
ATOMLESS r -MAXIMAL SETS

PETERA. CHOLAK AND ANDRÉ NIES

Abstra ct . We focuson L . A/, the �lter of supersetsof A in thestruc-
ture of the computablyenumerablesetsunder the inclusion relation,
whereA is anatomlessr -maximalset.Weanswera longstandingques-
tion by showing that therearein�nitely many pairwisenon-isomorphic
�lters of this type.

1. Introduction

Let E be the collectionof computablyenumerablesetsorderedvia the
inclusionrelation. A main taskconcerningthis structureis to classify its
orbits. That is, given a computablyenumerableset A, determineall the
othercomputablyenumerablesetsB suchthat thereis an automorphism
8 of E with 8 . A/ D B. (It is understoodthat from this point on all sets
are computablyenumerable.)Therehasbeensomesuccessin this area.
For example,themaximalsetsform anorbit [8] andthehemi-maximalsets
(Friedberg splittingsof maximalsets)form anorbit [2].

It is easyto seethatif A andB arein thesameorbit thenL . A/ is isomor-
phicto L . B/. (By work of Cholak[1] andSoare[8], andsomeunpublished
work of Herrmann,theconversefails unlessL � . A/ is �nite.) L . A/ is the
principal �lter that A determinesin E; ie. L . A/ D ff A [ Wege2! I �g and
L � . A/ is L . A/ modulothe idealof �nite sets.Hencewe will turn our at-
tentionto classifyingthevariousdifferentprincipal�lters thatarepossible.

Principal�lters of E arein acorrespondencewith intervalsof E. Fix in�-
nitecomputablyenumerablesetsA � B. De�ne E. X/ D ff We\ Xge2! I �g ,
whereX neednot be computablyenumerable;for exampleX D B � A.
Now onecan�nd anone-to-onecomputablefunction f whoserangeis B.
The principal �lter formedby the pullbackof A, f � 1. A/, is isomorphic
to E. B � A/. Similarly, if onehasa principal �lter onecaneasily�nd a
correspondinginterval. The only intervalsof E which have been(at least
partially) classi�ed in termsof isomorphismareeitherisomorphicto E, M
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(theinterval formedby A � m B, for moreseebelow), a 6 3 Booleanalge-
bra,or theprincipal �lter formedby a r -maximalset.We will survey what
is known.

By work of Soare[9], if A is low thenL � . A/ � E� . (And thenwe can
useanotherresultof Soareto show L . A/ � E.) Thishasbeenimprovedto
low2, in yet to bepublishedwork of Harrington,Lachlan,MaassandSoare.
Also, in Cholak[1], it is shown this remainstrueif A is semi-low2 andhas
theoutersplitting property. Thepoint is thata largeclassof setsdetermine
principal�lters whichareisomorphicto E.

It is usefulto recallthede�nition of amajorsubset:

De�nition 1.1. A is a major subsetof B, A � m B, if B � A is in�nite and
for everycomputablyenumerablesetW, B � � W H) A � � W.

Let A � m B andC � m D, thenby MaassandStob[6], we know that
E. B � A/ � E. D � C/. Wede�ne M D E. B � A/.

By Lachlan[4], a set H is hh-simpleif f L � . H/ is isomorphicto a 6 3
Booleanalgebra.A maximalset M is a hh-simpleset;L � . M/ is the two
elementBooleanalgebra. Sincethereare in�nite many non-isomorphic
Booleanalgebras,we know that thecollectionof hh-simplesetsbreaksup
into in�nitely many orbits. Slamanand Woodin (unpublished)usedthis
resultof Lachlanto show:

Theorem 1.2 (Slaman-Woodin). The set fhh1; h2i Vhi is an index for a
hh-simplesetHi andL . H1/ � L . H2/gis 6 1

1 complete.

To prove this, build a uniformly computablecollection of computable
BooleanalgebrasfB i gi 2! suchthattheset

fhi ; j i VB i is isomorphicto B j g

is 6 1
1 complete.To thiscomputablecollectionapplyLachlan'sconstruction

of ahh-simplesetto getacomputablecollectionof computablyenumerable
setsf Hi gi 2! whereL � . Hi / is isomorphicto B i .

With theseresultsin mind,weturnedtowardsther -maximalsets.Recall
the following de�nition and lemmas: (The proofs of the lemmascan be
foundin Soare[10, X.4].)

De�nition 1.3. (i) An in�nite setC is r-cohesiveif thereis no computable
setR suchthat R \ C andR \ C arebothin�nite.
(ii) A computablyenumerablesetA is r-maximalif A isr -cohesive. (Clearly
if A is r -maximalandA � B thenB is r -maximal.)

Lemma 1.4(Lachlan). AssumeA � 1 B and B is r -maximal.ThenA � m
B iff A is r -maximal.
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Corollary 1.5. If B is r -maximaland A � m B thenA is r-maximalbut not
maximal.

If A and B arer -maximalsetswith maximalsupersetsthenL � . A/ and
L � . B/ areisomorphic:�x two suchsets.If M1 andM2 aretwo maximal
supersetsof A theneitherM1 D � M2 or M1 [ M2 D � ! . Thelattercannot
occur. So modulo the ideal of �nite sets,A canonly have onemaximal
supersetM. Similarly, B can only have one maximal supersetM0. So
L . M/ andL . M0/ areisomorphic.A � m M andB � m M0by Lemma1.4.
By MaassandStob[6], weknow thatE. M � A/ � E. M0� B/ � M . Then
wecanpiecetogetheranisomorphismbetweenL . A/ andL . B/.

De�nition 1.6. A coin�nite computablyenumerableset A is atomlessif A
hasno maximalsuperset.

Muchlessis knownaboutatomlessr -maximalsets.It is known thatthere
aretwo atomlessr -maximalsetsA andB suchthatL . A/ andL . B/ arenot
isomorphic(seeSectionsX.5.7-8of [10]). It hasbeena longstandingopen
questionwhethertherewerein�nite many suchsets.Our mainresultgives
ananswers:

Theorem 1.7. There are in�nitely manyatomlessr -maximalsetssuch that
theprincipal �lter s formedby thesesetsarepairwisenon-isomorphic.

Hencethe atomlessr -maximal setsalso breakup into in�nitely many
orbits. In thenext two sectionswe will focuson providing a proof of this
result. First, in Section2, we give a generalconstructionof an atomless
r -maximalsetandthen, in Section3, we usethis constructionto get the
desiredresult.

So far we wereunableto classifyall thepossibleprincipal �lters which
canbeformedby anatomlessr -maximalset.To prove theabove theorem,
we cameup with in�nitely many suchprincipal �lters. But we areon the
fenceasto whetherthis list of principal�lters (or any �nite modi�cation of
it) is inclusive of all suchprincipal �lters. We would like to think thatour
constructionof anatomlessr -maximalsetis thecanonicalconstructionof
an atomlessr -maximalsetas[4] constructionprovided for the hh-simple
sets.But wehaveno evidenceto supportthis claim.

However, in our desireto �nd a classi�cation,we wereableto prove the
following:

Theorem 1.8. There is a satis�ablede�nablepropertyP (in the language
f�g ) such that if P. A/ and P. B/ then A and B are atomlessr -maximal
setsandL � . A/ � L � . B/
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A proof of this canbe found in Section4. Thereareotherexamplesof
de�nableclassesof setsf A VL � . A/ � L g, whereL is not a Booleanalge-
bra.Thesetf A V9M. A � m M & M is amaximalset/gis sucha de�nable
class.For all k, by Soare[8], we know thatf A VL � . A/ � L gis de�nable,
whereL is theBooleanalgebraof size2k. In HarringtonandNies[3], there
areotherexampleswhereL is anin�nite Booleanalgebra.For example,L
might be thedenseBooleanalgebraor theBooleanalgebraformedby the
�nite andco�nite sets– thecompletelyatomicBooleanalgebra.

Ournotationis standardandfollowsSoare[10].

2. The Basic Construction of an Atomless r -Maximal Set

Theorem 2.1([7, 4]). There existsan atomlessr -maximalsetA.

Thegoalof this sectionis to provide a proof of theabove theorem.The
basicconstructionwe presentis a modi�ed versionof JohnNorstad's con-
struction(unpublished)which canbe found in LermanandSoare[5] and
Soare[10]. In general,this sectionfollowsthecourseof Soare[10, Section
X.5] However, theconstructionwe presentwill have two major modi�ca-
tions. Brie�y , themodi�cationsconsistof laying out themarkerson a tree
andmakingeachsetbuilt simplew.r.t. to its successorsover its predecessor
on thetree(to understandhow we areusingsimplein this context we refer
thereaderto De�nition 2.4).

De�nition 2.2. A sequenceof computablyenumerablesetsf Hngn2! forms
a tower if [ nHn D ! andfor all n, Hn � 1 HnC1.

Lemma 2.3. If A is a computablyenumerablesetandf Hngn2! is a tower
such that A D H0 andtherequirements

Pn Wn � � Hn or A � � Wn

holdsfor all n > 0, thenA is atomlessandr -maximal.

Proof. If A � Wn, then A � Wn � Hn � 1 HnC1 andhenceWn is not
maximal.So A is atomless.AssumeR splits A. Let R D Wi andR D Wj ,
i > j . By Pi andPj , Wi � � Hi andPj , Wj � � H j . But thenWi [ Wj D
! � � Hi , acontradiction.So A is r -maximal. �

Herrmann(unpublished)observedthattheconverseof theabove lemma
is true. In particular, if A is anatomlessr -maximalsetthenthereexistsa
tower;furthermore,thistoweris computablein 0.3/ . GivenHn chooseHnC1
suchthat Hn � 1 HnC1 � 1 ! andif A 6� � WnC1 thenWnC1 � HnC1.

Let T � ! <! be an in�nite computabletree. For this section,we will
restrict all lower Greeklettersto T. Let � ! i � be a one-to-oneonto
computablefunctionfrom T to ! suchthat� � � H) i � < i � . Notethat
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i � D 0, where� is theemptystring. For � 6D � , let � � be � 's immediate
predecessorin the treeT. The treeswill be usedin conjunctionwith the
simplicity requirements.In latersectionswewill vary thetreesthatweuse.

Let f0hi � ; j i g� 2T�f � g; j 2! bea collectionof markersarrangedalongT. ds
n

will denotetheelementassociatedwith 0n at stages. We mustensurethat
for all n > 0,

Nn dn Ddfn lim
s

ds
n exists:

We let As D fds
ngn2! , A D fdngn2! ,

Cs
� D Cs

i � D fds
hi � ; j i gj 2! ;

C� D Ci � D fdhi � ; j i gj 2! ;

and
H� D Hi � D A [ .

[
fCi Vi � i � g/:

To ensurethat A is anatomlessr -maximalset(andto do slightly more)we
will meetthefollowing requirementsfor all � ,

R� A [
[

fC� V� � � gis acomputablyenumerableset

andNn, for all n. In De�nition 2.9wewill de�ne acomputablyenumerable
set A� andLemma2.11we will show that A� D � A [

S
fC� V� � � g.

Giventhatwemeettheserequirementsandthede�nition of i � , it is easyto
seethatthef Hngn2! form atower. Theserequirementswill alsoallow usto
show that A� \ A� D A� \ � , seeLemma2.10.

To meetthe above requirementsit is enoughto do a slightly modi�ed
Friedberg constructionmaximizinge-statesmeasuredw.r.t. to

Un;s D fx V.9t � s/Tx D dt
hi ; j i & x 2 Wn;t & n < i g:

Of course,Un D
S

fUn;s Vs 2 ! g. Thee-stateof x at stages, � .e; x; s/ D
fi � e Vx 2 Ui ;sg. The constructionwill ensurethat di is in the highest
possiblei -state.

De�nition 2.4(Simplicity). Wesaythat A is simplew.r.t. asupersetB over
a subsetC iff for every computablyenumerablesetW, if W \ . B � A/ is
in�nite thenW\ . A� C/ is in�nite. (For example,asimplesetA, is simple
w.r.t. to ! over ; .) Clearlythis is de�nablein E givenparametersfor A; B,
andC.

Our goal is to make A� simplew.r.t. A� over A� � if f � 6D � � � 2 T.
Assumingwe meettherequirementsR� , if � j� then A� cannotbesimple
w.r.t. A� over A� � ; by Lemma2.10, A� \ A� D A� \ � , so A� is not a
supersetof A� . Henceit is enoughto ensurethat if � 6D � � �b j 2 T
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then A� is simplew.r.t. A� b j over A� � . Therefore,it is enoughto meetthe
following requirementsfor all �; j andn suchthat� Oj 2 T and� 6D � ,

Q�; j ;n jWn \ C� Oj j D 1 H) jWn \ C� j � 1

If wemeetQ�; j ;n, for all n, thenjW \ C� b j j D 1 impliesjW \ C� j D 1 ,
for all W.

Themarkersf0hi � ;hj ;n;l ii gl 2! will beusedto meetQ�; j ;n. We only allow
0hi � ;hj ;n;l ii to pull elementsy atstages whicharein Cs

� Oj \ Wn;s, assuming
Q�; j ;n is not alreadymet. If we pull y for the sake of Q�; j ;n, we will
call y a witness. y will remaina witnessuntil its positionin termsof the
markerschanges(in which caseit is eitherpulledfor somehigherpriority
requirementor dumpedinto A).

Thereis a slight con�ict betweenthe requirementsQ�; j ;n and R� . To
meetR� we will pull to maximizedm's m-state. We mustbe careful that
we do not loseeverywitnessesy D ds

m for thesake of R� . In this regard,
wewill �nd witnessesfor Q�; j ;n whicharein themaximumhi � ; j ; ni -state.
Hencewe will only allow 0hi � ;hj ;n;l ii to pull elementsy at stages if y 2
Cs

� Oj \ Wn;s andy andds
hi � ;hj ;n;l ii have thesamehi � ; j ; ni -state,assuming

Q�; j ;n is not alreadymet. And if ds
m is a witnessfor Q�; j ;n, we will only

pull to increaseits hi � ; j ; ni -state(not its m-state).
To thisend,wede�ne Qes, Qes D eunlessds

e is awitnessfor Q�; j ;n atstage
s in whichcaseQes D hi � ; j ; ni .

TheConstruction2.5. Stages D 0. Let d0
n D n.

Stages C 1.
Part I: Find the leaste suchthat for somei , e < i � s, � . Qes; ds

i ; s/ >
� . Qes; ds

e; s/ . Choosesuchan i with � . Qes; ds
i ; s/ as large aspossibleand

de�ne Ods
e D ds

i (0e pulls ds
i for RQes). Enumerateds

k, e � k � s, k 6D i , into
A (thestandarddump).Let Ods

j D ds
j , for all j < e, and Ods

eCk D ds
sCk, for all

k > 0.
Part II: Find the leaste; j ; n, andi (in thatorder)suchthat for somel ,

e D hi � ; hj ; n; l ii ; e < i � s; for somek, i D hi � Oj ; ki [notethati � < i � Oj ];
� .hi � ; j ; ni ; Ods

i ; s/ D � .hi � ; j ; ni ; Ods
e; s/ ; for all l 0 � l , Ods

hi � ;hj ;n;l 0ii =2 Wn;s

[hencethereareno smallerwitnessesthat Q�; j ;n is alreadymet]; and Ods
i 2

Wn;s. De�ne dsC1
e D Ods

i (0e pulls thewitnessOds
i for Q�; j ;n at stages; we

alsosaythat Q�; j ;n actsat stages). EnumerateOds
k, e � k � s, k 6D i , into

A (anotherdump). Let dsC1
k D Ods

k, for all k < e, anddsC1
eCk D Ods

sCk, for all
k > 0.

Lemma 2.6. For everye, de D lims ds
e existsand A D fdege2! g.
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Proof. By inductionon e. Assumethe lemmaholdsfor i < e. Chooses
suchthat for all i < e, di D ds

i . Part I of theconstructioncanonly apply
to 0e at most2e timesafterstages. Choosea staget suchthatPart I never
appliesto 0e afterstaget. Part II canonly apply to 0e at mostonceafter
staget. �

Lemma 2.7. For all n, Un \ A is �nite or A � � Um.

Proof. By inductionon n. Usingtheconstructionandthede�nition of U0,
it is easyto seethatU0 is in�nite if f A � U0. Now �x n > 0 andsuppose
for all m < n that

(2.1) Um \ A is �nite or A � � Um:

Let � D fm < n VA � � Umg(the.n � 1/-stateof A). Let U� D
S

fUm V
m 2 � g. If Un [ U� is �nite thenUn \ A is �nite and Wn � � Hn, by
thede�nition of Un. By thede�nition of Qes, we have that for almostall e
andfor all s, Qes > n. So if Un \ U� is in�nite then,by the construction,
A � � Un. Thuswecancontinuetheinduction. �

Lemma 2.8. Assumethat � Oj 2 T and � 6D � . Thenfor all n, Q�; j ;n is
met.Furthermore, Q�; j ;n onlyacts�nitely often.

Proof. Assumenot. Fix somen suchthat jWn \ C� Oj j D 1 but jWn \
C� j D ; . Let � be thehi � ; j ; ni -stateof A (seeEquation2.1). Choosen0

suchthat � .hi � ; j ; ni ; dm/ D � , for all m � n0. Find the leastl suchthat
m D hi � ; hj ; n; l ii � n0. Choosethe leasts suchthat ds

m D dm. Since
jWn \ C� Oj j D 1 , theremustexist ani andastaget > s suchthatm < i �
t , i D hi � Oj ; ki , for somek, � .hi � ; j ; ni ; Odt

m; t / D � .hi � ; j ; ni ; Odt
i ; s/ D �

and Odt
i 2 Wn;t . 0m will pull Ods

i for Q�; j ;n at staget. This contradictsthe
choiceof s. �

De�nition 2.9. Fix � 2 T. Let � D fi � i � VA � � Ui g(by 2.1 this is the
i � -stateof A). Choosen0suchthat� . i � ; dm/ D � , for all m � n0. Choose
s0suchthat for dm D ds0

m, for all m < n0andif hi � ; j ; ni < i � thenQ� ; j ;n
neveractsafterstages0. De�ne a computablyenumerableset A� D Ai � as
follows: y D dt

k entersA� at staget C 1 > s0 if eithery entersA at stage
t C 1 or n0 � k � t ,

thereis a � ; j suchthatk D hi � ; j i and� � �;

for all m, if n0 � m � k then� .i � ; dt
m; t / D � ; and

for all m � k; dt
m D dtC1

m :

Lemma 2.10. Let y D dt
hi � ;l i enter A� at stage t C 1. Thenfor all stages

s � t C 1, either y 2 As or y D ds
hi � ;l i , for some� � � . Furthermore, if

y D ds
k0 thenfor all m, if n � m � k0then� .i � ; ds

m; s/ D � � . i � C 1/.
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Proof. By inductionon s. If y's positionin termsof themarkersdoesnot
changefrom stages � 1 to stages then,by thede�nitions of A� andUn,
the lemmaholdsat stages. By the inductionhypothesis,theconstruction,
the de�nitions of � ; n0, s0 and A� , no 0m will pull y for Part I at stages.
However, some0m couldpull y for Q� � ; j ;l . In this case,clearly � � � �
and,by the de�nitions of Un andn0, the i � stateof the balls lessthan y
which are not dumpedinto A doesnot change. The only otherpossible
movementof y is into A. �

Lemma 2.11. For all � , A� D � A[
S

fC� V� � � g. Hencefor all e, He is
a computablyenumerableset.

Proof. By thede�nition of A� andLemma2.7, A[
S

fC� V� � � g� � A� .
Assumey entersA� at staget C 1. Then,by the above lemmaand the
de�nition of i � , eithery 2 A or for some� � � , y in C� . �

We will wrap up this sectionby noting that the constructionprovesthe
following theorem:

Theorem 2.12. Let T � ! <! bean in�nite computabletree. Let � ! i �
be a one-to-oneonto computablefunction from T to ! such that � � �
impliesi � < i � . Thenthereis anatomlessr -maximalsetA andcomputably
enumerablesetsf A� g� 2T containingA such that

(i) the computablyenumerablesetsf Hege2! form a tower, where He DS
f A� Vi � � eg,
(ii) if � � D � and � � D 
 , thenthe setsA� � A� and A� � A
 are

in�nite and A� is simplew.r.t. to A� over A
 , and
(iii) A� \ A� D A� \ � .
(iv) Let AC D

S
f A� V� 2 Cg. AC is computablyenumerable iff C is

�nite andclosedunderinitial segmentsor C D T (and AC D � ! ).

(For (iv) notethateverycoin�nite computablyenumerablesupersetof A
is containedin someHe. Henceif C 6D T andis in�nite then AC is not a
computablyenumerableset.)

3. In�nitel y many non-isomorphic L � . A/

Consideran atomlessr -maximal set A built in the fashionof the last
sectionusingthe computabletreeT. The setsf A� V� 2 Tg form a sub-
structureof L � . A/. Wewill let AT denotethisatomlessr -maximalsetand
f AT

� V� 2 Tgthecorrespondingsubstructure.
In this sectionwe will explore how this substructurecandistinguishA

from otheratomlessr -maximalsetsbuilt in thesamefashion.We will ex-
plorehow differenttreesgive rise to atomlessr -maximalsetswhoseprin-
cipal �lters arenon-isomorphic.
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In thenext sectionwewill discusssomepartialresultsabouthow similar
treesgive rise to isomorphicprincipal �lters andthe relationshipbetween
the atomlessr -maximal setswe constructand the oneswhich werecon-
structedpreviously.

Notation 3.1. Let F andT be trees. The tree F.T/ is formedby adding
T above any nodein F; F.T/ D F [ f � b� V� 2 F & � 2 Tg. Let
T0 D f0n Vn 2 ! g, T1 D f0n; 0nbj Vn; j 2 ! g, andTnC1 D T1.Tn/ . Let
T4 D fi Vi 2 ! g(this is all thestringsof length1 in ! <! ). Wewill call T4

thetriangletreeandT0 thechain. Theatomlessr -maximalsetsconstructed
usingT4 andTn arecalledA4 andAn respectively andthecorresponding
substructuresarecalledf A4

� V� 2 T4 gandf An
� V� 2 Tng.

De�nition 3.2. Let A beanatomlessr -maximalset.We call thesetsfVi V
i 2 ! ga triangle over V in A if A � V; for all i , V � 1 Vi ; for all i , j , if
i 6D j thenVi \ Vj D � V; andfor all computablyenumerablesetsW, if W
is coin�nite thenthereis a largestn suchthat.Vn � V/ \ W is nonempty.

If f �b j V j 2 ! g � T thenthesetsf AT
� b j Vj 2 ! gform a triangleover

AT
� in AT . This follows from thefact that thesetsf AT

� b j Vj 2 ! garepart
of thetowerusedto show AT is anatomlessr -maximalset.Hencethesets
f A4

i gform a triangleover A4 in A4 . If thesetsfVi Vi 2 ! garea triangle
over V in A and8 is anisomorphism,takingL � . A/ to someotherL � . B/,
thenthesetsf8 .Vi / Vi 2 ! gform a triangleover8 .V/ in B.

The last clausein the above de�nition is necessary:AssumeA � m B.
Thenwe cansplit B into in�nitely many setsBi suchthat A � 1 Bi by
usingtheOwingsSplitting Theoremin�nitely many times.Thesesetswill
satisfyall but thelastclausein theabovede�nition.

De�nition 3.3. Let A beanatomlessr -maximalset.We call thesetsf Si V
i 2 ! g a spinein A if for all i , A � 1 Si � 1 Si C1; for all i > 0 and
for all computablyenumerablesetsW, if W \ . Si C1 � Si / is in�nite then
W \ . Si � Si � 1/ is in�nite; andfor all computablyenumerablesetsW, if W
is coin�nite thenthereis a largestn suchthat. Sn � Sn� 1/ \ W is nonempty.

If thestringsf� i Vi 2 ! gform anin�nite paththrougha treeT thenthe
setsf AT

� i
Vi 2 ! gform a spinein AT (seeDe�nition 2.4andLemma2.8).

Hencethesetsf A0
0n Vn 2 ! gform a spinein A0. If thesetsf Si Vi 2 ! gare

aspinein A and8 is anisomorphism,takingL � . A/ to someotherL � . B/,
thenthesetsf8 . Si / Vi 2 ! gform a spinein B. If i 6D 0 thenSi is simple
w.r.t. Si C1 over Si � 1.

Thefollowing lemmacontainsthekey ideafor this paper!Informally, it
saysthat onecannotusea triangleto build a spineanda spineto build a
triangle.
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Lemma 3.4. Let A beanatomlessr -maximalset.Assumethat fVi Vi 2 ! g
formsa triangle over V in A andthat f Si Vi 2 ! ga spinein A. Thenthere
aren andk such that for all m andall l , if . Sm � Sm� 1/ \ .Vl � V/ is in�nite
thenm � n andl � k. Furthermore, V \

S
i 2! Si � � Sn.

Proof. Thereis a largestn0suchthat. Sn0 � Sn0� 1/ \ V is in�nite. So

(3.1) V \
[

i 2!

Si � � Sn0:

Thereis a largestk suchthatSn0C1 \ .Vk � V/ is in�nite. Therefore

(3.2) Sn0C1 \
[

i 2!

Vi � �
[

j � k

Vj :

Thereis a largestn suchthat. Sn � Sn� 1/ \
S

j � k Vj is in�nite. Son � n0

and [

j � k

Vj \
[

i 2!

Si � � Sn:

Hencethelemmaholdsfor l � k.
Fix l > k. Supposethat . Sm � Sm� 1/ \ .Vl � V/ is in�nite. Then,by

thechoiceof k, m > n0. By thede�nition of a spine,. Sn0C1 � Sn0/ \ Vl is
in�nite. Then,by Equation3.1, . Sn0C1 � Sn0/ \ .Vl � V/ is in�nite. But, by
Equation3.2, . Sn0C1 � Sn0/ \ .Vl � V/ � � S

j � k Vj Since,by thede�nition
of a triangle,.Vl \

S
j � k Vj / � V is �nite, . Sn0C1 � Sn0/ \ .Vl � V/ is �nite.

Contradiction. �

Let 8 beanembeddingof f An
� g� 2Tn into someL � . A/. We saythat8 is

aTn-embeddingif 8 preservestrianglesandspines.If 8 is anisomorphism
betweenL � . An/ andL � . AT / then8 is a Tn-embeddinginto L � . AT / .

Assumethat8 is a Tn-embeddingof f An
� g� 2Tn into someL . AT / . For

easeof notation,we let 8 . An
� / D QAn

� , for all � 2 Tn. Let I .8/ D f� V
9� T. AT

� � AT
� � / \ QAn

� is in�nite Ug. Notethat QAn
� � � S

f AT
� V. AT

� � AT
� � / \

QAn
� is in�nite gandthesetof such� 's for any �x ed� is �nite.

Lemma 3.5. Assumethat8 is a TnC1-embeddinginto L . AT / . Thenfor all
�nite treesF, I .8/ 6� � F.Tn/ .

Proof. By induction on n. Assumethat we have a TnC1 embedding8 ,
whereI .8/ � F.Tn/ for some�nite treeF. Wewill deriveacontradiction.

 will alwaysbe usedto denotea nodeof F. Note that F is a subtreeof
F.Tn/ andwithout lossof generalitywecanassumethat F � T.

TheBaseCase:n D 0. For all 
 , thereis an
 suchthateither
 b0n
 C1 =2
T or thesetsf AT


 b0mgm2! form a spinein L . AT / . Thesetsf QA1
j gj 2! form a

triangleover QA1. By Lemma3.4, for all 
 (wheren
 is notalreadyde�ned),
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thereis an
 andk
 suchthatif . AT

 b0m � AT


 b0m� 1/ \ . QA1
l � QA1// is in�nite

then m � n
 and l � k
 . Hencefor all j , QA1
j � QA1 � � S


 AT

 b0n
 .

Contradiction(thisembeddingdoesnotpreserve triangles).
TheInductivecase:Supposethelemmaholdsfor n. In thiscase,wewill

use8 to constructa Tn-embeddingwhich violatesthe lemma.Brie�y the
ideais �nd a node� in TnC1 suchthatthetreeabove � is isomorphicto Tn

andtheimagesof thesetsconstructedabove � violatesthelemmafor n.
Now the setsf QAnC1

j gj 2! form a triangle over QAnC1 in AT . For all 
 ,
let f
 be the rightmost(0 is to the right of 1 in our trees)in�nite branch
extending
 in I .8/ \ T, if sucha branchexists. We will now restrict

to thosenodesin F where f
 exists. The setsf AT

� g� 2 f
 form a spinein
L � . AT / .

By Lemma3.4, for all 
 thereis a n
 andk
 suchthat if � � f
 and
. AT

� � AT
� � / \ . QAnC1

l � QAnC1/ is in�nite thenj� j � n
 andl � k
 . Let
k D maxfk
 ; n
 gC 1.

Assumek � � and. AT
� � AT

� � / \ QAnC1
� is in�nite. We will show by

inductionon� that f
 � k 6� � . Assumeotherwise.Then,by thesimplicity
requirements,QAnC1

� \ . AT
f
 � k � AT

f
 � .k� 1/ / is in�nite. Clearly this is false
for � D k. Hencethe basecaseof our inductionholds. By the inductive
hypothesisandthe choiceof k, QAnC1

� � \ . AT
f
 � k � AT

f
 � .k� 1/ / is �nite. So

. QAnC1
� � QAnC1

� � / \ . AT
f
 � k� AT

f
 � .k� 1/ / is in�nite. Now, againby thesimplicity

requirements,. QAnC1
k � QAnC1/ \ AT

f
 � k is in�nite. Thiscontradictsthechoice
of k.

Let F1 D F [ f� V
 � � � f
 � .k � 1/g[ f � V QAnC1
k \ . AT

� �
AT

� � / is in�nite g. At this point we will lift theabove restrictionson 
 and
replacethemwith therestrictionthat
 2 F1.

Thesetsf QAnC1
kb0mgm2! form aspinein AT . For all 
 eitherthereis a largest

k
 suchthat 
 b.k
 C 1/ =2 T or the setsf AT

 b j g
 b j 2T form a triangleover

AT

 in AT .
By Lemma3.4, for all 
 (wherek
 is not alreadyde�ned), thereis a n


andk
 suchthatif . QAnC1
kb0m � QAnC1

kb0m� 1/ \ . AT

 bl � AT


 / is in�nite thenm � n


andl � k
 . Let q D maxfn
 ; k
 g+ 1.
Assumekb0q � � and. AT

� � AT
� � / \ QAnC1

� is in�nite. We will show by
inductionon� that,for all l > q, 
 bl 6� � . Assumeotherwise.Then,by the
simplicity requirements,QAnC1

� \ . AT

 bl � AT


 / is in�nite. By the inductive

hypothesisandthe choiceof q and F1, QAnC1
� � \ . AT


 bl � AT

 / is �nite. So

. QAnC1
� � QAnC1

� � / \ . AT

 bl � AT


 / is in�nite. Clearly this is falsefor � D
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kb0q. Now, againby thesimplicity requirements,. QAnC1
kb0q � QAnC1

kb0q� 1/ \ AT

 bl

is in�nite. By Lemma3.4, . QAnC1
kb0q � QAnC1

kb0q� 1/ \ AT

 is �nite. But this implies

that. QAnC1
kb0q � QAnC1

kb0q� 1/ \ . AT

 bl � AT


 / is in�nite whichcontradictsthechoice
of q.

Let F0D F [ F1 [ f 
 bl Vl � qg. Let � D kb0q. If either� � � or � � �
and QAnC1

� \ . AT
� � AT

� � / is in�nite then� extendssomenodeof F0or is in

F0. By thede�nition of TnC1, f � V� 2 I .8/ & � extendssomenodein
F0g� F0.Tn� 1/ .

Now clearlythereis a Tn-embedding9 into L . AnC1/ suchthat I .9 / D
f0p; 0pbk; � V� � � g. (By thede�nition of TnC1, f � V� � � g � Tn. Use
this to get9 .) Sothecomposition8 � 9 is a Tn-embeddinginto L . AT / .
But I .8 � 9 / � F0.Tn� 1/ . Contradiction. �

It is possibleto improve the above lemmato show that I .8/ cannotbe
embedded(asa tree)into F.Tn/ . Thefollowing is ourmainresult:

Theorem 3.6. For all n, L � . AnC1/ is not isomorphicto L � . An/ . Hence
there are in�nitely manyprincipal �lter s formedby atomlessr -maximal
sets.

Proof. If L � . AnC1/ is isomorphictoL � . An/ , wewouldhaveaTnC1-embedding
8 into L � . An/ suchthat I .8/ � Tn. Contradiction. �

4. Towards a classi�ca tion

4.1. The caseof A4 . We claim that L � . A4 / is isomorphicto L � . A/,
whereA is theatomlessr -maximalsetconstructedin Soare[10, Theorem
X.5.4]. In fact,wewill show somethingmuchstronger.

De�nition 4.1. Wesayanatomlessr -maximalsetA is atrianglesetif there
arein�nitely many computablyenumerablesetsAi suchthat A � 1 Ai , if
i 6D j , thenAi \ A j D � A andfor all computablyenumerablesetsW, if W
is coin�nite thenthereis somen suchthatW � � bAn Ddfn

S
i � n Ai .

It is clear that trianglesetsareatomlessr -maximalsets. The f bAngn2!
form a tower. No supersetof a triangleset A is simplew.r.t. to any other
supersetof A. A4 is a trianglesetandso is the atomlessr -maximalset
constructedin Soare[10, TheoremX.5.4]. If thesetsf Ai gi 2! formatriangle
over A in L . A/ and

S
i Ai D � ! , thenA is atriangleset.If B is acoin�nite

supersetof a trianglesetthen B is a triangleset. Furthermore,if A and B
are triangle setsthen L � . A/ and L � . B/ are isomorphic: Map Ai to Bi .
Since A � m Ai and B � m Bi , by Maassand Stob [6], we know that
E. Ai � A/ � E. Bi � B/ via8 i . If W is co�nite thenmapW to ! . Otherwise
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�nd theleastn suchthatW � � S
i � n Ai andmapW to

S
i � n 8 i .W \ Ai / .

This inducesanisomorphismbetweenL � . A/ andL � . B/.

Theorem 4.2. Thesetf A VA is a trianglesetgis de�nablein E.

Proof. Wewill show that A is a trianglesetif f thefollowing propertyholds
for A in E:

A is atomlessr -maximalset&

8V � A 9S � ATV � � S& 8W � A

9B � ATS\ B D A & W � � V [ BUU;
P. A/

wherethequanti�ersrangeoverall coin�nite computablyenumerablesets.
If : Given V �nd the least m > n such that V � � S

i � m Ai . Let
S D

S
i � m Ai . Given W �nd p suchthat W � � S

i � p Ai . Let B D
A [

S
m< i � p Ai .

Only if : We will constructthe desiredAi 's by induction. Assumethat
we have f Ai gi < n. Let V D A [

S
i < n Ai . Let m be the leastsuchthat

S � 1 S [ Wm � 1 ! , whereS is givenby P. A/. Let W D Wm and An
equalthecorrespondingB. �

Note that if P. A/ holdsthenfor all C � A, P.C/ holds. Also thesets
f Ai garecomputablein 0.4/ . Henceif A and B aretwo trianglesetsthen
L � . A/ andL � . B/ areisomorphicvia anisomorphismcomputablein 0.4/ .

4.2. r -maximal setswith spines. Let A beanatomlessr -maximalsetwith
aspine.Then,by Lemma3.4, nosupersetof A is atriangleset.(Let f Ai gi 2!
form a triangleover somesupersetB of A andf Si gi 2! form a spinein A.
Let n beasgivenin Lemma3.4 thenSnC1 * � A [

S
i Ai . Hencethesets

f Ai gi 2! do not witnessthat B is a triangleset.) Therefore,thepropertyP
doesnotholdsfor any supersetof A.

Theorem 4.3. (Stob)An atomlessr -maximalsetA hasa spineiff

.8B � A/. 9C � B/. 8W/TW \ C 6D � ; ! W \ .C � B/ 6D � ;U;

where A and B range over all coin�ntite computablyenumerablesetsand
W rangesoverall computablyenumerablesets.

Proof. Supposethat V0 � V1 � V2 � � � � is the spine. Given B let n
be suchthat B � Vn. Let C D VnC1. Given W suchthat W \ C 6D � ;
eitherC � � W in which caseW � .C � B/ 6D � ; (by Lemma1.4) or
W \ .VkC1 � Vk/ 6D � ; somek > n. But thenW \ .VnC1 � Vn/ is in�nite
andcontainedin C � B.

Supposeon theotherhandthecondition. Let A D V0. Given Vn, let m
be leastsuchthat Vn � 1 Vn [ Wm � 1 ! , let BnC1 D Vn [ Wm andlet
VnC1 be the setCnC1 givenby the conditionwith B D BnC1. Obviously,
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for all n, eitherWn � A or Wn � VnC1. SupposethatW is ancomputably
enumerablesetsuchthat W \ .VnC1 � Vn/ is in�nite. Now Vn D Cn as
de�ned by our recursion. Thus W \ Cn is in�nite. Thus we have that
W \ .Cn � Bn/ is in�nite. But W \ .Cn � Bn/ � Vn � Vn� 1. �

4.3. Another de�nable class. WecanuseP. A/ to de�ne anotherclassof
atomlessr -maximalsets:Let R.C/ betheformulawhich saysthatC is an
atomlessr -maximalset,: P.C/ andthereexists A suchthat C � A and
P. A/.

Let T D f0; 0bj V j 2 ! g. In this case,A0 is a trianglesetbut A0 is
simplew.r.t. A0b j (over AT ), for all j (seeDe�nition 2.4andLemma2.8).
HenceR. AT / holds. The atomlessr -maximalsetC constructedin Soare
[10, ExercisesX.5.8] alsosatis�esR.

A propertysimilar to R.C/ wasusedto found the �rst exampleof two
atomlessr -maximalsetsA andB suchthatL � . A/ andL � . B/ arenot iso-
morphic(seeExercisesX.5.8of [10]). Weconjecturethatif R.C/ andR. QC/
hold thenL � .C/ andL � . QC/ are isomorphic. In fact, it is openwhether
L � . AT / andL � .C/ areisomorphic(whereT is asaboveandC is theatom-
lessr -maximalsetconstructedin Soare[10, ExercisesX.5.8]).

Wewill spendtherestof thissectionexploringwhatsetssatisfytheprop-
erty R. We would like to classifythosetreesT whereR. AT / holds. If T
hasanin�nite branchthen,by thework in theabove subsection,we know
that R. AT / doesnothold (anddoesnothold for any supersetof AT ).

Lemma 4.4. Let T be an in�nite computabletree T such that T hasno
in�nite branch (with at leastonein�nitely branching nodeother than the
emptystring). ThenT hasonly �nitely manyin�nitely branching nodesiff
R. AT / holds.1

Proof. If : C bethesetof all nodes� in T suchthat� is anin�nitely branch-
ing nodeandnoextensionof � in T is in�nitely branching.By ourassump-
tion C is non-empty. Let A D

S
� 2C AT

� . Thesets

f
[


 2C

f
[


 bi � 
 0

A
 0ggi 2!

(whereit is understoodthat 
 0 2 T) witnessthat A is a triangleset. (By
Theorem2.12(iv) andour assumptionaboutT, A andall theabove men-
tionedsetsarecomputablyenumerable.)P. AT / fails but A witnessesthat
R. AT / holds.

Only If : Let A be a supersetof AT suchthat A is a triangle set. By
Theorem2.12(iv), thereis somenon-empty�nite setof nodesin T, C, such

1The“only if ” directionis dueto MikeStob
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that A � � AC. Sinceeverycomputablyenumerablecoin�nite supersetof a
trianglesetis a triangleset,AC is a triangleset.SoWLOG wecanassume
that A D AC. Let fVi gi 2! bethesetswhich witnessthefact A is a triangle
set.

Let 
 beanin�nitely branchingnode
 2 T whichis notin C. SoA
 � A
is in�nite. Hencethereis a leastn suchthat A
 � � bAn Ddefn

S
i � n Vi . By

simplicity, if 
 0is any properextensionof 
 in T thenA
 0 � � bAn. (Assume
for somei of theleastm suchthat A
 bi � � bAm is greaterthann. But then
Vm \ . A
 bi � A
 / is in�nite andVm \ . A
 � A
 0/ is �nite. Theargument
is by inductionfor otherextensionsof 
 .) But, by Theorem2.12, thereis
a �nite setC0 suchthat bAn � � AC0. Contradiction.Henceevery in�nite
branchingnodeis in C andtherearemost�nitely suchnodes. �

4.4. Spinesand beyond. Wehaveno goodideashow to classifyatomless
r -maximalsetswith spines.Thefollowing is anoutlineof a planto come
up with a classi�cationof principal �lters formedby atomlessr -maximal
sets(with spines).

Firstshow thatthereissome(hopefullywith somedegreeof effectiveness
– this might beneededbelow) way to go from an atomlessr -maximalset
to thesubstructures(thef A� g's) we usedto show thesesetsform in�nitely
many non-isomorphicprincipal�lters. Perhapsidentifying all thetriangles
andspinesandhow they arearrangedtogetheris enough. In this regard,
we do not know if every atomlessr -maximalsethasa triangleor spineof
supersets.Undersomeadditionalassumption(seebelow) this would say
that our constructionconstructsan atomlessr -maximalsetof every type.
One thing to considerin this is the effect that turning off the simplicity
requirementsat variouslevels in the treehason the construction(ie. not
using Q�; j ;n for � of variouslengths). We conjecturethis just collapses
theselevelsof thesubstructure.

Thenshow that atomlessr -maximalsetswith isomorphicsubstructures
(maybewith anadditionaleffectivenessconditionontheisomorphism)form
isomorphicprincipal �lters. This shouldbe possiblesincewe know, by
MaassandStob[6], theintervalsof supersetsof anatomlessr -maximalset
are isomorphicto M . Henceoneshouldbe ableto combinethis andthe
isomorphismbetweenthe substructurestogetherin oneargumentto build
thedesiredisomorphismbetweentheprincipal�lters (it is herethatwemay
needagooddealof effectiveness).A good�rst stepin thisdirectionwould
beto show thatif onebuildstwo atomlessr -maximalsetA andB usingour
constructionandthechainasthetreethenthesesetsform isomorphicprin-
cipal �lters. A next stepwould beto show that if two atomlessr -maximal
setsA andB arebuilt usingthesametreethenthey form isomorphicprin-
cipal �lters. Perhapsthis remainstrue if A and B arebuilt usingdifferent



16 P. CHOLAK AND A. NIES

but very “similar” trees. For example,for all n, andfor all �nite treesF,
L � . An/ andL � . AF.Tn/ / maybe isomorphicandin which casewe would
considerTn andF.Tn/ as“similar” trees.

Evenif work alongthelineswe outlinedabovedoesnot leadto a classi-
�cation of theprincipal�lters formedby atomlessr -maximalsets,it should
beenoughto prove thefollowing conjecture:

Conjecture 4.5. The set fhr1; r2i Vwhere r i is an index for an atomless
r -maximalsetAi andL . A1/ � L . A2/gis 6 1

1 complete.
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