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Abstract

In the setting of the parameterized reducibilities introduced by the secondauthor and Mike
fellows, we prove a number of decidability and de�nabilit y results. In particular the undecidability
of the relevant m-degreestructures is proven. The relationship with classicalnotions is analysed,
and this leads to a number of observations about classicalconstructions in the PTI M E degrees.
Methods include 000and 0000priorit y arguments combined with speeduptype arguments.

In tro duction.

From amongAnil Nerode'smany superb contributions, onerecurrent themeis the analy-
sisof de�nabilit y and decibility results in the structuresof recursiontheory. For instancethe
papers [MaN], [MN], [NSm], [NSh] and [NR1,2] are clearly of this ilk. In the present paper
we wish to analysethe structures introducedby the �rst author and Mike Fellows[DF1-5],
in the samespirit. This seemsparticularly apt in view of Anil's interest in polynomial time
and polynomialy graded structures[NR3]. In these structures we plan to prove a number
of decidability and de�nabilit y results, as well as examining relationshipswith classicalno-
tions. Before we state speci�c results it is perhapsappropriate to include a brief recap of
the Downey-Fellows setting, and its motivations as it is still rather novel.

While the N P completenessphenomenomis a good tool to explain the apparent in-
tractabilit y of many combinatorial problems,it is really a fairly coarsemeasurein the sense
that from a practical viewpoint many N P completeproblemscan behave quite di�erently
with to respect to the spectrum of solutions. Furthermore N P completenessdoesnot say
much about intractabilit y in P. To be speci�c, many combinatorial problemshave the prop-
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erty that their input consistsof oneor more parameters.Considerthe following examples.

Example1. The Vertex Cover problem takesas input a pair (G; k) consistingof a graph G
and a positive integer k, and determineswhether there is a set of k verticesin G having the
property that every edgein G hasat least oneendpoint in this set.

Example2. The Graph Genus problem takesasinput a pair (G; k) asabove, and determines
whether the graph G embedson the surfaceof genus k.

Example 3. The Planar Improvement problem takes as input a pair (G; k) as above, and
determineswhether G is a subgraphof a planar graph G0 of diameter at most k.

Example4. The Graph Linking Number problem takesas input a pair (G; k) asabove, and
determineswhether G can be embeddedin 3-spacesothat at most k disjoint cyclesin G are
topologically linked.

Example5. The Dominating Set problem takesas input a pair (G; k) as above, and deter-
mines whether there is a set of k vertices in G having the property that every vertex of G
either belongsto the set, or hasa neighbor in the set.

Example6. The Weighted CNF Satis�abilit y problem takesas input a pair (�; k) where �
is a propositional (boolean) formula in conjunctive normal form, and k is a positive integer,
and determineswhether there is a weight k satisfying truth assignment to the variablesof
� . (A truth assignment has weight k if it assignsexactly k variables the value true and all
others the value false.)

With the exception of examples3 and 4, the above problems are known to be N P-
complete. Downey and Fellows[DF1-5] consideredthe question of what can be said about
the complexity of these problems when the parameter k is held �xed. In many practical
applications of computational problems having this form, e�cien t algorithms for a small
rangeof parametervaluesmay be quite useful,but N P completenesssays nothing about the
behavior of the �xed parameterversion.

Note alsothat this questionnow is concernedwith the structure of P. For k �xed there
is the obvious algorithm running in time O(nk) which simply searchesall possibilities. The
question is whether it is possibleto uniformly do better.

For each of examples1{4 above, there is a constant � such that for every �xed parameter
value k the problem can be solved in time O(n� ). For example1, we may take � = 1. This
meansthat for each �xed k there is an algorithm Ak that determineswhether there is a
vertex cover of sizek in an input graph G in time Ckn [BG]. For examples2{4 we may take
� = 3 by the deepresults of Robertson and Seymour[RS1,RS2].

Examples5 and 6 illustrate the contrasting situation wherefor �xed valuesof k we seem
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to be able to do no better than a brute force examination of all possiblesolutions. In both
casesthe best known algorithm is O(nk) for �xed k. (Actually, Fan Chung has shown that
dominating set can be donein time O(n:6k).)

The above observations lead Downey and Fellows to introduce reducionsand notions
of completenessand hardnessto explain this �xed parameter (in)tractabilit y.([DF1-5], also
[ADF]). We remark that this framework seemsto be widely applicableand providesa re�ned
tool to measurethe apparent di�erences in the �xed parameterbehavior of many classically
equivalent problems. To make the above precisewe turn to the de�nitions of [DF1-5].

A parameterized problem is a set L � � � � � � where � is a �xed alphabet. In the
interests of readability, and with no e�ect on our theory, we considerin this paper that a
parameterizedproblem L is a subsetL � � � � N . Furthermore, in this context we consider
N as bring represented as tally sets, that is N = f 1n : n = 0; 1; 2:::g. We simply write n
for 1n in thesecircumstances. We will tend to usek; i; j for members of N and x; y; z for
strings. For n 2 N we write L k = f yj(y; k) 2 Lg. We refer to L x as the xth slice of L.

Careful analysisof examples1{4 in the introduction leadsto three 
a voursof tractabilit y.

De�nition. We say that a parameterizedproblem L is
(1) nonuniformly �xed-parameter tractableif there is a constant � and a sequenceof algo-
rithms � x such that, for each x 2 N , � x computesL x in time O(n� );
(2) uniformly �xed-parameter tractableif there is a constant � and an algorithm � such that
� decidesif (x; k) 2 L in time f (k)jxj � wheref : N ! N is an arbitrary function;
(3) strongly uniformly �xed-parameter tractableif L is uniformly �xed-parameter tractable
with the function f recursive.

The reader familiar with classicalrecursion theory will note that thesenotions might
be consideredas analoguesof piecewiserecursive recursively enumerablesets. The problem
in example1 is strongly uniformly f.p.tractable (as are most examplesof �xed-parameter
tractabilit y obtainedwithout essential useof the Graph Minor Theorem). Example2 canbe
shown to be strongly uniformly f.p. tractable by the methods of [FL2]. The readershould
note that the graph minor theorem would only give nonuniform tractabilit y and to get
uniformit y needsadditional algebraictechniques. Example 3 can be shown to be uniformly
f.p. tractable by the method of [FL1] (sincethe technique of [FL2] is not presently known to
apply, we do not know a strongly uniform algorithm). Example 4 is at present only known
to be nonuniformly f.p. tractable.

If P = N P then examples5 and 6 are also f.p. tractable. Thus aside from proving
P 6= N P, a completenessprogram would seemto be the best we can do with respect to
explaining the apparent �xed-parameter intractabilit y of theseproblems.

Corresponding to the three notions of tractabilit y there are three 
a vors of problem
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reducibility.

De�nition. Let A; B be parameterizedproblems. We say that A is uniformly P-reducibleto
B if there is an oraclealgorithm �, a constant � , and an arbitrary function f : N ! N such
that
(a) the running time of �( B ; hx; ki ) is at most f (k)jxj � ,
(b) on input hx; ki , � only asksoraclequestionsof B (f (k)) where

B (f (k)) =
[

j � f (k)

B j = fhx; j i : j � f (k)& hx; j i 2 Bg

(c) �( B ) = A.

If A is uniformly P-reducible to B we write A � u
T B. Where appropriate we may say

that A � u
T B via f . If the reduction is many:1 (an m-reduction), we will write A � u

m B.

De�nition. Let A; B be parameterizedproblems. We say that A is strongly uniformly P-
reducibleto B if A � u

T B via f wheref is recursive. We write A � m
T B in this case.

De�nition. Let A; B be parameterizedproblems. We say that A is nonuniformly P-reducible
to B there is a constant � , a function f : N ! N , anda collectionof proceduresf � k : k 2 N g
such that � k(B (f (k)) ) = Ak for each k 2 N , and the running time of � k is f (k)jxj � . Herewe
write A � n

T B.

Following [DF1-5], we will henceforth write F PT(� ) as the f.p. tractable classcorre-
sponding to the reducibility � . These notions provide a platform to prove completeness
type results along the lines of N P completeness.For instance,in [DF1-4] a hierarchy is de-
�ned basedon the complexity of circuits neededto model the combinatorial problem. This
hierarchy, the weft hierarchy, is of the form

F PT � W[1] � W[2] � ::: � W;

whereW denotesthe ! level of the hierarchy. Downey and Fellows show that, for instance
weight k satis�abilit y of boolean formulae in 3CNF form is completefor W[1], for those in
generalCNF form is completefor W[2]. Call CNF product of sum.(PoS)Downeyand Fellows
also show that for any k, PoSoPoS... with k alternations is complete for W[k] for k � 2.
These authors conjecture that the hierarchy is an in�nite hierarchy and provides a good
framework for anyaysing the relative �xed parametertractabilit y of combinatorial problems.
For instance,Dominating Set is W[2] completeand Independent set is W[1] complete. Many
other things are W[1] hard. Note that asopposedto N P we apparently get a lot of di�erent
degrees.A catalogueof known classi�cations can be found in [DF2,3].

Herewe will bemoreconcernedwith technical development of thesenotionsof reducibil-
it y and tractabilit y. Firstly the notions di�er as follows.
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Theorem. [DF5] F PT(� u
T ) contains in�nitely many incomparible � s

T degrees.
Similarly F PT(� n

T ) contains in�nitely many incomparible � u
T degrees.

This is proven by a priorit y argument showing the complexity of the structures. A
number of other basic structural aspects of the orderings are addressedin [DF5]. A lot
of the normal global structure theory seesmto go through, but local structure seemsmuch
more di�cult. For instanceit is still open if density holds for the structures (REC; � ), the
recursive sets under the reducibility � , where � is not strongly uniform. (See[DF5] for
partial results and the strongly uniform case).

In this paper we shall delve much more deeply into the structure of the degreeup-
persemilattices.We concentrate on the degreestructures for the uniform reducibilities mak-
ing comments where relevant concerningthe nonuniform reducibilities. The primary goal
is to prove the undecidabiltiy of the structures (REC; � ), for each of the reducibilities � .
The approach we useis along the lines of that usedby Ambos-Spies,Nies and Shore[ANS]
and Ambos-Spiesand Nies[AN], to prove the undecidabiltiy of, respectively, the recursively
enumerablewtt -degreesand the P-time m-degreesof recursive sets. This approach is to use
an in�nite independent set to de�ne with parametersthe lattice of � n setsfor somen � 1
in the relevant uppersemilattice using the ideal structure and an exact pair theorem. The
result then follows by Herrmann[He]. Looselyspeakingwe follow this plan but of e�orts are
hampered by the complexity of the de�nition of the relevant reducibilities and the lack of
generalexact pair theoremsin thesestructures. Theseproblemsnecessitatethe useof global
embeddings(`doingeverything at once') rather than the useof local theoremsaswe shall see.
The generaltechnique we usewill be � 2 and � 3 priorit y arguments involving the speedup
technique.

In the appendix wemake someremarksabout the possibility of usingtransfer techniques
from the P-time degrees.Theseresultsare of independent interest sincethey are very much
concernedwith the limits of the standard construction techniquesof, for instance,minimal
pairs for P.

Notation is standard and follows Soare[So],and Balcazaaret al[BDG].

2. The Weak Exact Pair Theorem.

In this section we shall prove a de�nabilit y result that is crucial to our investigations.
We do not prove a generalexact pair theorem(indeed it may be possibleto show that there
is none) but will prove one for the special setswe work with. Before we state the theorem
we needsomepreliminaries. We will work with the reducibility � u

m . Now from [DF5], we
know that if A and B are recursive setswith A � u

m B then there is an r.e. function f and a
m-procedure� and an n such that A � u

m B via f in the following sense:

�( B ; hx; ki ) = A(hx; ki ) in running time f (k)jxjn ; and with useB (f (k)) :
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Similar characterisationshold for the other reducibilities. With this we get the following
result.

(2.1) Lemma. Let A be a recursive set. Then for q 2 f m; Tg;
(i) f W : W � s

q Ag is a � 0
3 set.

(ii) f W : W � u
q Ag is a � 0

4 set.
(iii) f W : W recursive and W � n

q Ag is a � 0
5 set.

Pro of. We prove (ii). By the de�nition, we seethat

W � u
q A i� 9e9f 9n8k9s9u8z(� e(A; hz; ki ) = W(hz; ki ) in time ujzjn with useA (u) :

This is clearly � 0
4. 2 .

Our plan is to �rst deal with � u
m (and � s

m ), and only later deal with the more intricate
nonuniform reducibility wherewe get the undecidability but with weaker de�nabilit y results.
Besidesthe elements of the proof are mainly present in the uniform case,wherethey are not
obscuredby technical considerationsas they are in the nonuniform case.

By (2.1) to deal with �nitely generatedideals in the structure (REC; � u
q) we needto

deal with � 0
4 sets. What we do is deal with the following. We call a set B row �nite if for

all k, jf z : B (hz; ki ) 6= 0gj < 1 . We say that A is row bounded if there is a �xed bound on
the number of members of a row. We call this number the norm of the bound. So a row
boundedset of norm 1 hasat most onemember per row.

(2.2) Lemma. Supposethat I is an ideal(i.e. I is closed under join and initial segments)
in (REC; � u

q) and I is generated by f A i : i 2 Qg with Q a � 0
4 set and f A i : i 2 ! g is a

recursive collection of row �nite recursive sets. Then there is a collection C = f B i : i 2 M g
of row �nite recursive sets,with M recursive and suchthat I equal to the ideal generated by
C.

Pro of. Assumethat I is given asabove. Then we know that there is a recursive relation R
such that

j 2 Q i� 9e8x9s8tR(e;j; x; s; t):

We suggestthat the readerthink of the set f j : 9e(� e(K ) = Wj g the collection of complete
r.e. setsasa canonicalrepresentation for Q. To build B j we try to copy an Ak while it seems
reasonable.If we fail then the set B j we build will be F PT. (Actually weaker hypotheses
su�ce for the theorem. For instance if the collection has the property that for any k and
A i , for all j , we have A (k)

i � u
q A j .) For de�niteness we �x q = m. To do this we needthe

auxiliary function

l(e;j; s) = maxf x : 8y � x9u � s8t � s(R(e;j; y; u; t) holds )g

Call the least u for y at stages, u(y; s), and let U(y; s) = � y0� yu(y0s): We shall say that a
stageis (e;j )-expansionaryif l(e;j; s) > ml(e;j; s) = def maxf l(e;j; t) : t < sg. To build B j
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we proceedasfollows. At stages for all z with jzj � s, if l (e;j; s) > k, declarethat hz; (pk)r i
into Be;j for all r � k + U(k; s) i� hz; ki 2 A j , wherepk denotesthe k-th prime. We argue
that if j 2 Q then for somee, Be;j � u

m A j , and and for all e, Be;j � u
m A j ; and if j 62Q then

for all e, Be;j 2 F PT. First supposethat j is in Q. Then there is an e such that for all
x; 9s8tR(e;j; x; s; t). As above, this meansthat for all x; 8tR(e;j; x; u(x); t) holds where
u(x) = lims u(x; s); and similarly U(x) = lims U(x; s): Then for each k we seethat for all z,

hz; ki 2 A j i� hz; (pk)k+ U(k) i 2 Be;j :

HenceA j � u
m Be;j . Evidently the construction directly ensuresthat Be;j � u

m A j always.
Finally if j 62Q, then for each e, if there are in�nitely many (e;j )-expansionarystagesit
can only be that for someleast x, u(x; s) fails to have a limit. This meansthat for all
x0 � x; U(x; s) ! 1 . It follows that we can for each r compute a stages(r ) such that for
all t > s(r ), U(x; t) > r . Let also v be the stagewherefor all y < x, u(y; v) has reached its
limit. W.l.o.g. we may supposethat s(r ) > v. Then after stages(r ), if row i is not coding
row y of A j for somey < x then this row will be henceforthempty. It thereforefollows that
Be;j 2 F PT, giving the result. 2

We next turn to the main technical tool as follows.

(2.3) Theorem. (Weak Exact Pair Theorem.) Let f A i : i 2 Qg be a � 0
4 collection of row

�nite recursivesets. Then the ideal I of degreesin (REC; � u
q) generated by this collection has

an exactpair. That is, there is a pair of recursive setsC; D suchthat a 2 I i� a � u
m c; d,

where c denotesthe uniform q-degree of C and D the uniform q-degree of D.

Pro of Beforewe turn to the proof of this result, we will take a little time out to discussa
central techniquein the rest of the paper, the so-calledspeeduptechnique. This techniquehas
beenusedby Ambos-Spies,Slamanand others and lies at the heart of many of the deepest
embedding and decidability results in the area. It would seemappropriate for us to discuss
this in the context of the classicalexact pair theorem for the P-time m-degrees(Ambos-
Spies[AS*]). Recall that there we had a recursive collection f B i : i 2 ! g of recursive sets
and neededan exactpair for this collection. Thusweconstruct C and D sothat B i � P

m C; D
for all i , and so that we meet the requirements below.

Re : If � e(C) = �( D) then for somei; � e(C) � P
m � j � i B j :

Here f � e; � e : e 2 ! g denotesthe collection of all consistingof two P-time m-reducions
with functions 
 e and � e respectively. Following an old idea of Cli�ord Spector, we shall
build C and D so that they code B i into row i . So we ensurethat for almost all z, z 2
B j i� hj; zi 2 C( and )D: Then clearly, for all i , B i � P

m C; D. By abuseof notation, we
shall write this asB i = � Ci .

We can assumethat the B i (and the A i ) are given as the range of P-time functions
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with domain ! in unary notation. For E = B i (or A i ) we write Es = f f (10); :::; f (1s)g. We
can also ask that if jf (1y)j > jf (1x)j, then for all z > x; jf (1z)j > jf (1x)j: We call this a
P-standard enumeration. Sowe assumethat we have such enumerationsaf all relevant sets.
For a parameterp, we will have a stagem(p) such that for all z if jzj � p then for all i � p,
A i (z) = A i;m (p) (z) and B i (z) = B i;m (p) (z). Moreover whenm(p) # it doessoat a stagewhere
it is P-time to compute it.

The problemsall stemfrom meetingthe Re in this environment. For a singleRe alonewe
do this as follows. We give this requirement priorit y 2e+ 1. We give the coding requirement
asking that B i = � Ci priorit y 2i . The basic idea for a single Re is the following. At stage
s we will begin the following cycle. Re will assertcontrol of the construction till stagep0(s)
described below. We will be given a parameter p(s) Let qe be a polynomial bound on the
time for the computationsof � and �. We wait till stagep0(s) = m(2m(qe(m(p(s)))) ) and seeif
we can legally forcea disagreement. That is we seeif there are setsC(2e+ 1; s); D(2e+ 1; s)
such that
(i) � e(C(2e+ 1; s); z) 6= � e(D(2e+ 1; s); z) with jzj � p(s),
(ii) C(2e+ 1; s)(hx; j i ) = Cs(hx; j i ) if jxj � qe(m(p(s)), C(2e+ 1; s)(hx; j i ) = B j (x) if j � e,
and
(iii) as for (ii) with D in placeof C.

If such setsexist, then Re will and ask that with priority 2e+1, Cs+1 = C(2e+ 1; s) and
Ds+1 = D(2e+ 1; s) thus forcinga disagreement between� e(C) and � e(D). This requirement
will of coursepreserve the relevant use of the computation, with priorit y 2e + 1. It then
releasescontrol of C and D at stagep0(s) and outputs this as the next parameter. In the
actual construction, we consider the requirements in reverseorder. So after Q0 has been
considered,we begin to considerthe requirements Qs; :::; Q0, one at a time. Here Q2e is a
requirement trying to ensurethat Ae = � Ce; De and Q2e+1 is Re. The Q2e will simply ask
that Ae will be copiedinto Ce and De. So it will assertcontrol till from stagep(s) till stage
p0(s) = m(p(s)). The Re as above will take the given parameterp(s) and the stagenumber
p(s) and assertcontrol until a stagep0(s) asabove. If it seesa way of forcing a disagreement,
it will, then releasingcontrol only of C and D up to the relevant uses.Note that in this case
it can injure the higher coding action we amy have initiated but this is okay aswe now think
we are satis�ed and will be unlessa higher priorit y Re action needsto be attended. In the
other case,Re simply releasesall control at stagep0(s) passingon to Qj for j < 2e+ 1. So
there will be a sequenceof stageswhere,in turn various requirements have their say with C
and D each in turn generatingtheir incarnation of C and D. When we get to Q0, we know
the highestpriorit y Re that acts sincethe last time we werehere,and its versionwill be the
correct one. (If any. ) In this casewe declarethat Re is satis�ed. Sinceit is clear that each
Qe can be injured at most �nitely often, we seethat they all are met. This is clear for the
Q2e, and to seeit for the Re, supposeoncethis requirement haspriorit y (i.e. will not again
be injured by any higher priorit y Rj ), then any action we take will be permanent. Suppose
this happensat stages0. Henceif we supposethat Re never is declaredsatis�ed, then for

8



all choicesof C and D provided they agreewith A j for j � e and C[s0], and D[s0], (as they
will by choiceof s0), they must give the sameanswer. This meansthat � e(C) � u

m � j � eB j .
The point here is that Re assertscontrol at stagep(s) and doesso till stagep0(s). Now as
it has priorit y, the only Rj that can changethings are of lower priorit y and thesecan only
changeC and D on things below p(s) and Re hascontrol till thesehave becomelinear time.
Thus in linear time with oracle � j � eB j we can �gure out � e(C) simply by usine the empty
extensionon rows above e.

Turning now to the construction at hand, it turns out to be not too di�cult to modify
the ideasabove to our setting. Now for the f A i : i 2 ! g, which canbe taken to bea recursive
collection by the previous lemma, we now meet the requirements:

Re;n : Either lims � e(k; s) = def � e(k) fails to exist for somek
or 9x; k(� e(C; hx; ki ) or � e(D ; hx; ki ) doesnot run in time � e(k)jxjn );
or the useexceedsC(� e(k)) or D (� e(k))) .
or � e(C) 6= �( D);
or for somei; � e(C) � u

q � j � i A j :

This time we shall code A i into Ci;j and D i;j for j 2 ! . That is we ensurethat we meet

Pi : A i;j = � Ci;j = � D i;j for all j:

Then the construction runs asfollows. We can split the Pi into Pi;j trying to achieve A i;j = �

Ci;j = � D i;j . This is achievedby direct coding, asabove,subject to �nite injury. Wewill have
Re;n respect Pi;j for e.g. i; j < he;ni . Now in the construction Re;n will have a parameter
p(s) as above together with a parameter v(e;n; s) which will either be de�ned or currently
unde�ned. It represents our current guessas to how many rows the reductions � e and � e

seemto be working on. Also associated will be parameterst(e;n; j; s) for j � v(e;n; s).
Theserepresent the current guessasto the value of � e(j ). When Re;n assertscontrol, it �rst
calculatesa new v(e;n; s): to do this, it �nds the largest v such that
(i) for all g � v, � e;s(g; t) # for somet < s with t0(e;n; g; s) the largest such t.
(ii) if g � v and g � v(e;n; s) then � e;s(g; t(e;n; g; s)) = � e;s(g; t0(e;n; g; s)).

We let v(e;n; s + 1) = v. While Re;n is in control we will only allow this value to
stay the same. We let t(e;n; s + 1) = t0(e;n; s). Now Re;n asserts control till stage
p0(s) = m(2m(max g� v ( e;n;s +1) � e;s (g;t (e;n;g;s+1)) m(p(s)n )) ). We again seeif we can legally force a
disagreement. Are there setsC0 = C(2he;ni + 1; s); D 0 = D(2he;ni ; s) such that
(i) � e(C0; hx; gi ) 6= (D 0; hx; gi ) for somex � p(s) and g � v(e;n; s+ 1), the computationsrun-
ning in time � e(g; t(e;n; g; s+ 1))jxjn and only usingnumbersfrom the �rst � e(g; t(e;n; g; s))
rows of C and D.
(ii) E 0(hx; k; j i ) = E(hx; k; j i ) for E = C or D for jxj � p(s),
or if jxj � maxg� v(e;n;s+1) � e(e;s)(g; t(e;n; g; s))m(p(s))n and k; j � he;ni .

If at stagep0(s) we seesuch con�gurations then as beforeRe;n will requestthem as the
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real versionsof D and C. Otherwise it releasesas before. Note that if we do not declare
that Re;n is satis�ed as above, then if lim inf s v(e;n; s) = 1 , then all the � e(g; s) reach a
limit. Now the argument goesthrough asbefore. 2

(2.4) Corollary . Let I be an ideal of (REC; � r
q) with q 2 f m; Tg and r 2 f s;ug. Suppose

that I is generated by asset of degreesof row �nite sets. Then I hasan exactpair i� I can be
generated by a � 0

n set of degreesof row �nite setswhere n = 3 if r = s and n = 4 otherwise,
i� I can be generated by a recursive collection of degreesof row �nite sets.

3. Undecidabilit y.

In this sectionweusethe de�nabilit y resultsof the last sectionto get the undecidability if
the degreestructures. We will do the easierm-degreecase�rst, indicating the modi�cations
neededfor the T-degreecaselater. So �x the underlying structure as (REC; � u

m ). It is not
di�cult to seethat as usual this is a distributiv e uppersemilattice(usl). Following [AN], we
call a a nontop if it is not the top of a minimal pair. That is for all c; d, if c _ d = a
and c ^ d = 0, then either c = a, or d = a. (Recall that c and d form a minimal pair if
c ^ d = 0.)

We needthe following machinery from [AN], [ANS]. Let P be an in�nite usl with 0. A
subsetA of P is called independentif for all a 2 A for all a1; :::; an 2 A � f ag, we have that
a 6� a1_ :::_an . If A � P let hAi denotethe idealgeneratedby A. Let I (A) = fhB i : B � Ag.
The following is a slight generalizationof [AN, lemma(2.2)].

(3.1) Lemma. Let A be an in�nite subsetof P, such that for all a; b 2 A, if a 6= b then
a and b form a minimal pair. Suppose further that hAi is locally distributive. That is, for
all b;a1; :::an , if b � A1 _ ::: _ an , then there exist b1; :::; bn with bi � ai for i = 1; :::; n and
b= b1_ :::_bn . Then for all distinct elementsa;a1; :::an of A wehavethat a^ (a1_ :::_an ) = 0.
Furthermore

I (A) = f I 2 I (P) : I � hAi ^ 8x 2 I 8a 2 A(x 6= 0 ^ x � a ! a 2 I g

The proof is the same. This gives the following slight restatement of [AN, Theorem
(2.4)].

(3.2) Theorem. Let P be an in�nite usl and A � P. Supposethat
(i) hAi is locally distributive,
(ii) A is in�nite,
(ii) 8a;a1; :::; an 2 A(a ^ (a1 _ ::: _ an ) = 0),
(iii) 8a 2 A(a is a nontop ), and
(iv) hAi possessesan exactpair.
Then

DI (A) = def f I 2 I (A) : I has an exact pair g
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is elementarily de�nable with parameters(e.d.p)in (P; � ).

Note that the theorem applies to (REC; � r
m ) as this is a distributiv e usl and hence

certainly locally distributiv e. Since the lattice of � 0
4 sets under inclusion is heriditarily

undecidable,by corollary (2.4) to establish the undecidability of (REC; � u
m ) it su�ces to

construct a recursive sequenceof recursive row �nite sets f A i : i 2 ! g with degreesA =
f ai : i 2 ! g with the properties below:

(3.3) 8a; a1 ; :::; an 2 A (a ^ (a1 _ ::: _ an = 0).

(3.4) 8a 2 A (a is a nontop ).

To achieve (3.3) and (3.4) we build the recursive sequenceto meet the requirements
below:

Pe;i;j;m : A i 6= 	 e(A j ), with time bound m,
that is, either lims  e(k; s) = def  e(k) fails to exist for somek
or 9x; k(	 e(A j ; hx; ki ) doesnot run in time  e(k)jxjm );
or the useexceedsA ( e(k))

j

or 9x; k(	 e(A j ; hx; ki ) 6= A i (hx; ki ),

Re;i;n : Either lims � e(k; s) = def � e(k) fails to exist for somek
or 9x; k(� e(A i ; hx; ki ) or � e(A i ; hx; ki )
or � e(� e(A i ) � � e(A i ))( hx; ki ) doesnot run in time � e(k)jxjn );
or the useexceedsA (� e(k))

i (or (� e(A i ) � � e(A i )) (� e(k))) ,
or 9x; k(� e(� e(A i ) � �( A i ); hx; ki ) 6= A i (hx; ki ),
or � e(A i ) 2 F PT or � e(A i ) 2 F PT,
or Qe;i � u

m � e(A i ); � e(A i ) and 8j; m(R0
e;i;n;j;m ).

where

R0
e;i;n;j;m : Qe;i 6= 	 e(; ) in time bound m.

Ne;i;j;n : Either lims � e(k; s) = def � e(k) fails to exist for somek
or 9x; k(� e(A i ; hx; ki ) or � e(� v2 D j Av; hx; ki ) doesnot run in time � e(k)jxjn );
or the useexceedsA (� e(k))

i or � v2 D j A
(� e(k))
v ,

or 9x; k(� e(A i ; hx; ki ) 6= � e(� v2 D j Av; hx; ki ),
or � e(A i ) 2 F PT:

Here D j denotesthe j-th canonical �nite set, f 	 e : e 2 ! g is a listing of all machines,
f � e; � e; � e : e 2 ! g is a listing of all triples, and f � e; � e : e 2 ! g is a listing of all pairs.
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In the above we will adopt the convention that for any use/constant � e (or  e), if
� e;s(k; t) # (i.e. in � s steps) and � e;u(k; v) # for s � u and t � v, but � e(k; t) 6= � e(k; v)
then � e(k; t) < � e(k; v). Usesare similarly monotone in the �rst variable. Furthermore if
� e;s(k; t) # then � e;s(k0; t) # for all k0 � k.

The easiestrequirements are the onesof the Friedberg type, namely the Pq = Pe;i;j;m .
In the construction we will perform certain cycles. At the beginning of a cycle we will be
aware of a highestpriorit y pendingaction. The purposeof a cyclewill be to determineif we
needto replacethis by another action, and �nally in the last of the subcyclesof the main
cycle to determine what to do. (This is similar to (2.3) but more involved.) At the top of
a (sub)cycle we �rst considera unique Pq. This will have a unique row g set asidefor its
satisfaction. At stages when Pq assertscontrol, it �rst �nds the largest t = t(s) if any such
that  e;s(g; t) #.

If no such t exists then Pq releasescontrol immediately. If t exists then Pq controls until
stages1 =  e(k; t)sm . While Pq assertscontrol it asksthat A j;s be extendedby the empty
extension. Now at stages1, Pq seesif 	 e;s1 (A j;s 1 ; h1s; gi ) # and usesonly  e(k; t) rows in the
use. If not then Pe releasescontrol of both A j and A i and the pending requirement remains
the same.If the answer is yesthen Pq becomesthe pending requirement and requestsus to
set

A i (h1s; gi ) = 1 � 	 e(A j;s 1 ; h1s; gi );

and
A j (z) = A j;s 1(z) for all z with jzj � s1

The next most di�cult requirements are the minimal pair ones,but to understandtheir
full action we really would really needto discussthe R type requirements �rst. Instead we
will �rst discussthe basic module and then only later discussthe modi�cations neededin
the full construction. So for the time being supposethat Ne;i;j;n = Nd neededonly to live
with the Pq. Again we usea speedupargument. The construction is similar to that usedin
(2.3). This time, we needparametersas follows: we needa stagep(s) whereNd �rst asserts
control, a `referencepoint' r (s) indicating the portion of the setsA i that have been�nalized,
(so that A i (z) for jzj > r (s) is still to be decided), and a parameter v(e;i; j; n; s + 1) = v
indicating the number of rows the pair � and � jointly compute. When Nd assertscontrol,
it �rst computesa new value of v. To do this it �nds the largest v such that

(i) for all g � v; � e;s(g; t) # for somet < s, with t = t(e;i; j; n; s + 1) the largest such t,
(ii)if g � v and g � v(e;i; j; n; s) then � e(g; t) = � e(g; t(e;i; j; n; s).

Now as with (2.4) we let Nd assertscontrol until an appropriately huge stage where
all the computations below hp(s); p(s)i have had a chance. So it assertscontrol until stage
p0(s) = 2(� g� v (� e(g;t )m(e;s)n )) , where m(e;s) denotesthe maximum of the lengths of the uses
� e(A i ; hy; k0i ); � e(� c2 D j Ac; h1y; k0i for y � s and k0 � v. At this stage Nd will relinquish
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control, but will �rst seeif there are possiblecon�gurations of the Au that can be usedto
get a disagreement. Thus we seeif there are incarnations of Au;s+1 , denotedby A(u; s + 1)
with the following properties.

(i) For all z with jzj � r (s) we have that A(u; s + 1) = Au(z)(= Au;s(z). that is this has
beensettled by now and future con�gurations must agree.
(ii) For all x and k with k � d, if jxj � r (s), then A(u; s)(x) = 0.
(iii) Au is legal. That is, if A(u; s)(z) 6= 0 then z is a follower. The point is that only on
followers can Au not be ; .
(iii) For somex with jxj � p(s) andg � v(e;i; j; n; s) wehave� e(A(i; s); hx; gi ) 6= � e(� z2 D j A(z; s); hx; gi ),
the computations running in time � e(g; t(e;i; j; n; s)) jxjn and only using numbers from the
�rst � e(g; t(e;i; j; n; s) rows of the relevant A(z; s) for z 2 D j .

(The readershould comparewith (2.3)(i) and (ii) whereC0 and D 0 are de�ned. ) If at
stagep0(s) we seesuch incarnations of the Az then Nd will request that theseare the real
versionsof the Az. It will ask that it becomesthe pending requirement of highest priorit y.
Otherwiseit releasesasbefore. Note that only p(s+ 1) = p0(s) is changed.The r (s) remains
the same.It will do so until we get to the end of all the subcycles.

Note that the above succeeds.For oncethe Nd has the priorit y, it will be the casethat
nothing will later be added to the �rst d rows. This meansthat the conditions (i) and (ii)
will automatically be satis�ed for all future con�gurations of the Az. If a disagreement is
spotted we will take it. This implies that if the action of this requirement is in�nite then all
future con�gurations must give the sameanswer. Then to computethe valueof �( A i ; hx; ki )
for jxj su�cien tlt y large, we simply usethe empty extension. This will work oncethe value
of phie(k; t) reachesits limit.

Finally we turn to the Rw = Re;i;n . Thesearemet using ideasalongthe linesof [Do], the
simpler methods of Ambos-Spieset al[AHS] apparently not su�cing for our setting. This is
where we use that we are dealing with m-reductions. Let f be the function witnessing �.
That is � meansthat x 2 �( A i ) i� f (x) 2 A i . Similarly let g represent �.

The underlying idea from [SS] and [Do], to recall a phrase of Ted Slaman, we call
bootstrapping, and seemsto be fundamental in all � n proiorit y arguments for n > 1. We
�rst drop all the parameterizationapproximation machinery, and consideronly the general
shape of the construction. The readershould be warned that the approximation machinery
is what makes this a � 4 aggument. We focus on the satisfaction of a single R0

d;m type
requirement. At any stagebelow the usecorresponding to the triple h� ; � ; � i there will be
at leasttwo active `followers' (actually con�gurations aswesee)x and y which canpotentially
enter A = A i . As with all such speeduptype arguments the length of y will bevery largeand
will in particulat exceed2
 (� (jxj)) where � (x) is the maximum of the uses� (x) and � (x).
Note here we uselower caseletters to denote the useof the corresponding functional. For
simplicity supposewe are only consideringthe attack on R0

d;m at row g, say. The attack may
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occur at co�nitely many rows but more on that later. For this �xed row g, we are trying to
achieve hopefully Q = Qe;i � u

m � e(A); � e(A) and for somep, Q(p) 6= 	( ; )(p).
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