BecauseR is an acyclic relation (defined belowd;; is a partial order extending
<p. Because we madé(n + 1) Rf(n) hold for alln, f enumerates an infinite descending chain in
</P. Let <. be any linear extension efp. Then<| is a linear extension of p which is not well
founded.

This proof sketch has three parts: definiRg taking the transitive closure, and extending a
partial order to a linear order. The definition Rfappears to requir@CAop, but by substituting an
appropriate subsequence bfin place of f we can can make sure that the n&ais definable in
RCAo. MoreoverRCAg is strong enough to prove that every partial order has a linear extension (see
for example P]). However, as we show below, taking the transitive closure of an arbitrary relation
requiresACAq. Before presenting the formal result, we introduce some definitions.

Definition 3.14. (RCAp) Let A be a set and IeR C A x A be arelation orA. A chainin Ris a
finite sequencexo, .. ., k) of elements ofA such thatkoRx R. .. R%. Ris calledacyclicif there
is no chain(xo, ..., Xk) in R such thatxk Rxp. Thetransitive closureof R is the relationR’ defined
by iR’j if and only if there is a chairixp, ..., Xk) in Rsuch thatxg =i andxx = j.

Lemma 3.15. (RCAp) The following are equivalent:
1. ACAp;
2. the transitive closure of every acyclic relation exists.

Proof. The implication from 1 to 2 follows because the transitive closure is arithmetically definable.
To prove the implication from 2 to 1, it suffices to show that the range of every one-to-one function
exists. We reason withiRCAg. Fix a one-to-one functiorh and consider the séb} U {xn|n € N}U
{ynIn € N}. Define an acyclic relatioR on this set byR = {(b, Xn)|n € N} U {(Xn, Yfm))IN € N}.
By 2, we letR’ be the transitive closure @&. Then,m € rang€ f) if and only if (b, ym) € R. [

Because of Lemma&.15 we cannot naively form the transitive closure in the proof sketched
above. However, notice that we do not necessarily need the transitive closRréof rather we
only need some extension Bfwhich is a partial order. The ability to extend any acyclic relation to
a partial order turns out to be equivalentt<Lo.

Lemma 3.16. (RCAp) The following are equivalent:
1. WKLo;

2. every acyclic relation can be extended to a partial order.
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Proof. First, we show thatVKLq suffices to prove that every acyclic relation can be extended to a
partial order. LetR be an acyclic relation o. To simplify our notation, we assume that= N.

We define a tred C 2<¢ such that every path through codes a partial order extendiiy We
view all sequences € 2<N as sequences of pairs of elements fridrand we think ofs as giving

a finite approximation<g to a partial order extendin®. That is, we interpres((n, m)) = 1 as
specifyingn <s mands({n, m)) = 0 as specifyingh #s m. We puts € T if and only if

1. mRnand(m, n) € dom(s) imply s({m, n)) = 1;

2. s({I, m)) =1,s({m,n)) =1 and(l, n) € dom(s) imply s({I, n)) = 1;
3. (n,m), (m, n) € dom(s) impliess({m, n)) 4+ s({(n, m)) < 1;

4. (n,n) € dom(s) impliess({n, n)) = 0.

It is clear thafT is a tree, and we verify that it is infinite. FIX € N and for each paitn, m) < N,
defines((n, m)) = 1 if and only if there is a chairixg, ..., Xk) in R such that eackj < N and
Xp = nandxx = m. It is straightforward to verify, using the fact th&is acyclic, thats € T.
Therefore,T is infinite and byWKLy it has a path. Ih is any path inT, then define<y by n <y m
if and only if h({n, m)) = 1. By our definition ofT, <y, is a partial order extendinB.

Second, we show that 2 implies 1 in the statement of the lemma. To ¥Héky, it suffices
to consider an arbitrary pair of one-to-one functiading : N — N with disjoint ranges and show
that there is a seX such that for alh, f(n) € X andg(n) ¢ X. We define our relation on the set
{b} U {xnIn € N} U {ynIn € N} U {zq|n € N} by

R = {{Xn, b)In € N} U {{b, yn)In € N} U {(Zf ), Xn)IN € N} U {{Yn, Zgim))In € N}.

Becausef andg have disjoint ranges, this relation is acyclic. By 1, there is a partial otger
which extendR. Let X = {m|zy, <p b} and notice thaKX is our desired separating set. O

Theorem 3.17.WKLo F wgo(ext)— wqgo.

Proof. We reason iWKLg. Fix a quasi-orde@ which does not satisfy wqo and |IBtbe the partial
order Q/ ~. SinceQ does not satisfy wqgo, neither do® Therefore, we can fix a function
f : N — P suchthatforalh <m, f(n) £p f(m). In particular, this means thdtis one-to-one.
Furthermore, we can define a subsequemceN — P of f as follows. Seg(0) = f(0). If
g(n) = f(i), then letg(in + 1) = f(j) where| is the <y least number such that<y j and
g(n) <y f(j). Such aj exists becausé is one-to-one. It is clear from our definition gfthat for
alln < m, g(n) £p g(m) and for alln, g(n) >y n. To show thatQ does not satisfy wqgo(ext), it
suffices to produce a linear extensign of <p which is not well ordered. We use the functigmo
give an infinite descending sequencedn by makingg(n 4+ 1) < g(n) for all n.

Define an acyclic relatio® on P by (i, j) € Rifand only ifi <p j or there aren <y j and
m <y i such thag(m) =i, g(n) = j andn <y m. It follows from our hypothesis og thatR is
an acyclic relation. Therefore, by Lemralg there is a partial ordet/, extendingR. It is clear
that <, extends<p and thaty enumerates an infinite descending sequencegnlLet <. be any
linear extension of</P and notice thatk | is a linear extension of p such that<| has an infinite
descending chain given gy O
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Corollary 3.18. WKL - wgo(ext)— wqgo(anti).

Proof. This result follows from Theorer@.17together with the fact th&®CAg - wgo — wqo(anti)
(from Theoren®.5). O]

Corollary 3.19. WKLo K wgo(anti)— wqgo(ext).

Proof. By Theoren3.17, WKLq F wqgo(ext)— wqo, and by Theorerf.11, WKL t# wgo(anti)—
wqo. [

Notice that whileWKLg suffices to prove most of the implications from wqo(ext), it does not
suffice to prove wqo(ext}> wqo(set). (Recall thatvKLg is not strong enough to prowT

o)

Lemma 3.20. RCAp + (wgo(ext) - wqo(set) — RTiOO and henceWKLp t# wqgo(ext) —
wqo(set).

Proof. Letk denote the trivial partial order d@, . . ., k—1} in which all elements are incomparable.
RCA is strong enough to prove this partial order is a wgo, and hence by Lehifighis partial
order satisfies wgo(ext). Consider any map N — k. Sincek satisfies wqo(ext), the implication
wgo(ext) — wqgo(set) gives an infinite sé&t such that forali < j € A, f(i) < f(j) inthe order
on k. However, since all elements kfare incomparablef (i) < f(j) implies thatf(i) = f(j)
and hencéA is the desired homogeneous set. O

Lemma3.20does not rule out the possibility thREC = wqgo(ext) - wgo(set) sincdREC =
RT1<OO. However, a corollary of the next theorem will eliminate this possibility.

Theorem 3.21.REC [~ wqgo(ext)— wgo and henc®&CAg # wgo(ext)— wqo.

Proof. We build a computable partial ordéP, <p) with P = N such that every computable linear
extension of<p is well ordered with respect tREC. Formally, for alle,i € N, we meet the
requirementr iy which says that ifpe andg; are both total anee is a linear extension ofp,
then there exish < m such thaty; (n) <, ¢i (M). Thatis, ifge is a linear extension of p, theng;
is not an infinite descending chain in the order giverpby

Furthermore, we need to make sure tkat is not a well quasi-order with respect REC by
defining a computable functiof such that for ali < j, eitherf(i) L f(j)or f(j) <p f().
Our function f will in fact have the stronger property that it defines a computable antichain: for all
P# ], £ L ).

We first describe the module for a requiremeR i, working in isolation. (In the general
construction,R iy Will be working inside an interval given by higher priority requirements. If
R eiy Is the highest priority requirement, then this interval is defined by the least and the greatest
point in our partial order. Because these points play no role in the actiotyQf other than to
dictate where it takes place, we ignore them for the moment.) In order to construct our computable
function f, we begin to define an antichain of pointg0), f (1), ..., placing one new point in this
antichain at each stage of the constructide iy picks two new points (which are kept out of the
range off) X iy andy iy and makes them incomparabledrp with each other and with all the
points in the range of . Until e gives us an order on these two auxiliary poinkge y does not
believe thatye is total and so does nothing to diagonalize. Assumegha&ventually does give us
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an order on our auxiliary points and that it makesi, <y, Yei). After this stage, we begin to
place all the new points dP below X ). That is, we continue to build an antichain for the range
of f, but we place these points below . (In the general construction, we also force all lower
priority requirements to place their new points bel®wi,.) R i) now waits forg; to enumerate

a point belowxjy. Since there are only finitely many points fhwhich are not belowk iy, we
win R iy unlessy; picks one of these points. Once we see sonfier which ¢;j (n) converges to

a point<p Xy, we switch our tactics again and begin to build the antichain giveri laypove
Yeiy. At this point, R iy promises to continue the tactic of allowing new points only abpve

for the rest of the construction. Since there are only finite many points which are not above
we have that eithep; is not total, or it has finite range, @f (m) eventually converges for some
m >y N With yeiy <p ¢i(m). If e really is a linear extension ofp, then the numbers andm
are our witnesses tha ¢ j) succeeds since <y mandgi(N) <p Xei) <g Yiei) <p @i(M), SO
thatei (N) <y, @i (M).

The general construction just iterates the above procedure. The tree of strategies is the full
ternary branching tree on the lettersh, w with a to the left ofb andb to the left ofw. The nodes
o atlevel(e, i) of this tree are the strategies working f8re i). A strategyx keeps four parameters:
two withesses, andy, which are kept out of the range df, and two pointau, <p v, Which
tell the requirements of lower priority to work in the interval betwegnandv,. The first time
a strategyw is eligible to act, it picks witnesses, andy,, adds these point t®, makes them
incomparable ircp and in the appropriate interval as dictated by higher priority requirements, and
keeps them out of the range 6f While « is waiting for ¢e to give an order tx, andy,, it takes
outcomex x w and sets its parameteus andv,, to define the same interval thatwas given by the
higher priority requirements. Once an order between these nodes is established (and without loss of
generality we assume, <, Yq), it takes outcome x b and forces future points in the range bf
and witnesses for lower priority requirements to be placed b&lowo pass this information to the
lower priority requirements, it resets its parametge= x, and leaves the parametgr unchanged.

If ¢j ever gives a computatiap (n) with value<p X,, thena switches to outcome * a and forces
future points in the range of and witnesses for lower priority requirements to be placed alpve
It passes this information to lower priority requirements by resetting its parameters sg thay,
andu, is the upper bound passed down from the higher priority requirements. Thateturns to
the original value that was given before it saw that, <, Yo.

The construction proceeds as follows. At stage 0, we begin by placing 0 as the least pgint in
and 1 as the greatest point#p. We definef (0) = 2 and letRr; setx, = 3 andy, = 4. These
three points are pairwise incomparabledp and between the greatest and least pointsgn R,
definesu;, = 0 andv; = 1.

At staget > 0, we assume that we have already defif€@), ..., f(t — 1) to be a finite
antichain. The module for a strategythat is working forRR iy and that is eligible to act is as
follows. (As in the previous constructions; denotes the strategy of immediately higher priority
thana. Notice that for stagets> 0, the highest priority strategywill not act as in step 1 below, so
it does not matter that™ is not defined.)

1. If this is the first stage at which is eligible to act, then we let, andy, be the<y-least
numbers not inP yet. « has been passed parametgys andv,- from «~. The pointsx,
andy, are placed ir<p as follows: they are incomparable with each othez; #p u,-, then
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Z <p Xq, Ya: If v,— <p z, thenxy, Y, <p Z; and they are incomparable with all other points.
Let o x w be the next strategy eligible to act. $gt = u,-, setv, = v,~ and pass these
parameters ta * w.

2. If « has been eligible to act before, then checkdfdefines an order or, andy, yet. If
not, then letx x w be the next to act and leave the parametgrsr v, as they are currently
defined. If so, then without loss of generality, assume xhat,, Yy.. Setv, = X, and leave
U, as itis currently defined. Proceed to step 3.

3. Check ifg; t(n) converges for some <y t such thaiy; 1 (n) <p X. If not, then leta % b be
the next strategy eligible to act and pass the paramegessadv, to « x b. Otherwise, if there
is such am, setu, =y, and sev, = v,-. Leta x a the next strategy eligible to act and pass
the parameters, andv, to « * a.

Once we have defined the current true pitht this stage, we need to defiri€t) to be the next
element of our antichain. Let(t) be the<y-least number not i yet and lete = §; be the last
strategy that was eligible to act. Plaéét) in <p as follows: ifz <p uy, thenz <p f(t); if
ve <p z,thenf(t) <p z; and f (t) is incomparable with all other points wp at this stage. This
completes the description of the construction at stage

We sketch the verification that this construction succeeds. The construction is finite injury and
the current true path can only move left between stages of the construction. As before, the initial-
ization of lower priority strategies is taken care of by the movement of the current true path and we
can define the true path to be the pointwise limit of the current true paths. The individual modules
for requirements along the true path are satisfied just as in the informal description.

We need to see that the range fofs an antichain inP. We prove this fact by a sequence of
claims, each of which can be verified by induction on the stages of the construction. First, once a
point in the range off is placed inP, nothing is subsequently placed above it or below it. Second,
any point marked as a parametgrmay have points from the range éfabove it in<p, but it will
never have any points from the rangefobelow it in <p. Similarly, a point marked, may have
points from the range of below it, but it will never have any points from the rangefoabove it.

Given these claims, it is clear from the definition bft) that when it is placed ifP, there are no
points from the range of either above it or below it. This property is then maintained for the rest
of the construction. O

We mention one corollary which is stated in the terminology of effective algebra rather than
reverse mathematics. While similar corollaries could be stated for several of the earlier results,
we mention this one in particular because it seems interesting as a statement independent from the
general project of this paper.

Corollary 3.22. There is a computable partial ordéP, <p) such that P has a computable infinite
antichain and yet every computable linear extension of P is computably well ordered.

Proof. This corollary follows directly from the proof of Theorei21since our computable func-
tion f is an infinite antichain. O

Corollary 3.23. REC [~ wqgo(ext)— wgo(anti) and hencCAg I wgo(ext)— wqgo(anti).
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Proof. Let P be a computable partial order as in Coroll&r¢22 REC is a model for the fact tha®
satisfies wgo(ext) but is not a model fBrsatisfying wgo(anti). O

Corollary 3.24. REC [~ wgo(ext)— wqgo(set).

Proof. Suppose thaREC = wqo(ext)— wqgo(set). Sinc&RCAp - wqo(set)— wqo, we have that
REC &= wqgo(ext)— wqo which contradicts Theoref21 O

4 Closure properties for well quasi-orders

If (Q1, <1) and(Q2, <2) are quasi-orders, then the product quasi-ordeQanx Q: is given by

(01, Q) < (r1,r2) ifand only if g1 <1 r1 andgz <2 ro. In this section, we examine how difficult

it is to show that the various properties defining well quasi-orders are closed under intersection and
products. That is, we consider each pair of properesP, from wqo, wqo(set), wgo(anti) and
wqo(ext) and examine how difficult it is to show that4k and =<, are quasi-orders satisfying

on Q, then=<y N <5 satisfiesP, on Q, and to show that itQ1, <1) and(Q2, <») are quasi-orders
satisfying Py, then the product order 0Q1 x Q2 satisfiesP,. We begin by examining the closure
properties under intersection and then note that by Lemma 5.2{) th¢se results hold for products

as well.

Lemma 4.1. RCAq suffices to prove that k1 and <, satisfy wqo(set), therx; N <, satisfies
wqo(set).

Proof. Assume that<1 and <, satisfy wgo(set) and fix a map : N — Q. Viewing f as a
map fromN into the domain of<1, there is an infinite sefA; such that for ali <y | € Aj,
f(@i) <1 f(j). Now consider the restriction of to A;. There is an infinite sef, € A; such
that for alli <y J € Ag, f(i) <2 f(j). BecauseA, € Az, we have that for all <y | € Ay,
f(i) <1 f(j) and hencef (i) is below f(j) in <1 N =<2. (More formally, to defineAy, we
enumerateA; asagp <y a1 <y --- and defineamapg’ : N — Q by f'(n) = f(a,). We then
apply wqgo(set) for<, to the mapf’.) O

Corollary 4.2. Let P be any of the properties wqo, wqgo(ext), wgo(anti) or wqo(B€iq is strong
enough to prove that ik; and <, satisfy wqo(set), ther; N <, satisfies P.

Proof. This corollary follows sinceRCAg is strong enough to prove that wqo(set) implies each of
the other properties defining well quasi-orders. O

We next show thatVKLg is not strong enough to prove the closure under intersections for any
of the remaining properties. Lefg, X1, ... be a sequence of uniforml&sg and uniformly low
sets such that the-model A with second order pafty|3i (Y <7 Xj)} is a model oWKLg. The
following theorem shows that is not a model for the closure of quasi-orders satisfying wgqo under
intersection.

Theorem 4.3. There are computable partial ordersg and <; such that both<g and <; satisfy
wqo inA but <g N <1 is an infinite antichain.
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Proof. We build <g and <1 in stages so that each is a partial orde™anWe guarantee that each
satisfies wqgo in4 by meeting the following requirements feri € N andj € {0, 1}.

Reei.j) - o total and one-to-one> 3k < | (pe(k) <j ge(l))

In fact, we will have the additional property that each has no infinite descending chains at alll
(that is even outside aoft) sincen <j m will imply n <y m. We make<g N <; an antichain
by guaranteeing that it <j m, thenn £;_; m. We refer to this requirement as our antichain
requirement. We order the priority for ol e j) requirements in type by ordering the triples
(e, ])intypew.

Consider first the basic module for the requirem®i.o.0). R0,0,0) Picks two pointsgy® andg?
and makes them incomparable in both #hgand <; orders. It forces theg partial order to place
all its points above® and the<; order to place all its points abogg. This guarantees thgl <j x
forall x # q'~1, whileq/ #1-j x for all x. We therefore are meeting our requirements for making
<o N <1 an antichain with respect to the poinfdandq!. Currently, there is exactly one point (the
pointgl) which is not>g q° in the < order. We wait for the computatior;tzg(o(O) andgo())(o(l) to
appear to converge. If one of these computations never appears to converge,dbgnis easily
won since<p3<° is not total. Therefore, assume that these computations do appear to converge at
some stags. We have two cases to consider. Either both computations appear to convgtgato
which casemgfo does not appear to be one-to-one andisgo,0, takes no additional action, or one
of these computations converges to a pgistich thag® <q y. At this stage,R 0.0, initializes all
lower priority requirements (that is makes them begin again with new witnesses) and forces them to
work abovey in the <g order. Since at stagethere are only finitely many points so far not above
y in the <q order, this guarantees that;igo is total and one-to-one theR 0,0y Will be met.

WhenR ,0,0) begins to force lower priority requirements to work abgvia <o, we also need
to consider where to make lower priority requirements work intheorder. Because each lower
priority requirement works in a similar manner £ 0,0y, points are always placed g and <
in pairs. That is, the poing is one point in a pair of pointg’, z} which were placed in the partial
orders as witnesses for a lower priority requirement. Without loss of generality, we suppose that
y = zL. The pointsz?, z! were made incomparable in both partial orders and so wWReNb, o)
forces lower priority requirements to work aboye= z! in the <qg order, it also forces all lower
priority requirements to work above the other element of the pair, in this2%asethe < order. In
this fashion we maintain our antichain requirements.

As in the proof of Theoren3.11, the computatiompé(o(O) and (p8<0(1) may change at a later
stage. Each time these computations change vaRes, o) initializes the lower priority require-
ments and picks a new value wf>g q° to force lower priority requirements to work above<np
and uses the corresponding element to force requirements to work abgyeTime fact thatXg is
Ag and low means that after finitely many such changes, we reach a stage at which we see the true
value of the computations or after which we never believe both computations converge. Therefore,
the action ofR g o, is finitary.

The general construction just iterates this strategy for one requirement. Because the action of a
single R e, j) strategy is finitary, the argument is finite injury. It can be formalized with a tree of
strategies as in Theoref9, although it is easier to formalize without the extra machinery of the
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tree of strategies. We describe a formal moduleRq; j) below and leave the details of combining
these strategies in a finite injury argument to the reader.

Let « be a triple(e, i, j). The requirementr, keeps five pieces of information: two points
g0 andg! which it picks and adds to the partial orders when it is first eligible to act (and repicks
when it is initialized), two parametets andu’ which it uses to tell requirements of lower priority
where to place their points, and a numbgmwhich gives the length of convergenceqyzifi thatR,
is waiting for. It requires that lower priority requirements place points intkerder in the cone
aboutuX. The module forRr, is as follows. (We letR,- denote the requirement of immediately
higher priority than®,.)

1. The firsttimex is eligible to act or the first time it is eligible to act after having been initialized,
it takes the two<y-least numbers not yet in the domain of our partial orders and uses them as
the Witnessqu andg?. Inthe<g order, it places them immediately abm&, incomparable

with each other and incomparable with all nodes which are not be(‘i)’{owln the <1 order, it
places them immediately aboué,, incomparable with each other and incomparable with all

nodes which are not beloué,. SetuX = gX and letn,, denote the number of points which
are currently in the partial orders.

2. Wait for a stagd such that:pé(i (X) appears to converge for all <y ng. If goé(i is not one-
to-one on these points, thery, takes no further action at this stage. Otherwisexlbe the
<n-least point<y n, such thatpé<i (X) appears to converge to a poinsuch thag, <jV.

3. When this convergence occurs, initialize all lower priority requirements ami’;sety. The
pointy is qf for some lower priority strategyRg and somek € {0, 1}. Setu(},_J = qf_k. If

some computation fapé(‘ (z) with z <y n, changes, return to step 2. Otherwise, the values
of u? andul remain fixed.

We sketch the verification that this construction succeeds. The construction is finite injury, so
each requiremen®,, eventually stops being initialized and defines final valuesiforg! andn,.
After finitely many more stages, the computati(mi%(z) for z <y n, settle down and the values
of ug and u(}l stabilize. At this pointR, is met exactly as in the informal description £fq o,0).
Therefore, both<g and < satisfy wqo in..

Second, we check the antichain requirements. It is clear by induction on the stages of the
construction that at all stages and for all tripfes= (e, i, j), the pointsug andu% are incomparable

in both the<g and <1 orders. Furthermore, in bothg and <, the cones abovag and ufs- are
disjoint. For a contradiction, assume that there are paiisdy such thatx <g y andx <1 y. In
this case, we must have<p y and hence is placed in the partial orders after Lets be the stage
at whichy is placed in the partial orders and |etdenote the triple such thaRg placesy in the
partial orders. Sinc& <gq Yy, Rg must be forced to work in the cone abavdy a higher priority
requirement. That is, there is a triplesuch thatR,, has higher priority thamRg andx = ul at
stages. However, in this situationR is forced to makeu(}l <1 y and hence to make = ug £1Y,
giving us the desired contradiction. O
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Corollary 4.4. Let P, be any property from among wqo, wgo(ext) and wqgo(anti). Lebd>any
property from among wqo, wgo(set), wgo(ext) and wqo(aMtiXLo is not strong enough to prove
that if <o and <1 satisfy R then=<g N <1 satisfies P.

Proof. Fix P; and P, from the lists of properties in the statement of the corollary and consider the
partial orders<g and <; and the model4 of WKLo from Theorem4.3. SinceRCAq suffices to
prove wqo— wqo(ext) and wgo— wqo(anti), we have thato and<; satisfy P; in 4. The fact
that <g N <3 is an infinite antichain means that it does not satBfy (If P, is wqo(ext), then the
linear order defined by <’ mif and only if n >y m is a non well-founded linear extension of
<oN <1.) O

The following theorem allows us to transfer our results on intersection to products. The proof
for the case whelR is the property wqo is contained in Lemma 5.20 dfdnd essentially the same
proof works for each of the other properties

Lemma 4.5 (Marcone).Let P be any of the properties wqo, wqo(set), wgo(ext) or wgo(anti). Over
RCAy, the following statements are equivalent.

1. If Q1 and Q@ satisfy P, then @ x Q2 with the product order satisfies P.

2. If Q satisfies P with respect te1 and <2, then Q satisfies P with respecttq N <».

Corollary 4.6. Let P be any of the properties wqo, wqgo(ext), wgo(anti) or wqo(B€iA\q is strong
enough to prove that ifQ1, <1) and (Q2, <») satisfy wqgo(set), then Qx Q2 under the product
order satisfies P.

Corollary 4.7. Let P, be any property from among wgo, wqgo(ext) and wqo(anti). Lebd?any
property from among wqo, wgo(set), wgo(ext) and wqo(aMtiXLo is not strong enough to prove
that if (Q1, <1) and(Q2, <») satisfy R then Q@ x Q2 under the product order satisfies.P

5 Equivalent definitions for better quasi-orders

We turn our attention to the notion of a better quasi-order. In this section, all strings are finite
increasing sequences [RN]=“. We think of each string as enumerating a finite set in strictly in-
creasing order. Similarly, we equate each infiniteXsetith the N-sequence of the elements Xf
in strictly increasing order. For stringsandt, we continue to writes C t if sis an initial segment
of t, but we also writes C t (or s C t) if the finite set represented Isyis a subset (or strict subset
respectively) of the finite set representedtbySimilarly, we writen € s if n is an element of the
finite set represented lsy

Given a seB € N<“, we define bagd) to be( J B, or more formally

bas€B) = {n|dse B(nhes)}.

It is easy to show that the existence of b@efor arbitrary B is equivalent toACAp (see Lemma
1.4in [7]). Therefore, when we make statements like “l&es infinite” in a subsystem weaker
thanACAp, we mean the formal statemermhan > m3s € B (n € s). Similarly, when we sayX is

a subset of bag8), we mearvx € X3s e B(x € S).
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Definition 5.1. (RCAp) B C [N]=® is ablockif
1. bas&B) is infinite;
2. VX € [basé€B)]?3s € B(sC X);
3.Vs,te B(siZt).

B is abarrier if it satisfies the first two conditions above and the (stronger) third condition that
Vs,t € B(s ¢ t). Notice that every barrier is a block.

Definition 5.2. (RCAp) Let s andt be strings. We writes < t if there is are stringsl, v such that
u = u(0) % v (that is,v is obtained by deleting the first elementwf s C u andt C v.

Definition 5.3. (RCAp) A quasi-order Q, <) is abetter quasi-ordefor bqo) if for every barrierB
and every functionf : B — Q, there exiss, t € B suchthas <t and f (s) < f(t).

Classically, there are a number of equivalent definitions for a bgo. First, we can restrict the
definition by only considering barrie® such that bag@) = N. Lemma 1.6 in ] shows that
RCA( suffices to prove that bag®) exists for a barrieB. Therefore, irRCA, the definition of a
bgo in terms of barriers with ba$¢is equivalent to the one given above.

Second, we can replace the barriers in the definition of a bqo by blocks and we can restrict the
use of blocks to those block8 with bas€B) = N. Below, we prove thaRCAq suffices to prove
that baséB) exists for any blockB. This result shows that, ov&®CAy, it is equivalent to define a
bgo in terms of blocks and in terms of blocks with b&seFinally, we present a method for passing
from blocks to barriers which was first used by Marconesireihd we prove that this method works
in WKLg. Together, these results show thatifKLg the definition of bgo in terms of barriers is
equivalent to the definition of bqo in terms of blocks.

Third, one could consider the condition bgo(set), which is defined analogously to wqo(set). If
B is a barrier and is an infinite subset of baéB), then there is a unique barri& C B such that
bas€B’) = Y: B’ = {s € B|s C Y}. In this situation, we calB’ a subbarrier oB. A quasi-order
(Q, x) satisfies bgo(set) if for all barrie® and all functionsf : B — Q, there exists a subbarrier
B’ € B such that for als,t € B’ if s<t, thenf(s) < f(t). Clearly,RCAg - bgo(set)— bqo,
and in Theorem 4.9 of/], it is shown that the implication bge> bqo(set) is equivalent (over
RCAp) to ATRp. (ATRg is the subsystem formed by extendiAGAo to allow definitions by the
transfinite recursion of arithmetic predicates over well orders. It is significantly stronger than any
of the systems considered in this paper.)

In the following lemma, we state a property of blocks which will enable us to prove that the
base of any block exists RCA. In the statement of the lemma, we do not want to assume that the
base of the blocIB exists. Therefore, the requirement tsat baséB) is shorthand for the formal
statement that for all < |s|, there is au € B such thas(n) € u.

Lemma 5.4. (RCAy) If B is a block, then there is a string s and a number k such thattsseB),
YuC s(u € B),andvt € B(sCt — |t| < |s| +K).
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Proof. For a contradiction, assume that there is no such stinphat is, ifs c bas€B) and for
allr C s, r ¢ B, then it is not the case that there ik dor which allt € B with s C t satisfy
It|] < |s| + k. We define a seZ € [basé&B)]“ such thatZ has no initial segmenB. This set
contradicts the fact tha is a block and completes the proof.

We begin to defin& by applying our assumed hypothesis wsthqual to the empty string. Our
assumption tells us that there must besar B with |sp] > 2. Take the<y-least such string and let
no = S(0) be the least element &. We know thating) ¢ B (since(ng) is a proper initial segment
of 5p) so by our assumption there must be a stepg B with s1(0) = ng and|s;| > 3. Take the
<n-least such string and ety = s1(1) be the second smallest elementaf Notice that neither
(ng) nor {ng, 1) is in B.

In general, assume that we have defimgd< n; < --- < nk to be an initial segment of
and that(ng, --- ,n;) ¢ B for alli < k. By our assumption, there is an elemeagt; € B with
(No, - -+, Nk) C S+1 and|scr1] > k+ 3. Fix the<p-least such string and lek 1 = sc+1(k+1) be
the next smallest element ib. Notice that the induction hypothesis is maintained so the recursion
can continue.

Formally, we have defined a functidnsuch thatf (k) = nx and we letZ be the range of . Z
exists as a set sindéee Z if and only if 3i < k(k = n;). Also, by our construction, the nonempty
initial segments o are preciselyno, ..., ng) for g € N and none of these sequences i8inThis
contradicts the fact tha is a block and finishes the proof. O

Lemma 5.5. (RCAp) If B C [N]=® is a block, then bag®) is a set.

Proof. It suffices for us to give 512 definition of the base oB. By Lemma5.4, we can fix a string
s and a numbek such thas ¢ baséB), Yu C s(u ¢ B) and for allt € B such thats C t we have
It| < |s| + k. Letn be the maximum value is. We prove that bag®) consists of a finite subset of
{0, ..., n} plus the se consisting of alim > n for which

Ymp < -+ < Mk_1 ([m <miA(My, ..., Mk_1 € baséB))] — Ji < k(sx(m,mMq,..., M) € B)).

Notice that the definition ofX is l‘[g since the predicatec’ bas€B)” is Ef. The fact that
X C baséB) is immediate from the definition oK. To see thaibas€B) \ {0,...,n}) C X,
fix mq, ..., mk_1 € bas&B) such thatm < m; < --- < mg_1 and letY be an infinite set such
thatsx (m, my, ..., mg_1) C Y. Such aY does exist because b#@Bg is infinite and henc®CAg
proves that it contains an infinite subs¥tmust have an initial segment Brand we know that for
allr C s, r ¢ B. Therefore, some extension obf s with |t| < |s| + k andt = Y must be inB.
Therefore, there is an< k such thas x (m, my, ..., m;) € B.

In the previous paragraph, we defin¥dusing al‘[‘{ formula and then showed that is equal
to the set of allim > n such thaim € basé€B). Therefore, X also has 328 definition and hence
it exists as a set. Furthermore, by bouncﬁfj comprehension (which holds IRCAg, see [L1,
Theorem 11.3.9]), the sef of all m < n such thatm € baséB) exists. Therefore, baéB) = XU Z
exists. O

By Lemmab5.5, we can assume without loss of generalityRGAg that our blocks have base
N. This assumption is convenient since it allows us to avoid having to repeatedly state that we only
work with strings whose elements come from bhi@e
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Definition 5.6. (RCAp) For stringss andt, we writet <« s if and only if |t| = |s| andVi <
t] (t(i) < s(i)).

Given a blockB with baseN, we define a tre@ (B) such thatB is exactly the set of leaves of
T(B). We define a supertree*(B) of T(B) and letB* be the set of leaves df*(B). The setB*
will be a barrier. (A tree in this context means a nonempty subsgt/pf” which is closed under
initial segments and for which every string is strictly increasing.)

Definition 5.7. (RCAp) For a blockB with baseN, we define

T(B)={s|VtC st ¢B)}
T*(B)={t|Is<Kt(seT(B))}
B*={teT*(B)|Vu(tCu—>ugT*B))}

Notice thatT (B) and T*(B) can be defined iRCAg (because the quantifications C s and
Jds « t are bounded, since« t implies|s| = |t]). At first, it appears thaB* requiresACAg to be
defined since our trees are infinitely branching. We show below that this is not the case, but first we
state the following obvious lemma.

Lemma 5.8. (RCAg) T(B) C T*(B).
Proof. Obvious from the definition since« s for any strings. O

We prove the following characterization Bf: for anyt € T*(B)
te B* & Vs«t(seT(B) - sec B).

This characterization shows thRE€A, is sufficient to defineB*. To see that=) holds, suppose
there is ars « t such thats € T(B) ands ¢ B. Then, for somen > s(|s| — 1), the sequence
sx (n)isin T(B). Hencet has infinitely many extensions ih*(B) and therefore is not iB*. To
see thal«) holds, suppose thatg B* and fixu € T*(B) such that = u. Becausal € T*(B),
there is a such that <« uandv € T(B). Lets bev restricted tdt|. Notice thats is an element of
T(B), s « t ands C v. Therefores is not a leaf inT (B) and hence is not an elementBf This
establishes the equivalence.

Lemma 5.9. (WKLp) If T (B) has no infinite path, then*{B) has no infinite path.

Proof. Suppose thal *(B) has an infinite patfiX = {xop < x1 < ---}. For eachn, leto, =
(X0, ..., Xn—1). Sinceon € T*(B), there must be an elemeate T(B) such thats « op. Let
S={seT(B)|s K gy }. Sisafinitely branching subtree df(B) and the branching is bounded
at leveln by the functionf (n) = x,. Furthermore, sincX is a path througil *(B), Sis infinite.
Applying Bounded Knig’'s Lemma (which is available WKLo, see L1, Lemma IV.1.4]) toS, S
must have an infinite path (which is of course also a path(iB)). O

Restating Lemma&.9in purely computability theoretic language yields the following corollary.

Corollary 5.10. If T (B) has no low path, then {B) has no computable path.
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Proof. If X is a computable path through*(B), then the bounding functiof from the proof of
Lemmab5.9 is computable. Hences is a computably boundeﬂg class and by the Low Basis
Theorem must have a low path. O

Lemma 5.11. (WKLy) If B is a block with basé\, then B is a barrier.

Proof. We check the properties required of a barrier. First, notice that bedaissa block, every
infinite setY has some initial segmentC Y with s € B. Furthermores cannot have any extension
in T(B). Therefore,T (B) has no infinite path. By Lemm@a9, T*(B) has no infinite path, which
implies that everyy has a longest initial segment_ Y witht € T*(B). Letk = |t|]. We claim
thatt € B*. Towards a contradiction suppose thhat n € T*(B) for somen. Then for some
s < tandm < nwe havesx m € T(B), so thats ¢ B. SinceB is a block with baseB) = N,
sxi € T(B) foreveryi € N and, in particularsx Y (k) € T(B). Sincesx* Y (k) <« t Y (k) we have
txY(k) = Y|(k+ 1 € T*(B). Contradiction. ThereforeB* contains initial segments of every
set. Second, becau3é (B) has no infinite paths, Lemnta8 shows that everg € B has some
extensiort 3 s such that is a leaf inT *(B). Therefore, bag®) C bas&€B*), so baséB*) = N.
Third, fix distinct leaves andt in T*(B) and assume for a contradiction tlsgat- t. Notice that
s C timplies that/s| < |t| and if|s| = nthent|n <« s. Sincet € T*(B), there mustbea € T(B)
such thato| = |t| ando < t. Restricting to an initial segment givesn <« t|n <« s. Hence, there
is a stringu properly extending such thatu| = |o| ando <« u. Thereforeu € T*(B). However,
this contradicts the fact thatis a leaf onT *(B). H

Theorem 5.12.(WKLp) A quasi-ordenQ, <) is a bqo if and only if for every block B with bake
and every function £ B — Q, there exist ss' € B such that s«s’ and f(s) < f(s).

Proof. The («) direction is clear since every barrier is a block. For thg) direction, let(Q, <)
be a bgo and fix both a blodR and a functionf : B — Q. We have to find the correspondisg
ands’. Let B* be the barrier associated B as above. Defing : B* — B by settingg(t) to be
the uniques € B such thats C t. (It is not hard to see that sugmust exist and be unique since
B is a block andl'(B) € T*(B).) Define f* : B* — Q by composingf andg. SinceQ is a bqo,
there are,t’ € B* such that «t’ and f*(t) < f*(t'). Lets = g(t) ands’ = g(t’). Itis clear
thats, s’ e Band f(s) = f*(t) < f*{t’) = f(s'). Becausd «t’, we can fix stringai andv such
thatu = u(0) * v, t C uandt’ C v. Sinces C t ands’ C t’, the stringsu andv also witness that
s«s. ]
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