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Abstract

In the setting of the parameterized reducibilities introduced by the secondauthor and Mike
fellows, we prove a number of decidability and de nabilit y results. In particular the undecidability
of the relevant m-degreestructures is proven. The relationship with classicalnotions is analysed,
and this leadsto a number of obsenations about classicalconstructions in the PTI M E degrees.
Methods include 0%and 0%%riorit y argumerts combined with speeduptype argumerts.

In tro duction.

From amongAnil Nerode'smany superb cortributions, onerecurrert themeis the analy-
sisof de nabilit y and decibility resultsin the structures of recursiontheory. For instancethe
papers [MaN], [MN], [NSm], [NSh] and [NR1,2] are clearly of this ilk. In the presen paper
we wish to analysethe structures introducedby the rst author and Mike Fellows[DF1-5],
in the samespirit. This seemgparticularly apt in view of Anil's interestin polynomial time
and polynomialy graded structures[NR3]. In these structures we plan to prove a number
of decidability and de nabilit y results, as well as examining relationshipswith classicalno-
tions. Before we state speci ¢ results it is perhapsappropriate to include a brief recap of
the Downey-Fellows setting, and its motivations asit is still rather novel.

While the NP completenesgphenomenomis a good tool to explain the apparen in-
tractabilit y of many conbinatorial problems,it is really a fairly coarsemeasurein the sense
that from a practical viewpoint many NP complete problems can behare quite di erently
with to respect to the spectrum of solutions. Furthermore NP completenessioes not say
much about intractability in P. To be speci ¢, many combinatorial problemshave the prop-
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erty that their input consistsof one or more parameters. Considerthe following examples.

Examplel. The Vertex Cover problem takesasinput a pair (G; k) consistingof a graph G
and a positive integer k, and determineswhether there is a set of k verticesin G having the
property that ewery edgein G hasat least one endpoint in this set.

Example2. The Graph Gerus problemtakesasinput a pair (G; k) asabove, and determines
whether the graph G enbedson the surfaceof gerus k.

Example 3. The Planar Improvemen problem takes as input a pair (G; k) as above, and
determineswhether G is a subgraphof a planar graph G° of diameter at most k.

Example4. The Graph Linking Number problem takesasinput a pair (G; k) asabove, and
determineswhether G can be embeddedin 3-spacesothat at mostk disjoint cyclesin G are
topologically linked.

Example5. The Dominating Set problem takesas input a pair (G; k) as above, and deter-
mineswhether there is a set of k verticesin G having the property that ewvery vertex of G
either belongsto the set, or hasa neighbor in the set.

Example6. The Weighted CNF Satis abilit y problem takesas input a pair (; k) where
is a propositional (boolean) formula in conjunctive normal form, and k is a positive integer,
and determineswhether there is a weight k satisfying truth assignmen to the variables of

. (A truth assignmeh hasweightk if it assignsexactly k variablesthe value true and all
othersthe value false)

With the exception of examples3 and 4, the above problems are known to be NP-
complete. Downey and Fellows[DF1-5] consideredthe question of what can be said about
the complexity of these problemswhen the parameter k is held xed. In many practical
applications of computational problems having this form, e cient algorithms for a small
rangeof parametervaluesmay be quite useful,but NP completenessays nothing about the
behavior of the xed parameterversion.

Note alsothat this questionnow is concernedwith the structure of P. For k xed there
is the obvious algorithm running in time O(nk) which simply seartiesall possibilities. The
guestionis whether it is possibleto uniformly do better.

For eat of examplesl{4 above,thereisaconstart sud that for every xed parameter
value k the problem can be solved in time O(n ). For examplel, we may take = 1. This
meansthat for eadn xed k there is an algorithm Ay that determineswhether there is a
vertex cover of sizek in aninput graph G in time Cyn [BG]. For examples2{4 we may take

= 3 by the deepresults of Robertson and Seymour[RS1,RS2].

Examples5 and 6 illustrate the cortrasting situation wherefor xed valuesof k we seem



to be able to do no better than a brute force examination of all possiblesolutions. In both
casesthe best known algorithm is O(nk) for xed k. (Actually, Fan Chung has shown that
dominating set can be donein time O(n%).)

The above obsenations lead Downey and Fellows to introduce reducionsand notions
of completenessand hardnessto explain this xed parameter (in)tractabilit y.([DF1-5], also
[ADF]). Weremark that this framework seemgo be widely applicableand providesare ned
tool to measurethe apparert di erencesin the xed parameterbehavior of many classically
equivalent problems. To make the above precisewe turn to the de nitions of [DF1-5].

A parameterizel problemis a set L where is a xed alphabet. In the
interests of readability, and with no e ect on our theory, we considerin this paper that a
parameterizedproblem L is a subsetL N. Furthermore, in this cortext we consider

N as bring represeted astally sets,that isN = f1" : n = 0;1;2:::g. We simply write n
for 1" in thesecircumstances. We will tend to usek;i;j for members of N and x;y; z for
strings. For n 2 N we write L, = fyj(y;k) 2 Lg. We referto L, asthe x™ slice of L.

Carefulanalysisof examplesl{4 in the introduction leadsto three avoursof tractabilit y.

De nition. We sa that a parameterizedproblemL is

(2) nonuniformly xed-parameter tractableif there is a constart  and a sequenceof algo-

rithms  sud that, for eath x 2 N, , computesLy in time O(n );

(2) uniformly xed-parametertractableif thereis a constart and an algorithm  sud that
decidesif (x; k) 2 L in time f (k)jxj wheref :N I N is an arbitrary function;

(3) strongly uniformly xed-parameter tractableif L is uniformly xed-parameter tractable

with the function f recursiwe.

The reader familiar with classicalrecursiontheory will note that these notions might
be consideredas analoguesof piecewiserecursiwve recursively erumerablesets. The problem
in examplel is strongly uniformly f.p.tractable (as are most examplesof xed-parameter
tractabilit y obtained without essehal useof the Graph Minor Theorem). Example 2 canbe
shownvn to be strongly uniformly f.p. tractable by the methods of [FL2]. The readershould
note that the graph minor theorem would only give nonuniform tractability and to get
uniformity needsadditional algebraictechniques. Example 3 can be shovn to be uniformly
f.p. tractable by the method of [FL1] (sincethe technique of [FL2] is not presenly known to
apply, we do not know a strongly uniform algorithm). Example 4 is at presem only known
to be nonuniformly f.p. tractable.

If P = NP then examples5 and 6 are also f.p. tractable. Thus aside from proving
P 6 NP, a completenesgprogram would seemto be the best we can do with respect to
explaining the apparert xed-parameter intractabilit y of theseproblems.

Correspnding to the three notions of tractability there are three avors of problem



reducibility.

De nition. Let A; B be parameterizedproblems. We say that A is uniformly P-reducibleto
B if thereis an oraclealgorithm , aconstart , andan arbitrary functionf : N ! N sud
that

(a) the running time of ( B;hx; ki) is at mostf (k)jxj ,

(b) oninput hx; ki, only asksoracle questionsof B () where

B = | B =fhxji:] f(N&N]i2Bg
i (k)

(©) (B)=A.

If A is uniformly P-reducibleto B we write A 4 B. Where appropriate we may sa
that A ¥ B viaf. If the reduction is many:1 (an m-reduction), we will write A 3 B.

De nition. Let A; B be parameterizedproblems. We say that A is strongly uniformly P-
reducibleto B if A § B viaf wheref isrecursive. Wewrite A T B in this case.

De nition. Let A; B be parameterizedproblems. We say that A is nonuniformly P-reducible
to B thereisaconstart , afunctionf : N ! N, andacollectionof proceduresd :k 2 Ng
sud that (BOK)) = A, for each k 2 N, and the running time of  is f (k)jxj . Herewe
write A T B.

Following [DF1-5], we will henceforthwrite FPT( ) asthe f.p. tractable classcorre-
sponding to the reducibility . These notions provide a platform to prove completeness
type results along the lines of NP completenessFor instance,in [DF1-4] a hierarcy is de-
ned basedon the complexity of circuits neededto model the conbinatorial problem. This
hierardy, the weft hierardy, is of the form

FPT W[1] W[2] =@ W,

whereW denotesthe ! level of the hierardhy. Downey and Fellows shawv that, for instance
weight k satis abilit y of booleanformulae in 3CNF form is completefor W[1], for thosein
generalCNF form is completefor W[2]. Call CNF product of sum.(PoS) Downeyand Fellows
also show that for any k, PoSoRbS... with k alternations is complete for W[k] for k 2.
These authors conjecture that the hierardhy is an in nite hierarchy and provides a good
framework for anyaysing the relative xed parametertractabilit y of combinatorial problems.
For instance,Dominating Setis W [2] completeand Independert setis W[1] complete. Many
other things are W[1] hard. Note that asopposedto NP we apparenly geta lot of di erent
degrees.A catalogueof known classi cations can be found in [DF2,3].

Herewe will be more concernedwith technical developmen of thesenotions of reducibil-
ity and tractabilit y. Firstly the notions di er asfollows.



Theorem. [DF5] FPT( {) contains in nitely many incomparible $ degrees.
Similarly FPT( 1) contains in nitely many incomparible Y degrees.

This is proven by a priority argumert shoving the complexity of the structures. A
number of other basic structural aspects of the orderings are addressedin [DF5]. A lot
of the normal global structure theory seesrto go through, but local structure seemsmuch
more di cult. For instanceit is still openif density holds for the structures (REC; ), the
recursive setsunder the reducibility , where is not strongly uniform. (See[DF5] for
partial results and the strongly uniform case).

In this paper we shall delve much more deeply into the structure of the degreeup-
persemilattices.We conceitrate on the degreestructures for the uniform reducibilities mak-
ing commerts where relevant concerningthe nonuniform reducibilities. The primary goal
is to prove the undecidabiltiy of the structures (REC; ), for ead of the reducibilities
The approad we useis along the lines of that usedby Ambos-SpiesNies and Shore[ANS]
and Ambos-Spiesand Nies[AN], to prove the undecidabiltiy of, respectively, the recursiwely
erumerablewtt-degreesand the P-time m-degreesof recursiwe sets. This approad is to use
anin nite independen setto de ne with parametersthe lattice of | setsfor somen 1
in the relevant uppersemilattice using the ideal structure and an exact pair theorem. The
result then follows by Herrmann[He]. Looselyspeakingwe follow this plan but of e orts are
hampered by the complexity of the de nition of the relevant reducibilities and the lack of
generalexact pair theoremsin thesestructures. Theseproblemsnecessitatehe useof global
embeddings( doingeerything at once') rather than the useof local theoremsaswe shall see.
The generaltechnique we usewill be , and 3 priority argumens involving the speedup
technique.

In the appendix we make someremarksabout the possibility of usingtransfer techniques
from the P-time degrees.Theseresults are of independert interest sincethey are very much
concernedwith the limits of the standard construction techniquesof, for instance, minimal
pairs for P.

Notation is standard and follows Soare[So]and Balcazaaret al[BDG].
2. The Weak Exact Pair Theorem.

In this sectionwe shall prove a de nabilit y result that is crucial to our investigations.
We do not prove a generalexact pair theorem (indeedit may be possibleto show that there
is none) but will prove one for the special setswe work with. Before we state the theorem
we needsomepreliminaries. We will work with the reducibility ;. Now from [DF5], we

know that if A and B arerecursive setswith A | B then thereis anr.e. function f and a
m-procedure andann sud that A 3 B viaf in the following sense:

( B;hx; ki) = A(hx; ki) in running time f (k)jxj"; and with useB (®):



Similar characterisationshold for the other reducibilities. With this we get the following
result.

(2.1) Lemma. Let A be a recursive set. Then for g2 fm; Tg;
(i) fW:W SAgisa §set.

(i) fW:W L Agisa J set.

(i) fW : W recursieand W § Agisa { set.

Pro of. We prove (ii). By the de nition, we seethat
W o Ai 9e9f 9n8kIsIUBZ( (A;hz; ki) = W(he;ki) in time ujzj" with useAM:

This is clearly §. 2.

Our planisto rst dealwith  (and 3,), and only later dealwith the more intricate
nonuniform reducibility wherewe get the undecidability but with wealer de nabilit y results.
Besidesthe elemerts of the proof are mainly presen in the uniform case wherethey are not
obscuredby technical considerationsasthey are in the nonuniform case.

By (2.1) to deal with nitely generatedidealsin the structure (REC; ;) we needto
dealwith 9 sets. What we do is deal with the following. We call a setB row nite if for
all k, jfz:B(hz;ki) 8 0gj < 1 . We sa that A is row boundal if there is a xed bound on
the number of menbers of a row. We call this number the norm of the bound. So a row
boundedset of norm 1 hasat most one menber per row.

(2.2) Lemma. Supmsethat | is an ideal(i.e. | is closal under join and initial segments)
in (REC; 3) and | is geneated by fA; 1 i 2 Qg with Q a SsetandfA; :i2!gisa
recursive collection of row nite recursive sets. Then there is a collection C=fB; :i 2 Mg
of row nite recursive sets,with M recursive and suchthat | equalto the ideal geneated by
C.

Pro of. Assumethat | is given asabove. Then we know that there is a recursiwe relation R
sud that
] 2 Qi 9e8x9s8tR (e;j; x; s;t):

We suggestthat the readerthink of the setfj : 9¢( <(K) = W, g the collection of complete
r.e. setsasa canonicalrepresetation for Q. To build B; wetry to copy an A while it seems
reasonable.If we fail then the set B; we build will be FPT. (Actually wealer hypotheses
su ce for the theorem. For instanceif the collection has the property that for any k and

A;, for all j, we have Ai(k) q Aj.) For de nitenesswe x gq= m. To do this we needthe

auxiliary function

I(e;); s)= maxfx :8y x9u s8t s(R(e;); y;u;t) holds)g
Call the leastu for y at stages, u(y;s), and let U(y;s) = yo yu(y%): We shall say that a

stageis (e;] )-expansionaryif 1(e;j; s) > ml(e;j; S) =qger maxfi(e;j; t) : t < sg. To build B;

6



we proceedasfollows. At stages for all zwith jzj s, if I(e;]; S) > k, declarethat hz; (px)"i
into Be; forallr  k+ U(k;s) i hz;ki 2 Aj, wherep, denotesthe k-th prime. We argue
that if j 2 Q then for somee, Be; 1, Aj, andand for all e Be; 5, Aj; andif | 62Q then
for all e Bej 2 FPT. First supposethat j is in Q. Then there is an e sud that for all
X; 9s8tR(e;); x; s;t). As above, this meansthat for all x; 8tR(e;j; x; u(x);t) holds where
u(x) = limgu(x; s); and similarly U(x) = limsU(x; s): Then for ead k we seethat for all z,

hz;ki 2 Aj i he; (p)< VWi 2 By

HenceA; . Be;. Evidertly the construction directly ensuresthat Be; , A; always.
Finally if j 62Q, then for ead e, if there are in nitely many (e;j )-expansionary stagesit
can only be that for someleast x, u(x;s) fails to have a limit. This meansthat for all
x® x; U(x;s)! 1. It follows that we canfor eah r compute a stages(r) sud that for
all t > s(r), U(x;t) > r. Let alsov be the stagewherefor all y < x, u(y;Vv) hasreaded its
limit. W.l.o.g. we may supposethat s(r) > v. Then after stages(r), if row i is not coding
row y of A; for somey < x then this row will be henceforthempty. It thereforefollows that
Bej 2 FPT, giving the result. 2

We next turn to the main technical tool as follows.

(2.3) Theorem. (Weak Exact Pair Theorem.) Let fA; :i 2 Qg bea 9 collection of row
nite recursivesets. Thentheideal | of degreesin (REC; {) geneated by this collection has
an exactpair. That is, there is a pair of recursivesetsC; D suchthata21i a  c; d,
wheee ¢ denotesthe uniform g-degree of C and D the uniform g-degree of D.

Pro of Beforewe turn to the proof of this result, we will take a little time out to discussa
certral techniquein the rest of the paper, the so-calledspeeduptechnique. This technique has
beenusedby Ambos-SpiesSlamanand others and lies at the heart of many of the deepest
embedding and decidability resultsin the area. It would seemappropriate for us to discuss
this in the cortext of the classicalexact pair theorem for the P-time m-degrees(Ambos-
Spies[AS*]). Recall that there we had a recursiwe collectionfB; : i 2 ! g of recursie sets
and neededan exactpair for this collection. Thuswe construct C andD sothat B; } C; D

for all i, and sothat we meetthe requiremerts below.

Re: If o(C)= ( D) thenforsomei; C)  ; iBj:

Heref o; ¢:e2 ! gdenotesthe collection of all consistingof two P-time m-reducions
with functions . and . respectively. Following an old idea of Cliord Spector, we shall
build C and D sothat they code B; into row i. Sowe ensurethat for almost all z, z 2
B; i H;zi 2 C(and)D: Then clearly, for all i, B; [ C; D. By abuseof notation, we
shall write this asB; = C,.

We can assumethat the B; (and the A;) are given as the range of P-time functions
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with domain! in unary notation. For E = B; (or A;) we write E¢ = ff (19);:::;f (15)g. We
can also ask that if jf (1Y)] > jf (1¥)j, then for all z > x; jf (1%)] > jf (1¥)j: We call this a
P-standad enumeation. Sowe assumethat we have sut erumerationsaf all relevant sets.
For a parameterp, we will have a stagem(p) sud that for all zif jzj pthenforalli p,
Ai(2) = Aim ) (2) and Bi(z) = Bim ) (2). Moreover whenm(p) # it doessoat a stagewhere
it is P-time to computeit.

The problemsall stemfrom meetingthe Re in this ervironmert. For a singleR. alonewe
do this asfollows. We give this requiremen priority 2e+ 1. We give the coding requiremen
askingthat B; = C; priority 2i. The basicidea for a single R, is the following. At stage
s we will begin the following cycle. R, will assertcontrol of the construction till stagepYs)
descriked below. We will be given a parameterp(s) Let g be a polynomial bound on the
time for the computationsof and . We wait till stagep{s) = m(2™(@M(PEN ) and seeif
we canlegally forcea disagreemen That is we seeif there are setsC(2e+ 1;s); D(2e+ 1;5)
sud that
() e(C(2e+ 1;s);2) 8 ¢(D(2e+ 1;s);2) with jzj  p(s),

(i) C(2e+ 1L;s)(hx;ji) = Cs(hx;ji) if jxj  qe(m(p(s)), C(2e+ 1;s)(hx;ji) = Bj(x)ifj &
and
(iif) asfor (i) with D in placeof C.

If sud setsexist, then R will and askthat with priority 2e+1, Cs; = C(2e+ 1;s) and
Ds1 = D(2e+ 1; s) thusforcingadisagreemenbetween ((C) and (D). This requiremen
will of coursepresene the relevant use of the computation, with priority 2e+ 1. It then
releasescortrol of C and D at stagepYs) and outputs this asthe next parameter. In the
actual construction, we considerthe requiremerts in reverseorder. So after Qg has been
considered,we begin to considerthe requiremerts Qs;:::; Qp, One at a time. Here Qo is a
requiremen trying to ensurethat A = Cg; De and Qze+1 IS Re. The Qe Will simply ask
that A. will be copiedinto C. and D.. Soit will assertcortrol till from stagep(s) till stage
pYs) = m(p(s)). The R. asabove will take the given parameterp(s) and the stagenumber
p(s) and assertcortrol until astagep¥s) asabove. If it seesa way of forcing a disagreemet
it will, then releasingcortrol only of C and D up to the relevant uses.Note that in this case
it caninjure the higher coding action we amy have initiated but this is okay aswe now think
we are satis ed and will be unlessa higher priority Re action needsto be attended. In the
other case,Re simply releasesall cortrol at stagep¥s) passingonto Q; forj < 2e+ 1. So
there will be a sequencef stageswhere,in turn various requiremerts have their say with C
and D ead in turn generatingtheir incarnation of C and D. When we get to Qq, we know
the highestpriority R that acts sincethe last time we were here,and its versionwill be the
correctone. (If any. ) In this casewe declarethat R, is satis ed. Sinceit is clearthat eath
Qe can beinjured at most nitely often, we seethat they all are met. This is clear for the
Q2e, and to seeit for the Re, supposeoncethis requiremen has priority (i.e. will not again
beinjured by any higher priority R;), then any action we take will be permanern. Suppose
this happensat stagesy. Henceif we supposethat R newer is declaredsatis ed, then for



all choicesof C and D provided they agreewith A; forj e and C[sp], and D[so], (as they
will by choiceof sg), they must give the sameanswer. This meansthat (C) . ; ¢Bj.
The point hereis that R assertscortrol at stagep(s) and doessotill stagepYs). Now as
it has priority, the only R; that can changethings are of lower priority and thesecan only
changeC and D on things below p(s) and Re hascortrol till thesehave becomelinear time.
Thusin linear time with oracle ; ¢Bj we can gure out ¢(C) simply by usinethe empty
extensionon rows above e.

Turning now to the construction at hand, it turns out to be not too di cult to modify
the ideasabove to our setting. Now for the fA; : i 2 | g, which canbetakento bearecursiwe
collection by the previouslemma, we now meetthe requiremers:

Ren : Either limg o(k;S) =4t (K) fails to exist for somek
or 9x; k( «(C;hx; ki) or ¢(D;hx; ki) doesnot run in time ¢(k)jxj");
or the useexceedsC( (k) or D( (k)
or ¢C)8& ( D);
or for somei; ¢(C)

u Nt
q J|AJ'

This time we shall code A; into C;; and D;; forj 2! . That is we ensurethat we meet
P; :Ai;j = Ci;j = Di;j for all j

Then the construction runs asfollows. We can split the P; into P;; trying to achieve A =
Ci; = Dj;. Thisisadievedby direct coding, asabove, subject to nite injury. Wewill have
Ren respect P;; for e.g. i;j < he;ni. Now in the construction Re., will have a parameter
p(s) asabove together with a parameterv(e;n;s) which will either be de ned or currently
unde ned. It represetts our current guessasto how many rows the reductions . and .
seemto be working on. Also assaiated will be parameterst(e;n;j; s) for | v(e;n;s).
Theserepresen the current guessasto the valueof (j). When R, assertscortrol, it rst
calculatesa new v(e;n;s): to do this, it nds the largestv sud that

(i) forallg v, es(g;t)# for somet < s with te;n;g;s) the largestsud t.

(i) ifg vandg v(en;s)then os(g;t(e;n;g;s)) = es(gitYein; g;s)).

We let v(e;n;s+ 1) = v. While Re, is in cortrol we will only allow this value to
stay the same. We let t(e;n;s + 1) = t4e;n;s). Now R, assertscortrol till stage
pYs) = m(2MMaXg vens «y  es(@EmesH) M(P(9)N)) - We again seeif we can legally force a
disagreemehn Are there setsC°= C(2he;ni + 1;s); D%= D(2he;ni;s) sud that
(i) «(C%hx;gi) 8 (D%hx;gi) forsomex p(s)andg v(e;n;s+ 1), the computationsrun-
ningin time ¢(g;t(e;n; g; s+ 1))jxj" and only usingnumbersfrom the rst ¢(g;t(e;n;g;s))
rowsof C and D.

(i) Eqx; k;ji) = E(hx; k;ji) for E = C or D for jxj p(s),
orif jxj maXy vens+y e(€:5)(0;t(e;n;g;s))m(p(s))” andk;j  he;ni.

If at stagepYs) we seesuc con gurations then as before R, will requestthem asthe
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real versionsof D and C. Otherwiseit releasesas before. Note that if we do not declare
that Re., is satis ed as above, then if liminfsv(e;n;s) = 1 , then all the (g;s) read a
limit. Now the argumen goesthrough as before. 2

(2.4) Corollary . Let| be anideal of (REC; {) withq2 fm;Tgandr 2 fs;ug. Supmse
that | is genented by as set of dggreesof row nite sets. Then| hasan exactpair i | canbe
genented by a O setof degreesof row nite setswheen = 3if r = s and n = 4 otherwise,
i | can be genented by a recursive collection of degrees of row nite sets.

3. Undecidabilit y.

In this sectionwe usethe de nabilit y resultsof the last sectionto getthe undecidability if
the degreestructures. We will do the easierm-degreecase rst, indicating the modi cations
neededfor the T-degreecaselater. So x the underlying structure as(REC; 1 ). It is not
dicult to seethat asusualthis is a distributiv e uppersemilattice(usl). Following [AN], we
call a a nontop if it is not the top of a minimal pair. That isfor all c; d,if c_d = a
andc”™ d = 0, then eitherc = a, or d = a. (Recall that ¢ and d form a minimal pair if
crd=0)

We needthe following madinery from [AN], [ANS]. Let P be an in nite usl with 0. A
subsetA of P is called independentif for all a2 A for all a;;::;;a, 2 A fag, we have that
a6 a; . a,. IfA P let hAi denotethe idealgeneratedby A. Letl (A) = thBi : B Ag.
The following is a slight generalizationof [AN, lemma(2.2)].

(3.1) Lemma. Let A be aninnite subsetof P, suchthat for all a; b2 A, if a 6 bthen
a and b form a minimal pair. Supmse further that bAi is locally distributive. That is, for

all b;as;:an, if b Ay i an, thenthere existby; ;b withbh & fori = 1;::;;n and
b= b,_:: b,. Thenfor all distinct elementsa; a;;:::a, of A wehavethata” (a;_:::_a,) = 0.
Furthermore

I(A)=fl 21(P):1 MAi~8x218a2A(X60~x a! a2lg

The proof is the same. This gives the following slight restatemen of [AN, Theorem
(2.4)].

(3.2) Theorem. LetP beaninnite usland A P. Supmsethat
(i) PAI is locally distributive,
(i) A is innite,
(i) 8ajay;:an 2 A(a™ (ap_ i _ay) = 0),
(i) 8a2 A(ais anontop), and
(iv) hAi possessean exact pair.
Then
DI(A) =g fl1 2 1(A) : 1 hasan exact pair g
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is elementarily de nable with parameters(e.d.p)in (P; ).

Note that the theorem appliesto (REC; |[,) asthis is a distributiv e usl and hence
certainly locally distributive. Sincethe lattice of § sets under inclusion is heriditarily
undecidable,by corollary (2.4) to establishthe undecidability of (REC; 1) it suces to
construct a recursive sequenceof recursive row nite setsfA; : i 2 ! g with degreesA =
fa :i 2! gwith the properties below:

(3.3)8a;as;:a, 2 A(a” (ay _ i _a, = 0).

(3.4) 8a 2 A(ais anontop ).

To adhieve (3.3) and (3.4) we build the recursive sequenceo meet the requiremernts
below:

Pe;i;j;m : A 6 e(Aj), with time bound m,
that is, either limg ¢(K;S) =q4er (k) fails to exist for somek
or 9x; k(' e(Aj;hx; ki) doesnot run in time ¢(K)jxj™);
or the useexceedsAj( =(k)
or 9x; k(' e(Aj;x; ki) 8 Ai(hx; ki),

Rein : Either limg o(K;s) =gt e(K) fails to exist for somek
or 9x; k( e(Ai;bhx; ki) or o(Aj;hx; ki)
or o e(Aj) e(A))(hx; ki) doesnot run in time  ¢(k)jxj");
or the useexceedsA! <) (or ( (A1)  o(A)( D,
or 9% K( e( e(A))  ( Aj);hx; ki) 8 Ai(hx; ki),
or ¢A))2FPTor ((A)2FPT,
or Qei m e(A); e(Ai) and 8j; m(RY; im )-

einjm - Qei 8 e(;) in time bound m.

Neijn :  Either lims o(K;S) =ger  e(k) fails to exist for somek
or 9; K( e(Ai;hx; ki) or  e( v2p; Av;hx; ki) doesnot run in time  ¢(k)jxj");
or the useexceedsA! **) or ,p, Af (),
or 9; K( e(Ai; ki) & o vap; Av; hx; ki),
or ¢(Aj))2 FPT:

Here D; denotesthe j-th canonical nite set,f .:e2 ! gis alisting of all madines,
f o o e:€2lgisalisting of all triples, andf ., .:e2! gisalisting of all pairs.
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In the above we will adopt the corvertion that for any use/constannt  (or ), if

es(k;t) # (i.e. in ssteps)and ou(k;v) #fors uandt v, but o(k;t) 8 ¢(k;v)

then o(k;t) < ¢(k;Vv). Usesare similarly monotonein the rst variable. Furthermore if
es(K;t) #then (k% t) #for all kK k.

The easiestrequiremerts are the onesof the Friedberg type, namely the Py = Peiijm -
In the construction we will perform certain cycles. At the beginning of a cycle we will be
aware of a highestpriority pendingaction. The purposeof a cyclewill be to determineif we
needto replacethis by another action, and nally in the last of the subcyclesof the main
cycleto determinewhat to do. (This is similar to (2.3) but more involved.) At the top of
a (sub)cyclewe rst considera unique Py. This will have a unique row g set asidefor its
satisfaction. At stages when P, assertscortrol, it rst nds the largestt = t(s) if any suc
that es(g;t) #.

If no sudh t existsthen P, releasesortrol immediately. If t existsthen Py cortrols until
stages; = (k;t)s™. While P4 assertscortrol it asksthat A;s be extendedby the empty
extension. Now at stages;, Pq seesf s (Ajs,; N® gi) #and usesonly ¢(k;t) rowsin the
use. If not then P, releasesortrol of both A; and A; and the pendingrequiremert remains
the same. If the answver is yesthen P, becomeshe pending requiremen and requestsus to
set

Ai(h%gi) =1 e(Ags,; % i);
and
Aj(z) = Ajs,(2) for all zwith jzj s,

The next mostdi cult requiremens are the minimal pair ones,but to understandtheir
full action we really would really needto discussthe R type requiremens rst. Instead we
will rst discussthe basic module and then only later discussthe modi cations neededin
the full construction. So for the time being supposethat Neij, = Ny neededonly to live
with the P4. Again we usea speedupargumert. The construction is similar to that usedin
(2.3). This time, we needparametersasfollows: we needa stagep(s) whereNy rst asserts
cortrol, a ‘referencepoint' r(s) indicating the portion of the setsA; that have been nalized,
(sothat Ai(z) for jzj > r(s) is still to be decided),and a parameterv(e;i;j; n;s+ 1) = v
indicating the number of rows the pair and jointly compute. When N4 assertscortrol,
it rst computesa new value of v. To do this it nds the largestv sud that

() forallg v; es(g;t) #for somet < s, with t = t(e;i; j; n; s+ 1) the largestsud t,
(ifif g vandg v(eij; n;s) then o(g;t) = e(g;t(esisj; n;s).

Now as with (2.4) we let Ny assertscortrol until an appropriately huge stage where
all the computations below hp(s); p(s)i have had a chance. Soit assertscortrol until stage
pYs) = 20 o v(e(@ME)™) \where m(e;s) denotesthe maximum of the lengths of the uses

e(Aishy; k) o b, AchlY;k9 fory sandk® v. At this stageNgy will relinquish
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cortrol, but will rst seeif there are possiblecon gurations of the A, that can be usedto
get a disagreemen Thus we seeif there are incarnations of A.s+1, denotedby A(u;s+ 1)
with the following properties.

(i) For all z with jzj  r(s) we have that A(u;s+ 1) = Ay(2)(= Aus(z). that is this has
beensettled by now and future con gurations must agree.

(i) Forall x and k with k d, if jxj r(s), then A(u;s)(x) = 0.

(i) Ay islegal. That is, if A(u;s)(z) 6 0 then z is a follower. The point is that only on
followerscan A, not be ;.

(i) Forsomex with jxj p(s)andg v(e;i; j; n;s) wehave o(A(i;s);hx;gi) 6 o 22p,A(2Z:S); X;gi),
the computationsrunning in time ¢(g; t(e;i; j; n;s))jxj" and only using numbers from the

st <(g;t(e;i; j; n;s) rows of the relevant A(z;s) for z 2 D;.

(The readershould comparewith (2.3)(i) and (i) whereC®and D%are de ned. ) If at
stage pYs) we seesud incarnations of the A, then Ny will requestthat theseare the real
versionsof the A,. It will askthat it becomeghe pending requiremern of highest priority.
Otherwiseit releasesasbefore. Note that only p(s+ 1) = pXs) is changed. The r(s) remains
the same.ltwill do sountil we get to the end of all the subcycles.

Note that the above succeedsFor oncethe Ny hasthe priority, it will be the casethat
nothing will later be addedto the rst d rows. This meansthat the conditions (i) and (ii)
will automatically be satis ed for all future con gurations of the A,. If a disagreemenis
spotted we will take it. This impliesthat if the action of this requiremen is in nite then all
future con gurations must give the sameanswer. Then to computethe value of ( Aj; hx; ki)
for jxj su cien tlty large, we simply usethe empty extension. This will work oncethe value
of phig(k;t) readesits limit.

Finally we turn to the Ry, = Re.;;n. Theseare met usingideasalongthe linesof [Do], the
simpler methods of Ambos-Spieset al[AHS] apparertly not su cing for our setting. This is
where we usethat we are dealing with m-reductions. Let f be the function witnessing .
That is meansthat x 2 ( Aj) i f(x) 2 A;. Similarly let g represen .

The underlying idea from [SS]and [Do], to recall a phrase of Ted Slaman, we call
bootstrapping and seemsto be fundamertial in all |, proiority argumens for n > 1. We
rst drop all the parameterizationappraximation madinery, and consideronly the general
shape of the construction. The readershould be warned that the appraximation madinery
is what makes this a 4 aggumen. We focus on the satisfaction of a single Rg;m type
requiremen. At any stagebelow the usecorrespnding to the triple h ; ; i there will be
at leasttwo active “followers' (actually con gurations aswe see)x andy which canpotentially
erter A = A;. As with all sud speeduptype argumerts the length of y will be very largeand
will in particulat exceed2 ( (jxj)) where (x) is the maximum of the uses (x) and (x).
Note here we uselower caseletters to denotethe use of the correspnding functional. For
simplicity supposewe are only consideringthe attack on R§.,, at row g, say. The attack may
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occur at co nitely many rows but more on that later. For this xed row g, we are trying to
achieve hopefully Q = Qe;i 1, e(A); (A) and for somep, Q(p) & ( ;)(p).
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