LECTURES ON EFFECTIVE RANDOMNESS

PETER CHOLAK

1. INTRODUCTION
Wednesday, August 23

This class will be dealing with the intersection of randomness and
computability theory, or how the tools of randomness can be applied
to computability-theoretic problems.

This class will not cover the history of the subject, which can be
complicated and controversial, but some history can be found in the
references for the course. These references are a book by Andre Nies
[13] and a book by Rod Downey and Denis Hirschfeldt [2]. We have
not been the best about assigning credit for the theorems presented.
None of the results presented are ours; if there is any question, see [13].

There are three paradigms that have been used to define random
reals.

e measure theory

e unpredictability

e incompressibility
If we focus on finite strings instead of reals, randoms should also meet
some reasonable statistical test (such as the number of 1’s and 0’s being
roughly the same). In some ways, this brings measure theory down to
the level of finite strings.

2. MEASURE THEORY

Much of this section is from Chapter 4 of [2].

These are the class notes from a Topics class given by Peter Cholak at Notre
Dame given in the fall of 2006. The people attending were Logan Axon, Pre-
rna Bihani, Donald Brower, Joshua Cole, Panteleimon Eleftheriou, Ekaterina Fok-
ina, Anastasia Grekioti, David Lippel, Christina Maher, Sara Miller, Christopher
Porter, Georgios Poulios, Demirhan Tunc, John Wallbaum, and Sean Walsh. Ev-
eryone took turns taking notes. The notes are not in the order they were covered in
class. We rearranged the order to reflect the order which we wished we had covered
this material in class.
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2 PETER CHOLAK

We will be working in Cantor Space, 2¢, infinite strings of 0’s and
1’s (recall that 2<¢ is all finite strings of 0’s and 1’s).

Definition 1. Let 0 € 2<“. Then [0] = {6 X : X € 2¥} ={Y : 0 <
Y}

These sets give rise to a topology on Cantor space, that is, [o] are
the basic open sets. It can be shown that these sets are also closed, so
they are clopen. Recall that in a topology

e the countable union of open sets is open,
e the finite intersection of open sets is open, and
e the complement of an open set is closed.

The Lebesgue measure of a clopen set [o] is u([o]) = 27191,

Notation: A Gy set is the countable intersection of open sets, and
a F, set is the countable union of closed sets.

Definition 2. An open covering of C' C 2¢ is a collection of open sets
O such that C' C JO.

Notice that Cantor space with this topology is compact, i.e., for every
open cover one can find a finite open cover.

We will think of reals as elements of 2*, but there are other ways
to think of them, such as [0, 1], (0,1), and R. Since we want to focus
on random reals, and 0 and 1 aren’t very random, we don’t want to
consider [0,1]. That leaves us with (0,1) and R as our alternatives,
and neither of these are compact. So these aren’t all topologically
equivalent, but we will see later that we may safely choose Cantor
space as our representation for the reals.

Definition 3. The outer measure of aset C' C 2¢is *(C) = inf{}_ . 1(O) :
C is an open covering of C'}. B
The inner measure of C' C 2¥ is u,(C) =1 — p*(C).

Then we say that a set X is measurable if and only if p*(X) =
(X)) = p(X), and we call X a nullset if and only if p(X) = 0.

Lemma 4. X is a nullset if and only if there is a collection (V,,)new
of open sets such that X C (), V,, and p(V,,) <27

Theorem 5. X C 2¥ is measurable if and only if X s a G5 set modulo
a null set (if and only if X is a F, set modulo a null set).

For a proof, see [15].
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2.1. Cantor Space.

Proposition 6. The map A — A =5 _,
measure-preserving surjection of 2 onto [0, 1].

27"=1 s a continuous,

So measure theoretically, [0,1] and Cantor space are the same, so
Cantor space is a good approximation for the reals.

Remark 7. Recall the construction of the Cantor set (where you take
the closed unit interval and throw out the middle third of each suc-
cessive remaining piece). The resulting set is topologically equivalent
to Cantor space (recall the measure of the Cantor set is 0 in the unit
interval). If one considers the Cantor set the set of things in base 3 that
only contain 0’s and 2’s, the equivalence with Cantor space is clear.

Proposition 8. If .A = .B and A # B then there is a unique o € 2<¥
such that A = .010 and B = .001 or vice-versa.

Proof. Let s be the least s such that A(s) # B(s) and let 0 = A |
s = B [ s. Without loss of generality A(s) = 1 # 0 = B(s). Then
B = 001, since otherwise .B < .A. Then A = 010 since otherwise
B < A O

Proposition 9. Suppose that o € [0,1] and o # .010 for all o € 2<%.
Suppose that oy is an increasing sequence of rationals in [0, 1] with
lim, oy = . Then

VndsgVs>span=asn
Proof. The proposition is trivial in the case that a = 0 = .0, and so
suppose a # 0 = .0. Suppose that the conclusion is true for n. Since
a # .010 for all 0 € 2<¥ and since a # 0 = .0, pick the least ng > n

such that a(ng) = 1. Pick s; > sq such that a — a, < 277! for all
s > s1. Suppose s > s1. If a(n) =1# 0 = as(n) then

27n071 + 277171 . Z 277?171 S a—a, < anofl

n<meaos
which implies that 27771 < Zn<me% 2-m=1 < 9277=1 which is a con-
tradiction. If a(n) =0 # 1 = ay(n) then

0<a—a,<2™_2 "1 _ Z 2-m—1 <

n<meEaos

which is a contradiction. Hence o [ (n+1) = a [ (n+ 1). O

Corollary 10. If a € [0,1] is irrational and oy is an increasing se-
quence of rationals in [0, 1] such that limg ag = «, then

VndsgVs>spaln=as[n
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2.2. Borel-Cantelli Theorems and Lebesgue Density.

Definition 11. Sets A, B are independent if and only if u(ANB) =
u(A)(B).

Theorem 12 (First Borel-Cantelli). Let {C; : i € N} be a sequence
of Lebesque-measurable sets such that Y, u(C;) < oo. Then p({X :

Proof. For i choose n; such that >, p(C;) < 27 (since if the sum
is bounded, some tail has to be bounded). Then C C J;,,. C;, where

C is the collection of the infinitely many C; containing X. Then let
U.~, Ci =V;, and apply Lemma 4. O

Jjzni

This theorem tells us that any measurable set contained in the {C;}
must be contained in only finitely many. This will motivate a definition
of randomness.

Friday, August 25

Theorem 13 (Second Borel-Cantelli). Let {C; : i € N} be a sequence
of independent Lebesgue-measurable sets and ) . u(C;) £ oo. Then
p({X 3% X €C}) =1.

Proof. Let B, = {X : Vi <n X ¢ C;}, and let ¢, = p(C,). Then
w(B,) = (1 —c1)(1 —co)...(1 —¢,). Then there is an n; such that
u(Br,) <27 So u({X : In X € C,}) = 1. Now, break the sequence
{Ci} into w many subsequences {C;;} such that Vi}_.C;; £ co. Then
repeat the above process to get D; = {X : In X € C;,,} for each i. Let
N;D; = D, which is the set with full measure that we had wanted. [

Definition 14. A measurable set A has density d at X if lim,, u(A N
(X [ n])2" =d.

Remark 15. Chris pointed out that a nice intuitive way to think about
the density of A at X is as the conditional probability Pr(AN [o]lo <
X).

Theorem 16 (Lebesgue Density). Let A be measurable, and let p(A) =
{X : A has density 1 at X}. Then the symmetric difference is a
nullset, that is, u(A & ¢(A)) = 0.

Proof. 1t is enough to show that A—¢(A) is a nullset, since if we replace
A with A we get that A— ¢(A) is a nullset, and ¢(A) —. A C A—¢p(A).
So then ¢(A) — A is a nullset, and so is the symmetric difference.
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So we want to show that A — ¢(A) is a nullset. For ¢ € Q1 let
B.={X € A:liminf u(AN[X [ n])2" <1 —€}.

Then A — ¢(A) = UB.. We want each B, to be a nullset, since then
so will the countable union. Towards a contradiction, assume for some
€, B is not null. Then p*(B.) > 0. By definition, u*(B.) = inf{u(C) :
C is an open covering of B.}. So there exists some open set G such that
w(G)(1 —e€) < p(Be). Now, let

[={0:[0] CG & u(Anlo]) < (1 —e)27},
Then we know the following two facts.

(1) If X € B, then I contains X [ n for infinitely many n.
(2) If {o;} is an antichain (that is, o; and o; are incomparable for
all 7, 7, where incomparable means that neither one extends the
other, written o;|0;) in I then p*(B. — U;[o;]) > 0.
We construct a sequence that is an antichain in I. Let o7 € I be
arbitrary. Now assume o; is defined for ¢ < n, and define

I,={0:0€l&Vi>nol|o}.
I,, is infinite by facts (1) and (2) above. Now let 0,41 € I, be such
that 271on+1l > 4 where d,, = sup{271" : ¢ € I,,}. By claim (2) above,
p*(Be — Ui[oy]) > 0, so there is some real X € B, — U;[o;]. Let k be the
least such that X | k|o; for all i, and look for the least &' > k such that
X | k' € I, for some n. Then 27% < d,, < 2-271m01l 50 k' > |o,44].
Then X [ k' C [0,,41], contradicting the fact that X ¢ U;[0;]. So B is
null for every €, so A — ¢(A) C UB, is null. O

Monday, August 28

2.3. Tailsets.

Definition 17. A C 2¥ is a tailset if for every 0,0’ € 2<“ such that
lo| = ||, if X € A, then 0'X € A.

Theorem 18 (Kolmogorov’s 0-1 Law). If A C 2¥ is a tailset, then
either pu(A) =0 or pu(A) = 1.
Proof. Assume p(A) > 0. Then there is X € ¢(A). Let € > 0 be small
and let n be such that

u(AN[Xn))2" >1—e.
Then for every o € 2<“ such that |o| = n, we have

pu(AnNio])2" > 1 —¢,
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1.e.
1—e€
pAN]) > =5
since A is a tailset. Thus we have
p(A) = p( | J (AN[o]) > 1€
lo|l=n

for any € > 0, and thus pu(A) = 1. O

There are many examples of tailsets:

o Let A= {X :3kVn > k[X(n) =0]}. Then A is a tailset.
o A ={X:X is not computable} is a tailset.

e A={X:0 £y X} is a tailset.

e A={X:B ﬁT X} is a tailset for any non-zero B.

o A ={X:X does not have PA degree} is a tailset.

e A={X:Xis1—random} is a tailset.

3. ARITHMETIC CLASSES

Definition 19. ®(n) denotes the eth Turing machine with oracle X
and input n run for s steps. We will also write

X (n) = @ (X, n) = @2,3()(, n).

Further, we write X (n)| if and only if 3s® (n)] (note that & (n)]
is a predicate computable in X).

Definition 20. X C 2% is computable in Z € 2% if there is a total &
such that X € X if and only if ®Z(X,0)| = 1 if and only if R(Z, X,0)
for some computable relation R.

Definition 21. X C 2¢ is 207 if X = {X : In®?(X,n)| = 1}, where
® is total (i.e. for every X € 2¥ and every n € w, ®?(X,n)|). Further,
X C2is V7 if X = {X : Vn®?(X,n)| = 1}.

Proposition 22. X is E?’Z if and only iof X s H?’Z.
Proof. Left to the reader. 0

Wednesday, August 30

Lemma 23. X C 2¥ is open if and only if X is 2(1)’Z for some Z € 2.
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Proof. (=) Fix a computable enumeration (o;);e,, of 2<“ without rep-
etitions. Since X is open, we can write

X = U[Uz']

icz
for some Z € 2. Now, X € X if and only 0,, < X and ®Z(X,n)] =1,
where

1 ifneZ
q)Z(X’"):{ 0 ifn¢Z

(<) {X : In®?(X,n) = 1} = U {X : ®?(X,n) = 1} = U, {lo] :
®Z(0,n) = 1}, by the finite use principle. O

Note that {o : ®Z(o,n) = 1} is computably enumerable in Z.
Definition 24. X C 2¢is IT9 (X9 ) if X is I197 (£%7) for some Z € 2¢.

Corollary 25. The open sets in 2% are precisely the X sets and the
closed sets are precisely the T19 sets.

Lemma 26. If X C 2% is 1N and Y07 for some Zy, Z, € 2 (and
thus TI9 and X9), then X is clopen and computable (in ().

Proof. Clearly X is clopen. Now we show that X is computable: Since
X is open, we can write
X =]

for some Z € 2¥, but since X is clopen, it is also closed. As a closed
subset of a compact space, X is also compact, and thus we can write

X = U[Uz‘]

for some finite set F', and thus X" is computable. 0
Definition 27. X C 2° is a ¥.37-class if
X ={X : Imnd?(X,m,n)| = 1},
where ®7 is total. Similarly, X C 2¢ is a Hg’Z—class if
X ={X :YmInd?(X,m,n)| = 1},
where ®7 is total.

We can define ©07-classes and I1%Z-classes accordingly.

Lemma 28. A class X C 2% is Gy if and only if X is Hg’Z for some
Z e 2¥.
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Proof. (=) If X is a Gy set, then we can write
X =X,

where each X, is an open subset of 2. Thus we have that
X = (X : 3In®Zz(X,n) = 1} = {X : Ym3n®” (X, m,n) = 1},
where
Z = @Zm@{<m,m*> tm € w}
and
OZ (X, m,n) = ®Zm (X, n),
so X is II57. (<) If X is I1Y7 for some Z € 2¢, then

X ={X :YmIn®”(X,m,n)| = 1} = (|{X : In®” (X, m,n)| =1},

which is an intersection of open sets. Thus X is Gj. 0

Lemma 29. A class X C 2% is F, if and only if X is 23’3 for some
Z e 2%,

Proof. Very similar to the previous proof. 0

Lemma 30. Let X C 2¥ be a X-class. There there is a c.e. set Wy

such that
X =] lol.
i€EWx
Proof. This follows from the remark after Lemma 18. U

4. MARTIN-LOF RANDOMNESS

Definition 31. A Martin-Ldf test is a computable sequence of Y9-
classes {V;}ic, (i.e. for each i, V; = UjeWg(i) [0;], where ¢ is a com-

putable function) such that for each 7, u(V;) < 27°.

Definition 32. R is I-random (or Martin-Léf random ) if for every
Martin-Lof test {V;}icw, R € (i, Vi- That is, R is l-random if R

i€w T
avoids all effective G5 nullsets.
Lemma 33. There is a computable listing of all Martin-Léf tests.

Proof. Let

W . — W<57i>75 lf M({[O']] ] S W(e,i),s}) S 27i
9(esi)s 0 otherwise

The astute reader will verify that this provides the desired listing. []
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Theorem 34. There is a universal Martin-Lof test {U;}icw, such that
for all Martin-Lof tests {V;}i € w, (Vi € (U.

Proof. Letts = U{los]  § € Wogesrerny}. Then i) < 3, 2765040 <
27t 0

It follows from the above results that (; is a Hg’@ class (and thus
a Gy or I19 class) of measure 0 and that (J#; is £97 class (and thus an
F, or X9 class) of measure 1 that contains all and only the 1-random
reals.

Friday, September 1

4.1. Solovay Random.

Theorem 35 (Solovay). R is I-random if and only if for every com-
putable sequence of ¥9-classes {V; }iew with Y, p(Vi) < 00, R is in only
finitely many of the sets V;.

Proof. (<) Consider the universal Martin-Lof test {U; }iec.,. Since ), u(U;) <
327" =2 < oo, R must only be in finitely many of the sets U;, and
thus R ¢ NU;, and so R is 1-random.
(=) Assume R is in infinitely many of the sets ;. We will show
that R is not l-random. Without loss of generality, we can assume
that >, p(V;) <1 (by throwing out finitely many of the sets V;). Then
let

T, = U{[T] : for at least 2/ many 4 J[o] C V; such that o < 7}.
J

Then R € 7; for every j, since R is contained in infinitely many of the
sets V;. Further, we have that p(7;) <277, for

2u(T;) < Zu(%) <1,

by our construction. Lastly, one can readily verify that the collection
{7;}icw 1s a computable sequence of X9-classes. Thus, {7;}ic, Is a
Martin-Lof test containing R, and thus R is not 1-random. U

5. MARTINGALES

We will now shift gears and approach randomness from the unpre-
dictability point of view. The fundamental notion in this perspective
is the martingale, found in [13], section 5.2.
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Definition 36. A martingale is a function M : 2<¥ — RT U {0}
satisfying the averaging condition
2M (o) = M(00) + M(o1).

The intuitive idea behind martingales is this: Suppose we are placing
consecutive bets on the bit values of a real X € 2¢, and suppose we
have thus far bet on the bits 0 < X and have capital M (o). If we bet
a < M(o) on the next bit value being 0, then if the value is truly 0, our
capital at the end of the round, M(c0), will be M(o) + . However,
if the value is 1, our capital at the end of the round, M(c1), will be
M (o) — a.. Then we will have

M(c0)+ M(ol) = M(o)+a+ M(oc) —a =2M(o).

Having defined a martingale, we now define what it means for a
martingale to succeed on a real Z € 2%.

Definition 37. Given Z € 2* and a martingale M, let
M(Z) = limsup M (Z[n).

n—oo

Then we say that a martingale M succeeds on a real Z if M(Z) = oc.
Further, we define the success set of M

SuceM) ={Z : M(Z) = oo}
to be the set of reals on which M succeeds.

The following lemma is important in showing the relationship be-
tween the measure-theoretic perspective on randomness and the un-
predictability perspective on randomness.

Lemma 38. Every martingale M gives rise to a measure pp; on 2%.
Proof. Given a martingale M, let pp; be defined as follows:

par([0]) = 27171 M (0) /M (N),
where M (A) is our initial capital. Now to show that uys is a measure,
we only show that for each basic clopen set [o], we have upy([o]) =
par([00]) + par([o1]). From this the conditions required for py, to be a

measure will follow. For sake of simplicity, we will assume M(\) = 1.
For any basic open [o],

pu([o]) = 2771 M (o)
= 2717 (M (00) + M(01))
= 2711 (00) + 271D Ar(51)
= par([00]) + par([o1)],

(1)
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which is what we needed to show. OJ

Here are some examples of martingales:

e M(o) =1 for every o € 2<“ is a martingale
e Let C C 2¥ be a measurable class. Then

n(C N o))
Mc(o) = ————=
1([o])
is a martingale.
o Let 7 € 2<%, Then
ol if g <7
E.(0)=X{ 2" 7<¢o

0  otherwise
is a martingale, and is in fact the same martingale as M, ol

Lemma 39. For any measurable class C C 2, Me is bounded by 1.
Further, if u(C) > 0, then there is an X € 2¥ such that

limsup M¢(X[n) = 1.

n—oo

Proof. Follows from the Lebesgue Density Theorem. 0
Corollary 40. Succ(Mc) = 0.

We weaken the definition of martingales to obtain the following def-
inition:
Definition 41. A supermartingale is a function S : 2<% — R* U {0}
such that

25(0) > S(00) 4+ S(ol).
Further, we have
25(0) = S(00) + S(ol) + d(o),

where d : 2<¢¥ — R* U {0} is called a “charity function”.

Roughly, a supermartingale is a betting strategy that, after each
round, gives a portion of the current winnings to charity (or stows it
under your mattress, if you are not of the generous sort). As before, we
let Suce(S) denote the set of reals on which S succeeds. Supermartin-
gales are used mainly for their technical convenience, as the next lemma
shows.

Lemma 42. For each supermartingale S there is a martingale M such
that
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i.e. they have the same initial capital, and for all o € 2<¥
M(o) = S(0),
and thus
Succ(M) = Suce(S).

Proof. Given a supermartingale S, let

M(o) = S(c) + % > d(r)

T<0
Then we have
1
M(o) = 25(00)+ S(Jl + d Hzod
1
25(00) + - S ol) Zd
T-<0
1 1
2 = — —
(2) 25(00)+4§d( += 501 Z;d
1 1 1 1
= 5(8(00) + 5 > d(r)) +5(S(e1) +5 Y d(7))
T=<00 T<0l
= 1M( 0) + 1M( 1)
— Y T
and thus M is a martingale. O

Supermartingales are useful in that we can take weighted sums of
them to build other supermartingales, as the following lemma tells us.

Lemma 43. Let {S;}ic. be a collection of supermartingales. Then
> Si is a supermartingale. Further, if S is a supermartingale, then
for any ¢ € RT U{0}, ¢S is a supermartingale.

Proof. Left to the reader. O
Next we give a technical but very important lemma.

Lemma 44. Let S be a supermartingale and let {o;}icw, be a collection
of pairwise incomparable strings. Then

> " 277S(0;) < S(N).

Proof. By a previous lemma, we can assume that S is a martingale M.
Now consider the measure jy; determined by M, i.e. let

par([o]) = 2771M (o).
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Then
Z 27 M (o) = ZMM([@]) < pum(29) = pu([A) = M(N),

which gives us the desired inequality. U
The above lemma allows us to prove the following:

Lemma 45. Let S be a supermartingale. Then

w({Z :3InS(Zin) > b}) < @

Proof. Let

T={c:5(c) >bAVT <0S(T) < b}.
T is a collection of pairwise incomparable strings, so by the previous
lemma, we have

> 27l <N 275 (0) < S(N),
oeT oeT
and thus we are done, since
p({Z :3InS(Zn) > b}) < pw(U{o]:0 € T}) = Z2‘|"|.

oeT

Monday, September 4

Theorem 46. A is a null set if and only if A C Succ(M) for some
martingale M if and only if A C Succ(S) for some supermartingale S.

Proof. The fact that A C Succ(M) if and only if A C Succ(S) follows
directly from our lemma stating that for each supermartingale S there
is a martingale M with Succ(M) = Succ(S).

(=) If Ais a null set, then A C N,V,, for some collection (V},)ne.
of open sets such that p(V,,) < 27". Let M = > My,. Note that if
X €V, then 37 < X such that [7] C V. Then for all 0 with 7 < &
we have V,, N [o] = [0] so

My (o) = 00D

p([o])
If X € Athen X €V, for all n. Then M(X) = limsup,,_,,, M(X[n) =
oo because for any bound B there is some m such that [X [m] C V; for
all i < B. Then X € Succ(M).
(<)
Succ(M) C Ny X : InM (X [n) > 2"M(N)}
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By the previous lemma,

p({X : InM(X[n) = 2" M(N)}) <27
For each m, {X : InM (X [n) > 2™ M (A)} is open because it is equal to
W{lo] : M(o) > 2"M(X\) AVT < oM(1) < 2"M(X)}. Then Succ(M)
has measure 0, so A C Suce(M) implies A is a null set. O

5.1. C.e. Martingales. Our next goal is to effectivize the notion of
martingales. Intuitively, we think an infinite string in 2 is random if
given an initial segment there is no way to predict the next bit. In other
words, we think it is random if there is no successful betting strategy
on the string. Then we hope our definition results in a real X being
random if and only if no c.e. martingale or supermartingale succeeds
on X. In order to define a c.e. martingale, we must first look at what
it means for a real to be c.e.

Lemma 47. Let U be a E?’@ class. Then there is a computable non-
decreasing sequence of rationals r; such that

limr; = p(Uf) = Z 2l
' JEWY
where Wy = {j : [0;] CU with the o; pairwise incomparable}.
Proof. Left to the reader. 0

Definition 48. A real X is c.e. if and only if it is the limit of a
computable non-decreasing sequence of rationals. X is computable if
it is c.e. and there exists a computable f with X —ry;) < 27" for all i.

Definition 49. A martingale M is c.e. if and only if M is a computable

function such that M(o) is a c.e. real for all o.

Wednesday, September 6

6. PLAIN KOLMOGOROV COMPLEXITY
A good reference for the following topic is [9].

Definition 50. Let M be a Turing machine and o € 2<“. Then we
define the complezity of o with respect to M, denoted Cy(0), as

Cr (o) ={min|7|: M(1) =0}
Lemma 51. If W is a c.e. subset of {(,0) : 7,0 € 2<“} such that for

each T there is at most one o with (1,0) € W, then there is a Turing
machine M such that M(71) =0 < (1,0) € W.
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Lemma 52. If W is a c.e. subset of {(0,z,y) : 0 € 2<¥;z,y € N}
such that

(1) If (o,x,y) € W and o < 7 then (1,x,y) € W
(2) For all o,z there is at most one y with (o, z,y) € W

then there is a partial computable ® such that ®7(z) =y < (0,x,y) €
wW.

Definition 53. U is a universal Turing machine if
VeVZ Vo ®7(0) = U?(1°00)

Definition 54. The plain Kolmogorov complexity of o, denoted C(o),
is Cy(0) where U is a universal Turing machine.

Remark 55. This definition is essentially well defined since if i/ and U*
are two universal Turing machines, it is easy to see Cy (o) and Cys(0)
differ by some constant independent of the input string.

Lemma 56. Let O(1) stand for a constant independent of the input
string.

(0) If M(1) = o, then C(o) < || + O(1).
(1) C(o) < o] +O(1).
(2) C(oo) < |o|+ O(1).
(4) If h : 2<¥ — 2<% s a computable function, then C(h(c)) <
C(o) + O(1).

Definition 57. C(n) = C(0"), K(n) = K(0") C(o,7) = C((o, 7)),
K(o,7) = K({o,T))

Friday, September 8

Theorem 58. Let ¢ > 0. FEvery set A of cardinality n has at least
n(l —27¢) + 1 elements o such that C(c) > log(n) — c.

Proof. Suppose that C(0) < log(n) — ¢ — 1. Then there exists 7 such
that |7| <log(n) —c—1 and U(7) = 0. Consider how many strings 7
can satisfy this inequality. There are precisely

log(n)—c—1 ‘
> 2= g = pae o]
=0
such strings. That leaves n — (n27¢— 1) =n(1 —27¢) + 1 strings in A
whose complexity must be greater than or equal to log(n) — ¢ 0
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We are now going to consider some properties of plain Kolmogorov
complexity which we do not like and seem to make it undesirable to
work with. The first of these is that the complexity of a pair of strings
is not always bounded by the sum of the two individual complexities
and an independent constant.

Theorem 59. It is not always the case that C(o,7) < C(0) + C(7) +

O(1).

Proof. Our goal is to show that for each n there are o, 7 with |o7| =n

and C(o,7) > C(0)+C(7)+ f(n) where f(n) is unbounded. Note that

by a previous lemma we have C(0)+C(7) < |o|+|7|+0(1) = n+0O(1).
Consider the set A = {(0,7) : |o7| = n}. Then |A| = 2"(n +1). By

our last theorem, there is some (o, 7) € A with

C((o,7)) > log(2"(n+1))—1 = n+log(n+1)—1 > C(0)+C(7)+log(n+1)—0O(1)
Since log(n + 1) — O(1) is unbounded, we have achieved our goal. [

Lemma 60 (Non-monotonicity of prefixes). 3%°¢ 37 < o such that

C(1) > C(o).

Proof. Let 0 = 02", Then C(0) < k + O(1). Consider the set A =
{r:7 < o}. |A| = 2%, Then there exists 7 € A such that C(r) >
log(22") — O(1) = 28 — O(1). Because there are infinitely many k
with 2 — O(1) > k — O(1), there are infinitely many o satisfying the
condition in the statement of the lemma. U

Lemma 61. For alln and k there are o with |o| = n such that C(c) >

lo| — k.
Proof. Let A = {0 : |o] = n}. Then |A| = 2", so there exists 0 € A
such that C(o) > log(2") —k=n—k =|o| — k. O

These strings are called k-incompressible.

Lemma 62. Fiz k. The set A = {0 : C(o) > |o| — k} is II} and

mmaune.

Proof. These sets are II{ because

o€ A VTVs||T| < |o| — k = Us(T) # 0]
Recall a set is immune if it contains no infinite c.e. subset. Assume
W C A with W infinite and c.e. Define a Turing machine M by
M(0") = pr[r € W and |7| > 2 | = 0,. Then C(0,,) < Cp(0,) +
O(1) =n+O(1) < 22 — k. This is a contradiction, so A contains no
infinite c.e. subset. O
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It can be shown that the function f(o) = min{C(7): 0 < 7} is un-
bounded, yet grows slower than any unbounded computable function.
The lemmas and theorems in this section seem to suggest that we need
to adjust the concept of Kolmogorov complexity if we are to use it in
studying randomness. Although there are many directions we could
try, we will focus on prefix-free Kolmogorov complexity.

Monday, September 11

The non-monotonicity and non-additively of plain Kolmogorov com-
plexity makes it difficult to find a good definition of randomness. For
instance, consider the naive definition X is random iff 3JkVo < X[o is
k-incompressible].

Lemma 63. Using this definition of randomness, there are no random
reals.

Proof. (Katseff) Let o; be a one-to-one, onto, computable listing of
2<¥ with |o,| = log(n) for all n." That is, the strings are listed from
shorter to longer. There is a Turing machine M such that for all o
we have M (o) = opo where |o| = k — log(k). Let X € 2¥ be a real,
and for some m,n we have X | m = o0,. Let X [ n = o,7. Note
|7| = n —log(n). Thus M(7) = 0,7 and so C(X [ n) < |7|+ O(1) =
n — log(n) + O(1). Since we can do this for infinitely many n the
statement 3°n[C(X [ n) < n —log(n) + O(1)] holds. Thus X is not
random using the definition of random above. O

7. PREFIX-FREE KOLMOGOROV COMPLEXITY

Definition 64. A Turing machine M is prefiz-free if and only if M (o) |
implies V7 < o[M (1)7].

This is the same as saying dom(M) C 2<% is prefix-free.

Definition 65. A prefix-free Turing machine U is universal iff for all
prefix-free Turing machines M there is a string pys such that U(py,07) =
M(T).

Lemma 66. There is a computable listing of all prefiz-free Turing ma-
chines.

Proof. Let M, be a computable listing of Turing machines. Define

) _ Mesi1 if dom(M, 4+1) is prefix-free
estl M.,  otherwise
Note Me,O = (), and every enumerated machine is prefix-free. 0

Hog(n) = [logy(n + 1))
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Lemma 67. A universal prefiz-free Turing machine exists.

Proof. Define U(1°07) = M.(1). O
Other codings are possible for this proof, see [9].

Wednesday, September 13

7.1. Kraft—Chaitin. Some machinery is needed before working with
prefix-free complexity.

Theorem 68.

(1) (Kraft Inequality) If A C 2<% is prefiz-free then' >, 42717 < 1.
(2) (Kraft-Chaitin) Let dy,da, ..., d;, ... be a sequence of positive
integers. Then >, 27% < 1 iff there is a prefiz-free A C 2<%
with A = {7, 7,...} such that |1;| = d;. Furthermore, an r.e.
index for A can be found effectively in the sequence. Further-

more if the sequence d; is c.e. in X then an index for A as some
WX can be found effectively in X.

Proof.

(1) A givesrise to the disjoint unioni = | |, 4[o]. Thus >___, 271
pd) < pl[A]) = 1.
(2) Done below.
U

Theorem 69. Suppose we are effectively given an r.e. set of “require-
ments” (d;, 0;) with >_,27% < 1. Then we can build (primitive recur-
swely) a prefiz-free Turing machine M and an r.e. prefiz-free collection
of strings {7; }icw such that M(1;) = o; and || = d;.

Proof. Since Y_,27% < 1 apply Kraft—Chaitin to get an r.e. set A =
{1} with |1;| = d;. Build a Turing machine M like so: enumerate the
elements in A and when 7; is added, set M(7;) = o;. O

Proof. (Of Kraft—Chaitin) First, assume the sequence dy, ds, . . . is non-
decreasing. Proceed by induction. Assume we have found 7; for ¢ < n,
{m,72,..., 7} is prefix-free, and we must now find 7,,,. Consider
X =22, []. Then p(X) =1->"._ 2% so u(X) > 2741,
Hence there is an open subset [7,41] € & such that |7,,1| = dni1.
Now suppose the sequence dy, do, . . . is not necessarily non-decreasing.
Keep track of 2 — J,.,[1i] = X, and 1 — >, 27% = x[n]. Let
TOom-T1nT2pn - Tmpl - - be the eventually 0 binary expansion of x[n].
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Furthermore, if x;,, = 1 (which forces p(X,) > 27*) then there is a 7;,,
such that [n;,,] C X, and |n;,,| = 4. Also, {n;, : x;n, = 1} is prefix-free.

stage 0: Put 2[0] = 1.0 and ngo = .

stage n + 1: Let [ = dy,44. If 27,, = 1 then 7,41 = nl,nand 27,41 = 0.
Otherwise, x;,, = 0. Find the largest j such that j <[ and z;, = 1.
Then z;,4+1 = 0 and for all £ with j < k </, z,,, = 1. Consider 7,,
and form 7y 41 = nj,nok_j_ll. Put 7,41 = nijll_j.

This construction is prefix free and it is computable. O

Friday, September 15

7.2. Properties of Prefix-free Kolmogorov Complexity.

Definition 70. If ¢/ is a prefix-free Turing machine then K(o) =
Cz,{(O').

Note that K(o) > C(o). However, K is not too much larger than
C'. Recall that C(o) < |o| + O(1).

C(o) + 2log(C(la])) + O(1). Thus K(o) <

Lemma 71. K(o) <
)+ 0(1).

o] +21og(C(|a])

Proof. We can turn any Turing machine M into a prefix-free Turing
machine M by defining M (1°507D0~|7|~7) = o (with |7| expressed in
binary) if and only if M(7) = o. It can be verified that M is prefix-
free. Moreover, if 7 is a minimal string such that M(7) = o then

Cy;(0) = |7|. Take M to be universal and because M is prefix-free we
get K(o) < Oy (o) <2log(Clo)) + Cla) + O(1). O

Lemma 72. There are an infinite number of o such that K(o) >
|o] + log(|o]).



20 PETER CHOLAK

Proof. Suppose not. That is, there is an ng such that for all o with
lo| > ng we have K (o) < ]U| +log(|o|). Then

ZQ K@) > ZQ (lol-Hog(loD)
_ Z Z 9~ (n+log(n

n oe2n

_22—10g 2n21
222—10gn "
:Z%:oo

But >°_27%() <1 since K = Ky, for some U with dom(U) prefix-free.
Contradiction. O

Corollary 73. Let f : 2 — N. Suppose Y. 27 < oo. then
K(o) > |o| + f(o) infinitely often.

Proof. Similar to previous argument. O

7.3. Information Content Measures. Observe a few properties of
K:

(1) ZG’ 2_K(J) S 1

(2) {(o,k) : K(0) <k} isr.e. since K(o) = Cy(o)
This suggests one way of generalization by looking at other functions
with these properties. The treatment of this topic is from [2].

Definition 74. An information content measure (ICM) is a function
K :2<¥ — N p.r. satisfying (1) and (2) above.

Notation: In what follows K denotes the prefix-free Kolmogorov
complexity, while K and K are arbitrary ICMs. AGiven an ICM K let
Wy represent the set defined by (2) above with K in place of K.

Lemma 75. Iff( s an A]C'M then there is a prefix-free Turing machine
M such that Cp (o) = K(o) + 1.

Proof. We can approximate K by a sequence Ky, K1, ... where Ky(o) =
oo and K;1(0) = n iff n is the least non-zero integer such that (o, n) €
Wi o1- Build a Kraft-Chaitin set L with (k+1,0) € L at stage s +1
if 1011 (0) = b # (o). A

Claim: ), 274 <37 227K
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The left-hand side is bounded since given o the sm@llest element
(k+1,0) of L that o can contribute is (K(0)+1,0). If K(0) = k then
Sy 27K 71 <27k Thus

oo d<22 2 K@ = § 9K <1,

(d,o)eL o
And so there is a prefix-free Turing machine M such that Cy(o)
K(o)+ 1.
Lemma 76. There is a computable list of all ICM K.
Definition 77. K is a minimal ICM if K (o) = min{K;(0) + [ + 1}.
Theorem 78. K(o) is a minimal ICM.

Proof. We just showed that one can code an ICM as a prefix-free Turing
machine. Then define U(1#M07) = o iff M (1) = 0. The result follows.
O

O

Monday, September 18

7.4. Properties of Prefix-free Kolmogorov Complexity, Part
II.

Theorem 79 (Chaitin). There ezists ¢, co such that Vn, o
(1) K(o) < lof+ K(|o]) + &
(2) n+ K(n) —ca+1<max{K(o):|o|=n} <n+ Kn)+ac
(3) if F={o:|o| =nAK(c) <n+K(n)—k} then |F| < 2n—ktez,

Proof. The proof of 2) follows from 1) and 3). We will prove 1) in two
different ways.

The first way: Let U be a prefix-free universal Turing machine and
let M be such that M(70) |=0 <= |o|=nAU(T) =n =1". The
index for M runs in time |o| + K(|o]|) + c.

The second way to prove 1): We show that |o| + K(|o|) is an ICM.

a: We need to show that > ., 2711 =KD <1,

227|a|+ (le]) ZZQ n+—K(n 22 Kn)ZQ n_ZQfK(n)<1

oe2<w n oe2n oe2n

b: The set {(o, k)|||o| + K(|o]) < k} is r.e.
Thus |o| + K(|o|) is an ICM.
Note: |o] is NOT an ICM.
Now, we prove 3). We define K such that K (1") = 109(3 yzn 27517)
K (n) and show that it is an ICM.
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a Y N2 K(n) =3 D iojen 2 Klo) =y~ 2=K@) <1,
b: The set {(o, k)| K (0) < k} is r.e.
Now we assume that |F| = (1+¢)2" %2 and we want to show that
¢ < 0. Note that K(n) < K(n) + ¢, = K(n) — c; < K(n). Then
9 K(m)+ez > 9—K(n) _ Z 9—K(0) _ ZQ_K(U) + Z 9—K(o)
lo|=n oEF o¢F|o|=n

By ignoring the second sum, and considering the size of F' multiplied
by the Kolmogorov complexity of the things in F', we have that

22 K(o’ 1+€)(2n k+02>(2 n— K( )+k) — (1+6>(27K(n)+82>.

oer
But this means that 275(+ez < (1 4 ¢)(27K™+e2)  which means that
e <0. U

This technique is a useful method of proof, that is, showing that
something is an ICM and using that Kolmogorov complexity is minimal
to establish a bound.

7.5. Levin-Chaitin Randomness.

Definition 80. (Levin-Chaitin) A set A is LC-random if and only if
Jc¥n such that K(A [ n) >n —c.

Next time we will show the equivalence of LC-randomness and 1-
randomness.

Wednesday, September 20

8. EQUIVALENT DEFINITIONS OF 1-RANDOMS

Theorem 81 (Schnorr). A real x is 1-random if and only if x is LC-
random.

Proof. Let Uy = J{[o] : In, K(0 [ n) <n—k}. Then Uy = J,ca{lo]}
where A is a preﬁx—free r.e. set such that 0 € A = K(o) < |o| —
k & V1 < 0, K(1) £ |r| — k. Note then that for o € A, K(0)+k < |o].
Then

pUy) < 27l <y "o Kok < omh Y TRl <ok N oK) < ok,

oc€A og€EA ocEA oe2<w

So U,, is open, Z(l], w(Uy) < 27% and we can uniformly find U, for
all k. Thus {U} is a M-L test. Also,

X € (U <= VkIn K(X [ n) <n-—k,
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and therefore “LC-random = —1-random.
For the other direction, let {U,,} be the universal test. Recall that

if U is open and 2(1), then Wy, is a prefix-free, r.e. set such that U =
Usemwy, [0]. Define a set L = {(|o] —k,0) : k > 1,0 € Wy, }. Lis a
Kraft-Chaitin set since L is r.e. and

DY oSN ok N0 oty ok = Y Tk =,
k>1 c€eWuyy, k>1 €Wy, k>1 k>1

So by Kraft-Chaitin, there exists a ¢ such that VkVo € Wy, , K (o)
lo| — k + ¢. Then if X is LC-random, 3k’ such that Vn K(X | n)

<
>
n — k' 4+ ¢ and thus X ¢ Usy. Therefore LC-random = 1-random. [

Friday, September 22

8.1. 1-Randoms and Prefix-free Kolmogorov Complexity.

Theorem 82. (Miller-Yu) A is 1-random if and only if 3", 27~ KA <
0.

Proof. We define a Martingale d(o) = Y __ 27750 437 olol=K(r),
We need to check that d satisfies the averaging condition, i.e. that

2d(0) = d(o1) + d(00).
Q(Z olrl=K(r) Z olol=K(r)y —

=0 =0
2 9ITI=K(7) 4 99lol=K(00) | 99lo[-K (1)
; + +
+2 Z olol=K(7) | 9 Z 9lol=K(r) _
700 700
2 oIT|=K(7) 4 9|o0|=K(c0) | 9lol|-K(o1)
; + +
+ Z 9lo0l=K(r) Z 9lol|=K(r) _
=00 700
Z ol7I=K(7) | Z 9lo0l=K(7) 4 Z oITI=K(7) Z 9lo1|—K(r)
=00 =00 r<ol ol

Assume A is 1-random. Then A is not in the success set of d, and
limsup,, d(A | n) < oo, which means that > 2" KA < o0 as re-
quired.

For the other direction, if Y 2""K(AM < oo then Y 2n- KN <
2% for some k. In particular, Vn, n — K(A | n) < k, and thus Vn,
K(A|n)>n—k, soAis l-random. O
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Corollary 83. For any f such that Y. 27/ = oo, if A is 1-random,
then 3°n such that K(A [ n) > n+ f(n).

Proof. Assume for contradiction that Yn > ng, K(A [ n) < n+ f(n).

Then
Z on—K(Aln) > Z on—(n+f(n)) _ Z 9=f(n) — ~g
which contradicts Miller-Yu. U

Corollary 84. If A is 1-random then 3cVn, K4(n) < n—K(A | n)+c,
where K4(a) = min{|7| : UA(1) = o} and U is a universal, prefiz-free
Turing machine.

Proof. We define K4(n) = n — K(A [ n). It is an ICM relativized
to A, since ) 2K < 50 and {(0,k) : K*(c) < k} is re. in A.
Thus K4(n) < K4(n) + ¢, since Kolmogorov complexity is minimal
(the former proof still holds if everything is relativized). U

9. CE. 1-RANDOMS

Now we examine the set of 1-randoms. The set of 1-randoms is a 39
class of measure 1. If (U, is a universal ML test, then (JU, is X9 and
so U, is a T class of 1-randoms. In fact, if we let P, = {A : Vn(K(A |
n)>n—k)} ={A:VnVs(K,(A | n) >n—k)} then P is a I1{ class
of 1-randoms with explicit definitions.

Now there are a couple of basis theorems which will give information
about members of a II{ set of 1-randoms.

Theorem 85. (Low Basis Theorem) Every 119 class has a member of
low degree.

Theorem 86. Fuvery IV class has a member that’s T.e.

We can see why the second theorem is true by looking at the com-
putable tree associated to the I class and looking at the left-most
path at each stage. In summary, there are low l-randoms and r.e.
1-randoms.

Our new goal is to understand an r.e. 1-random.

Corollary 87. (to Kraft-Chaitin) A real A € (0,1) is c.e. if and only
iff w(dom(M)) = A for some prefiz-free Turing machine M.

9.1. The Ce. real Q.
Theorem 88. (Chaitin) If we define €2 to be 3 3, 2717l = p(dom(U)),

where U s a universal prefiz-free Turing machine, then () is 1-random.
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We call ©2 "the” or "a” halting probability .
Monday, September 25

Theorem 89. (Chaitin) If we define €2 to be 3y, 2717l = p(dom(U)),
where U is a universal prefiz-free Turing machine, then ) is 1-random.

Proof. Let Qs := u(dom(Us)) = 3y o), 271l First note that €2 is not
rational since if so, we could compute whether U(c) | as follows: wait
for s such that Q — Q, < 271°/=! and then ask whether o € U,. Using
the Recursion Theorem, construct a Turing Machine M, such that

o If Uy(r) =Q [ n & |7| <n—e, then M.(7) ¢ rng(Us).
Since dom(M,) C dom(U), we have that M, is prefix-free and so
U(1°07) = M. (7). Hence

o If Us(1) =Qs [ n & |7| < n—e, then U(1°07) ¢ rng(Us)
Now we show that K (€2 [ n) > n—e for all n. So fix n and suppose that
U(t) = Q | n. Suppose for the sake of contradiction that |7| < n —e.
Since € is irrational, there is a stage s such that Q2 [ n = €, [ n and
Us(t) = Qs [ n. Then U(1°07) ¢ rng(Us). Since |1°07| < n, this
implies that €2 — €, > 27" which contradicts that Q [ n = Qg | n.
Hence, in fact we have |7| >n —e and so K(Q [n) >n —e. O

9.2. Solovay-reducible.

Definition 90. A real « is Solovay-reducible to a real § (o <, () if
there is a constant ¢ > 0 and a partial computable function f such that
for all ¢ € Q with ¢ < # we have 0 < o — f(q) < ¢(B — q).

Lemma 91. If a = lim; o; and B = lim; 3; as c.e. reals then a <, (3 iff
there is a total computable function g and a constant ¢ > 0 such that
a — age) < c(B—B;) for alli.

Proof. (=) Given i, let g(7) be the least j such that o —a; < a— f(5;).
(<) Given ¢ < 3, let f(q) be agy;) where j is the least j such that
B—=0;<pB—q O]
Lemma 92. If a <, 3 then a <r (3.

Proof. Choose positive integer d so that ¢ < 2¢. Given n let ¢ := 3 |
(n+d). Then

a—flg) <c(B—q) <29 (B-B T (n+d) <2274 =2"
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Lemma 93. For all k there is a ¢ such that for all n and o, 7 € 2"
lo—7| <2V = K(1) < K(0) + ¢

Proof. Fix k and enumerate a Kraft-Chaitin set L as follows: put {|n|+
k+1,7)into L if U(n) = o and |o| = |7| = n and |o — 7| < 2. Note
there are at most 2% strings 7 € 2" with |0 — 7| < 287", Then

Z 274 < Z oko—Inl—k—1 _ Z o—nl-1 - q

(d,r)eL U(n)l Un)l

Applying Kraft-Chaitin, there is a constant ¢ such that for all (|n|+k+
1,7) € L we have K(7) < |n| + k + 1+ ¢. Now suppose that o, 7 € 2"
and | — 7| < 28" If U(n) = o, then K(7) < |n| +k+ 1+ ¢, and
hence K(7) < K(0) +k+ 14 c. Hence, let ¢, =k +1+c. O

Friday, September 29

Theorem 94. If a <, [ then K(a [ n) < K(G [ n)+ O(1) for all n.

Proof. Suppose that o <, 3 via ¢ < 2¥ and f. Then a — f(3 | n) <
28(3 — B I n). Then a [ n— f(B | n) | n< 27" Applying the
previous lemma,

Klan) <K(f(BIn)lIn)+ca <K(@@BIn)+c

Corollary 95. If Q <, a then « is 1-random.

Proof. By the previous theorem and the fact that 2 is 1-random. [

9.3. Q-like Reals.
Definition 96. A ce « is Q-like if § <, « for all ce 3.
Lemma 97. Q is Q-like.

Proof. Since « is a ce real, we have a = u(dom(M)), where M (o) =
U(1¢00) for some e. Then v = 2 pi(dom(U)N[1°0]). Hence if Q—Q, <
2~ (e+14n) then

a — 2T u(dom(U,) N [1°0]) < 2°7H(Q — pu(dom(Uy))) < 27"
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9.3.1. Every Q-like Real is a Halting Probability.
Wednesday, October J

Lemma 98 (Downey-Hirschfeldt-Nies). Let «; be a computable in-
creasing sequence of rationals such that limo; = a. Let 8 be c.e. Then
0 <, a zf and only if there is a computable increasing sequence of ra-
tionals B; such that lim 3; = G and ﬁs+1 By < c(age1 — ag) for each
s.

Proof. (<) Trivial from Lemma 91.

(=) Suppose < «a. Since [ is r.e. as a set, it is r.e. as a real.
In other words there is a computable increasing sequence 3; such that
lim §; = 3. By Lemma 91 there is a total computable function f and
a constant ¢ > 0 so that 3 — B4) < c(a — a;) for all i. Set Bg = B0
We claim A A

3i > 0[Bs) = Bro) < el — ao)l-
Otherwise,

B = By = lim(Bra) — Br)) = lime(ai — ag) = e(a — ag).
Now set BZ = Bs)- Next we say how to define BS+1 for s € [0,i —1).

5 5 g1 — Qg
Bss1 = 0s + Tao(ﬁf(z’) = Bro)-

7

For s+1 < i straightforward calculation shows G511 — s < ¢(as11—a),
as desired. For s + 1 = 7, note that by a finite induction

s=1—2
Ov/s+1 A
@1—504-2 —— Bi — Bo)-
ﬁ ﬁ s=1—2
ﬁz 1_50+ _QZ;O&S_H—O{S
5 A
ﬁz 1= 50 + 0 (i1 — o).
— Qo
Next we make two uses of the fact that (3; — Gy < cloy — ap).
. -
Bi — Bi1 < Po+ clov — o) — Fo — 0 (aj—1 — ap).
a; — Q)
- bi- i
Bi — Bi1 < C(Oéi — 040) - 0 (Oéze1 - Oéo)-
a; — O

Bi - Bz’—l < C(Oéz‘ — o) — c(ovi—1 — 040)-
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Bi — Bic1 < cla; — aiq).

So we've verified the inequality for s € [0,4]. Now call the i we just
defined ig. Define 7; the same way we defined ¢, with ¢; in place of @
and ig in place of 0. In this way we are able to inductively define 7,
for all n € w, so that the Bs defined accordingly behave as we want.
Because lim, 3; =  we have lim;, Bs = 0. O

Corollary 99 (Downey-Hirschfeldt-Nies). Let «v; be a computable in-
creasing sequence of rationals such that limo; = «. Let 3 be c.e. Then
a < B if and only if there is a computable increasing sequence of ra-
tionals @ such that lim Bl = and Gsq1 — G5 < c(Bsy1 — Bs) for each
s.

Proof. Similar to the above lemma. O

Theorem 100 (Calude-Coles-Hertling-Khoussainov). If Q <; « and
« s a ce real, then o is a hgltmg probability. Le., there 1s a universal
prefiz-free Turing machine U such that u(dom(U)) = a.

Proof. Let U be some universal prefix-free Turing machine, and let
U; is the set of strings that achieve convergence in i steps. Set ), =
Zeri 27191 Let a; be an increasing computable sequence with lim a; =
a. By the previous lemma, choose ¢ such that the following hold:

(1) Qo1 — Qs < 2%(asy1 — ) for all s.

(2) a+2°< 1.

(3) g > 274).

Let = a+27(1—Q). Set B = as+27¢(1—) = a;+27°—27Q;.

6s+1 - ﬁs = Q41+ 2_6(1 - Qerl) - (as + 2_C<1 - Qs)) = Qg1 — Qs —
(Qs11) + ) > 0 by point 1 above.

Hence (3 is a c.e. real. Therefore there is a prefix-free machine M
with measure of its domain 3. We want to be a bit careful about how
we get the machine, and build it directly ourselves, using the Kraft-
Chaitin theorem. We want M to satisfy the following conditions.

(1) The measure of the domain of M is (3.
(2) There is p € 2<% such that M(p) | and |p| = c.

To achieve this with make the first request of the form (¢, o). Then
make sets of requests in stages, so that at stage s, the current total
measure requested is equal to Js. (Note that each [, is a rational and
this procedure is legal since 27¢ < f3.) This gives our desired M.

Now we define a new universal prefix-free Turing machine U. U (o) =
M(o)ifp £ 0. U(po) =U(o). p(dom(U)) = p(dom(U))—27¢(1-Q) =
B —27¢1—a) = «a, as desired.
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9.3.2. All c.e. 1-Randoms are Q)-like.
Friday, October 6

Theorem 101. (Kucera-Slaman) Suppose that o is 1-random and c.e.
Then « 1is Q-like.

Proof. Let 8 = lim, 5 (an increasing computable sequence). We need
to find an computable increasing «, such that lim; oy = o and fBgy1 —
Bs < 2"(as41—as) for some n. Since « s a ce real, we know o = lim; &,
where @; is an increasing computable sequence, and we enumerate a
Martin-Lof test {{J, Un,s }n<w as follows.

Let Uyo = 0 and a,o = & If s = & exists let U, g1 =
(Qn,sy Ops + 27 (Bs31 — Bs). If there is a least I" > [ such that &y ¢
Up,s+1 then let oy 541 = @y, Then p(J,Uns) < 2778 < 27" and so
{U, Un s }n<w is a Martin-Lof test.

Since « is 1-random, there is n such that o ¢ |J, U, s. For that n,

QOn s+1 — Op s > 2_n(ﬁs+1 - ﬁs) U

Remark 102. Kucera and Slaman also proved that if {U,} is a uni-
versal Martin-Lof test then pu(lJ,, Uy,) is 1-random. Also, they prove
that if a is 1-random then there is a universal Martin-Lof test {U,}

such that o = p(U,, Un).

Let’s summarize what has been proved (or what can easily be de-
duced) about c.e. reals, 1-randoms, and Solovay reducibility.

Theorem 103. For all c.e. reals a the following are equivalent.

(1) « is 1-random.

(2) For all c.e. f and for alln, K(B | n) < K(a[n)+0(1).

(3) For all c.e. 5 and for alln, C(B [ n) <C(aln)+O0O(1).

(4) For alln, K(2 [ n) < K(a [ n) 4+ O(1) and for all n, K(a |
n) < K(Q [ n)+ O(1). Again, the same holds with C in place
of K.

(5) For all c.e. B, 0 <, a.

(6) « is a halting probability.

Hence as a function of n, for all 1-randoms «, K(« | n) agree within
a constant.

Monday, Oct 10
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9.3.3. All 1-randoms of c.e. degree are Turing Complete.

Theorem 104 (Kucera). If A € 2¥ is 1-random and of c.e. degree
then A= (.

A word on notation: Throughout the following [s] will appear in and
around equations, e. g. ®*(z) = B(z)[s]. This should be interpreted
to mean ®4+(2) = B,(z). This is not the same as ®*(z) = B | s(z).

Proof. There is some c.e. B € 2¥ such that A =p B. A=y B <p (
and so all that needs to be proved is ( <r A. B = |J, Bs where B;
is computable for each s. A is AJ and hence A = lim, A, where A, is
computable for each s. Let ® and ¥ be Turing functionals such that
®4 = B and WP = A. Let ¢ and 1 be the use functions for ® and ¥,
respectively, with loss we can assume these functions have a stagewise

approximation which non decreasing.
Define

I(s) = max{r € w: Yy < z(¥B(y) = A(y)
& Vz < y(y) [04(2) = B(2)] [s]}
]

Because liminfsl(s) = oo and liminf K(A [ n)[s] > n — ¢ we can
assume the following without loss of generality:

(1) Vs i(s+1) > 1(s)

(2) K(A | n)[s] >n—c (for all n < s.)

The goal is to build a Turing functional I' such that I'* = (/. We
will build I' and its use function v simultaneously so that at stage s
v(2) = p(¢¥(x+2+c+d))[s], where b is some natural number. All action
occurs at stages s such that x +2+c+0b <'s, 5(z) # Vs41(x), and V7
with |7] <y (2) Ve < s [(L7(2)[t] 1)V (A T y(z)[s+1] | 7). (At only
such stages it is legal to redefine I'.) Call such a stage expansionary. At
expansionary stages define I'4(z) = (/(z)[s + 1] with use 4,1 (x). This
ensures that I is a Turing functional since lim, (¢ (z+2+c+b))[s] < oo
and if I'?(z)[t] | then V7 = o T (x)[t] |.

Now prove that this functional actually extracts (' from A. If (Y,(z) =
0/(x) for s < x+2+c+b then IT'*(x) will be correct when it is defined.
On the other hand, if 0 (z) =0# 1 =0, ,(x) for s > x4+ 2+ c+1D,
then our initial definition T'4(z)[s] = 0 is wrong and we need to wait
for an expansionary stage to correct this error.

To prove that there will be an expansionary stage enumerate a Kraft-
Chaitin set L during the construction. When ¢ (z) =0 # 1 =0, (2)
fors>x4+2+c+bweadd (x,A; [o+2+c+b)toL. > ,27<1
and so this is a Kraft-Chaitin set. This ensures that K(As [ = + 2 +
¢+ b) < x4+ e for some constant e. Since z and c are fixed e depends
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recursively on b. By the recursion theorem we can assume that e = b.
By assumption (2) K(A[x+2+c+b) >x+2+c+b—c=ax+2+0.
x+2+b > x+b and so this is a contradiction unless A; | x+2+c+b #
Alz+2+4+c+b.

Therefore, at some stager > s A, [z +2+c+b# A [ x+2+c+0b.
By our assumptions above and our use of the Recursion Theorem we
can assume that r = s + 1. In particular thereisy < x+2+c+b
such that A,(y) # A.(y). We claim that Vt < s if ['*(x)[t] is defined
then A, [ v +2+c+b# A | x+2+c+ Db Forsuch t, y <
r+24+c+d<t<It) <I(r)and hence P (y) = A,(y) and Vz <
Y(y) [24(2) = B(2)] [t]. We know also that UZ+(y) = A,(y) # A, (y) =
UBr(y). Let k = min{¢(y), ¥ (y)}. Then By | k # B, | k, and since
B is c.e. it follows that Vi < s B, | k # B, | k.

Assume that Ay [ t+2+c+b = A, [ v+ 2+ c+ b Then
Vz < (y) [@4(z) = B(2)] [t] and Vz < ¢(y) [24(2) = B(2)] [r]. In
particular this means that ¥z < min{¢(y), ¥, (y) } B:(z) = B,(z). This
would mean that ¢;(y) = ,.(y) and contradict the conclusion that
Vt < s By | k# B, | k. Therefore Vt < s for which I'*(x)[t] is defined
Ay Te+24+c+b# A [z+2+c+b.

This means that the definition of I'4(z)[s] is unaffected by the defi-
nition of I'*(x)[t] for all stages t < r. Therefore I'* = (', O

Note that if we know computable bounds for ¢) and ¢ in the above
proof then we have a computable bound for . Hence we have the
following corollary to the theorem.

Corollary 105. A is wtt complete if A is of c.e. wtt degree.

10. N-RANDOMS
Wednesday, Oct 11

First an example of a X9 class that is not X9. Let
P={Ze2: 3nvk>n (Z(k) = 0).

Y is the class of finite subsets of w or the dyadic rationals. Recall that
if a class is 39 then it is open. A class U C 2“ is open if and only if
for every X € U there is some n such that [X | n] C U. This clearly
does not hold of V and so V is not open and therefore not X.

Definition 106. Let C' € 2. A X¢ test is a computable sequence of
¢ classes {U; }ic, such that pu(l) < 2%
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Definition 107. A € 2 is C-n-random if A misses every ¢ test.
Denote the class of C-n-random reals RS .

Definition 108. A € 2¥ is weakly C'-n-random if A is contained in
every XU class of measure 1. Denote the class of weakly C-n-random
reals wRS.

The goals now are to show:
(1) wRy, G Ry G wRY
(2) Rlo(n> = RSH
(3) wRS™ = wRS,, for n > 2.
These results will rely on the following lemma due to Kurtz.

Lemma 109 (Kurtz). Let ¢ > 0 be a rational and S be a X¢ class.
Then the predicate “u(S) > q” is uniformly XS

Proof. Proof by induction on n.

Ifn=1:
S=J o

ceWs

Then

w(S)>q < 3tu U[a] >q <— dt 22_|‘7|>q.
O'EWS’t O'EWS’t
This is clearly X¢.

Suppose the result holds for n = k. Let S = {X : 3i R(X,i)}
where R is a II{ relation. Then § = {X : Vi =R(X,i)} = NAX :
~R(X,4)}. Let 7; = {X : -R(X,q)} and let 7; = ();_; T;. Then
1(S) =1 — lim; 4u(7;). Hence

WS)>q <= 3il—uT) >q
= i u(’j;) <l-—gq
= 3%(#@) Zl—q)-
By inductive hypothesis 1¢(7;) > 1—q is ¢ and so 3i — (u(’j\;) >1- q)
is B9, U

By taking the complement of S in the theorem we find that we can

examine I1¢ classes. The following corollary is immediate.

Corollary 110. Let ¢ > 0 be a rational and S be a 1IS class. Then
the predicate “u(S) < q” is uniformly %€
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Friday, Oct 13

We follow Kautz’ thesis [5] very closely. For each of the following re-
sults a reference to its number and location in Kautz’ thesis is provided
in lieu of a proof.

Lemma 111 (Kautz Lemma I1.1.4). (1) ForS aX¢-class and € >
0 a rational, we can uniformly and computably obtain an index
of a X" class (an open XC-class) U D 8 with p(U)—u(S) <
€.

(2) For T a11¢-class and € > 0 a rational, we can uniformly and
computably obtain an index of a Hf(nfl)-class (a closed TIS -
class) V C T with (T) — p(V) < e.

(3) For 8 a X¢-class and € > 0 a rational, we can uniformly in
C™ obtain a closed TIS_,-class V C S with u(S) — u(V) < e.
(Ifn>2,V will be a I -class.) Moreover, if u(S) is a real
computable in C"=Y | the index for V can be found computably
in C"=1),

(4) For T a MIS-class and € > 0 a rational, we can uniformly in
C™ obtain an open X¢ | -class U O T with u(U) — u(T) < e.
(Ifn > 2, U will be a S -class.) Moreover, if u(T) is a real
computable in C"=Y the index for U can be found computably
in C"=1,

Definition 112. Let A,C € 2. A is X¢-approximable if A is not

C-n-random.

Lemma 113 (Kautz Lemma I1.1.5). Let A,C € 2, n > 1, and m > 0.
Then A is Eg(m)-appmximable if and only if A is X¢ . -approzimable.

m-+n
Lemma 114 (Kautz Lemma I1.3.3). Let n > 2 and C € 2¥.
(1) For any X¢-class S we can uniformly and computably obtain
the indez of a £ -class (i.e., an F, SigmaC-class)V C S
with (V) = u(S).
(2) For any 1S -class T we can uniformly and computably obtain
the index of a TIS" ™ -class (i.e., a Gs PiC-class) U D T with
ultd) = (7).
Theorem 115 (Kautz Theorem 11.3.4). Let A,C € 2¥ andn > 2. A is

weakly C-n-random if and only if A is a member of every Eg(n_Z)-class
with measure one. It follows that A is weakly C™ -n-random if and
only if A is weakly C-m + n-random.

Later we will prove that this theorem does not hold for n = 1.
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Theorem 116 (Kautz Theorem 11.3.5). Let A,C € 2¥. A is weakly C-
n-random if and only if for every C™~Y-computable sequence of X -

classes {S;} with u(S;) <27, A¢ (), Si.

Note that this is not C-(n — 1)-test because the sequence is not
computable.

Theorem 117 (Kautz Theorem I1.5.1). Let C' € 2*. Then wRY,, C
RE C wRE.

The following theorem is originally due to Stillwell; it is an relativiza-
tion of a theorem of Sacks. We will prove Sacks/Stillwell result later
later in class. See Theorem 149.

Theorem 118 (Kautz Theorem 11.5.2). Let A,C € 2*. If{B: C <r
A @ B} has positive measure, then C' < A.

Corollary 119 (Kautz Corollary 11.5.3). Let C > (). Then the class
of A>7 C is a 1IS null set.

Theorem 120 (Kautz Theorem 11.5.4). For each C € 2* and n > 1
there is a C-n-random real that is not weakly C-(n + 1)-random. In
other words, wRY,, # RS.

10.1. Weakly n-Random need not be n-Random.
Monday, October 23

Theorem 121. wR, # R,. In fact, wR, 2 R,.

Proof. With a finite-injury priority argument we build in 0*~Y) a Martin-
Lof test () Se such that wR, N Se # 0. Then for A € wR, NS, we'll
have A is not 1-random with respect to 0"~Y) which implies A ¢ R,,.
Also we’ll have A € wR,, as desired.

We will construct the Martin-Lof test (S, stagewise and set S, =
U Se.s. Also, we will ensure S, s O Seq1s.

Since we want A € wR,, we need to consider 3V classes. It will be
more convenient to think of XY classes as complements of T2 classes.
We will want stagewise approximations to these. Let V. be a com-
putable listing of all 3% ;| classes. Let V.; be an enumeration of all
0 | classes so that V. = |JV.,;. Then we can define our 12 classes:

Let
Pe,s - ﬂ Ve,i-

1<s

Pe={]Vea:
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Then we’ll be interested in whether a P., which is a X? classes, is of
measure one.

To help make sure everything works when P, is measure 0, and to
make sure ((S,) < 27¢, we build helper II2_; classes 7, ;. We act so
that 7., D 7415 and so that we can set 7, = lim 7, ;. We will also
work so that 7. ; € S.s. Then 7. C S, and (7. € [)S.. Note that
each 7 ; will be computable in 0",

We will have the following requirements:

Rez,u(Pe):0:>Te§E

If these requirements are satisfied, and we take A € (7., then A €
P, for all measure one X0 classes, and A € N S., as desired.

Towards satisfying the R, we will define stagewise tests t. ,. We will
ensure t, = limt, s and 0 < t. 511 < t.s. We break each IR, requirement
into stagewise requirements,

Re,s : N(Pe,s) < te,s = 7;,5 g 5@-

Construction. Set .o =10, T, = 2%, t.o = 1/2 for all e. At stage
S, Ret1s requires attention if p(P.iis) < ter1s. Note this is com-
putable in 0~V If any requirement needs attention, suppose Reiq5 18
the least such requiring attention. We claim that if 7,  is a non-null
closed ITY_; class then

Jo3e € QT (lo| > 2e + 1, pu([0] N Zes N Peyrs) > ).

Furthermore, such ¢ and € can be found in 0*~Y. Take the following
action:

(1) Set S 511 = Ser s U o] for all ¢ < e+ 1.

(2) Let Toy1.541 € 7o sNPer1sN[o] be a closed I12_; class of measure
/2. We can find such a 7,11 in 071, Also, for every
e >e + ]-7 set ,];’,S—‘rl = 7;,—}—1,5—}—1-

(3) Let te+275+1 = 6/4

If not specified above, let 7. ;11 = 7.5 and S, 541 = Ses. End of
Construction.

Verification Say a requirement R, is injured at stage s if action is
taken for R, at stage s and ¢/ < e+1. We claim that if there is a stage
s after which R..; is never injured, then R..; is satisfied. If we act at
some stage s’ > s for the sake of R.,; we see that our action ensures
R. .1 will always be currently satisfied because 7., will never change
and P, s is increasing. If we never act for R, then u(P.) # 0. Note
that if R.y;1 requires attention after it is no longer injured, it acts at
most once.
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An induction shows that each R, is injured at most 2671 —1 < 2¢*1
times. One consequence is that every requirement is satisfied. The
other consequence is that p(S.;) < 267127+ < 27¢ a5 desired to
make (]S, a Martin-Lof test.

Because each requirement is satisfied and therefore acts only finitely
often, for each e lim; 7. s = 7. exists and is a non-null (hence non-
empty) closed TI°_, class. Hence there is an A € (| 7Z.. Since the R,
were satisfied, A € wR,,. Since (7. C(S., A ¢ R,,.

O

Wednesday, October 25

11. WEAKLY 2-RANDOMS

Theorem 122 (Downey, Nies, Weber, Yu). Every weakly 2-random
degree forms a minimal pair with ().

Proof. Assume not. Then there exists a non-computable A Z and A €
wRy such that Z = &4, Define S = {X : VnVs3t>s ®X(n) = Z(n)|t]}.
By definition, S is a IIj class. Since A is weakly 2-random and belongs
to S, u(S) > 0. But S C{X : Z <p X} sou({X : Z <pr X} >0,
contradicting Sack’s theorem. U

Theorem 123 (Hirschfeldt). Suppose {U, : n € w} is such that (), U,
is a 113 null set. Then there exists a non-computable c.e. set B so that
if A is I-random and A € (), Uy, then B <p A,

Friday, October 27

Proof. Define ¢(n,s) = u(Uy,)[s]. The rule for constructing B is that
we add x to B at stage s + 1 if

(1) c(x,s) < 27°¢

(2) x € W

(3) W.N B =01[s].
B is c.e. by construction and has non-empty intersection with each
infinite c.e. set since the measure of the U, goes to zero so that even-
tually c(z,s) will be less than 27¢ if e is the index for an infinite c.e.

set. Then B is simple. Next, we must show how to compute B from
A. Define

0 . U.[s] if = enters B at stage s
) = 0 otherwise
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The U; are a Solovay test since

PIVICOEED SRR ED SEEE

x enters B at s

Because A is 1-random, A can only be in finitely many of the U, so
there is a k such that A does not belong to U;[s] for any i > k. We can
also define I' by the rule that if o € U, at stage s, let I'?(n) = B(n)[s].
Then ' is total since A € (N, U,. Further, we claim I'* agrees with
B after k. Pick n > k. If n enters B at stage s, then A € U,, — U,[s].
Then there exists a ¢ < A with I'°(n) = 1. Since I'* computes B
modulo a finite set, B <r A. O

Corollary 124. A real A is weakly 2-random if and only if A is 1-
random and its degree forms a minimal pair with ().

The following are corollaries to Sack’s theorem from last class.
Corollary 125. u({X : Z € AX}) > 0 4ff Z € AY.

Proof. Z € AZ iff for some ®, Z(n) = lim ®¥(n,s). Now use the idea
in the proof (the majority voting method) to show there is a ® such
that Z(n) = im ®(n, s). We leave the rest as an exorcise. O

Corollary 126. Ifd > ', then u({B : deg(B’') > d}) = 0.
Corollary 127. If D >1 () and A € wRY, then D &1 A.

Proof. {X : D <r X} is a I1J class of measure 0, so A cannot belong
to it. O

Corollary 128. If A € wRE and B € wRs', then A and B form a
minimal pair.

Proof. Assume not. Then there is a non-computable Z Turing reducible
to both. Since A and B compute Z, every I1Z class is also a 113 and I1%
class. Then {X : Z <7 X} is a II¥ class of measure 0 which A belongs
to, contradicting the fact that A is weakly 2-random over B. O

12. VAN LAMBALGEN THEOREM

Monday, October 30

Chris Porter lectured on the material presented in this Section. The
following theorem is one of the central theorems concerning relative
randomness.

Theorem 129 (van Lambalgen). Given XY € 2¥, X &Y € Ry if
and only if X € RY andY € R,.
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Before we prove the theorem, we prove a useful fact about Solovay
tests. Given a Solovay test {S;}ic,, we can consider each S; to be a
basic clopen set. The reason is as follows. Since the collection {S;}ic.
is a uniformly c.e. sequence of X-classes, there is some computable
function f such that

S; = Jlois),
J
where the set {0 j)}jcw is prefix-free. Then let

Tiijy = los6.)-
Now if X € §; for infinitely many ¢, there are infinitely many ¢ such
that X € 7, ;. Further, if X € 7, for infinitely many pairs (i, j),
we must have that X € §; for infinitely many i. The reason is that if
X e 'T@J') N 'T(i,j/% where j 7§ j/, then both O £(i,9) ‘_< X and O f(i,5") ‘_< X,
contradicting the fact that the collection {0 j)};jecw is prefix-free.
We are now ready to prove van Lambalgen’s theorem.

Proof. We prove the theorem in three parts:
(1) XpYeR =Y eR,y
i) XoY e Ry = X eRY
(ii) X eRIANY ER = XBY € Ry

(1)X®Y€R1:>Y€Rl

Suppose Y ¢ Ry. Then there is a Solovay test {S;}ic, such that
Y € §; for infinitely many ¢. By the above remarks, without loss of
generality, for each i there is a o« € 2<“ such that S; = [0y+]. For each

such o+, consider [T @ o;+] for every 7 such that |7| = |o«|. Then let
7. | lreoos
IT|=log|
Then

M(Ti) — 9 2lo| |, gloix| — g—low| — N(Sz’>7
and so >, u(7;) < co. Thus {7;}c, is a Solovay test.

Now if Y € §;, then since S; = [04+], we have that o;« < Y. Then
there is some 7 with |7| = |oy| such that 7 < X, and hence 7 ® g+ <
X@Y,andso X @Y € 7;. Thus, if Y € §; for infinitely many ¢, then
X @Y € 7; for infinitely many i. Consequently, X @Y ¢ RZ.

i) X®oY eR, = XeRY
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Suppose X ¢ RY. Then there is a Martin-Lof test relative to Y
{UY }ico such that X € (N, UY. Without loss of generality, we can
assume that

O'EA}/
where for each i, AY C 2<% is a prefix-free set of strings and the
collection {A} }ie, is uniformly c.e. in Y. Let Vi, be the class

{lo®T] :|o| =7 =sA (3o’ 20) 3T X 7)(0’ € AZ]T,| A (U <27}

i,|T
and let
VZ' == U Vi,s-

Note that the collection {V;}ic, is a uniformly c.e. collection of ¥9-
classes. Now, we claim that for each i,

XaeY eV,

To see this, note that there is some o’ < X such that ¢’ € AY and thus
o' € AT for some 7 <Y with s = |7| > |o’|. Then by our construction,
[0 @ 7] is enumerated into V; s, where ¢/ <0 <= X and |o| = s.

We now must verify that u();) < 27% For each s we have V;, C
Vist1, S0 it is enough to show that for every s, u(V;s) < 27° Fix
s and a string 7 of length s. Let 7 < 7 be the longest such that
(U] I*T*I) < 27% Then for every class of the form [0 & 7| enumerated
into V;, there must be some ¢’ < o such that ¢’ is enumerated into
AZTT*‘. Thus the measure contributed to V; s by strings of the form

o @ 7 is no greater than
Z o—lo'| L o=l7| — WU ) - oIl < 97 975,
ol€ATT
i, | 7*|
Since there are 2° strings of length s, we thus have
p(Vig) <2°.275.270 = 27"

Therefore, {V,}ic., is a Martin-Lof test containing X & Y, and hence
XY ¢ R,.

Wednesday, November 1
(iii) X ERFAY ER = XBY €Ry

Suppose X @Y ¢ R;. We will show that either X ¢ R} or Y ¢ R;.
X @Y ¢ R, implies that there is a Martin-Lof test {U;}ic., such that
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X @Y € (,U;. Without loss of generality, we can assume that for
every 1, U; O U; 1. Let

V' _Z/{2i7
so that p(V;) <27, We still have that X @Y € [, Vi. Next, let
W, = Jlol: p(VinA@o]) > 27711,

where A is the empty string and [A@ o] = {X¢ D X; : 0 < X;}. Clearly
the collection {W, }ic,, is uniformly c.e.

Claim: p(W;) <277
Fix i. Let 0g,01,... be a listing of the minimal strings o such that

p(Vin[A@ o)) >2770

Then W; = (J,[o;]. The sets V; N [A & o] are pairwise disjoint and
p(Vi) <27%, 50

Z 2~lesl = M(U(Vz‘ NA® o)) < p(Vi) <27,

and thus
n(W,) = “(U[‘Tﬂ']) — Zg—ml <o
J J
{W, }icw is therefore a Martin-Lof test. Further, if we let
W, =Jw;,
j>i

then {Wi}ie,u is also a Martin-Lof test.

If Y € N, W, then Y ¢ R, and we’re done. If not, there is some j

such that Y ¢ W, for some I, and thus Y ¢ W, for each j > [. For
each such 7, let

= Jlo]: ol =snlo@ (YIs)] CVi}.
If u(&X),) > 277, then since
vinhe s 2 |J winbe®s)= J o),
[olcx, [o)cx)
we have

pVnPae 1)) = p( | oo s)]) = p),) 27 > 2797

Y
o]y,
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and so [Y'[s| € W, contradicting our assumption. Thus, (X)) < 277
for j > 1. Further, if [¢] € X, then [00] C X),,, and [01] C X, ;.

j,s 4, j
This shows that Xj’; C XJYS .1 for every s. Let

XJ‘Y - U le,/s'

Since (X)) = sup {pu(X},)} < 277 for j > I and the collection
{&)};50 is uniformly ce. in Y, {X)};5; is a Martin-Lof test rela-
tive to Y. Recall that X @Y € (), V;. This implies that X € ,., X",

and consequently X ¢ RY.
U

One immediate application of van Lambalgen’s theorem is the fol-
lowing theorem.

Theorem 130 (Miller, Yu). If A € Ry and B <r A such that B € Ry,
then B € R.

Proof. If A € Ry, then by Lemma 113, A € RY. But since (/ = Q,
we have A € R$. By van Lambalgen’s theorem, since A € Ry C Ry,
Q € R4, but since B <7 A, we have Q € RP. B € Ry, so again by
van Lambalgen’s theorem we have that B € RE, and so B € RY, i.e.
B € R,. O

13. KOLMOGOROV RANDOMS AND 2-RANDOMS

Friday, November 3

In this section we follow Section 2 of Nies, Stephan, Terwijn [I4]. In
what follows V' is an universal nonPF TM, U is UPFTM.

Definition 131. For any computable g(n) such that g(n) > n let
CYz) = min{|p| : V(p) = x in g(|z|) steps}.

Definition 132. A set X is Kolmogorov random (K-random) if

(3b)(F*°n)C(X [ n) >n—q.

Theorem 133. (Nies, Stephan, Terwijn) Let g(n) > n*+0(1). TFAE:

(1) Z is 2-random;
(2) Z is K-random;
(3) Z is K-random with time bound g.

Lemma 134. C(o7) < K(0) + C (1) + O(1).
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Proof. Define M(p) as follows. On input p look for ¢* < p such that
U(c*) |= 0. Then compute V(7*) = 7, where p = o*7*. In this case
output o7. It’s clear that C(o7) < K(0) 4+ C(7) + O(1). O

Lemma 135. Let ¢ be such that C(o71) < K(o) + |7| + ¢ (as C(1) <
|| + ¢, we can always find c¢). For all d and p, if C(p) > |p| + ¢ —d,
then Vp* 2 p K(p*) = |p*| — d.

Proof. Assume there exists p* such that K(p*) < |p*| —d. Let p = p*p.
Clp) < K(p)+|pl+e = K(p*) +|pl =[p*|+c < |p*[ =d+]p| =|p*|+c =
lp| —d+c. 0

Lemma 136. If X is K-random then X is 1-random.

Proof. Assume X is not 1-random, then (Vd)(In)K(X [ n) < n —d.
So (Vm >n)C(X [m) < K(X [n)+m—n+c<m+c—d. Hence
X is not K-random. O

Proof. (of theorem 133)
(2 = 3): Is obvious as C9(o) > C(o).
(1=2):

Definition 137. F': 2<% — 2<¥is a compression function if Vo|F(o)| <
C(o) and F is 1-1.

Definition 138. 7 is K-random with respect to F if (3b)(3I®n)|F(Z |
n)| >n—b.

Lemma 139. There is a compression function F such that F' <¢ (.

Proof. Consider the II? class of graphs of partial functions extending
V. There is a low path A which is the graph of some extension V of V.
Let F(o) be the first p (with respect to the length-lexicographic order)
such that (p,o) € A. Since for every o there is a ¢* with V(c*) = o,
the function F is total. Furthermore p satisfies |p| < |o*| by the length-
lexicographic search constraint and |F(o)| < C(o). Since o = V(F(0))
for all o, F' is one-one. So F'is a compression function. 0

Lemma 140. Let F' be a compression function. If Z is 2-random

relative to deg(F), then Z is K-random with respect to F'.

Monday, November 6

Proof. Suppose Z is not K-random for F'. We build a F’-computable
ML-test {7} such that Z € (7.
Let Py ={X | (Vn > t)[|F(X | n)| <n—10]}. B, is IIFclass.
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Claim 141. p(P,) < 27°.

Proof. F is 1-1 and for all n there are less than 2"~° strings o of length
n such that [F(o)] <n—b. If uw(Pyy) > 277, then (3r9...7,) (Ail7i] C
By &>, 271 > 278 Let P = J[ri] € By and n = maz|r;|. Then

(P UP)>27",
> o2rsa2
X|n,XeP
M-27" > 270
M > 2m",
where M is the number of 7 € P such that |7] = n. Contradiction. O
Let V, = U, Pys- As Poy C Pyyy1, then pu(Vy) < 27°. Tt’s clear that
Z €V, Let
Ryt ={X |Vnt <n<k—|F(X |n)]<n-0)}
For all ¢, F’ can uniformly in b compute k() such that
(Rt ity — Pog) < 9= (btt+l),

For this at each stage k we ask if there exist 79, ..., 7, such that [r;] C
Rysp and > 271m1 > 270+ - If yes then go to k + 1. If no, let
k(t) = k. The process halts, as Ry r11 C Ry and (), Ry p = Py
Let 7, = U, Ry1k1)- Then 7, are open sets that are »F " uniformly in
b. Moreover, V, C 7, and pu(7, — V,) < 27 Hence {711 }pew is indeed
an F’-computable ML-test that covers Z. O

Choose a low compression function F. If Z is 2-random, then Z is 2-
random relative to F' (since F' is low). By Lemma 140 Z is Kolmogorov
random with respect to F'. Since it holds for every o that |F(o)| is
shorter than the smallest program for ¢ it follows that Z is Kolmogorov
random.

Wednesday, November §

(3=1):
Definition 142. For b € N we say that 7 is b-root if
(3to)(Yn = 7)[In| = to — C(n) < [n| —b].

Similarly, for g as above we say that 7 is a b-root with time bound g if
the above holds with C9(7).

K" denotes the prefix-free complexity with oracle (.
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Lemma 143. For some constant c¢* the following holds. Let g be a
time bound, where g(n) > n*>+ O(1). If KY (1) < || —b—c*, then T
1s a b-root with time bound g.

Proof. Let ¢* be some constant to be determined later. K% (7) < |7]| —
b — ¢* is witnessed via U (¢) = 7. There exists a stage s, such that
U% (o) = 7[s] is stable. Let s = to. The idea is to compress all the
extensions of 7 with length greater then ¢,. Since we don’t know t,, we
need to construct a machine L which works for all possible .

Definition of the plain TM L. Given an input 7y of the length ¢, carry
out cycles s for s =0, 1,... until ¢ steps have been used.

Cycle s: for each n < s see if U% (v | n)[s] |= 7. Choose the smallest
such n. If n exists, let p = v [ n. We do it for each cycle.

Now if s is the greatest such that cycle s has been completed and
values p, T have been obtained, and v = pp*, output the string 7p*.

L uses no more then 2¢t+O(1) steps: ¢ for the cycles and ¢ for copying
z.

Claim 144. Suppose that the computation U? (o)[s] = 7 is stable
from s = sy onwards. Then there is ¢y such that for all v = op*, if
t = |y| > to, then L(y) = 7p* in at most 2t + O(1) steps.

Proof. Pick ty so that for all v as above, L on input v passes cycle sg.
Then for all cycles s > sq, the value p obtained equals ¢. Namely, the
use of any computation U? (y | n)[s], n # |o| must be greater than the
use of U? ()[s], for if the use would be smaller this computation would
be stable as well, contradicting that U? is a prefix-free machine. But
if the use of the computation for v | n is greater than that for o then
o is chosen over v | n in cycle s. This proves the claim. O

Let ¢* be the coding constant for L. Suppose K¥(7) < |r| —b—¢*
via a computation UY (o) = 7, |o| < || —b—c*. Let s be a stage from
which on this computation is stable. Choose t; as in the claim. Then
for each n = 7p* of length > ¢y + |7|, L() = n in at most 2|n| + O(1)
steps, where v = gp*. Hence C(n) < Cp(n)+c* < |r|—b+p*| =|n|—b
and in fact C9(n) < |n| — b since g(n) > n* + O(1). O

If Z is not 2-random, then Z is not 1-random over (/. Hence Vb3T <
7 such that K% (1) < |7| — (b + ¢*). So by Lemma 143 7 is a b-root
with time bound ¢. Let t; be a number as in the definition of b-root.

Then for each n > ty, C9(Z [ n) < n —b. Hence Z is not K-random
with time bound g. 0

Definition 145. d is hyperimmune-free it Vf < d f is dominated by
a computable function.
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Proposition 146. (Kurtz) Every 2-random set has hyperimmune Tur-
ing degree.

Proof.
f= ng,b(m) = un[Ipo, ... pm < 0] (Vi <m)[CY(Z | pi) > pi —b].
If Z is 2-random, then f is total for some b. f < Z. 0

Corollary 147 (Martin). Hyperimmune degrees have measure 1.

Lemma 148. If Z is K-random with time bound g and constant b,
then f = ngJ, s not dominated by a computable function.

Proof. Assume otherwise: f is dominated by a computable function h.
Consider the recursive tree

T ={o:(Ym)[lo] < h(m) — Gpo-..pm < |o)(Vi <m)[C(o | p;) > pi—b]]}.

Since h dominates f, Z is a path on T. Moreover, each path is time-
bounded K-random and hence 2-random. However, the leftmost path
in T" has r.e. degree and hence is not 2-random, a contradiction. U

14. SOME EFFECTIVE MEASURE THEORY

14.1. Sacks Measure Theorem.

Theorem 149 (Sacks/Stillwell). u({X : Z < V@ X}) =0 iff Z £r
V.

Proof. (=) It Z <p V, then {X : Z <; V @& X} = 2% which has
measure 1.

(<) Assume p({X : Z <0 V@& X}) # 0. Because {X : Z <p
VaX}t=UA X : oYX = Z}, there is an e such that u({X : dY*X =
Z}) > 0. Then by Lebesgue Density, there exists Y € {X : CIDV@X Z}
such that {X : ®Y®X = Z1 has density 1 at Y. By deﬁmtlon this
means lim, u({X : ®V®X = Z}N[Y | n])2" = 1, so we can find N
with p({X : @Y*¥ = Z}N[Y | N]) > 2u([Y | N]). For each n, we can
then search computably in V' for a finite set D,, € 2<% that satisfies
the following conditions

(1) 7€ Dy =[] C[Y | N]
(2) Srep, 27> (Y 1 V) *
(3) (V70,71 € D)3y = V)[@2 7 (n) = T (n)).
Then ®2%™(n) = Z(n), so Z is computable in V. O
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14.2. All n + 1-randoms are GL,,. Friday, November 10

Again we follow Kautz’ thesis [5] very closely.

Theorem 150 (Kautz Theorem I11.2.1). For n < 0, if A is (n + 1)-
random then A™ =7 A& 0™ je. A is GL,. .

Proof. For n = 0 the theorem holds. Fix n > 1.
For each e € w define B, = {A : e € A™}. B, is a X0-class since it
can be shown by induction that the predicate “c < A®Y” is A4 and

AeB., < goeA(nfl)(e) !
— (Jo)lo < A" Y and ¢7(e) |].
An index set for B, can be found uniformly from e. Now we can find
a X0V class U,, satisfying B, C Ue and p(U,) — p(B.) < 27D,
uniformly in @™ by Lemma 111. I, is the extension of a set of strings

r.e. in 0"~ say
U, = U [T].

'rEVVQwi1>
Let the approximation at stage s be denoted

ue,s = U [T] :

TGWZQ(:_U
We can uniformly in )™ find a stage s(e) such that p(Ue) — (U s(c)) <

9—(e+1)
This procedure defines a partial recursive functional W such that for

each e, if B happens to be )™ then WB(e) converges and its value is
(the index of) a finite set of strings such that

Ue,se) = U [7].
TeWB (e)

Define a p.r. functional ® by

1 if UB(e) | and A € Urcwso)7]
AP (e) =< 0 if WP(e) | and A ¢ U, cyn(o[7]
| otherwise.
In particular we have

® (e) = { 0 otherwise.
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Now we show that the class

{A: AM(e) # @AEB@(n)(e) for infinitely many e}
is E?n H)—approximable; i.e. contained in ML test over B(™.
We know that A™ (e) # &40 (¢) if and only either

AeB.,and A ¢ Ue,s(e)
or A¢ B.and A€ U ..
Since p(Be —Ue 5(¢)) < 2-(e+1) and p(Ue,se) — Be) < 2-(¢+1)  the class
Se = (Be - Z/{e,s(e)) U (ue,s(e) - Be)

has measure at most 27¢. U, 4 is the extension of a finite set of strings
recursive in )"~V so it is both a ¥.0-class and a I1%-class. So it follows
that S, is a X0 j-class. Thus {S.}ees is a 0™-recursive sequence of
39 ,-classes, i.e., a ¥ -approximation.

If Ais (n+ 1)-random, it is in only finitely many of the classes
S., so AM(e) = &4 (¢) for all but finitely many e, thus AM™ <,
AP O

The following theorem follows from applying Theorem 150 to Kucera’s
strategy of coding in recursive trees for proving existence of a 1-random
set in every degree above () [8]. The realization is not straightforward
and we will later provide a proof.

Theorem 151 (Kautz Theorem I11.2.2). Let n > 1. For every B >r
0 there is an n-random set A with A"V =, B.

By this theorem there are n-random sets A with A®~Y =, (™ and
hence A™ >; 00 =, A @ (0 showing that the hypothesis that A is
n + l-random in Theorem 150 is necessary.

Now we prove that the n-random set constructed in Theorem 151
cannot be n + 1-random.

Theorem 152 (Kautz Theorem II1.2.3). For n > 1, the class {A :
AT=D >0 00 has measure zero, and in fact contains no weakly n+1-
random sets.

Proof. By Theorem 149, we know that {A : A @ 0= >, 0™} must
have measure zero; otherwise 0 <, =Y. By Theorem 150 every
n + 1-random(which is n-random) satisfies A" =7 A @ 0"~ 5o

{A:APD >0 0N {A: Ads n + 1-random}
= {A:A@ 0™V >, 0N {A: Aisn+ l-random}
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has measure 0. Since the above class is a X0 ,-class, it follows that it
is a union of I1% , ;-nullsets, so it can’t contain any weakly n+ 1-random
sets. O

14.3. An Effective Zero-One Law. Now we will see an effective
version of the classical zero-one law. First a lemma:

Lemma 153 (Kautz Lemma IV.2.1). Let C' € 2* and n > 1, and
let T be a 119- or X9-class of positive measure. Then T contains a
representative of every C'-n-random degree; in particular, if A is any
C-n-random set, then for some string o and B € 2*, A = 0B and

BeT.

Proof. Let A be any C-n-random set. By Lemma 111 we can assume
T is a ch("_l)—class; let S = 7. Let r be a rational number such that
u(S) < r < 1. Now suppose every tail of A is in S. Then we can
construct a E?("fl)—approximation {Si }icw:

Let S be a set of strings r.e. in C™™V with S = |J,g[7]; without
loss of generality assume that all strings in .S are disjoint. Define:

Sog = S
Siy1 = {or:0€ 8, & 1€ S}

Each set S; is r.e. in C™ 1. Now we show that A is in each class
UTESZ‘ [7—]

We know A € U'yGSo [7] by assumption. Suppose inductively that
A € U,cs,0]; then o < A for some o € S;. It follows that A = o B for
some B, and since also B € S by assumption, there is some string 7 € S
with 7 < B. Thus o7 < A and 07 € S;14, that is A € g, [V]-

Since we assumed all the strings enumerated in S to be disjoint, we
have

(U 0D < wUbDeUm)

YESi+1 YES; vES
< [u(Jbnr
YES
< ittt

which suffices to show that A is 2?<n71)—approximable, contradicting
the hypothesis that A is C-n-random. Hence it must be the case that
for some string o and some B, A=cB and B¢ S,ie., BT O

Theorem 154 (Kautz Theorem VI.2.2 — Effective Zero-One law).
Every degree-invariant X0 -class or 112 | -class contains either all n-
random sets or no n-random sets.
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Proof. Let S be a degree-invariant X9, |-class; by the classical zero-one
law, S has either measure zero or measure one. If it has measure one,
it is a union of IT%-classes, at least one of which must have positive
measure and hence contains a representative of every n-random degree
by the previous lemma. By degree invariance, S contains every n-
random set. Now if S has measure zero, its complement, S, is a II? 1
class of measure one. Since it is an intersection of ¥.2-classes of measure
one, it contains every weakly n-random set, and in particular every n-
random set. Thus S contains no n-random sets.

For S, a I1° 41-class, apply the same argument to S. O

Monday, November 13

15. RANDOMNESS BEYOND LEBESGUE MEASURE
BY
JAN REIMANN
UNIVERSITY OF HEIDELBERG

15.1. Review of outer measures.

Definition 155. An outer measure on 2% is a function
p:P(2¥) — R U {oo}
such that

(1) p(@) =0
(2) AC B = pu(A) < u(B) (monotonicity)
(3) u(Undy) <32, 1(A,) (subadditivity)

How do we obtain outer measures? The following technique will be

called Method I.

Definition 156. A premeasure p is any function p : 2<% — R=%. The
outer measure induced by p, written pi,, is defined as

(A = inf {3 plo): AC o]}

UC2<w
= oeu oeu
Set 1,(0) = 0.
Proposition 157. p, is an outer measure.

Definition 158. Let it = 11, be an outer measure. Say a set A C 2 is
1 - measurable if for all £ C 2¢

p(E) = p(ENA)+p(E\ A).
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Theorem 159 (Caratheodory). The set Meas, of all p-measurable
sets is a o - algebra, i.e., it contains ) and is closed under complemen-
tation and countable unions. Further, u is additive on Meas,, i.c.,

WU A,) = Z 1(An)

for any countable family of mutually disjoint measurable sets.

Example 160. (1) p(c) = 27191, the premeasure for Lebesgue mea-
sure.

(2) Probability measures: p()) = 1, and for all o € 2<%, p(0) =
p(c70) + p(071). In these cases, p,([o]) = p(o) (this follows
from the Caratheodory extension theorem).

(3) Bernoulli measures: Let p € [0,1]. Define, for i € {0,1},
Ni{o) = |{j < |o] : 9(j) = i}|. Define pla) = pM(®)-(1—p) o).
Then i, is a probability measure called the (p, 1 — p)-Bernoulli
measure.

(4) Hausdorff measures: p(c) =271l 0 < s < 1.

Hausdorff measure is a relaxation of Lebesgue measure, and while
p is “length-invariant”, it is not a probability measure for 0 < s < 1,
since p(070) 4+ p(c71) > p(o). Also, the resulting measure 1, is not
“nice”, for example, the measurable sets do not include the Borel sets.
So, we need to refine the process of passing from a premeasure to an
outer measure. We will call the following Method I1.

Definition 161. Given 6 > 0 define
H3(A) = uicgf@{z 27l A o] & 27V <6}
- oeU oclU

Remark 162. The metric on 2¥: For X,Y € 2¥, let

N(X,Y) = min{i : X(i) £ Y ()}.
Then d(X,Y) = 27 VXY) if X £ Y, and d(X,Y) = 0 otherwise. So
27ll < § = diameter of [0] < 6.
Definition 163. H*(A) = lims_ H;(A).

This is well-defined because as § — 0, fewer and fewer covers are
available. However, the limit might be infinite, for instance, H*([o]) =
oo for s < 1, while H'([g]) = 271!, since s = 1 gives us Lebesgue
measure.

Also, note that we could replace 271°! by diam(U)*, so this would
apply to arbitrary measure spaces, not just Cantor space.

Proposition 164. If s < t, then H*(A) < co = H'(A) = 0.
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Proof. Assume that H*(A) < co. Then there exists M > 0 such that
for every § > 0 there exists Us C 2<“ open such that A C U,¢gy,[o] and

H3(A) <Y 27170 = M < o
Us

Now

D orltt =y marlels . grlel ),

Us Us
Bound 27171t=%) < §, so

Z 9-lols  g-lol-(t=s) < 5(t=s) . ZQ—\GI'S < =9 . 0.
Z/{(g ué

But §¢=%) — 0 as § — 0 since t — s > 0. So H!(A) = 0. O
15.2. Hausdorff dimension.

Definition 165. The Hausdorff dimension of A C 2¥ is
dimy(A) =inf{s > 0: H*(A) = 0}.

We can think of this as the point where we have the right scaling
factor to study a set, measure theoretically.

Wednesday, November 15

The following are examples of Hausdorff dimension. The first two
occur in Euclidean space, and the last two are in Cantor space.

Example 166. (1) If we consider the “middle third” Cantor set,
then dimy = 82

log3"

(2) If we consider tghe Koch snowflake (another iterated construc-
tion, like the Cantor set, where an equilateral triangle is inserted
into the middle third of line segments), then dimpy = %.

(3) Let B={X €2¥: X(2n) = 1,n € N}. Then dimy(B) = 3.

(4) Frequency sets in 2¥: given p € [0, 1], let

F={X ey U XO =1
p_ . =

p}.

n
Then a theorem of Eggleston [3] says that

dimpg(F,) = —[p —logp + (1 —p) - log(1 — p)] = H(p),
called the p - Entropy.

We have the following properties of Hausdorff dimension.
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(1) 0 < dimg(A) <1 for every A C 2¢.
(2) MA) > 0= dimg(A) = 1, where A is Lebesgue measure (this
notation is used only in this section).
(3) AC B =dimg(A) < dimy(B).
(4) dimpy(U;A;) = sup, dimpg(A;).
For more see [17].

15.3. The effective setting.

Proposition 167. Given a premeasure p, a set A C 2* is p,-null if
there exists a set W C N x 2<% such that:
(1) for all n, W,, = {o : (n,0) € W} covers A, that is, A C
UUEWn [0]; and

(2) foralln, > oy plo) <277,
i.e., every nullset is contained in a Gs-nullset.

Definition 168. A premeasure p is computable if there exists a com-
putable function g : N x 2<“ — Q such that |p(c) — g(n,0)] < 27™.
(So we can approximate p to any desired degree of precision.)

Definition 169. (1) Given a computable premeasure p, a p,-ML
- test is a c.e. set W such that for all n, > ., p(o) < 27"
(Note: if we let pu, = A, we get our original ML-test.)
(2) A C2¢is an effective p,-nullset if it is covered by a ju,-ML-test
W, ie., AC N, Ugew, [o].
(3) X € 2¥is p,-random if {X} is not effectively p,-null.

Remark 170. Observe that this representation also holds for H?*-
measure defined via Method II.

Definition 171. Given A C 2%, the effective Hausdorff dimension,
dim}; (A) := inf{s € Q=" : A is effectively H* null}.
For single reals, X € 2¥, we write dim};(X) instead of dimk({X}).
Proposition 172. (1) For every X € 2, 0 < dimi(X) < 1.
(2) For every s € Q with 0 < s < 1, there exists a real X such that
dim} (X) = s.
(3) For every A C 2%, dimp(A) = supyey dimp(X).

Number (3) above was proved by Lutz [10]. In addition to [10],
further references include [11], [12], and [16].

Example 173. (1) If R is A-random (that is, ML-random), then
dim}; (R) = 1.
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(2) If R is A-random and Z is recursive, then dimj;(R® Z) = 1.

(3) If u, is the (p, 1 —p)-Bernoulli measure, and if Y is p,-random,
then dim};(Y) = H(p), the p-Entropy.

(4) Let 0 < s < 1, s € Q, and let U be a universal prefix-free
Turing machine. Define

Q= Y 277

oedom(U)
Then dimk (Q®)) = s.

Number (4) was shown by Tadaki in [23]. All four examples above
have the property that you can effectively extract a ML-random from
them. This is easy to see for the first two. For (3), you need a trick
of von Neumann for turning a biased coin fair: toss a coin twice, if
the outcomes are the same, toss again. Otherwise, interpret HT as H
and TH as T. For (4), using the Arslanov completion criterion one can
show that Q) is Turing complete, and from that we know that it is in
the same degree as a ML-random. The following theorem makes clear
why the dimensions in the above examples work out as they do.

Theorem 174. For every X € 2%,

dimj; (X) = liminf KX Tn)
n

n

Friday, November 17

15.4. Hausdorff dimension and Kolmogorov complexity. All of
the following is towards the proof of the previous theorem.

Definition 175. A discrete semimeasure is a function m : 2<¢ — R
such that ) _,.. m(o) < oo. By scaling, we can equivalently define a
discrete semimeasure as a probability measure, with )., m(o) < 1.

A semimeasure is enumerable if the set {(o,p) € 2<“xQ : p < m(o)}
isr.e.

Example 176. 27%(°) is an enumerable semimeasure. (An enumerable
semimeasure is the dual of an information content measure (ICM).)

Definition 177. A semimeasure m is mazximal among a class C of
semimeasures if for every m € C there exists a constant ¢,, such that
for all o, m(o) < ¢, - m(0).

Theorem 178. There exists a semimeasure m that is maximal for the
class of enumerable semimeasures.
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Proof. The idea of the proof is to set m = ) 7%. O

Theorem 179 (Coding Theorem). 275 4s ¢ mazimal enumerable
semimeasure. Equivalently, —logm(c) =T K(o), where =1 means
that they are additively equivalent.

Theorem 180. Let 0 < s <1, s € Q. Then X € 2% is H*-random iff
there exists a ¢ such that K(X [n)>s-n—c.

Proof. (Sketch. This proof follows the proof of Theorem 81.)

(<) Assume X is not H*-random. Let (W,) be an H*-test that X
does not pass, i.e., X € N, Uyew, [0]. Define m,, : 2<“ — R such that
o—n-271°if ¢ € W, and ¢ — 0, otherwise. Set m = >, M.

We need to show that m is an enumerable semimeasure (enumerable
since W, is c.e., semimeasure since the sum will still converge). By the
coding theorem, m(c) < 275 . ¢, for some c,,. This gives what we
want.

(=) Chaitin’s formula (see Theorem 79) gives

{o:lo|=n & K(o) <n—1}| < 2mtRmte

for some ¢ (independent of n and /). Assume for all £ there is n such
that K(X [ n) < s-n—k. Define Vj, := {0 : K(0) < s:|o|—k—c} where
¢ is the constant from Chaitin’s formula. Then Vj is uniformly r.e.,
and every Vj, covers X. Then use Chaitin’s formula to > 27l <

27k, U
Theorem 181. For every X € 2 dim};(X) = liminf,, K&

Proof. If s > dim}(X), we show that K(X) < s. If s > dim4(X),
then X cannot be H*-random, so by the previous theorem, for all £
there is an n such that K(X | n) < s-n — k. Hence, % < s,

thus lim inf,, w <s

Now let s < dimk(X). Then X must be H*-random. So K(X |

n) > s-n — c for some ¢ and for all n. Hence, K(XTMHC > s for all n,

so liminf,, @ > s. O
15.5. Connections to Martingales.

Theorem 182. X s not H®-random iff there is a c.e. martingale d

such that lim sup ;((fsm = 00.

Think of s as an extra “tax” on your winnings. If s = 1, nothing
happens. If s < 1, your winnings diminish each time, and the smaller
the s, the heavier the tax.
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What happens when lim ;(1)_(!)71 = 00? This corresponds to a no-

tion of packing measures and packing dimension. These can also be
effectivized, giving rise to dim,(X) = limsup, w We can think
of dim}; as giving lower algorithmic density, and dim; as giving upper
algorithmic density.

Monday, November 20

16. KuCERA CODING

Theorem 183 (Demuth). If A is 1-random and B is non computable
with B <y A then B has 1-random degree (B is Turing equivalent to
a I-random set).

We can ask if the theorem holds when the reduction is weakened so
that B <, A. The following theorem answers the question in the
negative.

Theorem 184 (Kucera-Gécs [1] [8]). For every real A there is a 1-
random real R such that A <, R.

Recall that Turing functional ® is a truth table reduction if there is
a computable function u : w — w such that for every X € 2“ and every
n € w ®*(n) | with use and time bounded by u(n). The functional ®
is a weak truth table reduction from X to Y if ®¥ =Y and the use of
®*(n) is bounded by some computable function (of n).

Theorem 185 (Kucera). If A > (' then A has 1-random degree.

Both of the 2 preceding theorems follow from the next theorem,
which has been variously attributed to Nies, Kucera, and Riemann
(though it should be noted that this particular proof comes to us from
Simpson [20]). The theorem can be viewed as a variant of pseudojump
inversion .

Theorem 186. Let P C 2“ be a H(l) class with positive measure. For
all e and every A > I there is a real B € P such that J.(B) =r
B® W =r A (where J.(B) .= B® W2E).

To prove the earlier theorems take P to be the complement of some
part of the universal Martin-Lof test. This ensures that P consists
entirely of 1-randoms. For Kucera’s theorem take J.(B) = B & B and
apply Theorem 186 to A to find B € P such that A = J.(B) = B.
The Kucera-Géacs theorem will have to wait for a corollary.
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Proof of Theorem 186. Let {U,}ne., be a universal Martin-Lof test.
This means that u(U,) < 27". Since P has positive measure there
is some n such that u(P —U,) > 0. Fix this n and from now on just
work with P — U, a TIY class with positive measure that will be called

P.

Lemma 187. There is a computable function h : w — w such that if i
is the index of a nonempty 119 subclass Q; of P then u(Q; > 271,

Proof. Q; is 1IY so we can find a computable sequence of clopen sets
{Qis}scw, such that Q; = (N, Qis and Q; s 2 Q; o1 for all s. Define
a partial computable function W(i, k) = us[u(Q;s) < 27%]. Create a
Martin-Lof test based on W:

Vip = { Qiwir if V(i k)|

1] otherwise

Let LN{M be the kth element of the jth Martin-Lof test in a computable
listing of all Martin-Lof tests. There is a computable function g such
that V; = Z;{g(l-),k. Our construction of the universal test is such that
Z;lj,k - Z/lk._j for k > - Hence Z;{g(i)g(i)—i-n Cu,.

If W(i,g(i) +n) | then Q; C Uyuygysn S Uy This contradicts
our assumption that P NU, = 0. Therefore ¥(i,g(i) + n) T and so
w(Q;) > 27O+ Then h(i) = g(i) + n is the desired function. O

We are ready to begin the construction. For each p € 2<¢ define
a function f(p) and a nonempty IIY subclass Q, P. The function f
will be defined so that if ¢ < 7 then f(o) < f(7). Then we will have
B=U,., f(A]n).

Set f(A) = Aand Q) = P. Assume now that f(p) and Q, have been
defined.

First we determine if n € W2. Let m = |p|. There are 2 cases.

1: 3X € Q, (me WSX). In this case there is a least o € 2<
such that m € W7 and Q, N [o] # 0. Let Q5 = Q, N [o] and

f(p) =0
2. Otherwise VX € Q, (m ¢ W,X). Let Q5 = Q, and f*(p) =
f(p).

Second is Kucera coding. By the lemma we can effectively find k
such that u(Q;) > 2% Hence there must exist at least 2 strings o
and oy of length k + 1 such that Q5 N [o;] # 0 for i = 0,1. (If there
is only one such string o then u(Q,) < u([e]) = 2=*+Y contrary to
our assumptions). Now let f(p~0) be the leftmost such string and let
f(p~1) be the rightmost such string. (To determine the rightmost and
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leftmost such string we need to use (' but we do not need ¢ to find k.)
Let Q,; = Q5N [f(p~i)] for i = 0,1.

This is the entire construction and it remains only to verify that
the construction works as desired. In determining if m € W2 we can
determine which case we are in by deciding if 3o € 2<“ such that
Q,N o] # 0 and m € w). To do the coding we need to decide if
Q5 N [o] = 0. Both questions are decidable in .

Let B =, f(ATn).

It is clear that B <; A® ( = A.

It is also clear from the construction that W2 < A® @/ =7 A.

A <7 B@® (I because we can use () to recover the coding location of
Ain B.

A <7 B@® W2 again because we can recover the coding location of
A in B. This time the recovery of A is more complicated, however,
because we cannot determine directly whether we put the leftmost or
rightmost string in B. We can recover f*(p). We know that there are
2 possibilities:

1. Vo of length |f*(p)| left of f*(p) [0] N Q; = 0 (in which case
f*(p) is the leftmost string) or

2. Vo of length |f*(p)| right of f*(p) [¢] N Q% = 0 (in which case
f*(p) is the rightmost string).

Note that [0]N Q5 = 0 if and only if [¢] is contained in the complement
of Q;. So we enumerate the complement of Q;‘, until we determine
which case we are in. This determines A.
Therefore BOWE < A <p Bl <7 A < B&WZE and equivalence
must hold throughout.
O

By skipping the pseudojump component of Theorem 186 and rela-
tivizing we can establish the following.

Corollary 188. Let P be a 117 class of positive measure. Then for any
A >7 7' there is B € P such that A <r B ® Z with use computable in
Z and B <1 A.

Proof. We are no longer concerned about the pseudojump so we simply
perform the Kucera coding of A into B. This time our class P is the
set of paths through a tree computable in Z’ instead of a computable
tree. This gives, as before, B <p A® Z' =1 A.

The proof that A <; B ¢ Z is the same as the proof that A <p
B @ W2 except that this time there is no W2 to worry about. A close
look at this reduction establishes the bound on the use. We have a
computable in Z function, h, that we use to determine the length of
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the coding of A into B. Once we have this length we know exactly
how much of B we will use to recover A(m). So we enumerate the
complement of our I17 class @, until we determine, as before, whether
B | h(m) + 1 is the rightmost or leftmost string. This decides A(m)
with use of B given by h(m) + 1. O

To prove the Kucera-Gacs theorem take P to be the complement of
some part of the universal Martin-Lof test. Then apply this corollary
to A® (' to find B € P such that A <,u A® 0 <; B & D where this
last reduction has use of B bounded by a function computable in ().
Therefore A <, B where B is 1-random.

Note that this technique will not give a truth table reduction be-
cause we cannot determine how long we will have to enumerate the
complement of Q, in the reduction. So while the use of B is bounded
the use in time of the computation is not bounded. This means that
the reduction is not a truth table reduction.

By taking Z = 0™ in the corollary we find that VA >, 0»*)3B ¢
R, such that A =7 B @ 0. Recall that a theorem of Kautz (Theo-
rem 150) states that if B € R,, then B™ =, Ba (™. So we actually
establish that A =7 B™.

Friday, December 1

17. COMPLETIONS OF PEANO ARITHMETIC

Definition 189. a is a PA-degree, or simply PA, if a computes a com-
plete extension of Peano Arithmetic. (We may also say a computes a
complete extension of Peano Arithmetic.) Further, P.A is the class of
all reals which are of PA-degree.

Note that it follows immediately from the previous definition that
the PA degrees are closed upwards.

Definition 190. A pair of disjoint c.e. sets A, B is an effectively in-
separable pair of c.e. sets if there exists a partial computable ¢ so that
if AC W, and B C W, and W,NW, = 0 then ¢(< x,y >) ¢ W, UW,.

Definition 191. A, B is a computably inseparable pair of c.e. sets if
A and B are disjoint c.e sets and for all computable sets R we have
-(AC RCB).

Note that effectively inseparable implies computable inseparable.
However, the following two propositions can be used to show that com-
putably inseparable does not imply effectively inseparable.
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Proposition 192 ([21] pp. 44-45). If A;, B; are effectively inseparable,
then (Ao, Bo) =1 (A1, B1).

Proposition 193 ([21] p. 44). If Ay, Ay are effectively inseparable they
are creative.

Lemma 194. (Overspill) If M is a non-standard model of PA and
M = ¢(n) for alln € N then there isn € M —N such that M |= ¢(n).

Proof. If M =V n ¢(n) then since M is non-standard choose some
n € M—N. Otherwise, choose the least n € M such that M = —p(n).
Then n # 0 by hypothesis and so M = ¢(n—1) andn—1€ M—-N. O

Lemma 195. If T is a completion of Peano Arithmetic then there is
a non-standard M such that M =T and D°(M) <p T.

Proof. Use an effective Henkin construction with oracle T to compute
the complete diagram D¢(M) of a model M = T which realizes the
computable type p(z) = {x > n:n € N}. O

Theorem 196 (Scott Basis Theorem [18, 19]). If T is a completion of
Peano Arithmetic then for every nonempty 1Y class C there is B € C
such that B <7 T.

Proof. (This follows the proof in [0]) Let S C 2<¢ be a computable tree
with [S] = C. Since S is computable, there are AJ-formulas ¢g and ¢,
such that 0 € S <= Fx po(z,0) and 0 ¢ S <= F = p1(z,0). Hence

ceS<—=FzVr 0T <zpy(e,T) A\Vy<z-p1(y,T)
Let o(£) be the X9-formula saying that S has a string of length ¢, i.e.,
e(l):=F0 |o|>lANTFzVT 0T <zpy(e,7) A\Vy <z -p1(y,7)

Since [S] is non-empty, N = (/) for all £ € N. Use the previous lemma
to obtain a non-standard M | PA such that D¢(M) <¢ T. Since
N |= o(¢) for all £ € N and ¢(¢) is XY, it is the case that M = ¢(¢) for
all ¢ € N. By overspill, there is ¢ € M —N such that M = ¢(¢). Let o
be the associated string and for all n € N let 7,, be the unique 7,, € 2<¥
such that M = 7, < 0 A 7| =n. Then M =z po(z,7) AV y <
r —p1(y, 7). If 2 € Nthen N = 3 ¢o(x,7,) and hence 7,, € S,
while if # ¢ N then N =V y —p;(y,7,) and hence 7,, € S. Hence
B := U,7, € [S] = C. Further, B is computable from D(M), since
to compute whether or not x € B, we simply start enumerating M
looking for the unique 7 € M such that M =7 < o A|7| =2+ 1, and
when we find it we check whether or not 7(z) = 1. O

Lemma 197. The class of all P such that P is a completion of PA is
a I19 class.
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Proof. Let W, := {"¢7: PAF —p} and W; := {"p" : PAF —p}.
Define T' C 2<% as follows. o € T if for all n < |0,

nGWe7|U| :>O'(n) =1&nc Wi7|g| :>O'(n) =0

and no contradiction can be derived from the theory {¢ : o("¢p ") = 1}
in less than |o| steps. [T] are the desired completions. O

Theorem 198. Let a be a Turing degree. The following are equivalent:
(1) ais PA.
(2) There exists C <r a such that C separates an effectively insep-
arable pair of c.e. sets.
(3) @ computes a path through every infinite computably bounded
computable tree.

Proof. (1 = 3) This is the Scott Basis Theorem (Theorem 196). (3 =
1). This follows immediately from Lemma 197. (1 = 2) Let C' <7 a
be a complete extension of PA and set A := {T¢" : PA F ¢} and
B:={"¢7: PAF —p}. Then C separates A and B since if PA - ¢
then '+ ¢ and so "' € T, and if "' € T then T F ¢ and so
PA ¥ —p. Further A and B are effectively inseparable since Godel’s
first incompleteness theorem gives an effective procedure for producing
independent sentences of computable extensions of PA. (2 = 1) By
Theorems 192 and 193, if a can separate one pair of effectively insepara-
ble pair of c.e. sets, a can separate every pair of effectively inseparable
pair of c.e. sets. Using know facts about PA it is not hard to see that
W; and W, (from the above proof) are a pair of effectively inseparable
pair of c.e. sets. O

Corollary 199. A PA degree computes a 1-random.
Proof. There is a I1{ class that consists of only 1-randoms. O
Theorem 200 (Kucera). u(P.A) = 0.

Proof. The proof is somewhat similar to that of Sacks’” Theorem (The-
orem 149). Suppose that u(PA) > 0. Choose a functional ¢ such
that u(P) > 0 where P := {A : & is a completion of PA}. Recall
that ¢(P) := {X : P has density 1 at X}. The conclusion of the
Lebesgue Density Theorem is p(P A ¢(P)) = 0. Then we must have
w(P N o(P)) > 0. So there is some X € ¢(P). This means that P has
density 1 at X, which means lim,, 2"u(P N [X | n]) = 1. Choose p so
that
Vag=>p 2P N[X Tq])>3/4]

(Of course, 3/4 is not special: any number greater than 1/2 and less
than 1 will do.) Then for all ¢ > p, PN [(X | ¢)~(0)] # 0 and
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PNX ]q) (1) #0. Choose a "¢ > p such that PAF —p. Choose
TePN[(X [Te'—1)"(1)]. Then there is a complete extension 7" of
PA such that T'F ¢, which is a contradiction. 0

Corollary 201. u(R; —PA) =1.

Lemma 202. Suppose that X is PA and v is a partial-computable
function with computably bounded values. Then X computes a total
extension of 1.

Proof. Ext(¢) == {oc € w : ¥V n a(n) < g(n) A (¢(n) |— ¢¥(n) =
o(n))}. Then Ext(1) is a non-empty computably bounded II? class
in w¥. Then Ext(f) is computably homeomorphic to a non-empty 19
class X in 2<¢. Then X computes a member of X', and hence a member
of Ext(¢)). Hence X computes a total extension of . O

Theorem 203 (Stephan [22]). If A € Ry NPA then A >r (V. Hence
the collection of degrees that contain 1-randoms and compute extensions
of Peano Arithmetic is exactly the cone above I (including ).

Proof. Given B we define a partial computable function v from which
we will define for each e a Solovay test {V, ,}. If B computes a complete
extension of PA it will compute a complete extension of ¢). Then we’ll
show that if B is 1-random it will be able to compute the halting set.
Define ¢s(< e,n >) as follows. If n ¢ (I, then ¢4(< e,n >) T, for
all e. If n € 0 ., — (I, then make the following computations for each
fixed pair < e,n >. For each i let rep; = p({X : ¢X(< e,n >) = i}).
Let ¥s11(< e,n >) = j where r(e,n,j) < r(e,n,i) for all i < 2™+ 1.
Note that (< e,n>) | <= nel.
Let Vo, = {X :3s(n € 0, — 0, and ¢ (< e,n >) =U(< e,n >)}.
Note that u(V.,) < 27". For each e, {V.,} is a Solovay test, so
it B is l-random it is in finitely many V., for each e. Now assume
B computes a total extension of ¢ via ¢Z. Fix this e. We know B
is in V,, for only finitely many n. For all other n, if n € 0/, — 0.
then ¢£s(< e,n >) # (< e,n >). But ¢? is supposed to be a total
extension of 1, so gbfs 7. Hence n cannot enter () after stage s such
that ¢ (< e,n >) |. So we can decide if n. € (' by waiting for stage s

so that ¢fs(< e,n >) | and then observing whether n € ). d

Corollary 204. There exists a degree a that is PA but contains no
I-randoms.

Proof. By the Low Basis Theorem, because PA is a I1{ class it contains
a low set. 0
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Corollary 205. The 1-random Turing degrees are not closed upward
wn the Turing degrees.

18. FIXED-POINT FREE AND DIAGONALLY NON-RECURSIVE
FuNCTIONS

Definition 206. A function f is fized point free (FPF) if there is no e
so that Wy = We.

Definition 207. A function f is diagonally non-recursive (DNR) if for
all n, f(n) # u(n).
Theorem 208 (Jockusch-Soare, Solovay). TFAE

(1) A computes a FPF function.
(2) A computes a total h such that @y = . for all e.
(3) A computes a DNR function.

Theorem 209 (Jockusch-Soare, Solovay). A is PA <= A computes
a 0 — 1-valued DNR function.

Proof. (=) Consider {f : Vo < f(Vn[o(n) # ¢n.(n)])}.
(<) {e: ¢c(e) =0} and {e : ¢.(e) = 1} are effectively inseparable.
U

Theorem 210 (Arslanov Completeness). A c.e. set is complete <=
it computes a DNR function.

Proof. Uses the Recursion Theorem. O

Monday, December /

Theorem 211. (Kucera) If A € R then A computes a DNR function.

Proof. Let f(n) = A | n and choose constant ¢ such that K(¢,(n)) =
K(n) +c. 1 f(n) = gu(n) then K(A | n) = K(f(n)) = K(pn(n)) =
K(n)+c < 3log(n) + ¢, where the last inequality follows from Lemma
71. But since A € R there is a constant ¢y such that Vn K(A [ n) >
n—c. So3dImV¥n>m f(n)# pp(n). Since f is equal almost
everywhere to a DNR function, A computes a DNR function. O

Corollary 212. If A€ R is ce then A =1 O (cf. Theorem 104)
Proof. By the previous theorem and Arslanov completeness. 0

Theorem 213. (Kucera) If f <r O and f is FPT then there is a ce
set W such that O <o W <p f
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The above theorem gives a priority-free construction of a non-computable
ce set W. The proofs of the following theorems are likewise priority-
free.

Theorem 214. (Kucera) There are ce A, B such that 0 <7 AlrB <

Theorem 215. (Kucera) For all A € R with A < (' there is ce B
with 0 < B < A.

Proof. For each e, if x > e, x € We o1 — Wes, BsNW,, = 0, and
Vite[rs] A | e= A | e, then put x into B and put [A; | €] into the
Solovay test V. (we only do this once for each e¢). Then A is only in
finitely many of the V., i.e., 3m Ve >m A ¢ V.. For each x and each
e € [m,x] compute in A the least s > x such that A, [ e # A [ e or
Agy1 e= A e Then x € B if and only if z € B,.4, for if x enters
after s + 1 then [A [ ¢] € V.. O

Definition 216. (Schnorr) A function ¢ : N — N is an order if g is
non-decreasing and unbounded.

Definition 217. (Kjos-Hanssen, Merkle, & Stephan [7]) A set A is
complex (resp. autocomplex) if there is a computable order g (resp.
A-computable order g) such that C'(A [ n) > g(n).

Remark 218. Recall that C(0) < K(0), K(0) < C
and C(o) < |o| + ¢. Hence g(n) < K(o) < C(0)
3C(|a]).

Theorem 219. TFAE

1. A is autocomplex
2. There is h <p A such that C(A | h(n)) > n for all n.
3. There is f <p A such that C(f(n)) > n for all n.

Proof. (2 = 3) Set f(n) = A | h(n). (1 = 2) Set h(n) = min{/¢ :
g(l) > n}. (3= 1) Let f <r A via ®4(n) = f(n) with use u(n).
|

(o) +2log(|o]) +c,
+ 2log(lo]) + ¢ <

) )
Then V ¢ > u(n) ®41%(n) = f(n). Then n < K(f(n)) < K(A |
() +2log(n) +c < 2K(A | £). Hence § < K(A [ {). So set g(n) =
max{/ : u(f) < 2n}. O

The proof of the following theorem is quite similar.

Theorem 220. TFAE
(1) A is complex
(2) There is a computable h such that C(A [ h(n)) > n for alln
(3) There is f <y A such that C(f(n)) > n for all n.
(4) There is f <uwu A such that C(f(n)) > n for all n.
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Theorem 221. A is autocomplex iff it computes a DN R function.

Proof. (=) Suppose that A is autocomplex. By the previous theorem,
there is f <; A such that C'(f(n)) > n for all n. So for almost all n

C(pa(n) < C(n) + ¢ < 3log(n) + 3¢ <n < f(n)

(<) Suppose that A is not autocomplex but ¢4 is DNR. Choose a
function e such that ¢..) = <p,]nw ) \Where M is a universal Turing
machine. Let h(n) = max{use of p?(e(2)) : |z| < n}. Then there are

infinitely many n such that C'(A [ h(n)) < n, and this is witnessed by
|zn| < n. Then

Peian (€(zn)) = 02 ) (e(20)) = 971" (e(20)) = 97 (e(20))

Theorem 222. TFAE

(1) A is complex
(2) There is some DNR B such that A <; B
(3) There is some DNR B such that A <, B

Theorem 223. There is a complex set which does not compute a 1-
random.

Proof. See [1]. O

Corollary 224. An ce set is complete (resp. wtt-complete) iff it is
autocomplex (complex).

Proof. By the Arslanov completeness criterion. O

Corollary 225. A set is complez iff it is not wtt-reducible to a hyper-
immune set.

19. WHAT MISSING?

19.1. Proof of Theorem 183.

19.2. Lowness and Triviality. There are lots of great results here.
The highlight would be

Theorem 226 (Nies, Nies and Hirschfeldt). TFAFE
(1) A is K-trivial, i.e., Vn K(A[n) < K(n)+c
(2) A is low-for-random, i.c., Ri' = Ry
(3) A is low-for-K, i.e., V(o K(o) < K4(0) + ¢).
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19.3. Other Notions of Randomness. There are other notions of
randomness which one might study. On the one hand, one can study
weaker notions of randomness, wherein more reals become random. On
the other hand, one can study stronger notions of randomness, wherein
fewer reals become random. For example, see [2] and [13].
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