ATOMLESS r-MAXIMAL SETS
PETERA. CHOLAK AND ANDRE NIES

Abstra ct. We focusonL . A/, the lter of superset®f A in thestruc-
ture of the computablyenumerablesetsunderthe inclusion relation,
whereA is anatomless -maximalset. We answeralong standingques-
tion by shawing thattherearein nitely mary pairwisenon-isomorphic
Iters of thistype.

1. Introduction

Let E be the collectionof computablyenumerablesetsorderedvia the
inclusionrelation. A main task concerningthis structureis to classifyits
orbits. Thatis, given a computablyenumerableset A, determineall the
other computablyenumerablesets B suchthat thereis an automorphism
8 of E with 8. A/ D B. (It is understoodhatfrom this point on all sets
are computablyenumerable.) There hasbeensomesuccessn this area.
For example themaximalsetsform anorbit [ 8] andthehemi-maximakets
(Friedbeg splittingsof maximalsets)form anorbit [2].

It is easyto seethatif A andB arein thesameorbitthenL . A/ isisomor
phictoL . B/. (By work of Cholak[ 1] andSoard 8], andsomeunpublished
work of Herrmann the corversefails unlessL . A/ is nite.) L.A/ isthe
principal lter that A determinesn E; ie.L.A/ D ffA[ Weg! | g and
L .A/isL.A/ modulotheidealof nite sets.Hencewe will turnour at-
tentionto classifyingthe variousdifferentprincipal Iters thatarepossible.

Principal Iters of E arein acorrespondenceith intervalsof E. Fix in -
nitecomputablyenumerablesetsA B.De ne E. X/ D ffWe\ Xgo1 | g,
where X neednot be computablyenumerablefor exampleX D B A.
Now onecan nd anone-to-onecomputabldunction f whoserangeis B.
The principal Iter formed by the pullbackof A, f 1. A/, is isomorphic
to E.B  A/. Similarly, if onehasa principal Iter onecaneasily nd a
correspondingnterval. The only intervals of E which have been(at least
partially) classi edin termsof isomorphismareeitherisomorphicto E, M
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(theintenal formedby A 1, B, for moreseebelow), a 6 3 Booleanalge-
bra,or theprincipal Iter formedby ar-maximalset. We will surney what
is known.

By work of Soare[9], if AislowthenL .A/ E . (Andthenwe can
useanotheresultof Soareto shovL . A/ E.) Thishasbeenimprovedto
lows, in yetto bepublishedwork of Harrington Lachlan,MaassandSoare.
Also, in Cholak[1], it is shovn thisremaingrueif A is semi-lov; andhas
the outersplitting property The pointis thata large classof setsdetermine
principal Iters which areisomorphicto E.

It is usefulto recallthede nition of amajorsubset:

De nition 1.1. Aiisamajor subsebf B,A mB, if B _Aisin nite and
for everycomputablyenumerablset, B W H A W.

LetA n BandC D, thenby MaassandStob[6], we know that
E.B A ED C/.WedeneM DE.B A/

By Lachlan[4], asetH is hh-simpleiff L .H/ is isomorphicto a6 3
Booleanalgebra.A maximalsetM is a hh-simpleset;L .M/ is the two
elementBooleanalgebra. Sincetherearein nite mary non-isomorphic
Booleanalgebraswe know thatthe collectionof hh-simplesetsbreaksup
into in nitely mary orbits. Slamanand Woodin (unpublished)usedthis
resultof Lachlanto show:

Theorem 1.2 (Slaman-Véodin). The setfhhq; hoi Vh; is an index for a
hh-simplesetH; andL .Hi/ L .H./gis6 3 complete

To prove this, build a uniformly computablecollection of computable
BooleanalgebragB ;g2 suchthattheset

fhi; ji VB isisomorphicto B jg

is6 % complete.To thiscomputablecollectionapplyLachlans construction
of ahh-simplesetto getacomputableollectionof computablyenumerable
setsfH;g21 whereL .H;/ isisomorphicto B;j.

With theseresultsin mind, we turnedtowardsther -maximalsets.Recall
the following de nition andlemmas: (The proofs of the lemmascan be
foundin Soarg[10, X.4].)

De nition 1.3. (i) Anin nite setC isr-cohesiveaf thereis no computable
setR suchthatR\ C andR\ C arebothin nite.

(i) A computablyenumerablsetA isr-maximalif Aisr-cohesie. (Clearly
if Aisr-maximalandA B thenB isr-maximal.)

Lemma 1.4 (Lachlan) AssumeA 1 B andBisr-maximal.ThenA
B iff Aisr-maximal.
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Corollary 1.5. If Bisr-maximaland A , B thenAisr-maximalbut not
maximal.

If A and B arer-maximalsetswith maximalsupersetshenL .A/ and
L .B/ areisomorphic: x two suchsets.If M; and M, aretwo maximal
supersetef AtheneitherM1 D M or Mi[ M2 D !'. Thelattercannot
occur Somodulothe ideal of nite sets, A canonly have one maximal
supersetM. Similarly, B canonly have one maximal supersetM® So
L .M/ andL .MY areisomorphic. A m M andB ,, M°by Lemmal.4.
By MaassandStob[6], weknow thatE.M A/  E.M° B/ M. Then
we canpiecetogetheranisomorphismbetweerL . A/ andL . B/.

De nition 1.6. A coin nite computablyenumerableet A is atomlessf A
hasno maximalsuperset.

Muchlessis known aboutatomless -maximalsets.It is known thatthere
aretwo atomless -maximalsetsA andB suchthatL . A/ andL . B/ arenot
isomorphic(seeSectionsX.5.7-8of [1(])). It hasbeenalong standingopen
guestionrwhethertherewerein nite mary suchsets.Our mainresultgives
ananswers:

Theorem 1.7. Ther are in nitely manyatomless -maximalsetssud that
theprincipal lter sformedby thesesetsare pairwisenon-isomorphic.

Hencethe atomless -maximal setsalso breakup into in nitely mary
orbits. In the next two sectionswe will focuson providing a proof of this
result. First, in Section2, we give a generalconstructionof an atomless
r-maximalsetandthen,in Section3, we usethis constructionto get the
desiredresult.

Sofarwe wereunableto classifyall the possibleprincipal Iters which
canbeformedby anatomless -maximalset. To prove the above theorem,
we cameup with in nitely mary suchprincipal Iters. But we areon the
fenceasto whetherthislist of principal lters (or ary nite modi cation of
it) is inclusive of all suchprincipal Iters. We would like to think that our
constructiorof anatomless -maximalsetis the canonicalconstructionof
an atomless -maximalsetas|[4] constructionprovided for the hh-simple
sets.But we have no evidenceto supportthis claim.

However, in our desireto nd aclassi cation,we wereableto prove the
following:

Theorem 1.8. Thee is a satis able de nable property P (in thelanguage
fg ) sud thatif P. A/ and P.B/ then A and B are atomless -maximal
setsandL .A/ L .B/
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A proof of this canbefoundin Section4. Thereare otherexamplesof
de nableclasse®ofsetsftAVL .A/ L g whereL is notaBooleanalge-
bra. Thesetf AVOM.A , M & M isamaximalsetgis suchade nable
class.For all k, by Soare[ €], we know thatfAVL . A/ L gisde nable,
whereL is theBooleanalgebraof size2X. In HarringtonandNies[3], there
areotherexampleswhereL is anin nite BooleanalgebraFor example,L
might be the denseBooleanalgebraor the Booleanalgebraformedby the
nite andco nite sets-thecompletelyatomicBooleanalgebra.

Our notationis standarcandfollows Soarg 10]].

2. The Basic Construction of an Atomless r-Maximal Set
Theorem2.1([7, 4]). Thee existsan atomless -maximalsetA.

The goal of this sectionis to provide a proof of the above theorem.The
basicconstructionwe presenis amodi ed versionof JohnNorstads con-
struction(unpublished)which canbe found in Lermanand Soare[5] and
Soard 10]. In generalthis sectionfollows the courseof Soarg 10, Section
X.5] However, the constructiorwe presentwill have two major modi ca-
tions. Brie y, themodi cations consistof laying outthe markerson atree
andmakingeachsetbuilt simplew.r.t. to its successorsverits predecessor
onthetree(to understandhow we areusingsimplein this contect we refer
thereaderto De nition 2.4).

De nition 2.2. A sequencef computablyenumerableetsf H,g,21 forms
atowerif [ yHy D! andforalln, H, 1 Hnci.

Lemma 2.3. If Ais a computablyenumeablesetandfHpg,2: is atower
sud that A D Hg andtherequirements

P Wi HoorA W,
holdsfor all n > 0, thenA is atomlessandr -maximal.

Proof. If A W,, thenA W, H, 1 Hnc1 andhenceW, is not
maximal.So A is atomlessAssumeR splits A. Let R D W andR D Wj,
i > j. By B andPj, W Hi andPj, W; Hj. ButthenW, [ W; D
! H;, acontradiction.So A is r-maximal.

Herrmann(unpublishedpbsenredthatthe cornverseof the above lemma
is true. In particular if A is anatomless -maximalsetthenthereexistsa
tower; furthermorethistoweris computablen 0-3. GivenHy, chooseHnc1
suchthatH, 1 Hpnci 1 ! andif A6 WpcithenWhc:  Hnci.

LetT ! < beanin nite computableree. For this section,we will
restrictall lower Greeklettersto T. Let ! i be a one-to-oneonto
computabldunctionfrom T to! suchthat H) i < i .Notethat
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i D 0,where istheemptystring. For B® ,let be 'simmediate
predecessan thetree T. Thetreeswill be usedin conjunctionwith the
simplicity requirementsln latersectionsve will varythetreesthatwe use.

LetfOr :jig 2T gj21 beacollectionof markersarrangedalongT. dy
will denotethe elementassociatedavith 0, at stages. We mustensurethat
foralln> 0,

Nn dn Dgin Iign dy exists

Welet As D fdSghz1 , AD fdnghar

C DGy Dfdy ;jigj2r;
and [
HDH DA[. fCGM id:

To ensurehat A is anatomless -maximalset(andto do slightly more)we
will meetthefollowing requirementsor all

R A[ fC V gis acomputablyenumerableset

andNp, for all n. In De nition 2.9wewill de ne acompuablyenumerable
setA andLemma2.11wewill shovthatA D A[ fC V g
Giventhatwe meettheserequirementandthede nition of i , it is easyto
seethatthef Hg,21 form atower. Theserequirementsvill alsoallow usto
shavthatA \ A D A\ ,seeLemma2.10

To meetthe above requirementst is enoughto do a slightly modi ed
Friedbeg constructiormaximizinge-statesmeasureav.r.t. to

UnsDfXx V.9t s/XDdj; &X2 Wyt &n<ig

S
Of courseUy D fUps Vs 2 | g Thee-stateof x atstages, .e; x;s/ D
fi e Vx 2 Uj.sg Theconstructionwill ensurethatd; is in the highest
possible -state.

De nition 2.4(Simplicity). We saythat A is simplew.r.t. asuperseB over
asubse(C iff for every computablyenumerableetW, if W\ .B A/ is
in nite thenW\ . A C/isin nite. (ForexampleasimplesetA, issimple
w.rt.to! over;.) Clearlythisis de nablein E givenparameter$or A; B,
andC.

Ourgoalisto make A simplew.rt. A overA iff © 2 T.
Assumingwe meettherequirementsR ,if j thenA cannotbesimple
w.rt. A over A ; byLemma2.10 A\ A D A, ,s0A isnota
supersebf A . Henceit is enoughto ensurethatif © bj 2T
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thenA issimplew.r.t. A over A . Thereforejt is enoughto meetthe
following requirementgor all ; j andnsuchthat Q2 Tand &

Q: i jWal CgiD1 H W\ Cj 1

If wemeetQ; j.n, for all n, thenjW\ Cpjj D 1 impliesiW\ C jD 1 ,
for all W.

ThemarkersfOy :pj:n;ii 921 Will beusedto meetQ ; j:n. We only allow
Oti :hj:nuii to pull elementsy at stages whicharein qu\ Wh:s, assuming
Q. j:n is not alreadymet. If we pull y for the sale of Q. j:n, we will
call y awitness y will remaina witnessuntil its positionin termsof the
markerschangegin which caseit is eitherpulledfor somehigherpriority
requiremenbr dumpednto A).

Thereis a slight con ict betweenthe requirement€Q . j.;n andR . To
meetR we will pull to maximizedy,'s m-state. We mustbe carefulthat
we do notloseeverywitnesses D dy, for thesale of R . In thisregard,
wewill nd witnessesor Q . j.n, whicharein themaximumh ; j; ni-state.
Hencewe will only allow Oy :nj;nii to pull elementsy at stages if y 2
C%q \ Wns andy anddy .. havethesameti ; j; ni-state assuming
Q. j:n is notalreadymet. And if d3, is awitnessfor Q. j:n, we will only
pull toincreasats h ; j; ni-state(notits m-state).

Tothisend,wede ne &, D eunlessd; is awitnessfor Q; j., atstage
sin whichcase D h ; j;ni.

TheConstruction2.5. Stages D 0. Letd? D n.

StagesC 1.

Part |: Find theleaste suchthatfor somei,e< i s, .€;d%s/ >

.€; d3; s/. Choosesuchani with .€; d°; s/ aslarge aspossibleand
de ne & D dS (0 pullsd® for Rg). Enumeratel, e  k s,k B i,into
A (thestandardiump).Let & D d?, for all j < e, and, D dg,, for all
k> 0.

Part Il: Findtheleaste; j; n, andi (in thatorder)suchthatfor somel,
eDh ;hj;nlii;e<i s;forsomek,i D h qg;Kki[notethati <i g];

Ko jni;®;s/ DA jini & s/ foralll® 1, & g 2 Whis
[hencethereareno smallerwitnesseghat Q . ., is alreadymet]; andd 2
Wh:s. De ne dS¢! D & (0. pulls thewitness® for Q. ., at stages; we
alsosaythat Q. j:n actsat stages). Enumerat&i%, e k s kbi,into

A (anotherdump). Let dS°* D &, for all k < e, anddSS} D &.,, for all
k> 0.

Lemma 2.6. For everye, de D lims dg existsand A D fdeGo1 G
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Proof. By inductionon e. Assumethe lemmaholdsfori < e. Chooses
suchthatfor alli < e, di D d°. Partl of the constructioncanonly apply
to O at most2° timesafterstages. Choosea staget suchthatPart | never
appliesto O¢ afterstaget. Part Il canonly applyto O at mostonceafter
staget.

Lemma2.7. Forall n,U,\ Ais nite or A Upn.

Proof. By inductionon n. Usingthe constructiorandthe de nition of Uy,
it is easyto seethatUg isin nite iff A Ug. Now x n > 0 andsuppose
for all m < n that

(2.1) Um\ Ais nite orA  Up: <

Let Dfm< nVA Upng(the.n 1/-stateof A). LetU D fUp V
m2 g If Uy[ U is nite thenUy\ Ais nite andW, Hn, by
thede nition of U,. By the de nition of €, we have thatfor almostall e

gndfor all s, > n. Soif U, \ U isinnite then,by the construction,
A Un. Thuswe cancontinuetheinduction.

Lemma 2.8. Assumeghat @ 2 Tand ©® . Thenforalln, Q. j.nis
met.Furthermoe, Q . j:n onlyacts nitely often.

Proof. Assumenot. Fix somen suchthatjW, \ C gj D 1 but jWy \
CjD ;. Let betheh ;j;ni-stateof A (seeEquation2.1). Choosen®
suchthat .H ;j:;ni;dw/ D ,forallm nC Findtheleastl suchthat
m D h ;hj;n;lii n® Choosethe leasts suchthatds, D dm. Since
JWh\ C gj D 1 ,theremustexistani andastaget > s suchthatm < i
t,i D H q;ki,forsomek, .h ;j;ni;&®;t/ D .t ;j;ni;& s D
andd® 2 Wy. Oy will pull & for Q. j.n atstaget. This contradictsthe
choiceof s.

De nition 2.9.Fix 2 T.Let Dfi i VA  Ug(by2.1thisisthe
i -stateof A). Choosen®suchthat .i ;dn/ D ,forallm nC Choose
s%suchthatfor dy, D d%o, forallm < nPandif i ; j;ni < i thenQ .jn
never actsafterstages® De ne acomputablyenumerablsetA D A; as
follows: y D d|t< entersA atstaget C 1> sCif eithery entersA at stage
tClorn® k t,

thereisa ; j suchthatk D h ; ji and ;
forallm,ifn"° m kthen .i ;d\:t/ D ; and
forallm k;d! D df¢t:

Lemma 2.10. Lety D df; .; enterA atsteget C 1. Thenfor all stages
s tC1, eithery2 Asory D d .;, for some . Furthermog, if
y D d%thenforall m,ifn  m Kk°then .i ;dS;s/ D i CU.
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Proof. By inductionons. If y's positionin termsof the markersdoesnot
changefrom stages 1 to stages then, by the de nitions of A andU,,

thelemmabholdsat stages. By theinductionhypothesisthe construction,
the de nitions of :n% sand A , no O will pull y for Part| at stages.

However, someOn, couldpull y for Q ;. In this caseclearly

and, by the de nitions of U, andn® thei stateof the balls lessthany

which are not dumpedinto A doesnot change. The only other possible
movementof y isinto A.

S
Lemmaz2.1ll.Forall ,A D A[ fC V g Hencefor all e, He is
a computablyenumeable set.

S
Proof. By thede nition of A andLemma2.7, Al fC V g A.
Assumey entersA at staget C 1. Then, by the abore lemmaandthe
de nition of i , eithery 2 A or for some ,yinC .

We will wrap up this sectionby noting that the constructionprovesthe
following theorem:

Theorem2.12.LetT ! < beanin nite computabldree Let ! i
be a one-to-oneonto computablefunctionfrom T to ! sud that
impliesi < i . Thenthereisanatomless-maximalsetA andcomputably
enumeablesetsf A g >1 containingA sud that
g (i) the computablyenumeable setsfHeg:z1 form a tower whee He D

fA M eg

(ii) if D and D ,thenthesetsA A and A A are
in nite and A issimplew.r.t.to A overA ,and

(i) A\ A DA\

(iv) LetAc D fA V 2 Cg Ac is computablyenumeableiff C is
nite andclosedunderinitial sggmentoor CD T (andAc D ).

(For (iv) notethatevery coin nite computablyenumerablesupersebf A
is containedn someHe.. Henceif C ® T andis in nite then Ac is nota
computablyenumerableet.)

3. Innitel y many non-isomorphic L . A/

Consideran atomless -maximal set A built in the fashionof the last
sectionusingthe computabldreeT. ThesetsfA V 2 Tgform asub-
structureof L . A/. Wewill let AT denotethis atomless -maximalsetand
fAT V 2 Tgthecorrespondingubstructure.

In this sectionwe will explore how this substructureeandistinguish A
from otheratomless -maximalsetsbuilt in the samefashion.We will ex-
plore how differenttreesgive rise to atomless -maximal setswhoseprin-
cipal lters arenon-isomorphic.
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In thenext sectionwe will discusssomepartialresultsabouthow similar
treesgive rise to isomorphicprincipal Iters andthe relationshipbetween
the atomless -maximal setswe constructand the oneswhich were con-
structedpreviously.

Notation 3.1. Let F andT betrees. Thetree F. T/ is formedby adding
T aboveary nodein F; F.T/ D F[ fb V 2 F& 2 Tg Let
TODfO"Vn2!1gTiDf0"0bj Vn;j2!gandT"1D TLT"/. Let
T4 D fi Vi 2! g(thisisall thestringsof lengthlin! < ). Wewill call T4

thetriangletreeand T © thechain. Theatomless -maximalsetsconstructed
usingT4 andT" arecalled A* and A" respectiely andthe corresponding

substructurearecalledfA* v 2 T4gandfA"V 2 T"g

De nition 3.2. Let A beanatomless -maximalset. We call thesetsfV; V
i 2 I gatriangleoverV in Aif A V;foralli,V 1 Vi;foralli, j,if
i ® j thenV;\ V; D V;andfor all computablyenumerablsetsw, if W
is coin nite thenthereis alargestn suchthat.V,, V/\ W is nonempty

ffbyvj2!g T thenthesetszTbj Vj 2 ! gform atriangleover
AT in AT. Thisfollows from thefac:tthatthesetszTbj Vj 2 | garepart

of thetower usedto shov AT is anatomless -maximalset. Hencethe sets
fAfgform atriangleover A% in A*. If thesetsfV; Vi 2 | gareatriangle
overV in Aand8 is anisomorphismtakingL .A/ tosomeotherL .B/,
thenthesetsf8 .V;/ Vi 2 ! gform atriangleover8 .V/ in B.

The last clausein the above de nition is necessaryAssumeA , B.
Thenwe cansplit B into in nitely mary setsB; suchthat A ;1 B;j by
usingthe Owings Splitting Theoremin nitely mary times. Thesesetswill
satisfyall but thelastclausein theabove de nition.

De nition 3.3. Let A beanatomless -maximalset. We call thesetsf§ V
i 2 1gaspinein Aif foralli, A 1 § 1 Scp; foralli > 0and
for all computablyenumerablesetsW, if W\ .Sc1 S/ isin nite then
W\ .S § 1/ isinnite; andfor all computablyenumerablasetsw, if W
is coin nite thenthereis alargestn suchthat. S, S, 1/\ W isnonempty

If thestringsf ; Vi 2 | gform anin nite paththroughatreeT thenthe
setszTi Vi 2 ! gform aspinein AT (seeDe nition 2.4andLemma2.8).

Hencethesetsz8n Vh 2 | gform aspinein AC. If thesetsfS Vi 2 | gare
aspinein A and8 is anisomorphismtakingL .A/ tosomeotherL .B/,
thenthesetsf8 .S/ Vi 2 ! gform aspinein B. If i ® Othen§ is simple
W.rt. §Sciover§ ;.

Thefollowing lemmacontainsthe key ideafor this paper! Informally, it
saysthat one cannotusea triangleto build a spineanda spineto build a
triangle.
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Lemma 3.4. Let A beanatomless -maximalset. AssumehatfV; Vi 2! g
formsatriangleoverV in A andthatf§ Vi 2 | gaspinein A. Thenthere
aren andk sud thatfor all mandall I, if Ssn Sn /\ .V V/isinnite
thenm nandl k. Furthermoe,V\ 5, § S.

Proof. Thereis alamestnosucht[hat.&o So 1/\ Visinnite. So

(3.1) VA S S

i21
Thereis alargestk suchthatchc[l\ .Vkx V/isinnite. Therefore
(3.2) Sci1\ WV Vi

i21 j Sk
Thereis alargestn suchthat. S, &, 1/\ j k Vj isinnite. Son no
and [ [

Vi \ S S
ik i21

Hencethelemmaholdsfor| k.

Fix | > k. Supposdahat.S,, Sy 1/\ .Vi  V/isinnite. Then,by
thechoiceof k, m > n® By thede nition of aspine,.Syc1 S\ Vi is
in nite. Then,by Equation3.1, . Syac1 S§/\ .V V/isinnite. But, by
Equation3.2,.31069«5 SI\ . v V/ j k Vj Since,by thede nition
of atriangle,. V| \ J- « Vil Visnite, . Sc1 S\ .V V/is nite.
Contradiction.

Let 8 beanembeddingf fA"g o1n into someL . A/. We saythat8 is
aT"-embeddingf 8 preserestrianglesandspineslf 8 isanisomorphism
betweerl .A"/ andL .AT/then8 isaT"-embeddingntoL .AT/.

Assumethat8 is a T"-embeddingf f A"g »1n into someL . AT/. For
easeof notation,welet 8. A"/ D A, for all 2J" Let1.8/ Df V
9 TAT AT /\ A isin nite UgNotethat A2 fAT V.AT AT /\

A isin nite gandthesetof such 'sforary xed is nite.

Lemma3.5. Assumeéhat8 isa T"“l-embeddingntoL . AT/. Thenfor all
nite treesF, 1.8/ 6 F.T"/.

Proof. By inductionon n. Assumethat we have a T"“! embedding8,

wherel .8/ F.T"/ for somenite treeF. Wewill deriveacontradiction.
will alwaysbe usedto denotea nodeof F. NotethatF is a subtreeof

F.T"/ andwithoutlossof generalitywe canassumehatF  T.
TheBaseCase:n D 0. Forall ,thereisan suchthateither bo" ¢ 2

T orthesetsf AT yngn21 form aspinein L. AT/. Thesetsf/%‘gjz; form a
triangleover 2. By Lemma3.4, forall (wheren is notalreadyde ned),
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Al /AR /Q// is in nite

thenm n andl k. Henceforall j, & & AT
Contradiction(this embeddingloesnot presere triangles).

Thelnductivecase:Supposehelemmaholdsfor n. In this case we will
use8 to constructa T"-embeddingvhich violatesthe lemma.Brie y the
ideais nd anode in T"°! suchthatthetreeabose isisomorphicto T"
andtheimagesof the setsconstructegbove violatesthelemmafor n.

Now the setsf/qmgjz! form a triangle over &€ in AT. Forall
let f betherightmost(0 is to theright of 1 in our trees)in nite branch
extending in 1.8/ \ T, if suchabranchexists. We will now restrict
to thosenodesin F where f exists. ThesetsfATg > form a spinein
L .AT/.

By Lemma3.4, for all thereisan andk suchthatif f and
AT AT\ RS RCY sinnite thenj j n andl k. Let
k D maxk ;n gC 1.

Assumek and.AT AT /\ AClisinnite. We will shov by
inductionon thatf k6 . Assumeotherwise.Then,bythesimplicity
requirementsRQt\ AT AT | /isinnite. Clearlythisis false
for D k. Hencethe basecaseof our inductionholds. By the inductive
hypothesisandthe choiceof k, &1\ AT | Al | _/is nite. So

ARCL RSN AT AT | /isinnite. Now, againby thesimplicity
requirements, Q' ACY/\ AT | isin nite. Thiscontradictghechoice
of k.

LetFi D F[ f V f .k Ug[f VARSI AT
AT /isin nite g At this pointwe will lift the above restrictionson and
replacethemwith therestrictionthat 2 F;.

Thesetsfﬂ?b ~0m21 formaspinein AT. Forall eitherthereis alargest
k suchthat b.k C1/ 2 T orthesetsfAT bj9bj2T form atriangleover
AT in AT,

By Lemma3.4, for aII (wherek is notalreadyde ned), thereisan
andk suchthatif . /Qbo,ﬁ WA AT AT/ isin nite thenm n
andl k .LetqD maxfn 'k g+ 1.

Assumelb0d and.AT AT /\ ARClisinnite. Wewill shav by
inductionon that,foralll > g, bl 6 . Assumeotherwise.Then,bythe
simplicity requirementsRQ€1\ AT, AT/ isin nite. By theinductive
hypothesisandthe choiceof q and Fy, &%\ AT, AT/ is nite. So
ARCL RS\ AT, AT/ isinnite. Clearlythisis falsefor D

thereisan andk suchthatif . AT, yn

bo" -
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k09, Now, againby the simplicity requirements, A< S\ AT
isin nite. By Lemma3.4,. Ay AL /\ AT is nite. Butthisimplies

that. AAGe  ACT . /\ AT, AT/isin nite whichcontradictshechoice
of q.

Let FOD F[ F1[ f M qg Let D k0d. If either or
and €1\ AT AT /isinnite then extendssomenodeof FPorisin

FO By thede nition of T"®1 f V 2 1.8/ & extendssomenodein
F FOTn 1/,

Now clearlythereis a T"-embedding® intoL . A"“1/ suchthat!.9 / D
foP; 0bk; V g (By thede nition of T"¢1 f Vv g T" Use
thisto get9 .) Sothecomposition8 9 is a T"-embeddingnto L . AT/.
Butl.8 9/ FOT" Y. Contradiction.

It is possibleto improve the above lemmato show that | .8/ cannotbe
embeddedasatree)into F.T"/. Thefollowing is our mainresult:

Theorem 3.6. For all n, L . A"/ is not isomorphicto L . A"/. Hence
there are in nitely manyprincipal Iter s formedby atomlessr-maximal
sets.

Proof. If L . A"}/ isisomorphidoL .A"/, wewouldhaveaT"“1-embedding
8 intoL .A" suchthatl.8/  T". Contradiction.

4. Towards a classi ca tion

4.1. The caseof A*. We claim thatL .A*/ is isomorphicto L .A/,
whereA is the atomless -maximalsetconstructedn Soare[ 10, Theorem
X.5.4]. In fact,we will shov somethingnuchstronger

De nition 4.1. We sayanatomless-maximalsetA is atriangle setif there
arein nitely mary computablyenumerablesetsA; suchthatA ;1 A, if
i ® j,thenAi\ Aj D Aandfor all computablyenumergbleetsw, if W
is coin nite thenthereis somen suchthatW R, Dgn i n AN

It is clearthat triangle setsare atomless -maximal sets. Thefhngm
form atower. No supersebf atriangleset A is simplew.r.t. to any other
supersebf A. A? is atriangle setandsois the atomless -maximal set
constructedh Soaregl 0, TheoremX.5.4]. If thesetsf Ajgo: formatriangle
overAinL.A/and ; Ai D !, thenAisatriangleset.If B isacoin nite
supersebf atrianglesetthen B is atriangleset. Furthermorejf A andB
aretriangle setsthenL .A/ andL .B/ areisomorphic: Map A; to B;.
SinceA n A andB , Bj, by Maassand Stob[6], we know that
E.A/ A/ E.B B/via8;.If Wisco nite thenmapW to! . Otherwise
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S
nd theleastn suchthatW i n A andmapW to
Thisinducesanisomorphisnbetweer. . A/ andL .B/.

8i.W\ Aj.

in

Theorem4.2. Thesetf A VA is a triangle segis de nablein E.

Proof. Wewill show that A is atrianglesetiff thefollowing propertyholds
for Ain E:
Ais atomless -maximalset&

P.A/ 8V A9S AWV S&8W A
9B ATS\ BD A& W V[ BUU
wherethequanti ersrangeoverall coin nite computablyegumerableets.

If: &ivenV nd the leastm > n suchthatV ¢ i mA. Let
SDg i mA. Given W nd p suchthat W i pAi. LetB D
A[ m<i pAi-

Only if : We will constructthe %esiredAi's by induction. Assumethat
we have fAig<n. LetV D A[ ., Ai. Let m bethe leastsuchthat
S 1 S[ Wm 1 !,whereSisgivenby P.A/. LetW D W, and A,
equalthecorrespondings.

Notethatif P.A/ holdsthenfor all C A, P.C/ holds. Also the sets
f Ajgarecomputablen 0. Henceif A and B aretwo triangle setsthen
L .A/ andL .B/ areisomorphicvia anisomorphismcomputablén 0-¥.

4.2. r-maximal setswith spines. Let A beanatomless -maximalsetwith
aspine.Then,by Lemma3.4, nosupersebdf Ais atriangleset.(Letf Ajg2:
form atriangleover somesuperseB of A andfSgg: form aspinein A.
Letn beasgivenin Lemma3.4then§,c1 * A[ ; Ai. Hencethesets
fAig21 donotwitnessthat B is atriangleset.) Therefore the property P
doesnot holdsfor any superseof A.

Theorem 4.3. (Stob)An atomless -maximalset A hasa spineiff
8B AL.9C B/.S8W/TW\CBHB ;! W\ .C B/® ;U

whee A and B range over all coin ntite computablyenumeable setsand
W rangesover all computablyenumeable sets.

Proof. Supposehat Vg V1 \Y/) is the spine. Given B let n
besuchthatB  V,. LetC D V,c1. GivenW suchthatW\ C & ;
eitherC W in which caseW .C B/ B ; (byLemmal.d) or
W\ Vkc1 V/ B ; somek > n. ButthenW\ .Vhc1 V4 isin nite
andcontainedn C  B.

Supposen the otherhandthe condition. Let A D Vg. Given'Vy, letm
beleastsuchthatV,, 1 Vo[ Wm 1 !,letBnc1i D Vo[ Wy andlet
Vhc1 bethesetC,c1 givenby the conditionwith B D Bnc1. Obviously,
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for all n, eitherW,, AorW, Vnc1. SupposehatW is ancomputably
enumerablesetsuchthatW\ .Vhc1  Vi/ isinnite. Now V, D C, as
de ned by our recursion. ThusW \ C, is in nite. Thuswe have that
W\ .C, By/isinnite. ButW\ .C, By Vn WV 1

4.3. Another de nable class. We canuseP. A/ to de ne anotherclassof
atomless -maximalsets:Let R.C/ betheformulawhich saysthatC is an
atomlesg -maximalset,: P.C/ andthereexists A suchthatC A and
P.A.

LetT D fO;®j Vj 2 I g In this case,Ag is atrianglesetbut Ag is
simplew.r.t. Ag;j (over AT), for all j (seeDe nition 2.4andLemma2.9).
HenceR. AT/ holds. The atomless -maximalsetC constructedn Soare
[10, ExercisesX.5.8] alsosatis esR.

A propertysimilarto R.C/ wasusedto foundthe rst exampleof two
atomless -maximalsetsA and B suchthatL .A/ andL .B/ arenotiso-
morphic(seeExercisesX.5.80f [10]). We conjecturdhatif R.C/ andR. &
hold thenL .C/ andL .®& areisomorphic. In fact, it is openwhether
L .AT/andL .C/ areisomorphiqwhereT is asaboseandC is theatom-
lessr-maximalsetconstructedn Soarg 10, ExercisesX.5.8]).

Wewill spendherestof this sectionexploring whatsetssatisfytheprop-
erty R. We would like to classifythosetreesT whereR. AT/ holds. If T
hasanin nite branchthen,by thework in the above subsectionywe know
thatR. AT/ doesnot hold (anddoesnothold for ary supersebf AT).

Lemma 4.4. Let T beanin nite computabletree T sud that T hasno
in nite branch (with at leastonein nitely branding nodeotherthanthe
emptystring). ThenT hasonly nitely manyin nitely branching nodesiff
R. AT/ holds?

Proof. If : C bethesetof allnodes in T suchthat isanin nitely branch-
ing nodeandnoextensionof dn T isin nitely branching By ourassump-
tion C is non-emptyLet AD TC AT. Thesets

ff A Qg
2C b O

(whereit is understoodhat °2 T) witnessthat A is a triangle set. (By
Theorem2.12 (iv) andour assumptioraboutT, A andall the abose men-
tionedsetsarecomputablyenumerable.P. AT/ fails but A withnesseghat
R. AT/ holds.

Only If: Let A be a supersebf AT suchthat A is a triangle set. By
Theoren®2.12(iv), thereis somenon-emptynite setof nodesn T, C, such

1The“only if” directionis dueto Mik e Stob
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thatA  Ac. Sinceevery computablyenumerableoin nite superseof a
trianglesetis atriangleset, Ac is atriangleset. SOWLOG we canassume
thatA D Ac. LetfV,g21 bethesetswhichwitnessthefact A is atriangle
set.

Let beanin nitely branchingnode 2 T whichisnotin( SoA A
isin nite. Hencethereis aleastn suchthat A hn Ddetn ;  Vi- By
simplicity, if Ois any properextensiorof in T thenA o R,. (Assume
for somei of theleastm suchthat A p; R, is greatethann. Butthen
Vm\ .Ap A /isinnite andVy\ . A A d is nite. Theamgument
is by inductionfor otherextensionsof .) But, by Theorem2.12 thereis
a nite setC%suchthat &, Aco. Contradiction. Henceevery in nite
branchingnodeis in C andtherearemost nitely suchnodes.

4.4. Spinesand beyond. We have no goodideashow to classifyatomless
r-maximalsetswith spines.Thefollowing is anoutline of a planto come
up with a classi cation of principal Iters formedby atomless -maximal
sets(with spines).

Firstshaw thatthereis some(hopefullywith somedegreeof effectiveness
— this might be neededbelon) way to go from an atomless -maximalset
to thesubstructuregthef A ds)we usedto shav thesesetsform in nitely
mary non-isomorphigrincipal lters. Perhapsdentifying all thetriangles
andspinesandhow they arearrangedogetheris enough. In this regard,
we do notknow if every atomless -maximalsethasa triangleor spineof
supersets.Under someadditionalassumptionseebelow) this would say
that our constructionconstructsan atomless -maximal setof every type.
Onething to considerin this is the effect that turning off the simplicity
requirementsat variouslevels in the tree hason the construction(ie. not
using Q. j:n for  of variouslengths). We conjecturethis just collapses
thesdevelsof thesubstructure.

Thenshav that atomless -maximalsetswith isomorphicsubstructures
(maybewith anadditionaleffectivenessonditionontheisomorphism¥orm
isomorphicprincipal lters. This shouldbe possiblesincewe know, by
MaassandStob[ 6], theintervalsof supersetsf anatomless -maximalset
areisomorphicto M. Henceoneshouldbe ableto combinethis andthe
isomorphismbetweenthe substructuresogetherin one argumentto build
thedesiredsomorphisnbetweertheprincipal lters (it is herethatwe may
needa gooddealof effectiveness)A good rst stepin this directionwould
beto show thatif onebuildstwo atomless -maximalset A andB usingour
constructiorandthe chainasthe treethenthesesetsform isomorphicprin-
cipal Iters. A next stepwould beto shav thatif two atomless -maximal
setsA andB arebuilt usingthe sametreethenthey form isomorphicprin-
cipal Iters. Perhapghisremainstrueif A andB arebuilt usingdifferent
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but very “similar” trees. For example,for all n, andfor all nite treesF,
L .A" andL .AF-T"/ maybeisomorphicandin which casewe would
considerT" andF.T"/ as“similar” trees.

Evenif work alongthe lineswe outlinedabove doesnotleadto a classi-
cation of theprincipal Iters formedby atomless -maximalsets,t should
be enoughto prove the following conjecture:

Conjecture 4.5. Thesetfhry; roi Vwheee r; is an index for an atomless
r-maximalsetA; andL . Ay/ L .Ay/gis 6] complete
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