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ABsTRACT. We show that if A and A are automorphic via @ then the
structures 85 (A) and &R(K) are Ag—isomorphic via an isomorphism W
induced by ®. Then we use this result to classify completely the orbits
of hhsimple sets.

1. INTRODUCTION

We will work in the structure of the computably enumerable sets. The
language is just inclusion, C. This structure is called &.

Our understanding of automorphisms of & is unique to &. In most struc-
tures with nontrivial automorphisms we can construct automorphisms via
the normal “back and forth” argument. But this is not the case with &. To
construct automorphisms we use the properties of being well-visited and
well-resided. Well-visited is T13 and not being well-resided is =3 (we use
the negation). Since the complexity of these properties is at most 28, the
construction of the desired automorphism can be placed on a tree. (We will
not discuss the details on this placement nor of the construction of an auto-
morphism of & but direct the reader to Harrington and Soare [2] or Cholak
[1].) If an automorphism & is constructed on a tree then ® has a presenta-
tion computable in the true path (which is Ag). Hence all automorphisms
constructed in this way are Ag-automorphisms. (In some cases we can im-
prove this to make the automorphism effective.)

Our current goal is to prove that if A and A are automorphic by any (not
necessarily Ag) automorphism & (that is, ®(A) = K) then there are defin-
able substructures of &, 8 (A), and 8% (A)—we will define these structures
shortly—such that the isomorphism induced on these structures by @ is Ag.
That is, whereas ® need not be AJ it is AJ on a definable substructure of &.

Before we can formally state this result we need a definition:
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Definition 1.1. Let 8(A) = {B : 3IC(B u C = A)} (u is disjoint
union). So 4(A) is the splits of A and $(A) forms a Boolean algebra.
Let R(A) = {R : R € Aand R iscomputable}. R(A) is the collection
of all computable subsets of A and is an ideal of $(A). Let $z(A) be the
quotient structure $(A) modulo R(A).

If W e $(A) then let WRA pe the equivalence class of W in $&(A).
Sx(A) is a Boolean algebra and is definable in & with a parameter, A.
Sx(A) is also definable (without parameters) in &(A) which is the com-
putably enumerable sets contained in A ordered by inclusion.

If A and B are automorphic then the structures $z(A) and $z(B) are
isomorphic structures. In fact, if A and B are noncomputable then §(A)
and 8% (B) are atomless Boolean algebras (see Lemma 2.2) and hence iso-
morphic. In fact, they can be seen to be Ag-isomorphic; see Theorem 2.4.

But surprisingly, if A and A are automorphic in & via ® then the auto-
morphism & induces a Ag-isomorphism on 8% (A) and 5;,;(70:) even if & is

not itself A9,

TheoremAl.Z. If Aand A are automorphic via @ then the structures 8z (A)
and 8z (A) are Ag-isomorphic via an isomorphism W induced by ®.

In other words there is an isomorphism W between $(A) and &(R(K)
such that W (WR®) and (& (W))R™A are the same equivalence class (i.e.,
W is induced by @) and there is a Ag-function f such that for We € $(A),
W (g is in W(WE™). We will write this as 8 (A) ~ 0 Sz (A).

We will not completely discuss here the full impact and potential of the
above theorem since a partial discussion already appears in Section 3 of
Cholak and Harrington [4] to which we direct the reader. However we will
mention and prove one theorem which follows from the above theorem and
some work in Maass [9]:

Theorem 1.3. Let H and H be hhsimple. H and H are automorphic iff
they are AS-automorphic iff £*(H) ~p0 L*(H).

What is exciting about this result is that it completely characterizes when
two hhsimple sets are automorphic. They are automorphic iff their L£L* are
Ag-isomorphic. We can easily work with the .£* as they are just Boolean
algebras. In Section 3.1 of Cholak and Harrington [4], we mentioned how
this theorem easily implies some known results.

Theorem 1.2 and some other work of ours will be used in Cholak and
Harrington [2] to show:

Theorem 1.4. If Aand A are automorphic via W then they are automorphic
via A where A | £L*(A) =W [ L*(A)and A | §*(A) is A,
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Hence if A and A are automorphic (via any automorphism) they are au-
tomorphic via an automorphism A which is Ag on the inside of A. It has
been observed that in any known construction of an automorphism taking a
set Ato A it is possible to use Soare’s Extension Theorem. The above the-
orem (and its proof) imply that this observation is always the case; Soare’s
Extension Theorem can be used in every automorphism construction.

The rest of this paper consists of the proofs of Theorems 1.2 and 1.3.
These proofs are very modular. The proof of Theorem 1.2 starts in Section 3
and continues through Section 10. The proof of Theorem 1.2 depends on
the special L-patterns which were introduced in Cholak and Harrington [4].
We will use several theorems about special .£-patterns which can be found
in Cholak and Harrington [3]. As needed we will restate and rephrase these
theorems; this can be found in Section 6. The proof of Theorem 1.3 appears
in Section 11.3.

1.1. Notation and definitions. Our notation and definitions are standard
and follow Cholak and Harrington [4] which follows Soare [13].

We think of ® as a map from w to another copy of w, @. All subsets of
o will wear hats. We refer to  as the hatted side and sometimes we refer
to w as the unhatted side. Throughout the rest of the paper we will assume
that @ is an automorphism of & and that ®(W) = W, for all computably
enumerable sets W. If S is a split of a computably enumerable set X, we
will use S to denote the computably enumerable set X — S when the set X
is clear from context.

2. SOME FACTS ABOUT 8% (A)

If X,Y € 4(A) then the symmetric difference of X and Y, XAY,
is a computably enumerable set, a split of A, and therefore in §(A)
(XAY = XNA=-Y)UNXNA=X)=XNY)UKY nX)).
If X =xa) Y then XAY is contained in a computable subset R of A. But
if XAY € R C Athen XAY is computable (given x in R it must enter
XAY or A — (XAY)). Sofor X,Y € 8(A), X =g Y iff XAY isa
computable subset of A.

Lemma 2.1. Given two splits X and Y (of A), whether X =% Y and
X CgYisz.

Proof. Given the index for X, it is possible to find in a Ag way an index

for X. Similarly for Y. Hence we can find an index for XAY in a A3
fashion. Now X =g Y iff XAY is computable iff there is an | such that
Wi L (XAY) = w. Since “W; L (XAY) = o” is T13, the last clause in the
above sentence is 3. Now X C» Y iff XU(XNY) =g Y. O
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Lemma 2.2. If C is noncomputable then 8§ (C) is the atomless Boolean
algebra.

Proof. Let X and Y be noncomputable splits of A such that X C Y but
X #% Y. Then by the Friedberg Splitting Theorem or the Owings Splitting
Theorem we can split Y over X into two noncomputable halves each of
which are splits of C. O

Since any two atomless Boolean algebras are isomorphic effectively in
the order relation, we get the following corollary:

Corollary 2.3. If C and C are noncomputable, then 82 (C) and 5;,;(6) are
A$-isomorphic.

However this can be improved.

Theorem 2.4 (Nies). If C and C are noncomputable, then $<(C) and
82(C) are AJ-isomorphic.

Proof. Herrmann (unpublished) observed that if an isomorphism & be-
tween &*(C) and &*(C) is constructed by first using Soare’s Order-
Preserving Enumeration Theorem (see Soare [13, XV.5.1]) followed by
Soare’s original Extension Theorem then the produced isomorphism pre-
serves the computable subsets (the image and preimage of computable sets
is computable) and is Ag. (For more details we direct the reader to the
sequel of this paper, Cholak and Harrington [2], where we discuss exten-
sion theorems.) Since ® preserves computable sets, it clearly induces a
Ag-isomorphism between 8% (C) and 8 (C). (Nies’s proof is different and
is discussed below.) O

At some point we will need to consider a particular Zg-ideal, I,0f 82(C)
where C is a computably enumerable set which we construct. (Our partic-
ular £ will be defined in Definition 5.6.) Ideals of $%(C) are subsets of
$x(C) which are closed under finite union and inclusion. An ideal 4 of
8x(C) is 0 iff We € £ is 0. Since whether W is a split of C is =3,
S7(C) is itself a Eg-ideal. Until we define our particular £ we should
think of £ as just $2(C)._Since @ is an automorphism, there is an ideal,
I ={X:Xed},of 8z2(C).

We should point out that 8% (A) plays a very important role in Nies [12];
it is the principal structure used to provide an interpretation of true arith-
metic in intervals of &* which are not Boolean algebras. In that paper,
Nies considers effectively dense Boolean algebras (we refer the reader to
Nies [12] for a definition). By using the Owings Splitting Theorem, Nies
showed that 8% (A) is a 0”-effectively dense Boolean algebra.

Recently Nies has extended some of his work concerning effectively
dense Boolean algebras to effectively inseparable Boolean algebras which
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were introduced in Montagna and Sorbi [10] (see that paper or Nies’s up-
coming paper on this topic for a definition). Nies showed that effectively
inseparable Boolean algebras are also effectively dense and that % (A) is
a 0”-effectively inseparable Boolean algebra. Montagna and Sorbi have
a number of results about effectively inseparable Boolean algebras. One
of these states that any two a-effectively inseparable Boolean algebras are
a-isomorphic. This was the first proof of Theorem 2.4. Hence we have
credited Theorem 2.4 to Nies.

3. WEEDING OUT SOME SPLITS T OF A

Our goal is to match in a A9 way each split T of A with a split T of A
suchthat T and T are equivalent modulo R (A); thatis T AT is computable.
The isomorphism W will be defined as (T ®A) = (T)RA. Since @ is
an automorphism of & and 8% (A) is a definable substructure of &, ¥ will
be an isomorphism.

We start by building a subset B of A with certain definable and dynamic
properties. We need to recall the following definition:

Definition 3.1. B is a small subset of A if for every pair of sets X, Y if
XN(A—B)CYthenY U (X — A) isacomputably enumerable set.

The following results about small subsets will prove useful. At least the
first two are in Stob [14] (see Soare [13, X.4.11]).

Lemma 3.2 (Stob). Assume E is a small subset of D.

(1) 1f D C D then E is a small subset of D.
(2) If E C E then E is a small subset of D.
(3) Then E — R issmall in D — R for any computable set R.

Proof. We are just chasing through the definitions to get these results.

(1) Assume that X N (D — E) € Y. Then X N (D - E) € Y. So
Y U (X — D) is a computably enumerable set. Now X N (D — D) C Y. So
YU(X-D)=YU(XX-D). _

(2) Assumethat X N (D — E) € Y. Then XN (D —-E) C Y. So
Y U (X — D) is a computably enumerable set.

(3) Assume that XN((D—R)—(E—R)) €Y. Then XN(D—E) C YUR.
So Z = Y URU(X — D) is a computably enumerable set. Then
YUMX —=(D—=R)) = (ZNR)U(Y UX)NR) is also a computably
enumerable set. O

Theorem 3.3. There is a small subset B of A such that B #* A and for all
splits T of A, if T\B is infinite then T N B is not computable.
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Proof. To show B is a small subset of A we will use the requirements and
strategy presented in Soare [13, X.4.12]. Since these requirements and
strategies will be used in the proof of Theorem 5.1 we will briefly review
them below.

To show B is small in A we need to meet the negative requirements:

M YD XiNn(A—B)= (X; —A)UY,isac.e. set,

where {Xj, Yj}icw IS a listing of all pairs of computably enumerable sets. To
aid in meeting N; we define by inductionon s, g(i, s) and Z; s. Fors =0,
let g(i,0) = 0and Zj s = @. For s + 1 define

(Q.s) = (uX)[X € (Ast1 — Bs) N (Zj s — Yi s if such an x exists,
9830 = 15 4 1 otherwise,

where Zjs11 = {X : X € Xjs41 A X < 0(i,s + 1)} U Zj s. Elements of
(Ast+1— Bs) N (Zj s —Yi.s) are restrained from entering B with priority ;.
So an element of A and X is restrained from entering B until it enters Y.

Only finitely many integers are permanently restrained by N since if Z;
is infinite then lim supg g(i, s) = oo and hence Y; © X;jN(A—B). However
it might take some time before g(i,s) > x and x is not restrained by ;.
The smallness requirements can cause a delay in the enumeration of B. So
this requirement is not compatible with a requirement which forces integers
to quickly enter B such as a promptness requirement (or the requirements
needed to make B a true Friedberg split of A).

This is enough to show B is small: Assume that Y;j © X; N (A — B)
and that .V is not injured at or after stage t. Fors < t, let Ujs = @.
Fors > t, letUjs = {X : X € Xis— As A X < g(i,s)}. We will show
Ui uY; =* (Xj — A)UY;. If x € Ujs then x is restrained from enter-
ing B until x enters Y;. The other almost inclusion is clear. This strategy
mixes well with finitary positive requirements (and some infinitary positive
requirements).

For splits T of A, to ensure that if T\B is infinite then T N B is not
computable, it is enough to meet the requirements:

Pe T\B isinfinitte = T N B # We.

(Actually we will need two more parameters for this requirement, the in-
dices for T and T, but we will ignore them.) To meet this requirement, we
will select a witness x in T — B, hold x out of B, and wait for x to enter We.
If x is in We by stage s and is not restrained by any higher priority negative
requirements at stage s, we will put x into B at stage s for a win. If x isin
W, at stage s but is restrained by some higher priority negative requirement
at stage s, we will hold onto x hoping that later we can put x into B for a
win and in the meantime repeat the above process with a new larger witness.
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If T\B is infinite then we will eventually find a usable witness x in T and
be able to meet Pe.

To get the strategies used for the £ to work together we must put this
construction on a tree, 2<“. The problem is getting usable balls in T — B.
This depends on whether T = W; is a split of A and if W;\B is infinite.

We define the true path by induction as follows: Let « c f such that
la| = (i, j,e). If W; uW; = A and W;\B is infinite then «0 C f;
otherwise 1 C f. The approximation to the true path is also defined
by induction. Let « < fg such that || = (i, j,e) and |« < s. We
need a length of agreement function: 1,(s) is the greatest z < s such that
Wis [ 2)NWjs [ 2) =0, and WisUWje) [ Z = As | z. Let
t < s be the last stage that 0 C fs (if such a stage does not exist let
t =0). Ifl,(t) < ly(s) and [(Wj\B)s| > [(W;\B)t| (an a-expansionary
stage) then « 0 C fs; otherwise o1 C fs. It is not too hard to show that
f = liminfs fs.

Let B = a0 where |«| = (i, j, e). At 8 we will try to meet .; and Pe.
To meet . we will define a function g(B, s) and a set Zg 5 as above but we
only allow these to change at stages when g < fs. B will also look for a
witness X € W; to meet . S is given an interval from which it is allowed
to use all balls. A witness is usable at stage s if x € W; and, forall 8’ C 8,
X ¢ (Asy1 — Bs) N (Zg s — Yis). Itis not hard to show that only finitely
many balls are permanently unusable. B’s goal is to find a usable ball (in its
interval). If 8 C fsand g has a usable ball x such that x € We s then g will
add x to B, meeting Pe.

To meet its goal g will be given a number dg and a function ug(s). At the
first stage when g C fs or the first such stage after being initialized we will
set dg to be large (just some number not yet occurring in the construction),
ug(s) to be even larger, and discontinue this stage of the construction. If
B C fs and either £ is not met or B does not have any usable balls (in
its interval) we will set ug(s) to be large; otherwise the value of ug(s)
is ug(s — 1). As always, the number dg and the function ug(s) will be
initialized if fy <. B, for some later stage t. Balls in the interval [dg, ug(s)]
are assigned to 3. O

From now on we will work with the set B given by Theorem 3.3.
Lemma 3.4. B issimple in A and hence B is not computable.

Proof. Assume that W € A — B and W is infinite. Then there is a com-
putable set R contained in W. Ru (RN A) = A. So R is a split of A such
that R\ B is infinite but R N B = @ is computable. Contradiction. O

Lemma 3.5. Let T be asplitof A. If T C* B then T is computable.
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Proof. A— T is computably enumerable and almost contains w N (A — B).
By smallness, (A —T) U (@ — B) is a computably enumerable set. Since
TC*B,(A—T)U(w—B)=*T. O

Lemma 3.6. Let T be asplitof A. If T N B is computable then, by Theo-
rem 3.3, T\B is finite, therefore T C* B and, by Lemma 3.5, T =*T N B
is computable.

We only need worry about those splits T such that T\B is infinite. If
T\B is finite then T is computable and we can let T = @. Notice that
“T\B isinfinite” isa Hg property.

Lemma 3.7. For two splits T and T of A, if T is not equivalent to T modulo
R(A) then T N B is not equivalentto T N B modulo R(B).

Proof. Apply Lemma 3.6 to the split (T AT) of A. If (TAT) N B is com-
putable then T AT is computable. O

Notice that the above dynamic properties (i.e., properties of T\ B) about
splits of A do not transfer to the hatted side. With this in mind we will build
C < B with certain definable and dynamic properties. But first we must
recall the following definition:

Definition 3.8. Given computably enumerable sets C € B, C is major in
B,C Cwm B, if B — C isinfinite, and for every computably enumerable set
W, B C* W impliesC C* W,

Theorem 3.9. There are a set C ¢ B and a computable function p such
that Cis s promptly simple in B via P, C is major in B, and for all splits T
of A, if T N B is not computable then T N B is not a subset of C.

The dynamic property of being promptly simple does not transfer to C.
But as we will later see the dynamic property will be useful in determining
T; itis used in Lemmas 9.1, 9.2, and 10.1. However, since @ is an auto-
morphism, the definable properties of C do transfer to C. So C is simple in
B, C is major in B, and for all splits T of A, if T N B is not computable
then T N B is not a subset of C. C is not computable and C is simple in A.
So if T\B is infinite then T N B is not computable which in turn implies
T N B is not a subset of C.

To make life notationally easy we discuss and prove the nonhatted ver-
sion of Theorem 3.9:

Theorem 3.10. There are a set C C B and a computable function p such
that C is promptly simple in B via p, C is major in B, and for all splits T
of A, if T N B is not computable then T N B is not a subset of C.
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Proof. Fix a computable function p. To make C prompt in B via the com-
putable function p it is enough to meet the requirements:

Pe We N B isinfinite = 3x3s[x € (We N B)as N Cps)l.

These are positive finitary requirements and will easily mix with the re-
quirements below.

To make C major in B we use an e-state construction like the construction
of a maximal set. We have a sequence of movable markers I, marking the
elements of B — C. The markers must only move finitely often and they
pull finitely often to maximize their e-states to meet the requirement:

Qe B C We=C C*We.
The e-states are measured W.r.t. {Ve}ec, Where
Ves = {X:x € Wes A (VY < X)[y € Wes U Bsg]}.

There will be a oe such that the final e-state of almost every ball in B — C
IS oe. Let Ry, = {x : 353y > x3n > e[the e-state of x at stage s
is smaller than oe, the e-state of y at stage s is larger than the e-state
of x at stage s, and I'y marks y1}. R, is the computable subset of B which
Qe dumps into C. The @ are positive infinitary requirements. A detailed
construction of a major subset can be found in Soare [13, X.4.6].

Let Te be a split of A. Modulo higher priority positive requirements we
will try to meet:

Ne Te \( Bisinfinite = [(Te \( B) —C| > 1.

If there is an element x of Te entering B at stage s and there is no integer y
currently restrained by Mg in a higher e-state at stage s then we allow Ve to
restrain x at stage s. If the final e-state of some restrained X is oe or larger
(e, x € R_(,e) then Mg is met and furthermore Te N B is not a subset of C.

Assume no such x is restrained. Let T = Te and R = R,,. Then
(TNR) N\ B=¢(ifx e (TNR) \, B then N would restrain x forever).
SinceRC B, (TNR)—B=T —-B.Now (TNR)\B=({TNR)—-B)
L(TNR)N\(B)=(T —B)u@ =T — B. Hence T — B is a computably
enumerable set. T = (T — B) u (T N B). Therefore T N B is a split of
A. By Lemma 3.5, T N B is computable. Hence if we fail to meet Ve then
Te N B is computable.

These requirements and their strategies fit together. The major subset
requirements ensure that B — C is infinite. O

From this point on, when we discuss the set C we mean the set given by
Theorem 3.10.
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4. ROBUST SETS AND ROBUST SPLITS

Definition 4.1. A (possibly non-c.e.) set S is robust if for all splits T of A,
if T N B is not computable then T N S is not computable.

By the definition, clearly B is a robust set.

Definition 4.2. S is a robust split if it is robust and a split of C (possibly
trivial).

If S isarobust split then, since S isa split of C, S is computably enumer-
able.

Lemma 4.3. C is a robust split of itself.

Proof. Assume T N B is not computable but T N C is computable. Then
X = (T NnB)— (T NC) is an infinite computably enumerable subset of
B — C. X contains an infinite computable set R. B € RbutC ¢* R
contradicting the fact that C is major in B. O

Lemma 4.4. No robust set is a computable subset of A.

Proof. Let R € A be computable. If T is a noncomputable split of A then,
by Lemma 3.6, T N B is not computable but T N R is computable (given x
in R wait for x toenter T or A— T and then decide if x isin T N R). So no
robust set is computable. O

Lemma 4.5. A robust set S is never a split of A.

Proof. Assume that S is a robust split of A. Then, by the simplicity of B in
A, there is an enumeration of A — S such that (A — S)\ B is infinite. Hence,
by Theorem 3.3, (A — S) N B is not computable. But (A —S)NS = ¢.
Contradiction. O

Lemma4.6. If X € B, XAS is a computable subset of B, and S is a robust
set, then X is a robust set.

Proof. Forsplits T of A, if T N X is computable then T N S is computable.
O

Lemma4.7. If S € Sisarobustsplitand S is a split of C then S is a robust
split.

Proof. For splits T of A, if T N S is computable then sois T N S. O

Lemma 4.8. Let S be a robust set. Fix two splits T and T of A. If T is not
equivalentto T modulo R(A) then T NS is not equivalentto T N'S modulo
R(C).
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Proof. T AT is asplit of A. By Lemma 3.7, (T AT) N B is not computable
and, since S is a robust set, (T AT) N S is not computable. O

Since the above properties of robust sets are definable, these properties
transfer to the hatted side (even though their proofs may involve dynamic
properties of A and B).

True Friedberg splits provide a way to construct robust splits.

Definition 4.9 (Downey and Stob [5]; also see Downey and Stob [6]). S1
and Sy form a true Friedberg split of S if for all computably enumerable
sets W, W N S is infinite implies W \ §; is infinite.

Being a true Friedberg split is a dynamic but not definable property. Both
the Friedberg Splitting Theorem (see Soare [13, X.2.1]) and the Owings
Splitting Theorem over ¢ (see Soare [13, X.2.5]) create a true Friedberg
split.

Lemma 4.10. If S and S, form a true Friedberg split of a robust set (split)
S then the S; are robust sets (splits).

Proof. Let T be a split of A such that T witnesses that S; is not robust
(WLOG we can assume Sj is not robust). So T NSy = X is a computably
enumerable set. S € X\Sand X\S = (X = S) L (X \( 9).

Assume X \, S is finite. Then X — S =* S is a computably enumerable
set. But no robust set is computable.

Hence X “\ S is infinite. This implies that X \ Sz is infinite and hence
X N S1 #@. But X NSy = @. Contradiction. O

Lemma 4.10 is a dynamic lemma about robust sets and hence does not,
on the face of it, transfer to the hatted side. The proof of Lemma 4.10 relied
on one dynamic property: T N S; N\ S1 is infinite. But this was implied by
a definable property: no robust set is computable. This property transfers to
the hatted side. Hence the lemma transfers to the hatted side:

Lemma 4.11. If Sy and Sy is a true Friedberg split of a robust set (split) S
then the S; are robust sets (splits).

The requirements for a true Friedberg split require integers to quickly
enter S. In some situations this might be a disadvantage. In Section 5.1.3,
we discuss another option for constructing robust sets.

5. SMALL ROBUST SPLITS

The next theorem, proven using a tree argument, will allow us to asso-
ciate, in a definable and Ag fashion, splits T of A, where T\B is infinite,
with certain robust splits S of C. We will use this association to code splits
T of A, where T\ B is infinite, with a split T of A.
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On the hatted side we will decode this association/coding to compute T .
To help with this decoding we must define the ideal 4 and add some, at this
point, seemingly unneeded features to the following theorem.

The next theorem will also be used to fix a listing of all splits of A. Fix a
listing { Xj, Yi}ie Of all pairs of computably enumerable sets.

Theorem 5.1. There are a computable tree T = 2<%, a corresponding true
path f, computable in 0”, and, for all « € T, splits T, and T, of A (note
Condition 4a which implies if « c f then T, and T, form almost the same
single split of A but this is not the case if « ¢ f), splits S, and D, of C,
and a subset D,, of B such that if we define Tj = Ty, Tj = Ta, Sj = Sa,
Dj = Dy, and Dj = D,, where o« C f is of length j = (i, k, I) then

Q) ifa & f then T, =* T, =* Sy =* Dy =* Dy =* ¥;
(2) ifa # Bthen S, N Sg = 0;
(3) if X and Y; do not form a split of A or X;\B is finite then all the
sets constructed at « are finite; and
(4) if X, uY; = A and X;\B is infinite and j* > | is the least
j/ = (i’,K’, I’y such that X;j 1 Y;» = A and X;j/\ B is infinite then
(@) T; =" Xj and ij =*Yj,
(b) (CNDj)uD; =C,
(C) S] =R(C) (Dj N D]/) NncC,
(d) Do = B is asmall subset of A,
(e) Dj is asmall subset of Dj, and
(f) Sj is arobust split.

Note that the k and | are not needed in this construction but in the coding.
See Section 7.

5.1. The proof of Theorem 5.1. We will start out by discussing the tree
T = 2<%, the true path, f, and the approximation to the true path, fs. We
need to measure if X; UY; = A and X;\B is infinite. This is 1‘[8.

We define the true path by induction as follows: Let « c f such that
| = (i,k,1). If XjuY; = Aand X;j\B is infinite then « 0 C f;
otherwise 1 C f. The approximation to the true path is also defined
by induction. Let o« C fg such that || = (i,k,I) and |@¢|] < s. We
need a length of agreement function: 1,(s) is the greatest z < s such
that (Xis [ 2) N (Yis [ 2) = @, and (XisUYjs) [ Z = As | z. Let
t < s be the last stage that 0 C fs (if such a stage does not exist let
t =0). Iflyt) < ly(s) and |(X;\B)s| > [(X;\B)t| (an a-expansionary
stage) then « 0 C fs; otherwise &1 C fs. It is not too hard to show that
f = liminfg fs.
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All sets constructed are initially empty and those sets constructed at «
are initialized at stages s when fs < «. We will only allow balls to enter
any of the sets being constructed at « at stage s if ™0 c fs. Hence a
priori we realize Conditions 5.1.1 and 5.1.3. Meeting Condition 5.1.2 is
also straightforward; once a ball enters S, it will not be allowed to enter
any other Sg.

5.1.1. The first three parts of 5.1.4. That leaves Condition 5.1.4. Assume
@0 ¢ f and « is of length j = (i, k,I). Some of the parts of Condi-
tion 5.1.4 can be met by rather straightforward action.

We say x is a-acceptable at stage s if |«| < X, for all stages t, such that
Xx <t <s, ft £_ «, and there is a stage s’ such that x < s’ < s and
a C fg. If X is a-acceptable at stage s and « < B then x will never be
B-acceptable at later stages. Assume o C f. Then almost all balls x will
be a-acceptable at almost all stages. Let m,, be the least stage such that for
all s > my, fs £ . Given x > my, lets, x be the least stage s such that
s > x and o C fs. Xx is acceptable after this stage. Note that s, x can be
found effectively in x > m,,.

If "0 C fs, X is a-acceptable at stage s, and x € X; (x € Y;) at stage s
then we will add x to T; (T;) at stage s. This meets Condition 5.1.4a,

If 0 C fg and x has entered C since the last time «"0 was on the
approximation to the true path then if x is not in D; at stage s we will add

X to 5,- at stage s. This requires that we must add

to conditions we must satisfy. If we meet the above new condition then
Condition 5.1.4b is met.

If 8 C « and B°0 C « then before a ball can enter D,, it must first be in
Dg. Soif B C a then D, € Dg and D, N\ Dg = 0.

Let o’ be any node such that 0 € o’ and if 0 € B0 C "0 then
a' = B. Hence if |o/| = j/ = (i’, k', I") then |’ is a candidate for the least
j’ > jsuchthat X;; uYj = Aand X;/\B is infinite.

Assume some «”’0 C fs and x has entered C since the last time «’"0 was
on the approximation to the true path then, as we discussed above, if x is not
in D, at stage s we will add x to If)o,/ at stage s. Furthermore if x € Dy s
(we will construct this set later) and x is «’-acceptable at stage s (and hence
a-acceptable at stage s) then we will add x to S, at stage s.

This action allows us to realize Condition 5.1.4c and show S, is a
split of C. Let o’ be the unique node such that @0 € o’ C f and if
a0 € B0 C a"0thena’ = B. Soif || = j = (i’,k',I) then j’
is the least j* > j such that X;; U Y;» = A and X;/\B is infinite. Let
R = {x:x € Sys, ~1}. Risacomputable subset of S, < C. Since x
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cannot be B-acceptable for 8 > o' after stage sx o» — 1, it is not hard to see
that S, — R =* ((Dgy N Dy’) NC) — R. By the conditions C \, D, = ¢ and
C \\ Dy = ¥ and the above construction of D,/, (D, N Dy) NC) — R is
asplitof C and so is S,.

5.1.2. The last three conditions. This leaves the last three parts of Condi-
tion 5.1.4 and satisfying C ~\, D, = @. By the above paragraph, we already
have that S, is a splitof C. By Lemma 4.6, to show S,, is robust it is enough
to show that (D, N Dy) NC = (D, — Dy/) N C is robust. So it will be
enough to satisfy the following:

(1) C\y Dy =9,
(2) Dy is a small subset of D, (this covers Conditions 5.1.4d and
5.1.4¢),

(3) both D, and (D, — D) N C are robust sets (the last clause covers
Condition 5.1.4f), and
(4) furthermore, for all splits T of A, if T N B is not computable then
TNDy ZC,
for all nodes «’, where 0 C o’ ¢ f and if @0 € B0 C "0 then
o' = B (let D, = B, where A is the empty node). Call these 4 conditions
collectively P, .

Assume that o’ C f. Let Dyao = {X : (35 > Sy’ x)[X € Dg.asl},
balls which enter D, after they are «’-acceptable. Now consider those x
which enter D, before they are o’-acceptable; let R,y = {X : (35 < Sy’ x)
[X € Dy sl}. Ry isacomputable subset of B and Dy, = Dy a4’ LU Ry

B is robust and, by Theorem 3.10, for all splits T of A, if T N B is not
computable then T N B ¢ C. So let’s inductively assume that P, holds.
Since D, is robust, by Lemma 4.6, D, 4 o IS robust. Let T be a split of A
such that T N B is not computable. Then T — R, is a split of A such that
(T — Ry) N B is not computable. Therefore, by the inductive hypothesis,
(T—Ry)NDy =T NDyaa & C. We will apply the following technical
theoremto D = D, 4+ t0 get D,, = E and complete the induction.

Theorem 5.2. Assume that D is a robust subset of B and for all splits T of
A, if T N B is not computable then T N D ¢ C. Then effectively in an index
for D there is a subset E of D such that C \( E = @ (Condition 1), E is a
small subset of D (almost Condition 2), both E and (D — E) N C are robust
sets (almost Condition 3) and furthermore, for all splits T of A, if T N B is
not computable then T N E ¢ C (Condition 4).

By Lemma 3.2, E = Dy issmallin DuR, = Dy g LRy = D, (cOM-
pleting Condition 2). Since (Dy, g o— Dy/)NC isrobust, sois (D, —D,)NC
(completing Condition 3). Hence to complete the proof of Theorem 5.1, it
will be enough to provide a proof of Theorem 5.2.
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5.1.3. The proof of Theorem 5.2. We will provide a construction of E in
modular fashion.

Lemma 5.3. Assume D is a robust subset of B and for all splits T of A, if
T N B is not computable then TN D ¢ C. If T N B is not computable then
(T N D) — C isinfinite.

Proof. Assume (T ND)—C isfinite. Thenthesplit X =T —((TND)—-C)
of A has the properties that X N B is not computable and X N D C C.
Contradiction. O

The next two lemmas use this lemma to provide two requirements which
are needed in the construction of E.

Lemma 5.4. Assume that D is a robust subset of B and for all splits T of A,
if T N B is not computable then T N D g; C. Furthermore assume E € D
and for all computably enumerable sets W,

Rw: (WN D) —Cisinfinite=WnNEZC.

Then E is a robust set and furthermore, for all splits T of A, if T N B is not
computable then T NE ¢ C.

Proof. Let T be a split of A such that T N B is not computable. Since D
is robust, T N D is not computable. Assume T N E is computable. Then
T—(TNE)=T—E isasplitof A. Since TNB = (T—E)NB)u(TNE),
(T — E)N B is not computable. Hence, by Lemma 5.3, (T —E)ND)—-C
is infinite and thus, by Rt_g, (T — E) N E ¢ C. Contradiction, since
(T—-E)nE)=0CC.

By Lemma 5.3, if T N B is not computable then (T N D) — C is infinite
and hence, by R1, T NE ¢ C. O

The strategy to meet Ry is as follows: if (Ws N Es) — Cs = @ then take
the least element of (WsN Dg) — Cs which is not restrained by requirements
of higher priority and enumerate it into E at stages + 1. f(WN D) — C
is infinite then this strategy will meet R\w. Clearly this strategy can be
successful even when mixed with negative requirements which only perma-
nently restrain finitely many balls (such as the smallness requirements—see
the proof of Theorem 3.3). This strategy is also compatible with ensuring
C\\ E=02.

Lemma 5.5. Assume that D is a robust subset of B and for all splits T of
A, if T N B is not computable then T N D ¢ C. Assume that C \, E = 0,
E \. D=4¢,and E C D. Furthermore assume for all W,

Mw: (WnND)—-Cisinfinte=Wn((D-E)nC) #40.
Then (D — E) N C is a robust set.
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Proof. (D—-E)NC =(DNC)—E =(DNC)\E,sinceC \( E = 0.
Let X = (D — E)NC. X is acomputably enumerable set. Let T be a split
of A such that T N B is not computable. Since D is robust, T N D is not
computable. Assume T N X is computable. Then T — (T NX) =T — X
isasplitof A. SinceTNB =T —=X)NB)u((TnNX),(T—-—X)NBis
not computable. Hence, by Lemma 5.3, ((T — X) N D) — C is infinite and
thus, by N1 _x, (T — X) N X # @. Contradiction. O

Assume that Ws N ((Ds — Es) N Cs) = @. Then we will start restraining
elements of W N D from entering E. Since C is simple in B, eventually
one of these restrained balls must enter C to meet My. Hence the above
strategy to meet My permanently restrains only finitely many balls.

Clearly the strategies for Ry, My, the smallness requirements (see the
proof of Theorem 3.3), E \, D = ¢, and C N\, E = ¢ can be mixed
together in a standard finite injury argument to construct a set E satisfying
Theorem 5.2 and hence completing the proof of Theorem 5.1. [

5.2. Properties and ideals. All properties that the sets T;, Sj, and Dj have
in Theorem 5.1 are definable. Thus they transfer to the hatted side. For the
rest of this paper, we will fix the ordering of splits of A, B, and C given by
the above theorem. For example, if X, Y; is a split of A such that X;\B is
infinite, «0 C f and |a| = j = (i, k, I), then Tj =* Xj, forany k, I.

Definition 5.6. Let { be the ideal of 8% (C) generated by the nonfinite 5,-5.
Letd ={X: X e 4}

Since the nonfinite D; are a A9 listing of splits of C, £ is a ©3-ideal of
$2(C). Since @ is an automorphism, { is an ideal of $2(C). By Theo-
rem 5.1 Parts 4b and 4e, D, C D, where « C o’ c f. Therefore if
X € 4, there is a least j such that X Cz(c) Dj. Furthermore, by Theo-
rem 5.1 Parts 4b and 4c, X Cr(c) Uisj Si.

6. SPECIAL JL-PATTERNS

Now it is necessary to know how the special £-patterns &; and the de-
finable and %9 property ¢»(U, B, Y) are defined. The reader is directed to
Section 3 of Cholak and Harrington [3].

As one reads Section 3 of [3] there are some important differences to keep
in mind. In Definition 3.13 of [3], the property ¢» (A, U, B, C) is defined.
Here we are interested in the property ngv(O, B, Y) which is defined as
vp D, U, B, Y). Hence the roles of the A are different. If one is reading
Section 3 of [3] just to understand this paper, one should read the A in [3]
as ¥. The roles of C in both papers are also different. In [3], C is used as a
variable; here C is a fixed set and we are using Y as a variable.
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One |mportant fact to notlce is that if ¢» (U B. . Y) holdsand Z C Y
then 0P (U B, Z) holds (If D witnesses that QP (U B, ,Y) holds then the
D formed by intersecting each complement of original D with Z witnesses
that p» (U, B, Z) holds).

The following theorem is both an extension and modification of Theo-
rem 4.1 from Cholak and Harrington [3] into the current situation. It is
about universal B-interpretations.

Theorem 6.1. Fix £, U an £- -interpretation, > = (7, R, B, I) a spe-
cial L-pattern, and {4 a Eo-ldeal of 8%(C). Unlformly inU, 2, A C,
and J (think of all of these items as indexed by & and {), there |s a B-
interpretation, By .1, such that the following are equivalent:

(1) there is a robust split S e Jl such that ¢ » (U §J Ny S)
(2) for aII B- mterpretatlons B, there is a robust split S € 4 such that
P (U S)

Proof. (2) implies (1) is clear. The rest of the proof will focus on the other
direction.

The main idea in the proof of Theorem 4.1 of [3] is that for a noncom-
putable modulo A split S of C = W such that p» (A, U, By, 9), using the
Owings Splitting Theorem, we split S into infinitely many pairwise disjoint
splits S; and on S; we copy the ith B-interpretation, I§i. Here we must first
ensure that S € 4 and then replace “noncomputable modulo A split” with
“robust split”. (An Owings split over the empty set is a Friedberg split.)

It would be nice if we could just refer the proof of Theorem 4.1 of [3]
but there are some subtle differences. We can, however, use the proof in [3]
as a very good first approximation. The only difference between the proof
there and here is the construction of the splits S,. There if S; is the first
noncomputable modulo A split so is S,, where @ C f and « is of length
i +1. Here S, must be a Friedberg split of S; and hence, by Lemma 4.10 (or
Lemma 4.11 in the dual case), if Sj is a robust split so is S,. This is true for
all i and the corresponding & C f and hence the result is slightly stronger.

Changing the construction in [3] so that S, is a Friedberg split of S; is
not difficult but it is nontrivial so we provide a formal proof below. Since
the construction of the S, here gives a better result and it and its verification
are shorter than what was used in [3], it should have been used there. But
in the interest of brevity we will focus just on the above theorem.

We will use the tree method. We can safely assume, by the recursion
theory, that we have an index for Be. If S is a split of C then there is an
enumeration of S such that if x enters C at stage s then x enters either S or
C — S at stage s. Call such an enumeration of S a quick splitof C. S € {4 is
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%9 so there is a I3 formula E(1) such that S € J iff there is an | such that
E(l). We say such an | witnesses that S € J.

Construct a sequence of 4-tuples (§i, S, f)i ,li). Now asking if S wit-
nesses Si is a quick split of C, D; witnesses that ¢»(U, Be, Si), and I;
witnesses that §; € J is I‘Ig. We need to code this information on a 1'18 tree.

We define the true path as follows: Let @ € 2= be of length i such that
a C f. We will let &0 C fiff Si witnesses S; is a quick split of C, Dj
witnesses that ¢ » (U Be, S.) and I; witnesses that S; € {.

Now we need to define the approximation to the true path fS Let’s as-
sume that §; witnesses S is a quick split of C, DI witnesses ¢ » (U Be, S.)
and I; witnesses that S; e £ iff (vx)(3s)[O(X, $)], where O is computable
(® can be found uniformly in the given parameters—Remark 3.14 of [3]
might be useful here). Let I, (s) be the greatest x such that for all y < x
there is an sy < s such that ©(y, sy). Assume that « C fsand |o| < s.
Thenleta 0 C fqiffl,(s) > I, (t), where t is the last stage when & 0 C f;
(if such a stage does not exist let t = 0). It is straightforward to show that
f = liminfs fs.

We need to discuss the action at 8 = «' 0. At 8 we will effectively build
a Friedberg split Sg of Si. So we must meet the following requirements:

Rp,j Wj N\ Si is infinite then Wj N Sg # @,

forall j.

To this end we will maintain a list of requirements ). When g C fs we
will place the requirements Rg j on the list for all j <'s. If g is to right of
fs we will cancel all the requirements g placed on X.

As a ball x enters C at stage s we will go through the uncanceled unmet
requirements in order of placement on % trying to meet them. For Rg ; if
x in Wj N\ S at stage s and x is not in any S,, at this (sub)stage of the
construction then add x to Sg and we say Rg,j has been met.

If B C f then Sg is a Friedberg split of Si. Eventually the requirement
Rp,j is placed on M and never canceled. Eventually all the requirements
placed earlier on )N will be met or never receive any action as above. After
such a stage, since §; is a quick split, if Wi N\ S then some x will meet
Rg.j-

/z)]n Sp we will use the module from Section 4.1.1 of [3]. Using the Fried-
berg Splitting Theorem, we will effectively split Sg into Sg j, for j € w.
On Sg,j, we can replicate the jth B-interpretation, é,-; that is, we can let
BepNSp,j =BjpNSgj, forallpe7.

The construction of Sg is uniformly effective in 8. The Sg are constructed
to be pairwise disjoint. Therefore the construction of Be is uniform in U,
P, A, and C and hence it is legal to use the Recursion Theorem as we did.
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Let S be a robust split in £ such that ¢.» (U, Be, S) holds. Then there is
ani such that S = S;, §; witnesses S; is a quick split of C, DI witnesses that

0P (U Be, S.) and I; witnesses that S; € 4. Let 8 C f be of length i + 1.
Then, by Lemma 4.10 (or Lemma 4.11 for the dual), Sg is a robust split in
4. Then, by the same reasoning, Sg_j is a robust split in £. Therefore Sg |

is a robust split in £ and f)i witnesses @2 (U, Bj, Sg,j). O

A B-interpretation, B, is Z-universal iff it satisfies the equivalence in
Theorem 6.1. Whether a B-interpretation, B, is {-universal is not a =9
property; it is, however, definable and hence invariant under automor-
phisms. Since for our discussion { is a fixed (but still undefined) Eg-ideal,
we can drop the 4 from B, to get B.

Let T be a split of A such that T N B is not computable. If instead of
considering the robust splits S of C such that ¢ » (U BJ , S) we consider the
robust splits S of C such that ¢ » »U, Bp, SN T) then we get the following:

Theorem 6.2. Fix £, U an L-interpretation, # = (7, R, B, |) a special
L-pattern, and 4 a 23-ideal of &(R(C) Let T beasplitof Asuchthat TNB
is not computable. Uniformly in U, AW, g andT (think of all of these
items indexed by #, £ and T), there is a B-interpretation, Bga,T, such that
the following are equivalent:

(1) there is a robust split S € 4 such that g» (U, Bp 1, SN T);

(2) for all B-interpretations, B, there is a robust split S € 4 such that

0pU,B,SNT).

Assuming that 1 is Eg, a hatted version of the above two theorems holds
as well. Fix # and U. Let Bg) T be the universal 8- |nterpretat|on effec-
tively given to us by Theorem 6.2. CD(B?,T) is a universal 3- interpretation
(since being universal is invariant under automorphisms), but not necessar-
ily the one, §§,A, effectively given to us by the hatted version of Theo-
rem 6.2.

We only put hats on the special L-patterns & when we are using the
hatted version of Theorem 6.1 to effectively get the universal pattern, /B\f.
Thisisa urliversal B-interpretation which lives in @. Similarly if T is a split
of Athen j))\’p‘,-’r\ Is the special «£-pattern given to us by the hatted version of
Theorem 6.2.

The following theorem is a weaker version of Theorem 5.1 of [3].

is about the special L£-patterns ;. The definitions of #; can be found in
Section 3.6 of [3].

Theorem 6.3 (Theorem 5.1 of Cholak and Harrington [ D. Effectlvely in |
a B-interpretation B, and S, a subset of C, there are U and D such that D
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witnesses that ¢ (U, B, S) holds (and all the components of U and D are
contained in S).

Furthermore, for all j # i, effectively in j there are I§j (each component
being completely contained in S) such that for all splits S of C, either S is
computable or, for all X, X does not witness PP, , §j, S) (for the same

set U as above).

The B; is Bj.c from Theorem 5.1 of [3] which witnesses that U, ¢, and
C do not realize »; (we apply Theorem 5.1 of [3] to S = W and W and,
moreover, in the second clause of Theorem 5.1 of [3], we only consider the
one C given to us by Theorem 6.3 not all subsets of W). In the notation we
are using here, this means that, for all splits S of C, either S is computable
or, for all X, X does not witness P (Lj, I§j, S) (see Definition 3.17 of [3]
and the two negative requirements in Section 5.1.2 of [3]).

This version is weaker than the original in the sense that the second para-
graph of Theorem 5.3 of [3] actually holds for all subsets of C in the orig-
inal version. That is, for all Z < C one can find a éj’z such that for
all splits S of Z, either S is computable or, for all X, X does not witness
PP , éj’z, S) (again see Definition 3.17 of [3] and the two negative re-
quirements in Section 5.1.2 of [3] and Definition 3.17 of [3]).

7. CODING

We are ready to proceed with the coding: Let §. k be a computable list
of all B;-interpretations, where & = (7;, Ri, Bi, I.) Again the definition
of the & can be found in Section 3.6 of [3]. So there are a k and | such
that B. kK = Bg)l T, and B.| = BO ., Where ng, T, and BO 4 are from
Theorem 6.2.

Let o be such that |«| = (i, k, I). We will apply Theorem 6.3 10 2i, Bz, ks
and S, N T,. We also apply Theorem 6.3 to 2i + 1, Bz.+1| and S, N T,.

Each application of Theorem 6.3 uniformly creates a Ua o Whose compo-
nents are contained in S, N T, and a Ua, 1 whose components are contained
inS,NT,. Since all the Se.i are componentwise pairwise disjoint, we can let
U be the componentwise effective union (over the is) of the Ua,i s. Hence

(71) §0!P2i (L_j ’ §2|,k7 SO[ m TOl) and §0{/’2i+1(0 ’ éZI +1,| ’ SO[ m TUO[)

Furthermore, by Theorem 6.3, if j # 2i then there is a I§j,a,o such that
for all splits S of S, N T, either S is computable or ¢, (U, Bj.c.0. S) fails.
Similarly for j # 2i + 1 then there is a §j,a,1 such that for all splits S of
S« N Tq either S is computable or g, (U, Bj.o.1. ) fails. Since the Bj .
were uniformly constructed and their components are contained in S, N T,
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or S, N 'fa, we can let §,~ be the componentwise effective union (over the
js) of the Bj o rS.

Lemma 7.1. Assume §0 and §1 are rol:lust splits in £. Assume T is a split
of A, 9, (U, Bai, SoNT) and ¢,.,(U, Baiy1, S1NT). Then TAX; N B
is computable and, by Lemma 3.7, T =ga) Xi. (The X; were defined just
before Theorem 5.1 and used in that theorem.)

Proof. Since §; is in 4, there is a least m such that S; Cx(c) Uj<mSi-
T —X; isasplitof A. Son(T —Xi) € $oNT and s, (U, Bai, SoN(T —X;)).
Soj <m,gp, (U, I§2i, SinN So N (T — Xi)). By the above construction
of I§2i, for 2i, Theorem 6.3 is applied inside S, N X;. Therefore, for each
j <m, SjNSon (T — X;) is computable. Therefore So N (T — X;) is
computable. Since Sg is robust, (T — Xi) N B is computable. Similarly,

using 2i + 1 and T rather than 2i and T, (X; — T) N B is computable. So
T AX; N B is computable. Now use Lemma 3.7. U

Since the properties involved in Lemma 7.1 are definable, there is a hatted
version:

Lemma 7.2. Assume §o and §1 are robust splits in 1. Assume T is a split
of A, %Z.@(U) ®(Bz), Son T) and P91 (@), @(Bzit), Si-T).
Then TAXI N B is computable and, by the hatted version of Lemma 3.7,

8. IDEALS

We want to use the hatted version of Theorem 6.2. To do this we must
show that 1 is a £3-ideal. In addition, it will be very useful to show that 4
is definable using a finite number of parameters. The following theorem of
Harrington provides us with those tools.

Harrington’s Ideal Definability Theorem. For n > 1, there is a formula
wn(x C,Y), where |Y| = n, such that, foreach Y, {X : yn(X, C,Y)} isg
%9, 1-ideal of $5(C) and, for each ©3,, ;-ideal £ of 85(C), there isa Y

suchthat 4 = {X : yn(X, C, Y)}.

The proof of Harrington’s Ideal Definability Theorem can be found in
Harrington and Nies [7]. A short proof for the case when n = 1 with an
additional parameter can be found in Nies [11]. Here we only need the case
whenn = 1. _

Since { isa Eg-ideal of 8%(C), there are a ¢ and Y such that { is the

collection of all X such that ¥ (X, C, \7). Since @ is an automorphism,
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1= {X 1/f(X C Y)} By the hatted versmn of Harrington’s Ideal Defin-
ab|I|ty Theorem, { is a Eo-ldeal of 8(C). 1 is also definable using ¥ and

Y . From now on we will treat § as a parameter.

9. PROMPTNESS AND SMALLNESS

Now it is time to use the dynamic properties we have built into B and C
and various smallness conditions. We will use the hatted and nonhatted ver-
sions of these lemmas but for notational ease we will present the nonhatted
versions.

Lemma 9.1. Let E € D be subsetsof Band S = (D — E) N C. Assume
C-Ded,C—E€4,S=CNE,SuS=DNC, DNC ispromptly
simple in D via the computable function p, there is a computable function
g such that if x € (D N C)ps then either x € Sq(s) or X € Sy(s), and there
is a computable set R such that R < S and for all x € R and all stages s,
if X € Darsthen x ¢ Sq(s).

Then S is a robust splitin {.

Proof. First we will show D N C is robust. Since C — D € {, thereisan i
suchthat D NC C€* DN C. So §; is almost a split of D N C. Since §; is
robust, by Lemma 4.7, D N C is robust.

Let T be a split of A suchthat T N B is not computable. Since D N C is
robust, T N D N C is not computable. Now TN DNC =TNGSUS) =
TAGSURNSHUR =T NSHUTNRNS) LT NR).

Assume, for a contradiction, that W witnesses that T N S is computable.
So (TNS)UW = w. Since T NR is computable, TNRNS is not computable
and hence infinit. NowS CWND.SOTNRNSCTNRNWND.
Hence T N R N'W N D is infinite.

There are infinitely many x and stages s such that x € (T " RNW)s and
X € Das. (If necessary speed up the enumeration of T N R N'W. When
x enters D then x is in A so we can speed up the enumeration of T and T
such that x is one of these sets at stage s. Since R and W are computable
we can do the same for them.)

Therefore, since C is promptly simple in D, there is an x and a stage s
suchthatx € (TNRNW)s, X € Dgs,and x € (DNC)pe). Thusx € Sy(s).
Sox €e WNT NS, acontradiction since W N T N S is empty.

Hence S is robust. It is clear that S is a split of C in J. O

Lemma 9.2. Let E € D be subsets of B such that E " C and D N C are
splitsof C. Let S = (D—E)NCand S = CNE (so SUS = DNC). Assume
D NC is promptly simple in D via the computable function p. Furthermore
assume that E is a small subset of D.
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Then there is a computable function g such that if x € (D N C)ps) then
either x € Sy OF X € Sgs), and there is a computable set R such that
R C Sandforall x € R and all stages s, if x € Dats then x ¢ Sgs).

Proof. Since S U S = D N C, the computable function g clearly exists. By
Lemma3.2, S isasmall subset of D. LetY = {x|3s[x € DasAX ¢ Sqs]}-
woN(D -8 =D—-S8 C Y. So, by smallness, R = Y U (w — D) is a
computably enumerable set. R = {x|3s[x € DasA X € §g(s)]}. So R is
computable. Clearly R has the desired properties. O

10. THE DECODING

Usmg B, C,and 1 as parameters we can tell ina 20 fashion if a split T
of A'is equivalent modulo R(A) to T}, for some T;.

Theorem 10.1. Let X; be a split of A such that X;\B is infinite (here we
are using the listings of splits fixed just before Theorem 5.1). Then a split
T of Ais equivalent modulo R(A) to X; iff there are subsets E ¢ D of B
such that the following hold:
(1) C—DandC - Earein{.
(2) Let S = (D — E)n C and S = C N E. There is a computable
function g such that if x € (D N C)p(s) then either x € Sg(s) or
x € Sgs), and there is a set R such that R is computable R CS,
and for all x € R and all stages s, if X € Dats then x ¢ Sg(s)
(Recall C is promptly S|mple in B via p; see Theorem 3.9.)

(3) @ps (@(U). B, +.5NT).

(4) @y, (@), é\@mﬁ_f, S-T).
Proof. (=) Recall that since T =g(a) Xi, TAX; is computable. First find
the inverse of the hatted universal patterns B . Tand Bs Prsr AT (given to

us by the hatted version of Theorem 6.2). Let Bz.,k = &~ 1(B #,.7) and

I§2i+1,| = d>—1(§§2i+lﬁ_f) (recall §n,m is a computable list of all Bp-
interpretations).

Let @ C f be such that |a| = (i, k,I). Let j = || and j’ > |
be the least j* = (i’,k’,I’) such that Xj» L Y; = A and X;/\B is infi-
nite. By the coding in Section 7 (see Equation 7.1) and by applying @,
9y (PU), B, 7,5 N Xj) and ¢, (PU), Bs, ., a7, Sj — Xi). By
Lemma4.8, S;NT and Sj N X; are equivalent modulo KR (C). Similarly for
Sj —TandSj — Xj. Let S = §j — (T AX;). Let D = Dj — (T AX;j) and
E=Dj — (TAX)). C—-DandC — Earein 4.
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Since C is promptly simple in B via the computable function p (see
Theorem 3.9) and D — C is infinite, D N C is promptly simple in D via
the computable function p.

By Theorem 5.1 Part 4e and Lemma 3.2, E is small in D. So E is small
in D. Hence we can apply the hatted version of Lemma 9.2 to get Con-
dition 10.1.2. Using Equation 7.1 and our choice of S, the remaining two
conditions are easy to verify. R

(<) DNC is promptly simple in D via the computable function p. Hence

~ =S
by the hatted version of Lemma 9.1, S is a robust split. B3, ¢ is the univer-
sal B-interpretation given by the hatted version of Theorem 6.2, similarly

for /B\fzwl,ﬂ_f. Hence, by the hatted version of Theorem 6.2, there are ro-

bust splits éo and §1 contained in £ such that O Py (@(U), CI>(I§2i), §o N 'f)
- — X A~ = Fo

and g p, (®U), ®(Bzi41),S1—T). By Lemma7.2, T =zA Xi- O

By counting the quantifiers one can verify that Condition 10.1.2 is 23
Since ¢ is 23, Condition 10.1.3is 3. Condition 10.1.4 is £3: there exists a

T suchthat T |_|T = Aand ¢J2+1(®(U) B SmT) So the conditions

of Theorem 10.1 are 3.

Hence the map which takes a split X; of A to a split T of A satisfy-
ing the conditions of Theorem 10.1 is an isomorphism between $%(A) and
S%(A) and is 3. But all £ (total) functions are A so we are done. This
completes the proof of Theorem 1.2.

P2i41°

11. THE HHSIMPLE SETS

11.1. The substructure Cx(A). If R is a computable setthen RN Alisa
split of A. Let C(A) be {R N A|R is computable}. C(A) is the splits of A
which are formed by the computable sets, the computable splits. C(A) is a
substructure of $(A). Let Cx(A) be C(A) modulo R(A).

Lemma 11.1. In &, with a parameter for A, Cx(A) is a definable substruc-
ture of 8z (A).

11.2. Cx(H) and L*(H). Let H be a hhsimple set. Let W be any com-
putably enumerable set. By Lachlan, see Soare [13, Corollary X.2.7], L(H)
is a Boolean algebra and hence there is a computably enumerable set X such
that WU X UH =wand W N X € H. Let Rw = (W U H)\X. Since
Rw = X\(W U H), Ry is computable and W N H = Rw N H. This fact
is nothing new and, in fact, can be found in Soare [13, Exercise X.2.12].
An index for Ry can be found from an index of X which can be found
computably in 0”.
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Lemma 11.2. Let H be hhsimple. Let ®((W U H)*) = (Rw N H)RW,
Then ® is a Ag-isomorphism between .L*(H) and Cx (H).

Proof. By the above, & is Ag. To show @ is an isomorphism we must show
® is well defined, onto, one to one, and order preserving.

If Wi UH =" WU H then the symmetric difference of Ry, and Ry,
is almost a computable subset of H and hence Ry, N H =2H) Rw, N H.
Assume R1 " H =gH) R2NH. So R = (R1AR2) N H is a computable
subset of H. Then (R1AR>) — R is a computable subset of H. Since H is
simple, (R1AR2) — R is finite. Therefore RiUH =* RoUH. So @ is well
defined, onto, and one to one.

Assume W1 C Wz and Wy #* Wy, Then (Rw, U Rw,) N H=*"WoNnH
and Rwlﬂ Rw, N H =* Win H. Since Rw, "Rw, "H C (Rw; URw,) N H
and @ is well defined, onto, and one to one, Rw, CwH) Rw, and
Rw, #sH) Rw,. Therefore @ is order preserving and hence an iso-
morphism. O

11.3. The proof of Theorem 1.3. The goal of this section is to prove The-
orem 1.3.

Theorem 1.3. Let H and H be hhsimple. H_and H are automorphic iff
they are A-automorphic iff £*(H) ~p0 L*(H).

This relies heavily on a result of Maass:

Theorem 11.3 (Maass [9]). Let H and H be hhsimple. H and H are AJ-
automorphic iff L*(H) A9 L*(H).

Proof of Theorem 1.3. By Theorem 11.3, it is enough to show that if H and
H are automorphic then L£*(H) and L*(H) are AO-ISOI’nOI’phIC

Assume H and H are automorphic via ®. By Theorem 1.2, $x(H)
and 8x(H) are Ag-isomorphic via an isomorphism induced by ®. So, by
Lemma 11.1, Cx(H) and G;R(ﬁ) are Ag-isomorphic via an isomorphism
induced by ®. Hence, by Lemma 11.2 (applied twice), £*(H) and £*(H)
are A-isomorphic. O
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