INVARIANCE AND NONINVARIANCE IN THE LATTICE OF 1'[2 CLASSES

PETER A. CHOLAK AND ROD DOWNEY

AssTrACT. We prove that there are two minimal I‘I(l’ classes that are not automorphic.

1. INTRODUCTION

A (computably bounded) H? class C can be defined as the set of infinite paths through
acomputabletree T € 2=“. The study of H(l) classes has a long and interesting history,
and many applications. We refer the reader to the surveys Cenzer [ 1], Cenzer-Remmel [5],
and Cenzer-Jockusch [ 3].

This paper continues the study of the lattice of H‘l) classes along the lines of Cenzer,
Downey, Jockusch, and Shore[ 2]. In particular, we areinterested in the class of H‘l) classes
introduced in Downey [ 8], but first constructed under duality in Martin and Pour-El [ 14].
These are the thin classes, where an infinite class P is called thin if, for all H‘f subclasses
P’ € P thereisaclopen set C suchthat C N P = P’. Of particular interest to usin the
present paper, is the case where the thin class has a unique nonisolated (rank one) point in
it, and hence every 1‘[2 subclassis either finite or cofinitein P. These were first introduced
in[2] and are called minimal classes.

Thin classes more or less correspond to hyperhypersimple sets in the lattice of com-
putably enumerable sets. This intuition was made clear in Cholak, Coles, Downey, and
Herrmann [6], whereit is proven that an infinite class P isthin iff the lattice of subclasses
formsa Ag Boolean algebra, and every Ag Boolean algebrais isomorphic to the lattice of
subclasses of some thin class. For example, minimal classes correspond to the Boolean
algebra of finite and cofinite sets. This characterization can be viewed as the analog of
Lachlan’sresult [13] that the collection of computably enumerable supersets of a hyperhy-
persmplesetisa Eg Boolean algebra, and every such Boolean algebra can be realized.

The main result of [6] isthat if Sand T are perfect thin classes, then there is an auto-
morphism of the lattice of 1‘[2 classestaking Sto T. Here the class is perfect iff the lattice
of subclasses is isomorphic to the free Boolean algebra, or, equivalently the class has no
isolated points.
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The question we address in the present paper, is to determine whether the analogous
result holds for minimal classes, a question raised in al of the surveys above and in [ 6].
Ultimately, the hopewas that if the Boolean algebras of subclasses of two thin classeswere
isomorphic, then the classes would be automorphic.

Unfortunately, our main result is to prove that this hope is forlorn even for minimal
classes.

We need some definitions.

Definition 1. We say that a minimal class Sis cohesively minimal if it obeys the following
property & below. (All quantifiersrange over that lattice of H? classes.)

For all F > Sone of the following holds.

(i) ThereexistsafiniteG € SandaclopenC < F, suchthat, for S= S—G, Sc C.
(ii) Thereisafinite G C S, suchthat, for S= S— G, andfor all isolated | C S, there
isno clopen C such that

(1 CC)A(C CF).
Theorem 2. Thereis a cohesively minimal I19 class.

Theorem 3. Thereisaminimal T19 classthat is not cohesively minimal.

Theorems 2 and 3 give us our main result:

Corollary 4. There exist two minimal Hg classes that are not automorphic.

Proof. It is enough to observe that property & is definable by an infinitary formula. To
see this note that being isolated (i.e. an atom of the lattice of Hg classes) is elementarily
definable and hence being finite is definable via a nonelementary formula®. Being clopen
is elementarily definable since it happens iff the class is complemented, as observed in
Cholak, Coles, Downey, Herrmann [ 6]. This givesthe result. O

We prove a little more than Theorem 3. To get Theorem 3, we actually prove the fol-
lowing. Define arank one class [T] to betameif its rank one point has degree computable
from ¢’ and thereisa Ag function m enumerating pairs (omee) . ¢m(e)) Consisting of astring
om(e) and a partial computable function ¢mee) such that :

(i) dmce isthe characteristic function of an isolated point I me) of [T], with ome an
initial segment of I .
(i) {Ime : € € w} listdl theisolated pointsof [T], and
(iii) {omce) : € € w} forman antichain of strings.

cenzer and Jockusch asked if the property of finitenessis elementarily definable. Recently, Cenzer and Nies
[4] has answered this affirmatively. This means that our technique actually constructs an elementary difference
between two minimal T19 classes.
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For instance, any rank one class generated by [T, where T has no dead ends is tame?.

Theorem 5. Supposethat Sisatame minimal class. Then S does not satisfy #.

We remark that it would be enough to construct athin class S satisfying an apparently
weaker property than cohesive minimality. Say a classis weakly cohesiveif in place of (i)
in Definition 1, we had instead used the following.

(i) Thereexists afinite G € Ssuch that, for S= S— G, for al isolated | € S, there
isaclopen C such that
(1 SC)A(C C F).

Thisis because the proof of Theorem 5 demonstrates that classes with rank one points
computable from ¢’ are not even weakly cohesively minimal. We do not know if the two
properties are distinct.

On the other hand, Cenzer and Remmel did show that sometimes minimal classes are
automorphic. They gave an effectiveness condition based on the complexity of the repre-
sentation of the lattices of subclasses, that guaranteed automorphism of the classes. The
condition is a special case of tameness. Specifically, (see [3], page 55) they defined a H?
classto be standardif itsrank one point P isAg andforany vi < P, v (1—i)isaninitia
segment of at most one isolated member of [T]. Clearly this condition implies tameness.
We mildly generalizetheir result to prove:

Theorem 6 (essentially Cenzer and Remmel). Suppose that Sand T are tame minimal
classes. Then Sand T are automorphic.

Theorem 6 was established jointly with Carl Jockusch, before we learned of the Cenzer-
Remmel work. It has a nice corollary. Recall that the degree of a class C is the degree of
the set of strings that are not initial segments of membersof C. In[2], aminimal classis
constructed as the paths through a tree with no nonextendible nodes, so the degree of the
minimal classis 0, and hence the class is tame. It is routine to construct a tame minimal
class that is noncomputable. (For instance, if a class has its rank one point of degree
< ¢ and the class has low Turing degree, then it will be tame. We can see this using
the following reasoning. First we will eventually find out if a given string is not an initial
segment of arank one point by the limit lemma. Then we can use lowness and hence @’ to
ask if anodeo on T hastwo or moreisolated extensions, assuming that the nodeis not an
initial segment of the rank one point.) This givesthe following.

Theorem 7. (i) Any two computable minimal classes are automorphic.
(i) Being computableis not definablein the lattice of 1 2 classes.

The following question is more or less completely open. We know that if two thin
classes are automorphic then their respective lattices of subclasses must be isomorphic A 2

boolean algebras. When can this be reversed? When does the isomorphism type of the A (2)

2Suppose that we have v as an initial segment of the rank one point, and the tree splits at v. Then simply
count which of v™0 or v™1 has the most split extensions to determine which way the rank one point goes. The g
are the shortest strings which areinitial segments of the isolated points, with the property that they are not initial
segments of any other isolated points. You can order them, first by length, and then lexicographically.
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FIGURE 1. A rank one class

boolean algebra of subclasses of athin class completely determine its automorphism type
in the sense that all thin classes with the same A9 boolean algebra B of subclasses will
be automorphic? We have seen that, by [6], B being atomless is enough, and the proof
will generalize to B having a finite number of atoms. By this paper, B being the Boolean
algebra of finite and cofinite sets is not enough. We offer the following conjecture.

Conjecture 8. The only Boolean algebras B, which have the property that any two thin
classeswith B astheir |attices of subclasses are automor phic, are oneswith afinite number
of atoms.

2. PRELIMINARIES

We let {[Ve] : e € w} and {[Ue] : € € w} be enumerations of the collection of H(l)
classes. (We use two notations for the same collection to avoid confusion between the
thinness regquirements and the cohesiveness requirements.) For simplicity, we choose the
following representation of these classes. Let Pe denote the e-th real time computable
(i.,e. o € Peisdecidableintime |o]) tree of strings. Then we will denote the stage s
approximation to [Ve] by Ve s and mean the strings of length s in Pe. Other notation more
or lessfollows Soare [17].

3. PROOF OF THEOREM 2

The proof that thereisal‘[‘l) classwhichisboth minimal and has property P, isrelatively
delicate and uses some of the technology developed in Downey [ 7]. In particular, it will
be a kind of “full approximation” argument. We will need to construct S so that it is
homeomorphic to the paths through the rank one tree of figure 1.
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The reader should keep in mind that we will be constructing a tree of strings T =
limsTs, so that S = [T] will be the desired class. At any stage s, Ts will consist of a
collection of strings which have been irrevocably declared terminal, aswell as acollection
of strings of length s that we currently believe are reasonable as possible initial segments
of [T]. In the transition from stage s to s + 1 we will either terminate such a string or
extend it to one (or more) of length s + 1.

An important picture the reader should have in mind for the present construction is that
at any stages wewill haveacurrent “view” asto thelength s initial segment of the (unique)
rank one pointin [T]. Thisisthe only string we are allowed to split in the transition from
stagesto s+ 1. The other strings on Ts of length s might be extended but they cannot be
split and extended.

Now in the construction, we may change our mind as to where the rank one point really
lies, and the guessed initial segment may provewrong. Of course, we may well haveto put
extensions splitting that segment, based on the fal se belief that that segment was the correct
one. The construction will ensure that almost all such splittings will become terminal, so
that al such “false splittings’ with the “wrong guess” will die. (More on thislater.)

Turning to the details of the proof, we must meet the requirements below.

Me : [Ue] € S— Fclopen D(D N S= [Ug)).

Re : SC[Ve] — (i)or(ii) below holds
(i)3finiteG c S clopenC C [Ve)(S— G S CAC C[Ve)).
(i) finiteG c S(Visolated | ¢ S— G)(V clopen C)
(I €C— (CZI[Vel).

Additionally, there will beimplicit requirementsasking that [T ] have auniquerank one
path.

We begin by reviewing the standard procedurefor meeting the .M ¢, the thinness require-
ments. The basic ideais the following. Suppose that [Ue] € S. Then at some stage of the
construction, for some string o of lengthsin Ts, wewill haveo ¢ Ues. (That is, there can
be no extension of o in [Ue].) Then we can win the requirement .M ¢ by simply making sure
that therank one point in [T] extends o, and hence ailmost all members of Swill extendo.
A simple priority argument will ensurethat all the M get met.

Meeting the Re requirements is much more difficult. Fix some e. At some stage, we
have some belief as to some © which we would like to be the initial segment of the rank
one point of S. On the other hand, we will need to get the cohesiveness on the isolated
paths of S. We do this by trying to verify (ii) of the definition of property P, on aimost all
paths.

Specifically, for the basic module, suppose that at some stage s1 we had the belief
that we should have 7 as the initial segment of the rank one point, and 4 other strings
o1, -+ , 04, Which we think ought to be initial segments of isolated pathsin S, asin figure
1. We would like to know that thereis no relevant clopen set for each of the o, in terms of
the last item of (ii) of the definition of property &, and R e. Theideais the following.
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We will (perhaps) temporarily abandon = (and simply directly extend it as an isolated
point till we return), and begin by making o1 theinitial segment of the rank one point. This
entails perhaps splitting strings above o1 in stagest > s; and directly extending o for
j # 1. We will do thisuntil astage s, isfound where there existsa string y withoy < v
and y terminal in Vg s,. At this stage, we regard R as verified for o1, and will terminate
all, save one, of the extensions of o1. Seefigure 2.

03 0, 0,

FIGURE 2. Termination of all but one extension

Remark 9. In the actual construction this termination is controlled by some 2e-state ma-
chinery. All of the strings extending o1 will be given 2e-state of the form g~ f. (Thisis
for the appropriate 8.) When we abandon the cone above o 1 as the place where most of
the construction lives, we terminate all but one of the strings v with 2e-states weaker than
B o0, which will terminate all, but one, of those strings with 2e-state 8~ f. The one we
do not abandon, we will raise this strings 2e-state to 8~ co. We remark that 2e states(rather
than e states) are used here since odd lengths will be devoted to thinnness requirements.

Now we repeat this process with all the other oj for j = 2,3, 43, Suppose first that
we repeat this cycle through all the oj infinitely often. It will follow that for all initial
segments i 1 i =1, ---, 4, of theisolated paths Py, - - - , P4 beginning with o1, - - - , o4,
there is always some isolated path D; extending u; with D; ¢ [Ve], and hence it is not
possible for there to be a clopen C containing P; with C C [Ve].

On the other hand, suppose that we eventually get stuck in the cycle on some o . That
will entail the rank one point being a strict extension of o j[t] hence hence being above

3stri ctly speaking in the construction we may not go in this exact order, but we do ensure that all are consid-
ered. To wit, we will have a collection F (8, s) of strings awaiting verification as above, here F (8, s) would be
{o1, .. .04}, and we would route the construction through the rightmost unverified g until all are verified.
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oj[t] for al stagesu > t. Thuswe will force every string of length u in this clopen set to
bein Ves. This means that above oj[t], [Ve] is clopen. Hence, with the exception of the
finite number of isolated points we miss, [Ve] isaclopen set containing [T]. Therefore, in
this case, we satisfy (i) of the requirement Re.

The above describes the situation for one requirement. The situation becomes more
complex with two requirements, as we now see.

Suppose that we are considering two regquirements R ¢, and R, with e < h. Consider
the situation where we are extending o1, pretending it is theinitial segment of the rank one
point, but now seeking verification of both R ¢ and Rp.

Now we are imagining that we are seeking verification above o1 begun at stage s. Of
course if neither of the requirements are verified then we are in good shape. However, if
one of the requirements becomes verified, what should we do? It would be tempting to
stay in the cone above o1 when we see R verified aso waiting for Ry. Thisis because
the cone above o1 looks like a very nice place to build the rank one point from the point
of view of Rp,. However, if we do this then we must realize that the other paths extending
oj for j # 1 are never again verified for e, and neither are extensions of . This seems
no problem as there are only a finite number of them, but the reader can see that this
process could repeat with infinitely many other Ry (asfor Rp,), causing usto lose on Re,
because we fail to e-verify infinitely many isolated pointsin [T], and hence [Ve] could be
as capriciousasit desired.

Note that thereis no problemif R, isverified yet Re is not, since the latter has higher
priority than the former, so we should stay in the cone above o 1.

The solution to the dilemma above is the following. Suppose that 7 is the place above
which wewill be building an initial segment of the rank one point on the assumption that e
is always verified. Then only nodesin the cone above r can be assigned 2e-states* 8 ~oc.

Hence, if we abandon the cone above o1 for the sake of R¢’'s verification of the nodes
oj, and , al such nodeswill have 2e states too low, and henceit is reasonabl e to abandon
them anyway.

However, iff we are working in the nodes above the node ¢ (where we agree that we will
build the rank one point if the e-verification happensinfinitely often) then this cancellation
action is not reasonable since such anode vi, with T < v;, will have an 2h-state extending
7's 2e-state. We will designate a particular node =’ extending t to be the prefer ered place
to build the rank one point should both Ry, and Re be infinitely often verified. Thus, we
will need to temporarily abandon =’ for other nodes extending = and the o j, for the sake
of e-verification, while acknowledging that from R p’s point of view the cone above ¢’ is
the preferred place to build the rank one point. The reason that this is the place, preferred
by Rn to build the rank one point, is that it looks like we have a clopen subset C C [Vh]
where amost al of the minimal class can be placed, and hence we can win R , by the 28
outcome, that is, (i) of Definition 1.

4Remember that 2e states are used here since odd lengths will be devoted to thinnness requirements.



8 P. CHOLAK AND R. DOWNEY

Hence, until we get verification of R, above t’, we will cycle through the extensions of
the other nodes o} and , verifying Re, but making sure that we will add no new (perma-
nent) splittings above these nodes. Again thisis all forced by the assignment of 2e states
to al nodesonthetree T. All save one of the potential paths of the tree added in the cone
above, say, o3 while we are waiting for ¢/, will have 2e-states g~ f, and hence will be
canceled when we return. The nodes above ¢’ will have 2h-state of the form g7oc ™y~ f,
for an appropriate 2h — 1-state 8~ oo~y . For the node r” we ensurethat "0 and "~ 1 are
on the tree, picking the right one as the preferred place for the state o0y oo™ 1" 00.
(This is the preferred place for the Rn1 on the assumption that the My fails to act,
which is the meaning of the "1 in the state.) All save one of these wrong guess strings
extending /"0 and /"1 will be terminated, should we eventually h-verify =/, and e-verify
all of the appropriate extensions of 7', at some stage s’ > s. We will raise the state of
the one remaining string for each extension. Whilst we are awaiting, say at stage s” some
verification for h abovet’, we'd work on the assumption that it will not happen. See Figure
3for atypical situation.

p(B~f, 8" +1)
p(B~f"1700,8" +1)

FiGURE 3. Preferred places— The function p refersto the “preferred places’.

That is, suppose that we are working waiting for verification of R ¢, above, say, o3. Of
coursewhilewe arewaiting for verification of R e wewill put up splittings etc based on the
belief that Re is permanently stuck there. However should R ¢ be verified, then all but one
of these paths will be terminated, and we will move to the next node, completely ignoring
whether or not o3 is verified for Rp,.

p(B o0y 001700, S)

= p(B o0y 00, §)
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Now should we return to some extension vj, of vj to be Re verified, we will “restart”
the verification process for Ry, and v;, whilst working in the cone above v; for Re. The
difference between the nodes above o3 and those above v is that when we leave o3 we
terminate ailmost all of them. When we leave vj, while R, is not yet verified, we will not
terminate them. Of course should it turn out that we eventually verify R, above o1, then
we may well decideto cancel all such extensions except one.

The only thing we must ensure is that there is some place on the tree where we are
building splittings based upon the belief that both R e and Ry are always verified. It is
clear that, above such a node, we should not terminate ever for the sake of R ¢ or Rp,. This
processis controlled by the nodes with the o oo states.

In summary, there will be a tree of strategies based on whether certain guesses are
verified. At any stage for each guess there will be a cone above which is the preferred
place to build the rank one point as far as that guess is concerned. The strings which are
the bases of such cones will change from time to time, but we will argue that for the true
path guesses, the bases come to alimit and will cohere.

In more detail, we will work with a priority tree PT C {oo, f, 0, 1} =%, such that if the
length of « is even then « has two children co < f, and if the length of « is odd then
a hastwo children 0 < 1. (And thus PT is a complete binary tree.) We extend this
ordering as lexicographic ordering on the tree. Members of PT will be called guesses.
Such guesses can be assigned to nodes on the tree as states. A t state will be a string of
lengtht + 1 reflecting an outcome of a guess of lengtht. A state « is higher than a state 8
iff « < B. Toavoid confusion, wewill usec, B, y, - - - (Greek letters from the beginning
of the alphabet) for guesses, and o, 7, v, - -- for members of 2<°°, the nodes used to
build the underlyingtree T of the H? class[T]. In both cases A denotes the empty string,
for no confusion will arise. We assign R to the guesses « of length 2e, wewritee(«) = e
and refer to oo, f asthe outcomes of «. We write R, asthe version of R identified with
guess «. Similarly we assign M, to those 8 (so e(B8) = e) of length 2e + 1. All of thisis
more or less standard.

Now we can be more precise. For a guess «, p(a, S) will denote the current place, if
any, above which we will build an initial segment of the rank one point should « be on the
true path (TP). Fora < B < TP, we will ensure that p(e, s) and p(8, s) each have a
limit with p(a) < p(8).

As usua we will use the phrase initialize, which will mean that all parameters etc be-
come undefined, strings terminated, etc. As usual, any parameter not explicitly initialized
at some stage or substage retains its current value till the next stage or substage of the
construction. We will be using the following parametersin the construction.

TP(s,t) : astringin PT that appears correct at substaget of stage s, which we write
asstage (s, t).

Q: : thevalue of aparameter Q at the beginning of stage (s, t).

F(a, s) : aset of stringsin Ts awaiting a-verification at stage s.
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3(a, s) : asplit associated with & should || beodd and @ < TP. Shoulda < TP
then thiswill cometo alimit and § («) isan initial segment of the rank one point, and both
8(a) 0 and 8(a)" 1 will beinitial segments of membersof [T].

u(s,t) : astringin Ts that appears to be the initial segment of the rank one point in T
of length s.

We now turn to the formal details, although they are straightforward in view of the notes
above.

Definition 10. We say that M, (with |o| = 2e + 1) requires attention at guess « at stage
(s+ 1,t),ifs+ lisax-stage, and

(i) M, isnot currently declared satisfied,
(if) thereissomestring o € Ts of length s (so it appearsto be an initial segment of a
member of [T]), suchthat o ¢ Ues, and p(e, S+ Dt < 0.

The Construction

Stage 1 Set F(A,0) = {1, 0}, assign the strings 1, 0 to have each have state f. Set
p(f,0) = p(f~1,0) =0, and set p(co, 0) = §(c0, 0) = §(f,0) = 1. Set u(0) = 0.

Stages+1, s > 0 Thiswill consist of up to s+ 1 many substages. We declare (s+ 1, —1)
tobeai-stage. Let p(r, s) = 1. We supposethat stage (s + 1,t — 1) isan a-stage.

Substaget = 2e. (Attend R,,)

(T1): Fact: F(a, s+ 1); iscurrently defined unless either thisis the first o stage, or «
has been initialized since the last « stage.

CaseA If F(«, s+ 1)t isnot defined, extend all strings currently aliveto havelengths+ 1
by direct extension. Additionaly, let o be the rightmost string in p(«, s) of length s. Put
us another length s + 1 extension of o to ensure that it is split, and hence 0”0 and o™ 1
will bein Ty 1. Makethenodeo = p(a 00,5+ 1) = 8(a” f,s+ 1) = §(a 00,5+ 1).
Now define p(a” f,s+ 1) =00, andput F(a, s+ 1) = {c" 0,0 1}.

Giveboth stringst + 1 statesa™ f71 Set u(s+ 1) = o~ 0. Give every other string v of
length s + 1 not yet assigned a state, the same state asv | s. Go to stage s + 2. Declare
TP(s+1) =o"f.

CaseB F(a, s + 1)t iscurrently defined.

For al p € F(w,S) not yet a-verified if we see some v with p < vand v ¢ Ves,
declarethat p isa-verified. If p(a”™f, s+ 1) = p, thendeclare p(a” f, s + 1) to be now
undefined. Choose the first case below to pertain.

Case 1l Thereissomeo € F(w, s+ 1)t suchthat, foral v witho < v, [v] < S, v € Ves.

Action For the rightmost such o, set p(a” f,s+ 1) = o. (That is, o replaces p.) For all
7 € F(a, s+ 1)t which are aready «-verified, by direct extension and by termination, if
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necessary® make sure that there is exactly one string of length s -+ 1 extending = and give
it, (and al initial segmentsv with p(a”o0) < v < 1)t + 1-statea” co. Let u(s+ 1, 1) =
o(=p f,s+1).Set TP(s+1,t) = o f.Declarethat (s+ 1,t) isaa” f stage.

Subcase 1 If p(a” f, s + 1) has just become defined (because its previous value p was
a-verified), then proceed asfollows. Set §(«” f,s+ 1) = o,andadd 670,06 11t0 Tsy1t.
Givethembotht+2 statea™ f "1 oo and set p(o” f7 1700, s+1) = p(a” 71, s+1) = 0.
Set F(o  f71,s+1) ={0"0,0"1}. Setu(s+1) =0 0, TP(s+1) =« 71" f and
initialize as strings of lower state, making sure that the ones of not lower state are extended
to length s 4+ 1 with the same state, if they are not terminal. Declare that (s + 1,t) isa
o f71"f-stage. Goto stage s + 2.

Subcase 2 If p(a” f,s+ 1) = p(a” f,s+ 1); simply go to stage (s + 1,t + 1) after
initializing, where appropriate, strings of lower t-state than «~ f, and extending strings to
length s + 1 to ones with the same state outside of the cone aboveo.

Case 2 Not Case 1. Hence we know that all the stringsin F («, s + 1) are now «a-verified.

Action Set TP(s + 1,t) = o oco. Declare (s + 1, t) to be ao” oo-stage. Since we know
that al the stringsin F(«, s + 1); are e verified, and hence the co outcome looks correct.

(T2) Fact: p(e” o0, s+ 1) iscurrently defined.

Initialize by termination all strings of lower t-state than o~ oo, making sure to leave one
extension of length s for any currently nonterminated strings with t-state o~ oo. No matter
which subcase below pertains, at the end of stages+ 1, set F («, S+ 2) to bethe collection
of strings of lengths+ 1 (i. e. alive at the end of the stage) extending p(a” oo, s+ 1) ;. For
simplicity, we split one of these length s + 1 extensions, say, o, so that 60,0~ 1 are on
Tst+1, and declare p(a” f,s+ 1) = 8(a” f,s+ 1) = o, and note that we have initialized
all guesses weaker than, or extending o~ f. (The point if this, should the next « stage be
ana” f stage, we will have somewhereto go.)

Subcase 1 p(a” o0 i~ 00, s + 1) iscurrently defined for somei € {0, 1}. In this subcase,
simply go to the next substage.

Subcase 2 Otherwise. In this subcase, extend all of the remaining strings to have length
s + 1, and make the rightmost one have a split extension at the end, so that it equals v"0
with v™1 also on thetree. Fori = 0, 1, give both stringst + 2 state o~ o0~ 1" 00, and
set §(o0 00 1 00,5+ 1) = pld oo 1,s+1) = v. Set pla oo 17 o0,s+ 1) = v,
Fl@woo™) = (v 0,v 1}, and u(s+ 1) = p(a oo 1 00,5+ 1) = v 0. Go to stage
S+ 2.

Substaget = 2e + 1. (Attend M¢) Let || = 2e+ 1.
(T3) Fact : We may assumethat u(s+ 1,t — 1) = p(a, S+ 1)t.
Case 1 M, isnot currently declared satisfied, and we see any string o through which it

requires attention.

STermination would be needed if = had become verified since the last « stage.
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Action Set TP(s+ 1) = o 0. Initialize all other requirements, of weaker guesses, and
set u(s+ 1) = o 0and add thisto Ts. Alsoadd o~ 1to Ts. Set p(a” 0,s+ 1) =
Pl 0700, s+ 1) = 80,5+ 1) = 0. Set p(a” 0" f) = o~ 0. Give both strings o
t + 2statea” 0 00. M, isdeclared satisfied. Set F(a™0,s+ 1) = {0~ 0,0 1}. Tothen
form Tsy1, as usual initialize terminate strings remembering to make sure that ones with
states not lower than o~ 0 are extended to have length s + 1 by a single extension. Go to
stages + 2.

Case 2 M, iscurrently satisfied.

Action Set TP(s+1,t) = o Oandset u(s+1,t) = p(a 0, s+ 1);. Goto substaget + 1.
Declarethat (s+ 1, t) isaa” O-stage.

Case 3 Otherwise.

ActionSet TP(s+ 1,t) = o land u(s+ 1,t) = p(a” 1, s+ 1);. Goto substaget + 1.
Declarethat (s + 1, t) isaa™ 1-stage. End of Construction

Verification This runs along the lines of the intuitive discussion. It is easy to verify by
induction the statements T1 — T 3 of the proof. Furthermore, we claim,

(i) Thereisaleftmost path T P of stringsin PT visited infinitely often and its length
(measured by lim inf) is unbounded.

(il) Fora < TP, limg p(a, s) = p(a) exists, and there are at most finitely many paths
in [T] that do not extend initial segments of p(«).

(iii) Fora < TP, |a|] = 2e+4 1, M, requires attention at most finitely often, and is
met.

(iv) For o« < TP of odd length, limgé(a,s) = §(«) exists, and both §(x)"0 and
8(a) lareinitial segmentsof pathsin[T].

(V) Supposethat || = 2eanda < TP. If " 0o < TP, then the initial segments
of paths extending p(«) all have final 2e-state o~ oo. Furthermore, al initial seg-
ments of pathsin p(«) have extensionsthat are are e-verified at some stage.

(vi) Supposethat |a| = 2eand o™ f < TP. ThenlimgF(a,s) = F(a) exists and
thereissomenode o € F(a) (the rightmost) which equals p(a~ f). Furthermore
no node in the cone above o is ever e-verified.

The proof of the items above is very straightforward, and proceeds by way of induction.
Suppose that we have thelist of claimed statementsfor al 8 < «. Further, suppose that we
are at astage so wherefor al s > s TP(S) £ «, andwe assumethat« < TP. Goto
the next a-stage s1 after s. Then we know that p(«, s1) isset at, or before, that stage, since
it is defined at «-stages. Note also that it is only reset through the action of g of stronger
priority, and hence, by hypothesisit is now at alimit. Also §(«, S) isnow at alimit. Let
p(er) = p(e, 1) and 6() = 8(a, S1).

Now suppose that || = 2e + 1. At every stage s > s; where we pass through p(«)
we consider extensions of p(«) and see if they leave [US]. If we see some o extending
p(a) such that (ii) of definition 10 pertains we will use subcase 1 of substage 2e + 1
of the construction. Hence we reroute the construction through that extension o ¢ U,
and declare the requirement .M, as met. The outcome will change to &~ 0 and this will
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be the outcome each time we visit «, since this declaration cannot be initialized except
through the agency of requirements of stronger priority than «, which won't happen by
hypothesis. In thiscase, @ 0 < T P(s) for al o stages after the stage s1 we declare M,
as satisfied. Note that at that stage in the subcase 1 action of the construction for M, we
will define §(a™0, s1) = o, put both the extensions of o on the tree, give them the high
state o 0. Furthermore F (o~ 0) is set to be the cone above o. For the same reasons we
have seen above these actions will never be initialized. Thus because we aways extend
a string of a nonitialized state, we see that both of the extensions will have at least one
path extending them in [T]. Finally every string in the cone above p(«) guessing the low
state o~ 1 isinitialized, (save the finite number with state o not in the cone above p(«~0)
which will be directly extended), and whilst we may put up splittings for guesses  right
of a~0, we know, by hypothesisthat the cones p(B, t) extending p(«) will be initialized,
as B # TP. Notethat every stringin p(a~0) will have, asitsinitial segment, astring with
state o~ 0. Again, it istrue that false splitting can be constructed at some stages during the
construction, extending these strings, because of g’s right of «. But these splittings will
beinitialized, and we only directly extend strings y with state extending o~ 0. Thusin the
limit all stringsin the cone p(a~0) have 2e + 1 state o~ 0.

The argument for o~ 1 is even easier. Things are now at their limits. Hence we have the
abovefor thecase || = 2e+ 1.

Finally consider the case that || = 2e. The argument is very similar. We note that,
at the first o stage after so (If not earlier) we will set p(a” oo, s) and F(a, s). Thus, by
priorities, are both now at their limits. Hence it follows that

(i) either we play this outcome infinitely often, and each time we play this outcome we
initialize lower priority stuff; or

(i) o= f < TP because we get stuck verifying some o € F(a) = limsF(a,s), in
which case p(a”~ f, s) comesto alimit.

The argument that everything comesto alimit in the cone (and that § (o~ f, s) cometo a
limit) is virtually identical. The factsthat we always reset F («, S) to al the live strings of
length s in the cone above p(a~oo) each timewe play o~ oo, and that we always verify the
current membersof F(«, S) whenever we are at an -stage and we seeit possible to verify
the member, mean that all potential initial segments of isolated points are systematically
examined and the theorem follows.

4. PROOF OF THEOREM 5§

This argument is much more straightforward. Let [T] be the relevant tame class pre-
sented by the computabletree T = lims Ts. We suppose that the unique rank one point P
is A». By thedefinition of tameness, it followsthat thereisa A » collection g, 11, - - - of al
of the isolated members of [T], ordered using initial segmentso; = limsois < |, (oj is
not an initial segment of P). Then {oj : i € w} formsan antichain of strings. We may sup-
pose that enumeration of | has the property that, after some stage s(j), | is constructed
as an ever increasing string in a uniformly computable fashion.
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It is therefore easy to construct a class [V ] which demonstrates the failure of property
P. [V] will be constructed as a collection of paths through a computable tree [V]. On
the even I, we will, in a stage by stage basis, put all the extensions of o2e s Of length
s, which have not been terminated, into Vs. On l2e.1, for each initial segment ¢ with
02e+1s < T < lpeyr1s | S (the current approximation to |e11), if |7| is divisible by 4,
terminate all extensionsof (i — 1) givent7i < loet1s | S. If |t] isnot divisible by 4,
put all extensions of (i — 1) of length s, not extending strings already terminated at a
previous stage, into Vs.

For each j, if oj s11 changes (we change our mind on | j), terminate al stringsin Vs 1
extending o s of length s, except ones extending stringsin Ts of length s. Finally at every
stage, terminate all strings of length s not extending some o s that are not initial segments
of Ts.

The point is that, after some stage, |j becomes stable. From that point on, either |
has even length, and hence we will add every string extending some initial segment of
Ij (hence [V] is clopen there, and contains 1), or j is odd and hence from some point
onwards, we forceany U € V containing | j to miss out on the paths extending (i — 1)
forinfinitely many i < 1.

Hence [T] does not satisfy property &, or even weak cohesiveness.

5. Proof of Theorem 6.

Let [T1] and [T2] be two tame minimal classes. By tameness, as in the previous section,
we can have Ag lists of the isolated points of the respective classes

101, forj e (1, 2),
with corresponding strings

J J
0—070-1 s,

together with a Ag collection of strings rij for j € {1, 2}, such that

]

i ; .
||£nri’S < ||£nr|+l’5 < Py,

where Pj denotesthe rank one pointin [Tj].

From [€], we recall that a basis for [T;] is a computably enumerable set of strings
{yiJ 11 € w} generating the filter of strings with no extension in [T], and which form an
antichain. Given a H? class one can easily construct such a basis.

The extension lemma (Theorem 8.1 of [ 6]), interpreted in the present setting of minimal
classes, saysthe following:

Theorem 11 ([6], Theorem 8.1, special case). Suppose that there is a computable permu-
tation p and computably enumerable bases yi‘ as above, such that additionally

Vk3svi > S((ak1 < yil iff ak2 < Vg(i)) A (rkl < yil iff rkz < yg(i))).

Then [T1] isautomorphicto [T2].
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It is now clear how to finish the proof. We assume that we are given two computable
bases as above, and we define the p so that we try to force oy < ytiff o < y5;) and

e <yt iff ©f < yZ;), noting that there is no conflict between these two for aimost all

strings. We do this in a stage by stage fashion, and use the approximations to the akJ a

each stage. The fact that the approximations are Ag means that it all settles down, giving
the resullt.
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