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RELATIVIZATION, CATEGORICITY, AND DIMENSION

Abstract
by
Charles Frederick Dymphna McCoy

We examine questions in computable model theory by studying relativized coun-
terparts. Specifically, our study centers on computable and higher-level categoricities
and computable dimension.

A computable structure is A -categorical if every computable copy is isomorphic
by a A? isomorphism. Goncharov used a priority construction to give a syntac-
tic characterization of AY-categoricity, under added effectiveness hypotheses. Ash,
Knight, Manasse, and Slaman, and independently Chisholm, showed that the syntac-
tic property actually is equivalent to the stronger notion of relativized A%-categoricity.
Their proofs use forcing constructions.

A computable structure’s computable dimension is the number of equivalence
classes of computable copies under the relation of being computably isomorphic.
Goncharov produced, for each finite n, a structure with computable dimension n;
however, no “natural” characterization of dimension n had been discovered in any
class of structures.

Could studying relative dimension yield a characterization, perhaps a syntactic
one like that for Af-categoricity? We show that, in fact, finite computable dimension
does not relativize: any structure with relative finite computable dimension is rela-
tively A%-categorical. Our argument uses a forcing construction related to the one

by Ash et al.
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Goncharov, Dzgoev, Remmel, and LaRoche characterized the A{-categorical lin-
ear orderings and Boolean algebras. We examine AJ-categoricity in these structures.
Unlike those who studied AY-categoricity, we begin with the relativized notion; us-
ing the result by Ash et al, we give noneffective syntactic arguments to provide a
complete description. We then classify, under added effectiveness hypotheses, the
AY-categorical Boolean algebras and linear orderings. Beginning with the relativized
results proves useful in two ways. First, since relativized and unrelativized cate-
goricities often coincide, the relativized results provide a probable statement of the
unrelativized results, modulo extra hypotheses. Second, the proofs of the unrela-
tivized results give a basic organization for the priority arguments and an idea of
what extra hypotheses will make these arguments valid.

Next, we study AJ-categoricity. We provide insight into why a classification for
the AY-categorical linear orderings might be impossible, and we classify the relatively

AY-categorical Boolean algebras.
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CHAPTER 1

INTRODUCTION

1.1 The basics of categoricity and dimension

We define the notions of categoricity and dimension relevant to our study, and we

provide earlier results which motivate our questions or are used in our proofs.

Definition 1.1 A computable structure A is computably categorical if for any com-

putable copy B = A there is a AY isomorphism o, : B = A.
The relativized notion is defined as follows.

Definition 1.2 A computable structure A is relatively computably categorical if for

any copy B = A there is a AYD(B)) isomorphism o7® : B~ A.

In Chapter 5, we will generalize this definition for structures A which are not com-
putable and may not even have a computable copy.

We give some examples of computably categorical structures.

1. A linear order is computably categorical iff it has finitely many pairs of direct

successors ([15], [24]).

2. A Boolean algebra is computably categorical iff it has finitely many atoms ([15],
[25], [23]).



3. An Abelian p-group is computably categorical iff it can be written in one of the
following two forms: (Z(p*))* @& G, where a € N or aw = 00, and G is finite;
or (Z(p™))'® G1 ® (Z,x)>, where k,1 € N and G| is finite ([13]). (The notation
is that of [16].)

Note that relative computable categoricity implies computable categoricity; we
will discuss below why the converse is not true. In the above examples, however, the

computably categorical structures are in fact all relatively computably categorical.

Definition 1.3 For a computable ordinal o, a computable structure A is AL -categorical

if for any computable copy B = A there is a AY isomorphism gpeAg :B= A.
The relativized notion is defined as follows.

Definition 1.4 A computable structure A is relatively A%-categorical if for any copy

B = A there is a A%(D(B)) isomorphism cpeAg(D(B)) B=A.

Goncharov generalized the notion of computable categoricity by defining com-

putable dimension.

Definition 1.5 A computable structure A has computable dimension m < w if

1. there exist m computable copies By, ..., B, = A with no two computably iso-

morphic; and

2. for any m—+1 computable copies By, ..., B,1 = A, there are at least two which

are computably isomorphic.
(Therefore, a computable structure has dimension 1 iff it is computably categorical.)

Definition 1.6 A computable structure A has computable dimension w if there ex-
ists a sequence of computable copies (B;)i<w so that each B; = A, but no two are

computably isomorphic.



In [14] Goncharov proved that for any finite m > 2 there is a computable structure of

computable dimension m. In [15], Goncharov and Dzgoev defined a condition called

branching which guarantees that a structure has computable dimension w.
Goncharov and Ventsov defined the relativized notion of finite computable dimen-

sion.

Definition 1.7 A computable structure A has relative computable dimension m < w
if
1. there exist m copies (with computable universes) By, ... , B, = A with no two

AV(D(By) @ ...® D(By)) isomorphic; and

2. for any m+ 1 copies (with computable universes) By, ..., Bni1 = A, there are

at least two which are AY(D(By) & ... ® D(Byny1)) isomorphic.

Goncharov proved a syntactic characterization of computable categoricity that
provides the starting point for many of the results in this thesis. Before we can state

this result precisely, we need to review some material on infinitary formulas.

Definition 1.8 Fix a computable language L. We define infinitary and computable

infinitary formulas inductively for all computable ordinals c.

1. A Xy or Iy formula is a finitary, quantifier-free (q.f.) formula. We can assign

these formulas Godel numbers in the standard way.

2. An infinitary q.f. formula is constructed from ¥y formulas using only disjunc-

tion and conjunction.

3. A X, infinitary formula is a countable disjunction of the form (&) =

Wic; FU:i0:(Z, U;), where each 0; is a Ilg formula for some 3 < a. A I, formula
1s defined analogously, with universal quantifiers replacing existential quanti-

fiers, and conjunctions replacing disjunctions.



4. A computable ¥, infinitary formula, or 3¢ formula, is a ¥, formula involving
disjunctions over only computably enumerable sets of formulas. That s, a ¢,
formula (%) is of the form Y(Z) = W/ ;c; I:0:(7, u;), where each 0; is a 11
formula for some 3 < «, and the set of Géddel numbers for the ;s is c.e. (We
assume, by induction, that we can assign Godel numbers to the computable

formulas of lower complezity.)

A more complete treatment of computable infinitary formulas is found in [1].

Definition 1.9 Let A be an L-structure for some computable language L. A for-
mally 30 Scott family for A is an ordered pair (¢,0) where ¢ is a tuple of distinct

parameters; and © is a c.e. set of ¢, formulas of L with parameters among ¢ so that

1. for each tuple @ € A, there is 0(Z¥) € © with A = 0(a); and

2. for any 6 in © and d,a’ € A, if A = 0(d) and A |= 6(a’), then (A, d,c) =
(A,d’ c).

For structures satisfying a stronger decidability condition, Goncharov provided a

syntactic characterization of computable categoricity in [11].
Definition 1.10 A structure is 1-decidable if its I-diagram is computable.

Definition 1.11 A structure is 2-decidable if its V3-diagram is computable.

Theorem 1.12 (Goncharov) Let A be 2-decidable. Then A is computably categorical

iff it has a formally XV Scott family.

Goncharov and others wondered, however, what relationship existed between the
existence of a formally 3¢ Scott family and computable categoricity under relaxed

hypotheses. Was the above connection merely a by-product of the strong decidability

4



conditions on A7 Ash, Knight, Manasse, and Slaman in [4], and independently,
Chisholm in [6] proved that there is indeed a strong connection between computable

categoricity and the existence of a formally X9 Scott family.

Theorem 1.13 (Ash et al, Chisholm) A computable structure A is relatively Al -

categorical iff it has a formally X2 Scott family.

In [12] Goncharov himself produced a structure that is computably categorical
but has no formally X9 Scott family, thus demonstrating that the relatively com-
putably categorical structures constitute a proper subset of the computably categor-
ical structures. In fact, Kudinov, using a characterization of computable categoricity
in 1-decidable structures which he proved in [20], produced a 1-decidable structure
that is computably categorical but has no no formally X9 Scott family. Consequently,

the extra decidability condition in Theorem 1.12 is as weak as possible.

1.2 A brief description of results

In Chapter 2 we prove that finite computable dimension does not relativize. In
Chapter 3 we use Theorem 1.13 to characterize relativized Ad-categoricity in Boolean
algebras and linear orderings. In Chapter 4 we prove the analogous unrelativized
results. Finally, in Chapter 5 we discuss A3-categoricity in these two classes of

structures.



CHAPTER 2

COMPUTABLE DIMENSION n DOES NOT RELATIVIZE

Goncharov and Ventsov questioned whether computable dimension actually rela-
tivized to anything meaningful; if so, perhaps a syntactic characterization could be
established to produce more “natural” examples of structures of dimension n > 1.
During a talk in the summer of 1997, Knight stated the result that no computable
structure has a finite relative computable dimension greater than 1. The main pur-
pose of this chapter is to provide a proof of this result. Theorem 1.13 is critical to
our proof: we demonstrate that any structure of finite relative computable dimension
has a formally ¥¢ Scott family and thus has relative computable dimension 1.

The outline of this chapter closely follows that of [4]. In the first section we
define products of structures and prove the definability of A((D(By) @ ... ® D(B,))
functions. In the next section we develop forcing machinery to define a finite number
of generic copies of a structure. Finally, in the last section we establish our main
result by using a forcing construction to produce a formally 39 Scott family for a

structure assumed to have finite relative computable dimension.

2.1 The Transition Lemma

To simplify certain definitions and arguments, we include the logical constants T
(truth) and F (falsity) in addition to the usual logical symbols. For the rest of this

chapter we fix a computable language £ with only relation symbols and a computable



L-structure A with universe A = N. If X C Nis computable, we write £(X) to denote

the augmented language obtained by adding a constant symbol for each element of

X.
Definition 2.1 Let By, ... ,B, be L-structures with respective pairwise disjoint uni-
verses By, ..., B,. Let L' be the new language obtained from L by adding new unary

predicate symbols Sy, ... ,S,. Then the cardinal sum By @ --- @ B, is an L'-structure

defined as follows (recall that L has only relation symbols):
1. the universe of By & --- @ B, is U, Bi;
2. for any relation symbol R in L, RP*®®Bn = J*  RB:;
3. fori=1,...,n, SO = B,
The cardinal sum is one of a general kind of product structure considered by Feferman

and Vaught in [10].

Note: Throughout the rest of the chapter we consider only cardinal sums where the

universes By, ... , B, are computable, infinite and disjoint; and |J;_; B; = N.

For L-structures By,...,B,, we notice the following about the satisfaction of
atomic sentences v of L(N):
If all the parameters of v come from a single B;, then B; & --- & B, E v iff B; &= 7.

If v has parameters from B; and B;, where ¢ # j, then B; @ --- @ B, [~ 7.

We now give definitions and results analogous to some of those in the first two

sections of [4].

Notation 1) For any tuples @ = (ug,... ,u,) and @ = (vq, ... ,v,) and any function
f, we write f(u) = U if f(u;) = v; for each i € {1,... ,m}. (We think of the u;’s as

distinct.)



2) When we write D(B; & - -- @ B,,), we mean the atomic diagram of By & --- & B,
as an L-structure, not an £’-structure.

3) We denote the atomic sentence of £(N) with Gédel number x by 6,.

Lemma 2.2 (Transition Lemma): Let By, ..., B, have the properties stated after
Definition 2.1, and let and m > 0. From an m-tuple u of distinct elements, an m-

tuple U, and e € w we may effectively obtain an index for a quantifier-free 3 sentence

Ve of LIN) such that for all structures By, ... , B, with respective universes B; we
have QO?(B@"@B”)(@) =0 B & @B, = Yeay Specifically, the sentence ez

has the form
Woes Vo1 Ao AYon
where each 7, s a finitary conjunction of atomic sentences and negations of atomic

sentences from L(B;).

Proof: We must recall two very basic but important facts about computations. First,
the program for the e Turing machine with oracle does not depend on the oracle
we use in a particular computation. Second, any computation uses only a finite
initial segment of the oracle. Therefore, 90?(81@"'@8")(6) = ¢ iff there is a string
o€ 2% withe C DBy @ ---® B,) and ¢?(&) = U. By the note above about the
satisfaction of atomic sentences in a product structure, we note that the property
“c CD(B1®---@B,)" can be expressed by a conjunction of atomic sentences, where
each atomic sentence has parameters from a single B;.

More precisely, we let o be an element of 2<“. For any By, ... ,B,, ¢ is an initial

segment of D(B; @ - - - @ B,,) iff for each « € dom o we have the following:
1. if 6, has parameters from B;, B;,i # j, then o(z) = 0;

2. if 0, has parameters from only one B;, then o(z) = 0 iff B; E —0,.



Define the c.e. set S = {0 : ¢J(&) = ¥ and Vz € domo[(c(x) = 1) = (all the
parameters in 6, come from a single B;)|}.
For each i =1,... ,n and each o € S, let
Ry = {x: 2 € domolo(z) = 0, and 6, involves only parameters from B;]}; and
RY" = {z: x € domo[o(x) = 1, and 6, involves only parameters from B;]}.
If either RS or RY' is nonempty, then we let v,; = /X\meRg,i =0 N M\, e rei 0o
Otherwise, we let 7, := T.
Then for all By, ... ,B,, @?(Bl@m@&‘)(ﬁ) =Vt Bi@®--- @By F Woes Vo1 A - - AVon
QED

2.2 Forcing

Throughout the rest of this chapter, we fix n > 1 and sets By,...,B, with the
properties stated after Definition 2.1. Furthermore, we assume that any structure
called B; has universe B;.

Notation We add function symbols fi, ..., f, to £ and denote the augmented lan-

guage by L*.
Definition 2.3 For a q.f. sentence 1 of L(N) we define ¢ of L*(N) inductively:
1. if ¢ is atomic and contains parameters from more than one B;, then ' = F;

2. if 1 is atomic and contains parameters from only one B;, then 1’ results from

replacing the occurrence of each b; in B; with f;(b;);
3. (=) = =), (W i)' = W (), ete.
Then the following is immediate.

Lemma 2.4 Let By,...,B, be L-structures with g; : B; = A. Extend each g; : B; —

A to a total function h; - A — A. (We need h; to be total to interpret the function



symbol f;. The precise way of extending g; is irrelevant; for instance, we could just
map everything in the complement of B; to 0.) Let h; interpret the function symbol
fi to obtain the L*-structure (A, hy,... , h,). Then for a q.f. sentence 1 of L(N),

Bi@®- @By b iff (A k... k) =

The forcing construction we describe below will give us bijections ¢; : B; — A
(Proposition 2.11). This bijection g; immediately induces an L-structure B; =, A.
Lemma 2.4 guarantees that £* is a language in which we can talk about these induced
structures.

Note: When we actually use the forcing concepts we now develop, the sentences of
L*(N) we consider will be q.f. (finitary or infinitary) and have terms of the form a
for a € A and f;(a;) for a; € B;. Therefore, these are the only sentences we consider
here. That is, when we refer to a collection of £*(N) sentences, we automatically

assume they are of this form.

Definition 2.5 Let ¢ be a sentence of L*(N) (with the properties described above).
Let p=(p',... p") be an n-tuple of finite partial 1-1 functions p' : B; — A. (These
tuples are called forcing conditions.) We write ¢ = {¢',... ,¢") 2 p iff ¢ 2 p' for all

i. We define the relation p | v (read “p forces 1”) inductively:
1. If 4 is a finitary sentence with the above properties, then p |- 1 iff

(a) for each f;(a;) appearing in v, p'(a;) is defined; and

(b) A =1 where v is obtained by substituting pi(a;) for fi(a;).

2. If 4 is not finitary, and ¥ = )\, ¥n, p | ¥ iff YnVq 2 pIr D q(r | ¥n).
5. If ¥ is not finitary, and ¥ = W, tu, p - ¥ iff 3n(p |- ).
4. If 1 is not finitary, and ¢ = =0, p |- ¥ iff V¢ 2 p(q¢ I 0).

10



We establish some very simple, very important properties of forcing.

Proposition 2.6 Let 1) be a sentence of L*(N) (with the properties described above)

and p be a forcing condition. Then

1. p cannot force both v and —);

2.ifplF ¢ and ¢ D q, then q |- ¥;

3. there is ¢ D p with q | ¥ orq |F —.

Proof: 1) Assume p || 4. If 4 is finitary, then the definition of satisfaction precludes

p from forcing —). If 4 is infinitary, then since p C p, we cannot have p | —).

2) Fix ¢ D p. We argue by induction on the complexity of ¢ that p | ¢ implies
q - v

Let p | %, a finitary sentence. Then the definition of forcing implies the result,
because ¢'(a;) = p'(a;) for each f;(a;) appearing in 1.

Let p |- ¥ = /X\,, ¥n, an infinitary conjunction. Suppose n € N and r 2 ¢. Then
r 2 p, so there is s D r with s |- ,. Hence, ¢ | .

Let p |- ¢ = W/, ¥n, an infinitary disjunction. Since p |- 1, there is n with
p | t¥n. By induction hypothesis, ¢ |F ¢,, so ¢ | .

Let p [ ¥ = =0, an infinitary negation. Suppose r 2 ¢. Then r D p,sor f- 6.

Thus, ¢ |- 9.

3) Try to define ¢ D p to force . If we cannot, and ¢ is finitary, then we define
q = {¢',...,¢q") so that ¢'(a;) exists if f;(a;) appears in 1. Then ¢ |- —b. If we

cannot, and ¢ is infinitary, then p |- —1 by definition. QED

The following definition of a fragment of sentences is not standard.

Definition 2.7 A subset F of (L*(N))y,w is called a fragment of q.f. sentences iff

it has the following properties:

11



1. if0 e F,0 =, then v € F;
2. if0 € F, 0= [\,cr¥n, then {1y, :n € R} CF, and \/,,cp ~¥n € F;
3. if0 € F.0 =\, ptn, then {1 :n € R} C F;

4. foreachi=1,... ,n,be By, anda € N, \f/ .o fi(b) = ¢, Wyep, fild) =a € F.

Note: Any countable subset S of (L*(N)),,. can be extended to a countable fragment

F by a standard closing procedure.

Definition 2.8 Let F be fragment of (L*(N)),,- A sequence (pm)mew of forcing

conditions is F-complete if for all m, p,, C pmi1, and for each ¥ in F, there is

m € w so that py, |- ¥ or pm | .

Proposition 2.9 For any countable fragment F of (L*(N))u,w, there exists an F-

complete sequence of forcing conditions.

Proof: Let the sentences of F be listed as (¢, )mew- We let pg = (0, ... ,0). At each
stage m > 0, we define p,, D p,,—1 so that p,, |+ Ym_1 or pm [F —m_1. We can do

this by part 3 of Proposition 2.6. QED

Proposition 2.10 For any countable fragment F and any forcing condition p, we

can include p in an F-complete forcing sequence.
Proof: Let pg = p and proceed as in the previous proof. QED

Proposition 2.11 Let F be a fragment and (pp)men be an F-complete sequence of

forcing conditions. Then for eachi=1,... ,n, g; = U, e, P : Bi = A is a bijection.

Proof: This follows directly from the definitions of forcing, fragments, and complete

sequences. The formulas of the first type in property 4 of Definition 2.7 guarantee

12



totality; those of the second type guarantee surjectivity. Since each p’ is injective,

50 18 U, e Pin- QED

For each i = 1,... ,n, let B; be the structure on B; induced by the bijection g;.
The product By &- - -& B, obtained from a complete forcing sequence is called generic.

We now establish the most important fact about forcing.

Lemma 2.12 (Forcing Lemma) Let F be a fragment of sentences of the type de-
scribed at the beginning of this section, and (Pm)mew be an F-complete sequence. For

each i =1,... ., n let h; extend g; as described in Lemma 2.4. Then for any ¢ in F
<~A7 hh s 7hn> |: 77Z1 Zﬁc Elm(pm H_ ¢)

Sketch of proof: The argument is standard, so we give only a brief outline. It proceeds
by induction on the complexity of the sentences in our fragment. If 1) is finitary, then
the very definition of forcing yields the desired conclusion. If v is a disjunction or
negation, then the induction is relatively straightforward. If ¢ is a conjunction, then

the argument is a bit more complicated; the inclusion of the second set in property

2 of Definition 2.7 is crucial. QED

As we shall see in Section 4, we often use Lemma 2.4, which connects satisfaction
in By @---® B, with satisfaction in (A, hq, ..., h,), in conjunction with Lemma 2.12,

which connects satisfaction in (A, hq, ... , h,) with forcing.

2.3 Relative dimension

2.3.1 A different definition of formally 3! Scott families suffices

We give a weaker definition of a formally 3¢ Scott family than that appearing in the

introduction.

13



Definition 2.13 Let A be an L-structure for some computable language L. A for-
mally ¢ Scott family for A is an ordered pair (C,©) where C is a tuple of distinct

parameters; and © is a c.e. set of X{ formulas of L with parameters among ¢ so that

1. for each tuple d € A of distinct elements with those from € listed first, there is

0(Z) € © with A |=6(d); and
2. forany @ in© andd,d’ € A, if Al=0(ad) and A |=0(d’), then (A,a) = (A,d’).

The definition of a formally X¢ Scott family stated in Chapter 1 contains a stronger

first and second condition:

1. for each tuple there must be a formula, not just those tuples of distinct elements

with those from ¢ listed first;

2. if @ and @’ satisfy the same formula, there must be an isomorphism between

(A,d,& and (A,a’, 3.

With some rather long but straightforward technical arguments, we can show that
the two definitions are equivalent in the following sense: A has a formally X9 Scott
family according to one definition iff it has a formally X9 Scott family according to
the other definition. However, in this chapter, our sole purpose in constructing the
formally ¢ Scott family is to invoke Theorem 1.13. Therefore, rather than argue
for equivalence directly, we reprove Theorem 1.13 for our definition of a formally %9
Scott family. Since we have altered the definition by weakening conditions, we need
only check one direction of the result.

Theorem 1.13 A computable structure A is relatively computably categorical iff it
has a formally X9 Scott family (as defined in Definition 2.13).
Proof: (<) Assume that A has a formally 3¢ Scott family (¢,0), and let B = A.

We must produce a AY(D(B))-isomorphism f between them.

14



First there is some d with (A, &) = (B,d). Let f(&) = d. Let a; € A—{c}. There is
0.(Z,y) € © so that A |= 0,(Z, ay). So thereis by € B—{d} with B |= 0,(d, b;). Define
f(a1) = by. We argue, in fact, that (A, ¢ a;) = (B, d. b1). Of course, for some a}, we
have (A, 7, d}) 2 (B,d,b;). Then A= 0,(G,d,), so (A, a)) = (A,Zd)) = (B,d,b).

Let by € B — {d,b;}. There is 65(Z,y1,5) € O so that B = 65(d, by, by). Thus
there is as € A — {¢ a1} so that A |= 05(C, a1, az). Define f(ay) = by. We can again
argue that (A, ¢, ay,ay) = <B,d_;bl,b2>. For some a}, (A, ¢ a,a)) = <B,d_;b1,b2>.
Then A |= 05(¢, a1, ab), so (A, ¢ ar,as) = (A, ¢ ay,ah) = <B,d_;b1,b2>.

We continue this back-and-forth argument to obtain the desired isomorphism.

QED

2.3.2 An important lemma

Lemma 2.14 Foreache € w andi,j € {1,... ,n}, there is a sentence p.; ; of L*(N)
so that for By = A,... B, =, A, oZB &) B~ Biff (A hy, .. hy) =

o h hohois d A . . . D(B1®-DBr)
Pe,ij, where each h; is defined from g; as usual. (Note that in viewing pe

as an isomorphism from B; onto B;, we are concerned only with its behavior on the

computable subdomain B;.)

Proof: By the Transition Lemma, we know that for all e, Z, 1y, there is a sentence
e,z.y such that, regardless of the structure of By,... , B,, cpeD(Bl@"'@B")(f) = g iff

Bi@- @B, |= tezy Therefore, by Lemma 2.4 we conclude that for By, ..., B, = A,

@?(B@"'@B")(f) =g iff (A, by, ... hn) B Y, 75 Consequently, the sentence

/X\mEBi \X/yij %,w,y expresses the totality of QO?(B@"@B”); /X\yij \X/xGBi ¢(/i,x,y7 sur-

jectivity;

M\ay 2o B, 21 200 /)(\yij Wy ay gy VWl 4y s IDjectivity; and

M\ rerzen: gen; of 1's arity(TWezg V [R(fi(Z)) < R(f;(7))]), preservation of relations.

The conjunction of these four sentences is pe ; ;. QED
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2.3.3 Finite computable dimension does not relativize

Theorem 2.15 If A has finite relative computable dimension, then it has a formally

30 Scott family, and therefore has dimension 1 by Theorem 1.13.

Proof: Assume that A has relative computable dimension < n. We will build generic
copies By,...,B, = A by forcing conditions, as described in the previous section.
Our fragment F should contain all q.f. X{ sentences; and —p,; ; for each e € w and
each i,7 € {1,... ,n} with ¢ < j. If we construct an F-complete sequence (py,)mew,
then the fact that A has relative computable dimension < n and Lemma 2.14 imply
that for some e and i < j, (A, h1,... ,h,) = peij. Therefore, one direction of the
Forcing Lemma implies that for some m, p,, | pei;. The other direction implies
that no matter how we would have extended p,, to an F-complete sequence, we
still would have (A, hq,... h,) = peij. Therefore, any generic copies By, ..., B,
constructed by a complete forcing sequence extending p,, would have the property
that @?(BIEB"'@B") : B, = B;. We are now in a position to construct the formally 9
Scott family.

For the rest of this discussion, we let p denote p,,. (Therefore, any subsequent

use of the character m has nothing to do with this index.) Let p = (p',... ,p"); by, =

dom(p*); and @, = p*(by,). Fix

- —

1. ¢ = t1ty an m-tuple of distinct elements of A with #; an [-tuple from a;, and t

an (m — [)-tuple disjoint from @;;

2. U = Uiy an m-tuple of distinct elements of B; with #; an o-tuple from 5; and

iy an (m — o)-tuple disjoint from b

3. ¥ = 01t an m-tuple of distinct elements of B; with p/(v;) = t; and ¥, an

(m — I)-tuple disjoint from b;.

16



Fix #, an m-tuple of distinct variables. We will construct a formula 07 ;(;, 7) of
L with the following property:

for m-tuples @ of distinct elements of A, A |= 0;; ;(d;, @) iff 3¢ =

(@', ¢ 2pl¢'(@) = a,¢ (@) =1, and q |- ¢ ;).
We could include such a ¢ in an F-complete forcing sequence. Then ¢ would be
a piece of an isomorphism ¢; : B; = A; ¢ would be a piece of an isomorphism
gj : B; = A; and ¢ |- pej, since p does. Thus, such a ¢ would “force” the following
diagram to hold. (Note that when we include ¢ in our forcing sequence, we have
defined only a finite part of each gi, and thus only a finite part of the structure of
each By. Nevertheless, the diagram necessarily holds no matter how we complete the

construction after q.)

A
Figure 4.3

By the Transition Lemma, we know that 1. 5 is of the form
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Woes Vo (01,85 ) Ao AYoi(Bi T, Uy Y A AV (B, Ty B ) A Ao (b, B,,) Where

1.V ok IS a tuple of distinct elements of Bj distinct from bk (and from iy when

k =i, U when k = j); and

2. each 7, is a conjunction of atomic sentences and negations of atomic sentences

The Transition Lemma, Lemma 2.4, and the Forcing Lemma imply that for any
generic structures defined by an F-complete sequence, @r ¢ 69B")( i) =viff By @
@B E Yeas (A by he) B Y 5 iff for some g in our sequence, g {F Y ;5
Therefore, we consider all o € S where A ): {3%,.1]751 distinct and disjoint from a;
and v,.1(d1, Zp1)| A . .A3Z, |2, distinct and disjoint from @, ty and Vo; (@, &, Zy i)

.. A\ 3Z, 4|7 distinet and disjoint from @, and vy, (@, Zon)]}. Let " ={c € S : 0

has the above property}. Since A is computable and S is c.e., S’ is c.e.

For an m-tuple & of variables, let Z; be its first o variables, and s be the next (m—o)
variables. Consider 6;; (@, Z) = W/ ,eq (¥ distinct) A (71 = p'(d1)) A (% disjoint

t,u,U

from @;) A (3y, (g, distinct and disjoint from @;, Zo and v,.;(@;, T2, Uy))]-

No longer view ¢, @, ¥ as fixed.
Let T = {(t,@,7): t € A,ii € B;, ¥ € B; are as described after the first paragraph of

this proof for some m,l,0 € N with m > 1[0, }.

—

Finally, let our proposed Scott family be (@;, ©).

Claim 1: For each tuple @ € A of distinct elements with those of @; (if any) appearing
first, there is 07, ; € © such that A |= 07 ;(d;, @).
Sketch of proof: For each a € @, F contains the sentence \{/,.p fi(¥) = a, and

we define the sequence of forcing conditions to be F-complete. Thus, for some ¢ =
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(¢*,...,¢") 2 p and some @, ¢'(@) = d. Since p | pe;;, we may assume, without

! =z for some ¢. Finally, since for each v € v, F contains

loss of generality, that ¢ | ¢

the sentence \X/, oy fj(v) = z, we may also assume that ¢/ (v) = ¢ for some .

Claim 2: If for some (f,@,7) € T, A |= Oz 5(di, @) and A = 0p;5(d;,d"), then
(A,a) = (A,d’).

Sketch of proof: Fix (f,u,7) € T. If A = 07 4.5(di, @), then we can extend p to a

!
.
e,u,v’

forcing condition ¢ with ¢'(@) = @, ¢ |- ¥ and ¢/(¥) = t. Furthermore, since
g2pand p |- peij, ¢ | peij by Proposition 2.6 (ii). By Proposition 2.9, we can
include ¢ in an F-complete sequence. Hence, we can induce structures B; and B; with

(A, @) = (B, ) = (B;, ) = (A 1). If A= 0;55(d;,a") as well, then (A,d’) = (A,1),
so (A, d) = (A,a').

Therefore, we indeed have defined a formally 3¢ Scott family for A. QED
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CHAPTER 3

RELATIVIZED AS-CATEGORICITY IN BOOLEAN
ALGEBRAS AND LINEAR ORDERINGS

3.1 Introduction

Recall that Goncharov and others characterized computable categoricity in many

classes of structures, among them Boolean algebras and linear orderings.

Theorem 3.1 (Goncharov, La Roche, Remmel) A Boolean algebra is computably

categorical iff it has finitely many atoms.

Theorem 3.2 (Goncharov-Dzgoev, Remmel) A linear ordering is computably cate-

gorical iff it has finitely many pairs of direct successors.

In fact, using Theorem 1.13, we can easily show that these theorems remain true
if “computably categorical” is replaced with “relatively computably categorical.” In
computable model theory there have been several other instances where a priority
argument was used to prove a result, and later a forcing argument was used to prove
the analogous relativized result. In many cases, the forcing argument often is actually
simpler than the priority construction. In this thesis, we examine the notions of AY-
categoricity and relativized A9-categoricity in Boolean algebras and linear orderings
by first studying the relativized notion. We shall see not only that here the arguments
for the relativized notion are again easier than those for the unrelativized notion, but

also that the former provide a helpful guide for the latter.
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By Theorem 1.13, in order to examine relativized AS-categoricity, we must under-
stand the satisfaction of ¥y formulas in the structures we examine. In [1], Ash and
Knight described back-and-forth relations that give us the necessary tools to char-
acterize the satisfaction of ¥, formulas in Boolean algebras and linear orders quite

easily.

Definition 3.3 Let A be any structure, and @, b tuples of the same length from A.
Then @ <; b iff the Xq formulas true ofg are true of d iff the Iy formulas true of a

are true of b.

Proposition 3.4 Let A be a Boolean algebra and d, b be tuples from A so that the
Yo formulas true of d and b are the same. Then @ <; b iff each atom of the finite

algebra determined by a is infinite or at least as large as the corresponding atom of b.

Proposition 3.5 Let A be a linear ordering and a, b be tuples from A so that the
ordering of @ is the same as that of b. Thend <, b iff each interval in A determined

by @ is infinite or at least as large as the corresponding interval determined by b.

3.2 The relativized results

In order to state our result for Boolean algebras, we must recall the definition of a

1-atom.

Definition 3.6 Let ~ be the equivalence relation in a Boolean algebra A where a ~ b
iff anb and bN@ are both either empty or a union of finitely many atoms of A. The
set of equivalence classes A/ ~ is again a Boolean algebra. An element a € A is a

1-atom of A iff the equivalence class [a] is an atom of A/ ~.

Theorem 3.7 A Boolean algebra A is relatively AY-categorical iff it can be expressed
as a finite direct sum ¢ V ---V ¢,, where each ¢; is either atomless, an atom, or a

I-atom.
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Proof: (<) If the summands are all either atomless or atoms, then it is Af-categorical
by Theorem 3.1. If A has some 1-atoms, then absorb all of the atoms into one of
the 1-atoms, so we write A = ¢; V ---V ¢,, where ¢; is atomless, and ¢y, ... , ¢, are
l-atoms. Consider the collection of parameters ¢ = cq,... ,¢,; with these we will
construct a c.e. Scott family of X5 formulas.

Letd =ay,...,a; € A, and let by, ... , by the atoms in the formal finite subalge-
bra generated by d. (Some of the b;’s might equal 0.) For each b;, we construct the
following formulas:

1. Qll’i(yi,cl) is “; Ne; =07 i b;Ney =0; “yyNey = 7 if byNe; = ¢q; or

“yyNer Z0ANy; Nep # e’ if b N ey is a proper subset of ¢, respectively.

2. For each k € {2,...,n}, exactly one of b; N ¢, b; N ¢, is empty or a finite
join of atoms (of A), precisely because each ¢ is a 1-atom. The formula 7,,(y) =
oz AON ANz Z0AN 21U Uz =y AVw(-(0<w < z)A---A=(0 <
w < 2,))] expresses that y is a join of m atoms. For each k € {2,... ,n}, let ny, & be
the size of y; N ¢ or T; N cx, and let 6% (y;, i) be Vo, 1 (Wi M) A [b; N ex| = ma, x5 or
”ani,k(E Ne) if [b; Neg| = N k-

For a tuple of variables ¥ = x1,... ,xj, let ¥ = y1,...,y2 be the terms in the
formal finite subalgebra determined by 7. Let va(7,¢) = Mic1. 21y AN
Of course, A | 1z(@,c). Furthermore, if for some a’, A | ¢z(a’,c), then we
immediately have (A,d,¢) = (A,a’,¢). Consequently, {¢z|d € A} is a c.e. Scott

family of 2§ formulas.

(=) Assume that A is not of the described form, and let ¢ be parameters in a putative
formally X9 Scott family. Consider the finite subalgebra determined by ¢ One of the

atoms a of this algebra must be such that

1. a is not a 1-atom; and
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2. a contains infinitely many atoms (of A).

Why must this be true? Otherwise, each atom of the subalgebra determined by ¢
is either a 1-atom or is a finite join of atoms and an atomless algebra. Therefore,
contrary to hypothesis, A can be written as a finite join of 1-atoms, atoms, and an
atomless algebra.

Let a be the disjoint union of ay, as, where a; is an infinite Boolean algebra and
as contains infinitely many atoms. We claim that for any ¥, formula v(z, ¢) satisfied
by a1, there is @) composed of only finitely many atoms of A so that @} also satisfies
7. Since obviously (A, a1, ) # (A, ad}, ), A cannot have the supposed Scott family.

We can assume, without loss of generality, that the formula v is of the form
o (x, i, C), where § is the conjunction of all finitary II; formulas satisfied by a4, ¢,
and some u. Consequently, we must show that, given a tuple u, there are a}, %’ so
that every I1; formula satisfied by ay, @, € is satisfied by a},u’, ¢ or that (a1,4, ¢) <4
(a},@’,@). By Proposition 3.4 we must show that there are af, @’ so that each atom
of the finite algebra determined by ay,w, ¢ is infinite or at least as big as the corre-
sponding atom determined by af,u’, ¢.

Consider the finite subalgebra determined by aq, u, ¢; let its atoms be z1,... , z,,.
For each z; with z; Na =0, let 2, = z;. In this subalgebra, the element a; is divided
and ap into zg,,..., 2. One of the z;’s must be infinite; without

mto zj,,...,2;

S

loss of generality, let it be z;,. In ap find atoms (of A) 2} ,... 2}, 2, ... ,2,; and

let 2, = a—[Upeqn. 5%, Y Useq, 4y #,)- Define @y, @', and ¢’ in the subalgebra
generated by the 2’ elements in the same way that aq, @, and ¢ are generated by the z

elements. For instance, a} = |J so a} is a finite join of atoms of A. Note

/

pe{lv"'7s} /ij7
A / !/ ) o

that & = ¢, since Uper,.. o %, U Ugeqt. ) %0 = Upetn,e ) %0 Y Ugequ iy 200 = @

and for each z; with z; Na = 0, we let z, = z;. Notice that for each i =1,... ,m, z;
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is a Boolean algebra of size at least as large as 2}, and that @] is finite. Thus we have

proven our claim. QED

Throughout the rest of the chapter, we will assume that a linear ordering A has a
greatest and a least element; this assumption makes the statements of certain results
simpler. However, it should be clear that a linear ordering without a greatest or least
element is (relatively) AS-categorical iff the same ordering with a greatest and least

element “attached” is. Hence, our assumption is merely one of convenience.

Theorem 3.8 Let A= (A, <a) be a sum of finitely many intervals, each of type n,
w, w*, Z, orn-n, so that each interval of type n - n has a supremum and infimum.

Then A is relatively AS-categorical.

Proof: We use Theorem 1.13. For each interval of type w or w*, name the “0”; for
interval of type Z, pick a single element and name it; for each interval of type n - n,
name the supremum and infimum; finally, name all of the remaining elements, of
which there are a finite number. These will be the parameters appearing in our Scott
family.

Let @ = aq,...,ar € A. We explicitly construct a formula ~vz(x1,. .. , xy, ¢) such
that A = vz(aq, ..., ax, ¢) and if A | 45(by, ... by, ), then
(A,aq,...,a,,0) =2 (A by,... b, ).

First, express the ordering of @, in a formula 6(Z,¢). We may assume without
loss of generality that ai,...,a; are listed in increasing order. Next, let j; be the
least number and j, the greatest number so that 1 < j; < js, a;,,... ,a;, all fall in
the same interval of A of the types described above, and neither a; nor aj, is an
element of ¢. We describe how to find a formula ¢ (z;,, ... , zj,, ¢) which characterizes
@j, - .. ,aj, up to isomorphism. The formula 7z will be a conjunction of such formulas.

If a;,,...aj, lie in the same interval of type w with ¢ = “07, then a;, = “py,

. Qj, = “Pj,—j;+1” in this copy of w. Therefore, a;, satisfies the formula ¢ (z1,¢) =
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Fyr - Ypmale < < < yYpoa <@L AVZ(R(e < 2 <y) Ao (Y1 < 2 < 1))
We have similar formulas 19(z2, ¢), ..., ¥j,—ji+1(Tjo—ji+1,€). Let (z1, ..., 2j—ji 41, )
be the conjunction.

If aj,,...,aj lie in an interval of type w* or Z, we similarly obtain a formula
Y(z1,...,2Tj—j41,C), where ¢ is the named element of the interval.

Assume aj,, ... ,a;, lie in the same interval of type n -7 with a;,,... ,a,, in the
same n interval of m - 7; @, 41, ..., a;m, in the same n interval that is different from
ai’s; ... ;Qmy41,--- 05 in the same n interval that is different from the ¢ previous
n intervals. For instance, consider the case where n = 5, m; = ji + 1, a;, = “17
and a,, = “3.” Then aj,,ay,, satisfy the formula v (z1,22) = Jyoy1va[(yvo < 21 <

Y1 < T2 < yo) AVz(m(yo < 2 < 1) Aoz < 2 < yo))]. We have similar

formulas Yo(Tm, 41, -+ s Tmg)s - - - s Vi1 (Tomy41, - - - , Tj,). Furthermore, a,,, and @, 11
SatiSfy the formula pl(xm1axm1+1) = Elyoyn(xml <Y < - < Yp < $m1+1)'
Similarly, there are formulas po, ..., p:. Let ¢(z1,...,2;) be the conjunction of all

of 1, .., Y1, proe oo, pr

By design, A E vz(ai,...,ax,¢). If A= vz(b1,... bk, C), then the ordering of
g, C is the same as that of @, ¢. Furthermore, because of the way in which we chose
parameters, the distribution among the intervals of A with named parameters must
be the same for @ and b. Finally for a,,... ,a, and b, ... , b, all falling in the same

interval with a named parameter, we can draw the following conclusions:

1. If they all fall in an interval of type w,w*, or Z, then 7; actually guarantees

that a, = by, ... ,ay = by.
2. If they all fall in an interval of type n - n, then vz guarantees that

(a) for all u,v with p < wu,v < ¢, a, and a, fall in the same interval of type n

exactly if b, and b, do;
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(b) the position within the intervals of type n of a, and b, are the same;

(c) the ordering of ay, ... ,a, matches that of by, ... ,b,.

Therefore, the ordering properties of n imply that in the second case, there is
an automorphism of this entire interval taking a,, ... ,a, onto by, ..., b, It follows
that (A,d,7) = (A,b,&). Hence, it is clear that the set {4z|@ is a tuple from A} is a

formally 39 Scott family. QED

We now give a proof of the converse of Theorem 3.8.

Theorem 3.9 Let A= (A,<4) be a relatively AS-categorical linear ordering. Then
A is a sum of finitely many intervals, each of type n, w, w*, Z, orn-n, so that each

of the n - n interval has a supremum and infimum.

We prove this theorem by dividing it into several lemmas and smaller propositions.

Definition 3.10 Let A be a linear ordering. A maximal interval with property P is

an interval I of A so that
1. I has property P; and

2. If a is any other element of A, then I U {a} is not contained in an

interval with property P.

We will often use expressions such as “maximal w-interval” to denote a maximal

interval of order type w.

Proposition 3.11 A relatively AS-categorical linear ordering A must have only finitely
many maximal intervals of order type w,w*,Z, and cannot have arbitrarily large max-

imal finite intervals.
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Proof: Assume that A either has infinitely many maximal intervals of one of the above
order types, or has arbitrarily large maximal finite intervals. Let ¢ = ¢y, ... , ¢, be the
parameters in a putative formally ¥y Scott family, and let A = Io+co+ 11 +---+1,+
¢n+ I,11. For some k= 0,... ,n+ 1, [} contains infinitely many maximal intervals
of one of the above order types, or has arbitrarily large maximal finite intervals. (For

simplicity, we write [ for this I. There are a; < as in I so that

1. there are infinitely many elements in I to the right of ay;
2. there are infinitely many elements between a; and as; and

3. there are infinitely many elements in I to the left of as.

We claim that for any 3, formula ~y(z1, 9, €) satisfied by ay, as, there exist a}, al so
that af, a), also satisfy v but have only finitely many elements of A between them.
Since obviously (A, a1, as, ) 2 (A, a}, ab, €), A cannot have the supposed Scott family.

We can assume, without loss of generality, that the formula v is of the form
3o (xq, 9, U, ¢), where ¢ is the conjunction of all finitary IT; formulas satisfied by
ay, as, some u, and ¢. Consequently, we must show that, given a tuple u, there are
ay,ah, i’ so that every Il; formula satisfied by aq, as, @, ¢ is satisfied by a}, ab, 1’ C,
or that (aq, as, @, ) <1 (a},ah, ', ¢). Therefore, by Proposition 3.5, in order to verify
our claim, we must demonstrate the following

for any « containing the parameters ¢, there exist a, a), @' so that u; = u; for

u; € ¢, and the intervals determined by af, a), @’ are of size no greater than

the corresponding intervals of ay, as, .

Assume, without loss of generality, that @ = wq,...,u, is arranged in increasing

order, and that the ordering is as follows:

1. uy,...,uy lie to the left of I;
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2. Uj 41, .. ,Uj, lie in the interval I and to the left of a;, but they are in the same

successor chain as an element of ¢;

3. Ujy41,- .. ,Uj lie in the interval I and to the left a;, and they are not in the

same successor chain as an element of ¢;
4. ay < Ujpqr, ..., uj < ag;

5. Ujs41,- .. ,Uuj lie in the interval I and to the right of ay, and they are not in

the same successor chain as an element of ¢;

6. Uj;41,...,Uj lie in the interval I and to the right of as, but they are in the

same successor chain as an element of ¢
7. Ujg41,--- , Uy lie to the right of the interval 1.
Note that the intervals (uj,, uj,+1) and (uj;, u;,4+1) are infinite.

Find a successor chain (not necessarily a maximal successor chain) in I of length
n + 2 so that no element in this chain is in a successor chain with any element of ¢.

Define d), a), @ as follows:

1. for ¢ < jo, ul = uy;

!/ !/ !/ / / / !/ !/ 3 :
20 Wiy yyy ey Wy @, UG gy e W, Aoy UG L, UG 1S @ sequence Of successors in

the chain of length n + 2;
3. for i > i1, ul = u;.

The desired property of a}, abw’ follows immediately from the fact we noted above.

QED
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Lemma 3.12 If B is a countable linear ordering containing no w,w*, or Z intervals,
then B is of the form ny + X4, By + no, where ny or ny could be 0 and each By is

finite with |B,| > 1.

Proof: If B has a least element a, then we know that either a doesn’t have an
immediate successor, or at doesn’t, or a™t doesn’t, etc., because B doesn’t contain
an w interval. Therefore, B has an initial maximal finite discrete interval of order
type ny1. (Of course, ny = 0 if B has no least element.) Similarly B has a terminal
maximal finite discrete interval of order type ny. (Of course, ny = 0 if B has no
greatest element.) We show that B has the form n; + B’ 4+ ny, where B’ has the form
XgenBy.

Let ¢; € B'. By repeatedly applying the successor and predecessor function we
can obtain only a finite interval {cip,...,c1,,}. Let this finite interval be B,, for
some ¢; € 7. Note that ¢; o must have no immediate predecessor and c; ,,, must have
no immediate successor. Furthermore, c; o is greater than any element of n; and ¢; ,,
is less than any element of ns.

Let g0 € n — {q1}. If ¢ < ¢1, then find some ¢y greater than any element of
ny and less than c¢;. Repeatedly apply the successor and predecessor function to
obtain a finite interval {coy, ..., can,}. Let this finite interval be B,,. Note that ¢y
must have no immediate predecessor and c;,, must have no immediate successor.
Furthermore, ¢y is greater than all the elements of ny and ¢y, < ¢1,0. We make the
appropriate changes to our construction and our argument if ¢o > ¢;.

We can continue this back-and-forth argument to construct a ¥y, B, = B’. Con-

sequently, B is of the form n; + Xy, B, + no. QED

Convention Hereafter, when we write Xy, B,, we assume that each B, is finite with

B> 1.
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Corollary 3.13 If A is a relatively AS-categorical linear ordering, then there is an
n so that A is a finite sum of intervals, each of the form w,w*,7Z, m, ¥ e, B,, where

each |B,| < n.

Proposition 3.14 If A is a relatively AS-categorical linear ordering (with endpoints),

then any mazimal interval of the form Xqc, By has an infimum and a supremum.

Proof: We prove the fact for infimums; the argument for supremums is similar.
Assume that A is a relatively AY-categorical linear ordering with ¢ the parameters
in a putative formally ¥y Scott family. Let A have a maximal interval P of the form
YqenBy. By Corollary 3.13, there must be an interval directly to the left of one of

the following forms:

1. finite;

In (1) and (2), P has an infimum. We give the argument for (3). Fix a € P so a
has no immediate successor, and there are no members ¢ in P to the left of a. We
claim that for any ¥ formula v(x,¢) satisfied by a, there exists a’ in the adjacent
w-interval so that o’ also satisfies vy(z, €). Again we must show that
for any « containing ¢, there exist o/, @’ so that u; = u; for u; € ¢, and the
intervals determined by a’, u' are of size no greater than the corresponding
intervals of a, u.
Assume, without loss of generality, that @ = wuq,... ,u, is in increasing order, and

that the ordering is as follows:

1. uq,...,uy lie to the left of the w-interval;
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2. Uj 41, .. ,Uj, lie in the w-interval;
3. Ujyq1,- .. ,Uj, lie to the left of a in P;

4. a < Ujg41,---,Uj

n

Note that (a, uj,+1) is infinite. Define a’, @" as follows, where “z+i” is the 7' successor

of x in the w-interval:
1. for 1 <i < jo, ul = uy;
2. for 1 <4 <3 — Ja, ufy 4y = wj, + 4
3. a = u;»?’ + 1;
4. for js+1<i<n,u, =u,.

The desired property of o't follows immediately from the fact we noted above.

QED

Definition 3.15 A finite partition of  is a finite sequence ¢1 < ... < q; € n and
open intervals Jy, ..., Jjy1 sothatn=J,+q + Jo+...+q; + Jj11. A partition Py
1s finer than a partition Py exactly if every element in the finite sequence for Py is in

the sequence for P;.

Definition 3.16 Let B be a linear ordering of the form Yyc, B,.

1. B satisfies Property 1 iff there is a finite partition of n so that for each open
interval J; in the partition there is n; so that for all ¢ € J;, B, has order type n;.
That is, there are ny,ng, ... Ny > 1 sothat B=ny-n+nys+n3-n+ ...+ 0y, -1n.
2. B satisfies Property 2 iff there exist my # mo so that for any finite partition of
n there is an open interval J in the partition so that for infinitely many q € J, B, is

of order type my and for infinitely many q' € J, By is of order type my.
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Lemma 3.17 Fiz a linear ordering B of the form ¥ ¢, B, withn as in Corollary 3.185.

If B does not satisfy Property 2, then it satisfies Property 1.

Proof: Let my,...,m; be the complete list of natural numbers so that for each
0 <7 < k, there is ¢ € n with B, of order type m,. For each m; # m;, there is a
finite partition of 7 so that no interval of the partition contains infinitely many copies
of m; and infinitely many copies of m;. Choose a finite partition of 1 finer than all
of these partitions. Now in each open interval of the partition, there exists only one
m; so that B, is of order type m; for infinitely many ¢ in that interval. Make the

partition finer to obtain finite partition that satisfies the requirements in Property 1.

QED

Proposition 3.18 If A is a relatively AY-categorical linear order, then no interval

of the form Yyec, B, satisfies Property 2.

Proof: Assume that A does have an interval of the form Y., B, with m; and ms
as in Property 2, and let ¢ be the parameters in a putative c.e. Scott family of ¥
formulas. Let m; be the largest number for which there is such an ms. Define a finite

partition of ) so that for each m > m; and each open interval J of the partition

1. for all ¢ € J, B, has type m; or for all ¢ € J, B, does not have type m; and

2. for all ¢ € J, no parameter appears in B,.

For one of these open intervals J, there are infinitely many ¢ € J with B, of type
my, and there are infinitely many ¢’ € J with By of type my. Consider ¢; € J and
a € Awith a € By, of type my. We claim that for any ¥, formula ~(z, ¢) satisfied by
a, there exists ¢y € J and a' € A so that a’ € By of type my, and a' satisfies v(z, c).
Again, we must show that

for any u containing the parameters ¢ there exist o/, @’ so that u, = u; for
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¢; € ¢ and the intervals determined by a’, 4’ are of size no greater than
the corresponding intervals of a, u.
Assume, without loss of generality, that @ = wuq,... ,u, is in increasing order, and

that the ordering is as follows:

1. for all ¢ € J and all 7 with 1 <¢ < j; and all b € By, u; < b;

2. there exists r; < 19 < -+ < 1, < @ in J so that wj41,...,u; € B,
Ujyi 1y 5 Ujs € Bryy oo Ujpq1, -0, Uy, € By

3. Uj, 415 -+ 5 Uj,,, lie to the left of a in B ;

4. Ujyor1y- -, Ujy,, lie to the right of a in By,;

5. there exist q1 < 51 < 59 < --+ < s in J so that wj,_ ,11,...,u5,., € By;
Ujpyat Dy s Wips € Bays oo 5 Wy o1y oo 5 U,y € By

6. for all ¢ € J and all ¢ with jiy43 <@ <nand all b€ By, b < u,.

Note that there are infinitely many elements between wu;, and u;,41; between u;, and
Uj,11; ---; between wj, . and w415 between wuj, . and wj, ,11; ...; and between
Ujy ey and uj,  o11. Furthermore, note that none of the intervals By, B, or B, has
more than m; elements, because of the construction of our partition.

Now find r} <7y <--- <1 < ¢ <8y <--- <s;in Jso that By has type my

and each B,., By has type m,. Define o', @’ as follows:

1. for ¢ < ji, ul = uy;

. , , .
2. for 1 <o <k, uf g, ,uj,., are ordered in B, exactly as wjt1,... ,uy,,, are
ordered in B,;;
!/ / / !/ / 3
3o Wi 1 Wy, @ UG s WG, care ordered in By exactly as w15 W0 G5 Wy -

are ordered in By,;
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. , , .
4. for1 <i<t Wiy yig1s - Wy, ATC ordered in By exactly as uj, . .11, -

are ordered in By ;
. : ,
5. for Jriirs < i <m, u, = u;.

The desired property of ', 4’ follows immediately from the facts we noted above.
QED

Lemma 3.17 immediately implies the following corollary.

Corollary 3.19 If A is a relatively AS-categorical linear order, then any interval of

the form ¥, B, satisfies Property 1.

We now complete the proof of Theorem 3.9. Assume that A is relatively AS-
categorical. By Corollary 3.13 and Proposition 3.14, A can be written as a finite sum
of intervals, each of the form n, w, w*, Z, ¥,c, By, so that each interval of the form
YqenBg has a supremum and infimum. By Corollary 3.19, for each interval of the form
YqenBy there are ny,ng, ... ,ny > 1so that Yye, By = ny-n+ng+ng-n+...+npy 0.

QED

We note that our characterization of AJ-categorical linear orderings is exactly the
same as Michael Moses’ characterization of computably categorical 1-decidable linear

orderings in [22].

Theorem 3.20 For a 1-decidable linear ordering A (with greatest and least element)

the following are equivalent:
1. Every 1-decidable linear ordering isomorphic to A is isomorphic by a
computable isomorphism,;
2. A is of the form given in Theorem 3.9.

The “reason” for this correlation has not yet been established. Some further obser-

vations will appear in Chapter 5.
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CHAPTER 4

UNRELATIVIZED A-CATEGORICITY

4.1 AY-categoricity in Boolean algebras

In this chapter we offer priority constructions that give, under some extra assump-
tions, results on AY-categoricity (unrelativized) for Boolean algebras and linear or-
derings. We shall see that with these assumptions, the realtivized and unrelativized
notions define the same class of structures. Furthermore, we shall attempt to highlight
where the syntactic arguments from the previous chapter provide some insight into

the organization, strategies, and hypotheses needed for the priority constructions.

Notation Let A be a Boolean algebra.

i) the unary predicate Atom(z) denotes that x is an atom of A; i.e.,

(A, Atom) = Atom(z) if A= 2 #0A=(FzFy(z Az ANy #xAzUy=1x));

i1) the unary predicate Atomless(z) denotes that x contains no atoms;

i.e., (A, Atom, Atomless) = Atomless(z) iff (A, Atom) = Vz[Fqy(y Uz = z) —
—Atom(z)].

4.1.1 Our first priority construction

Theorem 4.1 Let A be a Boolean algebra so that (A, Atom, Atomless) is a com-
putable structure. If A is AS-categorical, then it is a finite direct sum of atoms,

1-atoms, and an atomless algebra, then A.
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Proof: Assume A is not of the described form. We attempt to construct a computable
B = A so that there is no AY isomorphism between them. We use %Ag to denote the
e A9 function, and goeAé to denote the computable approximation of %Ag at stage
s. (Recall that the limit lemma tells us that any total AY function is the pointwise

limit of computable approximation functions.)

Requirements and the true path
We employ a tree construction where each node has two outcomes, I (inactive) and
A (active), with I < A. Nodes of length e work on requirement

0
R, : goeAQ is not an isomorphism from A onto B.

Moreover, the construction must determine an isomorphism g : B & A.

At stage s we inductively define J,, a node of length s — 1 approximating the true
path f through the tree. If o C d5, then « decides its outcome o (0 = I or 0 = A)
by determining if %Ag threatens to be an isomorphism. In addition, o C &5 defines
Ja.s, its contribution to the stage s approximation of the function g, so that |« is in
the domain and range. The construction will ensure that for 3 C a C 05, g3,s € ga.s;
therefore, 0, defines the stage s approximation g, 2 ,cs. ga,s- (Note: at stage s, a
node a C d, will often first determine g, ,, a preliminary version of g, ,, then decide
its outcome, and finally determine g, s itself.)

Finally, at the end of stage s, we use g, to fix a Boolean algebra By containing s
atoms and containing the elements 0,1,...2° — 1. Since B must be computable, all
of the relations true among the elements of B, must be true in By, ;.

The true path will be defined in the standard way for 0” constructions: o C f iff
« is the left-most node of length || so that o« C J; for infinitely many s. We must
show that nodes along the true path succeed in defining an isomorphism g : B = A

and in meeting the requirements R..
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Challenging pairs and candidate pairs
Consider a@ C 9, working on requirement R.. If o D A, the empty string, then it
receives from its predecessor node 3 the function gg that it believes is a correct

approximation of g, because all requirements R; with ¢ < e seem to be met. Let d be

—

the domain of gg s with gz s(d) = ¢ If a = A, then there is no 3, and ¢ = 04, 1 4.

The node « considers the finite algebra determined by ¢ and attempts to determine

the first pair (a/, ,, a2, ) so that a}, , seems infinite, a?, , seems to have infinitely atoms,

a,s) Ya,s
and for some atom a in the finite subalgebra determined by ¢, al ,Ud?, = a; «

includes al ., a2 , in the range of g, Consider o/, the atom corresponding to a in

a,s) Ya,s

the subalgebra determined by the preimage of ¢ under g, s © goﬁsg. The pair <ai7s, at )

a,s

challenges this @’ to contain elements a, ., a? .’ which have the same properties that
ay s, a7, , seem to have. Hence we call it a challenging pair. A pair a;, ,’, aZ, ," which

seems to meet the challenge is called a candidate pair.

We should note that o may make incorrect guesses about which pairs have the
above properties, because it cannot computably determine which elements are infinite
or have infinitely many atoms. However, the properties of A do guarantee that such
a pair indeed exists, and eventually a node « along the true path will determine its
final challenging pair. Similarly, a pair may appear to be a candidate pair until the
enumeration of the diagram of (A, Atom, Atomless) reveals otherwise.

If « is along the true path and its ultimate challenge is never actually met, then

the final outcome of a is I. If a true candidate pair al .’ a2 ,’ is found at stage t,

o,s ) Pa,
0
then o attempts to change its approximation so that the image under g, o cpfj of

al .’ is finite; we thereby meet requirement R,.

a,s

Relationships among nodes
Throughout the construction, a node o« C ds may initialize another node ~; i.e., if

v C 0, for some t < s, then a cancels the assignment of 4’s challenging pair and
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the approximation g;. There will be three circumstances when a node will initialize

another:

1. if a redefines its challenging pair at stage s, then « initializes each v with a C ~;

2. if a C §; determines its outcome to be I, then « initializes all v with " (1) <, 7;
0

3. if a diagonalizes against goeAj at stage s, then « initializes all v with o"(A4) C ~.

In turn, as « defines g, 5, it must respect nodes o <, a"(0). What exactly does

“respect” mean? Consider o <z, a"(0) and some stage ¢ < s so that

1. 0 Céy;
2. ¢:(V) = u; and
3. ¢; has not been canceled by stage s.

If at stage s, a defines g, +(7) = @', then as we determine the Boolean algebra Bj
based on a’s approximation of g, we may give an element of the finite algebra de-
termined by U a certain number of subsets. However, this definition at stage s must
allow for the possibility that at some later stage ¢ with o C &y, gv(¥) = 4. How
can the construction ensure this compatibility? Assume that each atom of the finite
algebra determined by @’ contains no more elements than corresponding atom of .
Then at stage s we do not risk giving some element in the algebra determined by v
more subsets than its image under g; actually contains. Consequently, at stage ¢/,
dy can redefine gy (¥) = @ and remain in agreement with the algebra B, _; we have
chosen. In other words, @ <; @’. Therefore, the relation crucial to classifying rela-
tivized AY-categoricity also play a critical role in our examination of the unrelativized

notion.
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Construction

Stage 1: Fix, for the rest of the construction, g(0) = 04 and g(1) = 14. For each o
in the tree, ¢ is initialized and §; = A. The algebra B; is the trivial algebra.

Stage s + 1: Of course, A C d541. Let o C 511 be a node of length e. Let 3 be
the predecessor node of a, and let dom(gs.,) = d with gge1(d) = & (If @ = A, then
there is no (3, and ¢ = 04, 14.) The node « uses the computability of the relations

Atom and Atomless in A to search for the first pair (a; ., a2 ,,,) so that

1. for an atom a of the finite algebra determined by ¢, a} ., Ua2 1 = a;
2. a}, ., has s+ 1 proper subsets;
3. a? ,,, contains s + 1 atoms of .A; and

4. we have not yet discovered either that af, ., is finite or that a? ,,, has only

finitely many atoms of A.

This is the challenging pair of o at stage s + 1.

Case I: The node « has been initialized since its last active stage or has defined a
new challenging pair since its last active stage.

The node « initializes all v with a C v C §; for some t < s, and it chooses
outcome /. (Notice, in particular, that any approximation g; defined in part by « at
an earlier stage t is canceled. However, of course, a does not cancel the definition of
its challenging pair.) It must define g, s11 so that the challenging pair is in the range.
We may assume by induction on the construction that d includes all elements which
are in the domain of an uncanceled approximation g; where t < s+1 and §; <, . Let
b be the set of elements in B, but not in the domain of gs.s+1- Again, we may assume
by induction on the construction that gg .41 is compatible with the algebra B; i.e.,

bs.s+1 can be extended to be a relation-preserving map between B and A. Therefore,
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a can extend gg 41 so that it includes b and e in the domain and the challenging pair
and e in the range. Let b} ., 02 ., be such that ga o108 411,05 611) = Qo sr1s 0o i1
[[Summary: After redefining its challenging pair, the node « restarts its work on the

requirement R..||

Case II: «a has not been initialized since its last active stage, and its challenging
pair is the same as it was at its last active stage.

There is a stage t < s + 1 so that
1. o C oy

2. either a has been initialized since the previous stage r in which o C d,., or the

definition of the challenging pair changed during stage t;

3. « has not been initialized since stage t; and

4. <a(11,s+17 agz,s-l—l) = <a(11,t7 a?y,t>'

(Throughout the rest of this construction, we will refer to this particular ¢.)

We assume by induction on the construction that since a has not been initialized
since stage t, the portion of g,,; defined by nodes above « is the same as the portion
of g, defined by nodes above a. The node a defines g;’s 41, its tentative version of

Ja,s+1, to be the same as g, ;. We now consider the following subcases.

Case Ila: One of the following is true:

1. An element of d or one of the elements b} . ,,b2 ., is not in the range of
22 . (Otherwise, let &, al,,’,a2,,," be such that ©>2, (¢") = d and
Qeer1- (Otherwise, let ¢’; a, ., ' a; ,.' be such that ¢ 2,,(¢") = d an
ASe 1 2y gl 2
Pe (aa,s—l—l 7aa,s+1 ) - ba,s+17 ba,s—i—l')

3 3 = 41 2 : 3 = | 2 l
2. Some relation realized by ¢, a,, ., 1,0, o1 1s not realized by ¢’ a, 1", a3 o1,

or vice-versa.
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3. If a enumerates the diagram of (A, Atom, Atomless) for s+ 1 steps, then it sees
that one of the atoms of the finite algebra determined by ¢, a; ., a2, has
a different size or a different number of atoms (of A) than the corresponding

4 4 3 =/ 1 / 2 /
atom in the finite algebra determined by ¢’,a, o1 a5 511

4. If t' < s+1 is the greatest stage so that o C dy, then our guess at the preimage
5 0
of d or one of b, ., b7 ., under goeAQ has changed since ¢’. (Otherwise, the pair

1 /2 A . .
(aho11'5 05 1) is a candidate pair.)

The outcome of « is I the node o initializes all v with " (I) <p, v; and ga,s41 = gn 41
[[Summary: If the approximation g/ays 41 defined so far is part of the isomorphism g
itself, then %Ag doesn’t appear to be an isomorphism, because it does not seem total,
as in (1) and (4), or we can readily see that g, ., o goigﬂ does not appear to be an

automorphism of A, as in (2) and (3).]]

Case IIb:  Not Case Ila and all of the following are true:

1. there is a stage r with ¢ < r < s+ 1 so that a"(A) C §,, and a"(A) has not

been initialized since r;
2. « diagonalized against R, at stage r;

3. if y is an atom of the finite subalgebra determined by elements in the range of
higher priority g,,, and during the diagonalization o guessed that y was infinite,

then o finds 257! subsets of y and still guesses that ¥ is infinite.

The outcome of o remains A, and go s+1 = Go,r-

[[Summary: The node « seems already to have diagonalized successfully against R,

at an earlier stage, and nothing has injured this work.]|
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Case Ilc:  Neither Case IIa nor Case IIb

First, « initializes each node vy with a"(A) C «. The node « attempts to perform
the following diagonalization on the candidate pair (a} ', a2 ,,,"). If it completes
the diagonalization, then the outcome of « is A.

Diagonalization: Let w be the greatest number so that t < w < s+ 1, a™(I) C J,,
and g, is uncanceled. Let dom(g,) = ¢ with g, () = @. By our construction, the
approximation g,, must extend g;’s 41

Let b be the set of elements in B, but not in the domain of gw- By induction
on the construction, we can assume that g, is compatible with this algebra, and «
can define an extension of g, whose domain includes b. Let the image of b be a.
(Note that the atom a of the algebra determined by ¢ is not necessarily an element
of @.) Throughout the diagonalization, o must leave fixed the mapping g,g75+1(cf) =C.
However, a will attempt to alter the mapping of the rest of v, l;, béys 15 bi,s 41 o that
it meets requirement R, while it respects g,,.

This diagonalization follows closely the argument for relativized AS-categoricity
given in Theorem 3.7: ¢, the range of gg s, corresponds to the parameters ¢ in the
potential formally 5 Scott family; «, the range of g,,, corresponds to the extra tuple
u in the back-and-forth relation. Here, however, we also need to consider a, the image
of the extra elements of B,. Nevertheless, note that we are not concerned with the
atom size in the finite algebra determined by @ U @, but only in that determined by
.

Recall that g, ., is a’s tentative contribution to ge1; al 4,02, is a chal-
lenging pair with al ., Ua?, ; = a, and a has defined g, (b}, 1, basi1) =
Y gy15 07 - Furthermore, (af, . ,', a7, ) seemingly has met the challenge, be-
cause %Ag (Gaysi1’, 08 o11") = bh o110 11, and @, ., " has 25" proper subsets and still

appears infinite, and a? ,, ;" has 2°7" atoms of A. The goal is to define go o+1(by 41) =
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0

2

. . . A .
a}w 41" so that a}w 41" is a finite Boolean algebra, thus ensuring that ¢ * is not an

isomorphism if QOBAE 41 18 a correct approximation of cpeAg and aéys 41/ truly is infinite.

Consider the finite subalgebra determined by 4. Let k = ((s+ 1) + |u| + |@]). Let
Y1,Y2, - - -, Ym be atoms of this finite algebra with y; U--- Uy, = a375+1. Determine
the first among 1, ... , ¥, which contains 2¥ subsets and still appears to be infinite.
(If no such y; exists, then ais 4qis finite, and hence, o must choose a new challenging

pair and enter Case I.) Assume, without loss of generality, that it is y,,.

Now consider the finite subalgebra determined by @ U a. Let

2 2y 2y 210 o, 2 be atoms of this algebra so that 2)U- - -Uz) =
1 T 15 — 4. s 2 0/ 0/
Ugsq a0d 21U~ --Uz) =y forj=1,... m. Ina; ., find atoms (of A) 20/, ..., 2,
and z{'...z) ' for j=1,...,m — 1. Furthermore, in a} ;,, find other atoms (of A)
m/ m / m . J miryy L. m /
2zt ' and let 2 = a—[[szoj'__’m_l(uzzlj,_,J,jzi Nur'u Uzt )].

Notice that | z-elements = ] z’-elements = a.

Now we are ready to redefine g, 1. Let v; be an element of v U b currently
mapped to u;. If uyNa =0, then g, s11(v1) = uy. Otherwise, v, is a union of some
disjoint from a and some union of z elements. Let g, s+1(v1) = the union of z and the
corresponding 2’ elements. In particular, assume v; is an element of d. If uy is disjoint
from a, then g, s4+1(v1) = u1. If wy is not disjoint from a, then u; = z U a, since a is
an atom of the algebra determined by ¢. Consequently, gg s+1(v1) = zU(J 2’-elements
= uy. The node « finishes the definition of g, 541 by including e in the domain and
range. This completes the diagonalization.

After each node oo C 541 has determined g, s+1, We complete the definition
of gs11 and define the finite Boolean algebra B,,.;. The algebra Bs has s atoms,
which we designate by, bs, ... ,bs, and therefore has 2° distinct elements. The func-
tion Uac 5os1 Jas+1 contains all of these 2° elements in its domain; we designate the

image of each b; as a;.
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If the function Ja,s+1 has no more than 2° elements in its domain, then

aCésy1
determine the first a; so that a; has a nontrivial subset. Extend Uac 5osr Jas+1 to
contain this subset and its complement with respect to a; in the range; this extension
1S gst1-

If Uac 5osr Jast1 has more than 2° elements in its domain, then it must map
some b* to a nontrivial subset of some a;, which we designate a*. If necessary, extend
Uac 5es1 Ja,s+1 5O that every element in the finite algebra with atoms ay, ... , a;_1, a*, a;N

a*, a1, ... ,a,is included in the range; this extension is gy, 1. Using gs,1, define B,

so that b; is no longer an atom. This concludes the construction.

4.1.2 Supporting lemmas

Lemma 4.2 For each s, By and d, satisfy the following properties:

1. If B s the predecessor node of o C o5, then ggs C Ga.s-

2. Let a"(0) C ds, and let t < s be the greatest stage so that 6 <p a”(o). If U is

the set of all elements in the domain of g;, then U C dom(ga,.s)-

3. Let o be a fized outcome, a"(0) C ds, and t < s be the last stage with o (o) C d;.
If gos # Gat, then every node v O a"(o) is initialized at some stage t' with

t<t <s.

4. Let o, U, and g; be as in (2). If y is an atom of the finite algebra determined
by g:(V) and /' is the corresponding atom of the finite subalgebra determined by

9os(0), then |y| > min{ly'],2°}.
5. Bs extends Bs_1 as a finite Boolean algebra.

6. B is compatible with each g; not canceled by stage s.
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Proof: We use induction on the stage s. For stage 0, (1) - (6) are trivially true.
Assume (1) - (6) are true for stage s. We must show them true for stage s + 1.

We use induction on the length of the node @ C d0541. Assume that (1) - (4) are
true for all # C a. We must show them true for a.

1) If the outcome of « is I at stage s + 1, then « falls either into Case I or Case
ITa. If Case I, then (1) is true by construction. If Case Ila, then there is a stage

t < s+ 1 so that

a) a C 0, and « defined a challenging pair at t;
b) « has not been initialized at some ' with ¢t < ¢ < s+ 1; and

¢) The challenging pair defined at ¢ is the challenging pair at s + 1.

At stage t, got 2 gp: by construction. If gs; # gss+1, then by the induction hy-
potheses on stages and nodes, o was initialized at some stage ¢’ with ¢t <t < s+ 1,
a contradiction. Therefore, gss+1 = 95+t C Ja.t = Ga,s+1-

2) If the outcome of « at stage s + 1 is I, then (2) is true by the induction
hypothesis on nodes and (1). If the outcome is A, then let < s+ 1 be the greatest
stage at which « actually performed a diagonalization. If r = s + 1, then (2) is true
by construction. If r < s+ 1, then (2) is true for r by induction hypothesis, and
Ga.s+1 = YJar- 1f any more elements were added to U between r and s+ 1, then a"(A)
would have been initialized between r and s + 1, contradicting the definition of 7.

3) If o =1 and g 511 # Yat, then a redefines its challenging pair at s + 1, so (3)
is true by construction. If o = A and g s # gas, then by construction a”(A4) was
initialized at some stage t’ with ¢t <t < s+ 1; therefore, so was any node v D «"(A).

4) If the outcome at stage s + 1 is I, then (4) is true by induction on nodes and
(1) for cv. If the outcome of o is A, let r < s+ 1 be the last stage at which a actually

performed a diagonalization. If » = s + 1, then the diagonalization guarantees that
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only one atom y of the algebra determined by g¢;(7) is possibly made larger when we
define g, 541(0); however, such a y must have size at least 2°*!. If r < s+ 1, then
at stage s + 1 we have seen that the y from stage r does indeed have 257! proper
subsets.

5) Since the algebra Bg,; is determined entirely by g1, we need only verify that
for each o C 0, o s+1 is a relation-preserving map between a subset of By and A. If
a is in Case I, then the construction guarantees that g, .11 respects B, as it defines
Ja,s+1- 1f Case Ila or IIb, then g, s4+1 is part of an uncancelled ¢g;. By induction
hypothesis on (6), ¢;, and hence g, s11 is compatible with B,. Finally, if « is in Case
IIc, then the diagonalization ensures that g, .11 maps atoms of the algebra B; to
nonzero disjoint elements of A whose union is 1, and g, s+1 maps combinations of
these atoms to the analogous combinations of these disjoint elements.

6) Let t < s+ 1. First, if 6; C ds41, then by (3) either g; is canceled or
gs+1 2 g If 0511 <p Oy, then g, is canceled. If &, < 441, then by (2) we know
that dom(g;) C dom(gs;+1). Furthermore, g; completely determines By, and gsiq
completely determines Bg,1, and by (5), B; and B,y are consistent. Consequently,
we know that the finite algebras determined by g¢,(dom(g;))and gsi1(dom(g;)) look
the same. However, at the end of stage s 4+ 1, there may be other elements not in
dom(g;) that appear in the algebra B, ;. Can g; be extended to a relation-preserving
map between Bgi; and A? In short, are the atoms of g;(dom(g:)) big enough to
accommodate the images of the new elements of By, 17

For each atom y determined by g¢;(dom(g;)), let y' be the corresponding atom
determined by g¢sy1(dom(g¢)). For each such y, the construction guarantees that
ly| > min{|y’|,2°*1}. Since By, is determined entirely by g,.1, and B,,; contains

only s + 1 atoms, each atom y can be expressed as a finite algebra which contains
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either more atoms than 3 has atoms of A, or more atoms than appear in the entire

algebra By, 1. In short, the desired compatibility is guaranteed. QED
Lemma 4.3 There is a true path f with the following features:
1. If a C f, then « is the left-most node of length |a| so that o C d4 for
infinitely many s.
2. If a C f, then « does not define challenging pairs infinitely often.
3. If &’ (A) C f, then a does not diagonalize infinitely often.
4. If & (o) C f and S = {s: a" (o) C ds}, then Eer%ga’s = §o; i.€., there are
t €S and a tuple d so that for all s € S with s > t, dom(ga.,s) = dom(gas) =
dom(ga) = d, and ga,s(d) = gas(d) = ga(d).
5. If g =Uucy Ga, then g: B= A.

Proof: We show (2) - (4) by simultaneous induction on the length of o C f. Assume

(2) - (4) are true for all  C a. Let ¢ be the least stage and d, & be the tuples so that
a) For all stages s > t, a <p, .
b) For all nodes 3 C « and all s > t, (aj,,a3,) = (agi—1,a81)-
c) If B°(A) C f, then 8 does not diagonalize after stage t — 1.

d) If B is the predecessor node of «, then ¢t and d witness that (4) is true for 3,

-

and gs(d) = ¢.

e) Let (aj,as) be the least pair so that for some atom a of the finite algebra
determined by ¢, a; U as = a; a; is infinite; and ay has infinitely many atoms
of A. Then all lesser pairs have been discovered not to have this property by

stage t in the enumeration of (A, Atom, Atomless).
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First, we claim that « is not initialized at any s > t. A node « can be initialized at

stage s for one of three reasons:
a) s <rp «;
b) a node  C « redefines its challenging pair;

c) anode 3 with 5°(A) C « actively diagonalizes at stage s.

However, none of these can occur at a stage s > t by the induction hypothesis.
Therefore, by the construction, for all stages s > t, (aj, ,, a2 ) = (ag,,, az,,) = (a1, az).
If a”(I) C f, then by the construction g, = ga.:.

If " (A) C f,let r >t be the first stage so that a"(A) C 4,, and for all s > r,
o (Iy & 6s. Recall that w < r is the greatest number so that ¢ < w < s + 1,
a(Iy C 4y, and g, is uncanceled by r; ¥ = dom(g,); and g¢,,(0) = 4. Let v’ > r be
the first stage where a”(A) C 6,,, and y, the atom of the finite subalgebra determined
by « which we guessed at stage 1’ to be infinite, is indeed infinite. By the construction
Jo = Gor'-

Part (5) now follows almost immediately from Lemma 4.2. First, by part (1) of
Lemma 4.2 and (4) of this lemma, g = {J,; ga is a well-defined function. Since each
gs is 1-1, g is 1-1. Since each g, contains |a/ in its domain and range, g is total and
onto. Finally, by parts (5) and (6) of Lemma 4.2, B is a computable Boolean algebra,

and each finite piece g, (for a@ C f) is a relation-preserving function. Consequently,

g is an isomorphism. QED
Lemma 4.4 FEach requirement R, is satisfied.

Proof: Let a@ C f be of length e . If e > 0, then let 3 be the predecessor node of «,
and let ¢ consist of the range of g3 and the elements in the challenging pair eventually

defined by «.
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If the final outcome of « is I, then one of the following is true:

0

2),

1. not every element of ¢ is in ran(g o gpeA

2. the algebra determined by ¢ does not satisfy the same relations as the algebra

0
determined by its preimage under g o goeAQ;

0
3. the size of one of the elements of ¢'is different from its preimage under g o gpeAQ.

If the final outcome of a is A, then Lemma 4.2 guarantees that there is some r
so that for all s > r with a C d,, the outcome of o is A, and a does not actively
diagonalize at any stage after r. Our construction then dictates that all approxima-

1

0
tions of goeAQ including and after r map a;, ., an infinite element of A, to by, ., a finite

0
element of B. Consequently, goeAQ is not an isomorphism. QED

4.2 Aj-categoricity in linear orderings

Notation Let A be a linear ordering.
i) The predicate S(x,y) denotes the successor relation; i.e., (A, S) =
S(x,y) iff AE (z<yAVz[(=(z <z <y)]).
i1) The predicate L~ (z) denotes that x has no immediate predecessor;
ie., (A, S L7) =L (z) iff (A,9) EVy(=S(y,2)) if AEVy <z3z(y <z<uz).
i71) The predicate L™ (x) denotes that = has no immediate successor.
(Throughout the remainder of this paper, the words “successor” and “predecessor”

are intended to mean “immediate successor” and “immediate predecessor,” respec-

tively.)
The main theorem of this section is

Theorem 4.5 Let A = (A, <a) be a AY-categorical linear ordering so that (A, S, L™, L)

is a computable structure. Then A = (A, <a) is a sum of finitely many intervals,
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each of type n, w, w*, Z, or n-n, so that each interval of type n-n has a supremum

and infimum.

The proof of this theorem is considerably more complicated than the one for

Boolean algebras, just as the arguments concerning relative AY-categoricity were.

4.2.1 Some propositions about the maximal discrete pieces

Proposition 4.6 Let A be a AS-categorical linear ordering so that (A, S, L=, L") is

a computable structure. Then all of the following conditions hold:

1. A has finitely many mazimal w-intervals and maximal w*-intervals.
2. A does not contain arbitrarily large maximal finite discrete intervals.

3. There exist intervals Iy, ... , I, so that A =Iy+ci+11+---+c¢, + 1, and
NO interval Iy, is of the form J, +7Z + Jy + 7Z + J3, where each J; contains an

element with either no successor or no predecessor.

Proof: Assume A does not satisfy one of the three conditions. We attempt to con-
struct a computable B = A so that there is no AY isomorphism between them.

We employ a tree construction with the same requirements and outcomes as those
in Theorem 4.1: R, says that goeAg is not an isomorphism between A and B; and the
outcomes are I (inactive) and A (active). At stage s, we define the approximations

0s and g,, and we fiz an ordering B, which orders the elements 0,1,... ,s—1in B.

Challenging pairs and candidate pairs
Consider a@ C 9, working on requirement R.. If & D A, the empty string, then it
receives from its predecessor node 3 the function gs s that it believes to be a correct

approximation of g, because all requirements R; with ¢ < e seem to be satisfied. Let
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d be the domain of gs,s With gﬂys(dﬁ) =C=0c<...<c¢;. Fora DA let ¢y be the
least element of A and c;j;; be the greatest element of A.

In each interval (c;,c;11), « searches for challenging pairs (a},a?) so that

177

(ci,al), (a},a?), and (a?,c;y1) each contains an element with either no successor or
no predecessor. (The assumption that A does not satisfy one of the conditions in
the statement of the theorem guarantees that o will always be able to find an in-
terval with such a pair.) The node « next includes a}, a? in the range of g, . The

12

pair (a;,a;) challenges the preimage under g, s © @e

0
AQ
177 ’

s of each of the three intervals
(ci,a}), (a},a?), (a?,ciy1) to contain an element with either no successor or no prede-

i i
cessor. If all challenges seem to be met at some later stage ¢t by candidate pairs,
then o attempts to change its approximation of g so that the image under g, o %Af
of one of the candidate pairs is a pair of elements in the same successor chain; we
thereby meet R..

The challenging pairs in this construction differ from those in Theorem 4.1 in
two ways. First, a node o may have multiple challenging pairs associated with it at
the same time. This feature is necessary because we cannot computably determine
which intervals of A have elements with no successor or no predecessor. The set of
challenging pairs associated with a node « (whether or not o« C d5) at stage s is
designated by ch, s. There is a bit of ambiguity in this notation, as the challenging
pairs associated with a node a may change during the stage s. However, an easy
convention should dispel any confusion: if we are currently working in stage s of the
construction, then ch, s denotes the set associated with a at the actual moment; if we

are working in a later stage t, or if we are describing some feature of the construction

as a whole, then ch, s represents the pairs associated with o at the end of s.
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Second, a node a never makes an incorrect guess about what is a challenging pair,
because we assume that the relations S, L*, L™ are all computable. Therefore, only

the initialization of a node « will remove a pair’s status as a challenging pair.

Relationships among nodes
Throughout the construction, a node a C 5 may initialize another node ~; i.e., if
v C & for some t < s, then « defines ch, ; = 0, and it cancels the approximation g;.

There will be two circumstances when a node will initialize another:

1. if « defines new challenging pairs at stage s, then « initializes each v with

a C 1y,

2. if & C 0, determines its outcome to be I, then « initializes all v with o (I) <p, ~.

(We will see that here, unlike in the proof of Theorem 4.1, a node will make no
incorrect decisions about how to diagonalize after it ceases to be initialized and has
defined all of its possible challenging pairs. Therefore, there is no need for the third
occasion of initialization given in Theorem 4.1.)

In turn, as « defines g, s, it must respect nodes o < a’(0). What exactly does

“respect” mean? Consider o <;, a"(0) and some stage t < s so that

1. 0 C oy
2. gi(v1,v9) = uq, ug; and
3. g: has not been canceled by stage s.

If at stage s, a defines g, s(v1, v2) = u}, ub, then as we decide the ordering B based on
a’s approximation of g, we may order a certain number of elements between v; and
vy. However, this ordering must allow for the possibility that at some later stage t/

with o C &y, gy (vi,v2) = uy, us. How can the construction ensure this compatibility?
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Assume that the interval (u}, u}) contains no more elements than the interval (uy, us).
Then at stage s we do not risk placing more elements between v; and v, than actually
exist between u; and uy. Consequently, at stage ¢/, dy can redefine gy (v, v9) = uq, us
and remain in agreement with the ordering By _; we have chosen. Again, we note the

significance of the <; relation in our priority construction.

Construction and supporting lemmas
Stage 0: For each o in the tree, chyo = 0. go =0. dy = \.
Stage s + 1: For each o in the tree, we define chy 511 = chys.

Of course, A C d5,1. Let o C 0441 be a node of length e. Let 3 be the predecessor
node of a, and let dom(gg s+1) = d with gasﬂ(d_j =C=0¢ <...<¢. (Ifa= A, then
there is no 3 and gg 11 = ().) For a 2 A, let ¢g be the least element of A and cjt1 be
the greatest element of A. If o has no associated challenging pairs, then it searches
until it finds a pair. Furthermore, if any interval (¢;, ;1) is without a challenging
pair associated with «, then « searches s 4 1 steps to see if the interval has a pair

(a},a?) to add to chg ei1-

Case I:  « finds a pair to add to chq s11-

The node « initializes all v with o« C v C ¢; for some t < s, and it chooses
outcome I. (Notice, in particular, that any approximation g; defined in part by « at
an earlier stage ¢ is canceled. However, of course, a does not define ch, 511 to be ().)
It must define g, 541 so that these challenging pairs are in the range. We may assume
by induction on the construction that d includes all elements which are in the domain
of an uncanceled approximation g; where t < s+ 1 and ; < . Let b be the set of
elements in By but not in the domain of g3 s;+1. Again, we may assume by induction

on the construction that gz s;+1 is compatible with the ordering Bs; therefore, o can
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extend gg s4+1 so that it includes b and e in the domain and all challenging pairs and
e in the range. Let b}, b? be such that g, 1(b7,07) = a;, a?.

19 71 1) 71

[[Summary: After redefining ch, 11, the node « restarts its work on the requirement

Re']]

Case II:  « finds no such challenging pair to add to chq s+1-

There is a stage t < s+ 1 so that

1. o C oy
2. «a defined a challenging pair at stage t;
3. « has not been initialized since stage t; and

4. chqsi1 = chay.

(Throughout the rest of this construction, we will refer to this particular ¢.)

We assume by induction on the construction that since o has not been initialized
since t, the portion of g, defined by nodes above « is the same as the portion of ¢,
defined by nodes above a. The node « defines g?w 41, its tentative version of gq si1,

to be the same as g, We now consider the following subcases.

Case Ila:  One of the following is true

5 0
1. An element of d is not in the range of cpﬁﬁﬂ, or for some 4, b}, b? is not in the

177

0 0 —
range of gpeAjH. (Otherwise, let ¢’, a}’,a?’ be such that @§§+1(5’) = d and

ARt

AO
906,§+1(azl ’, a? /) = bzlv sz)

2. The ordering of ¢ and the challenging pairs does not match the ordering of the

. . ’ AY
inverse images under g, ,. ;0 @, 2 ;.
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3. The size of some interval determined by ¢ and the challenging pairs does not

match the sizes of corresponding interval determined by their inverse images

/ A9
2
under ga,s-‘,—l © (pe,s—i—l‘

4. If t' < s+ 1 is the greatest stage so that o C &y, then our guess at the preimage

of d or b}, b? for some i under cpeAg has changed since t'.

177

5. For some i where (¢;, ¢;11) has a challenging pair, after enumerating the open

diagram of (A, S, L™, LT) for s+ 1 steps, one of the intervals (c},a}’), (a}’, a?’),

290 Y R Eat']

21 .
(ai',ci,,) appears to have only elements with successors and predecessors.

(Otherwise, the pairs (a}’,a?’) are candidate pairs.)

AR Ea

The outcome of ais I, and g4 511 = 9;,s+1-

[[Summary: If the approximation g?w 41 defined so far is part of the isomorphism g
itself, then %Ag doesn’t appear to be an isomorphism, because it does not seem total,
as in (1) and (4), or we can readily see that g, ., o goeAEH does not appear to be an

automorphism of A, as in (2), (3), and (5).]]

Case IIb:  Not Case IIa and both of the following are true:

1. there is a stage r with ¢ < r < s+ 1 so that " (A) C §,, and a"(A) has not

been initialized since r;

0 0
2. at stage r, a diagonalized against goeAQ by defining g, , so that ga,rowﬁﬁ (a}’ a?’)

A Iat'!

is a pair in the same successor chain.

The outcome of o remains A, and go s+1 = Go,r-

)

0

2

[[Summary: The node « has already successfully diagonalized against goeA at an

earlier stage, and nothing has injured this work.]|
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Case Ilc:  Neither Case IIa nor Case IIb

The node a attempts to perform the following diagonalization for each interval
(¢i, ¢iy1) containing a challenging pair. If there are intervals containing no challenging
pairs, then « simultaneously searches for challenging pairs in them. If it finds a
challenging pair in an interval without one before completing a diagonalization, then «a
adds it to ch, s+1 and enters Case L. If it completes a single one of the diagonalizations,
then the outcome of « is A.
Diagonalization: Let w be the greatest number so that t < w < s+ 1, a™(I) C J,,
and g, is uncanceled. Let dom(g,) = ¢ with g, (%) = @. By our construction, the
approximation g,, must extend g;’s 41

Let b be the set of elements in Bs but not in the domain of g,. By induction
on the construction, we can assume that g, is compatible with this ordering, and
a can define an extension of g, whose domain includes b. Let the image of b be
a. Throughout the diagonalization, o must leave fixed the mapping gs S+1(J§ = C.
However, o will attempt to alter the mapping of the rest of b}, b?, ¥/, b so that it meets
requirement R, while it respects g,,.

Note that, as in Theorem 4.1, the diagonalization follows closely the argument
for relativized AY-categoricity given in Proposition 3.11.

Recall that g/a s+1 18 a’s tentative contribution to gsi1, and for each challenging

pair (a},a?) a has defined g, . (b}, b?) = a},a?

79 Y 1771

2 17

7 ) Z

Furthermore, {(a!’,a?’) has met

the challenge, because ¢, §+1(a}’, a?’) = bl,b?, and each of the intervals (c},a}l’),
(aj’,a?"), (a7, ¢, ;) has an element with either no successor or no predecessor. The

L b?) = al”, a?” so that a”,a?” are in the same successor

goal is to define g, ¢11(b}, b2

2

chain, thus ensuring that ¢, * is not an isomorphism if ¢, j 41 1S a correct approxima-

0
tion of goeAQ.
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Let vy, ..., v, be the elements of v U b currently mapped to elements uy, ..., ug
in (¢;,¢ip1). Assume, without loss of generality, that the ordering of these elements
in A is of the form

<UL < < < ar < Uy < < Uy <A< Uy < v < U < Ciy
By the very definition of challenging pairs, there is an element x that has no successor

or no predecessor and thereby guarantees one of the following intervals is infinite:

1. (ci,ul);
2. (uj,u;4q1) for some j € {1,1 —1};
3. (u,a}).

Similarly, there is an element y that has no successor or no predecessor and thereby

guarantees that one of the following intervals is infinite:

L. (a?>um+1);
2. (uj,uj41), for some j € {m+1,...  k—1};
3. (Uk,Ci_H).

Find in (¢;, ¢i41) a successor chain of k + 2 elements so that to the left of this
chain there is an element 2’ in (¢;, ¢;11) with no successor or no predecessor, and
to the right of this chain there is an element y" in (¢;, ¢;11) with no successor or no
predecessor. (“To the right” and “to the left” are not intended to mean “directly to
the right” or “directly to the left.”)

Let 2" = min{z, 2’} and y” = max{y, y'}. Either ¢; or some u; is the left endpoint
of an interval guaranteed to be infinite by z”. For each u, up to and including this
endpoint, leave the mapping of v, as it is. Similarly, either ¢;; or some u; is the

right endpoint of an interval guaranteed to be infinite by 3”. For each u,, including
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and after this endpoint, leave the mapping of v, as it is. Thus we are left with a
sequence of r < k + 2 elements in the universe of .A. The node « defines g, s+1 so
as to remap the current preimages of these elements to appropriate elements in the
successor chain and finishes the definition of ¢, s4; by including e in the domain and
range. This concludes the diagonalization.

After each o C 0,41 has determined g, s41, we define gs11 = Uacs,, ) Ja,s+1 and

use it to define B, ;. This concludes the construction.

Lemma 4.7 For each s, 05 and By satisfy the following properties:

1. If B is the predecessor node of some o C ds, then ggs C Ga.s-

2. Let a”(0) C s, and let t < s be the greatest stage so that 6, < o (o).

If U is the set of all elements in the domain of g;, then U C dom(ga.s)-

3. Let o be a fized outcome, o (o) C ds,and t < s be the last stage with o (o) C ;.
If Gos # Gat, then every node v O a”(o) is initialized at some stage t' with

t<t <s.

4. Let o, U, and g; be as in (2). Then the intervals of the partition of A determined

by g:(V) are at least as large as those of the partition determined by g (7).
5. Bs extends Bs_1 as a finite ordering.

6. B is compatible with each g; not canceled by stage s.

Proof: We use induction on the stage s. For stage 0, (1) - (6) are trivially true.
Assume that (1) - (6) are true for stage s. We must show them true for stage s + 1.
We use induction on the length of the node @ C d511. The arguments for (1) - (4)

are essentially the same as those in Lemma 4.2.
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5) Since the algebra By, is determined entirely by g1, we need only verify that
for each o C 05, ga,s+1 is an order-preserving map between a subset of B, and A. If
a is in Case I, then the construction guarantees that g, s+1 respects By as it defines
Jas+1- 1f Case Ila or IIb, then g, s41 is part of an uncancelled g;. By induction
hypothesis on (6), g;, and hence g, 541 is compatible with Bg. Finally, if « is in Case
IIc, then the diagonalization ensures that g, 41 preserves the order of the elements
of B,.

6) Let t < s+ 1. If 6; C ds41, then by (3) either g; is canceled or gsi1 2 ¢;.
If 6511 <z Oy, then g, is canceled. If §; <p 541, then by (2) and (4) we know that
dom(g;) € dom(gsy1) and the intervals determined by gsy1(dom(g:)) are no larger
than those determined by g¢:(dom(g;)). Since the ordering of B,y is determined

entirely by gs11, the desired compatibility is guaranteed. QED
Lemma 4.8 There is a true path f with the following features
1. If a C f, then « is the left-most node of length |a| so that o C d for
infinitely many s.
2. If a C f, then « does not define challenging pairs infinitely often.

3. If a™(0) C f and S = {s: a"(0) C ds}, then liné}gmS = §o; i.€., there are
s€

t €S and a tuple d so that for all s € S with s > t, dom(ga.s) =

-

dom(ga.e) = dom(ga) = d, and ga,s(b) = gas(d) = ga(d).
4- If 9= Uoncy ga, then g : B= A.

Proof: We show (2) and (3) by simultaneous induction on the length of a C f.
Assume (2) and (3) are true for all 3 C «. Let ¢ be the least stage and b be the tuple

so that
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a) for all stages s > t, a <p, dg;
b) for all nodes § C v and all s > ¢, chgs = chg_1;

c) if B is the predecessor node of «, then ¢ and d witness that (3) is true for 3;
and

-

d) for each interval determined by gs(d) containing a challenging pair,  has found

such a pair by stage ¢.

First, we claim that « is not initialized at any stage s > t. A node can be initialized

at stage s for one of two reasons:

a) 05 <p «;

b) a node § C « defines a challenging pair at s.

However, neither of these can occur at a stage s > t, by the induction hypothesis.
Therefore, by the construction, for all s > t, chy s = chay. If &°(I) C f, then by the

construction g, = ga:. If @ (A) C f, then let » > ¢ be the first stage so that

a) a"(A) C 0., and a"(A) is not initialized after r;

17 a2’y at stage 7.

T 0

b) « performed a diagonalization on a candidate pair (a

By the construction, g, = ga,r-

The argument for (4) is the same as that given for (5) of Lemma 4.3. QED
Lemma 4.9 Fach requirement R, is satisfied.

Proof: Let @ C f be of length e . If e > 0, then let § be the predecessor node of «,

and let ¢ consist of the range of gz and all challenging pairs eventually defined by «.

60



If the final outcome of « is I, then one of the following is true:

0

2),

1. not every element of ¢ is in ran(g o gpeA

0
2. the ordering of ¢is not consistent with the ordering of its preimage under gogpeAQ;

3. the size of some interval determined by ¢ is different from its preimage under

go SOeAgQ
0
4. go gpeAQ maps an interval without candidate pairs to one with challenging pairs.

If the final outcome of « is A, then there is some r so that for all s > r with
a C s, the outcome of o is A. Our construction then dictates that all approximations
0
2

of goeA including and after » map a candidate pair to elements in the same successor

0
chain in B. Consequently, goeAQ is not an isomorphism. QED

Definition 4.10 A maximal Z-cluster is a maximal interval I of the form Z - C for

some linear ordering C.

Corollary 4.11 Let A be a AY-categorical linear ordering so that (A, S, L™, L") is

computable. Then A has finitely many mazimal Z-clusters.

Proof: Let ¢i,...,¢, partition A so that condition (iii) of Proposition 4.6 holds.
Each of the open intervals determined by the must contain at most three maximal

Z-clusters. Therefore, A contains less than 4n + 4 maximal Z-clusters. QED

Corollary 4.12 Let A be a AY-categorical linear ordering so that (A, S, L™, L") is
computable. Then there is an n so that A can be written as a finite sum of intervals

of the following forms:

1. m for some m <n;

2. maximal w-intervals, maximal w*-intervals;
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3. maximal Z-clusters;

4. mazimal intervals of the form Yqec, By, where each By < n.

Proof: Order the finitely many maximal w-intervals, maximal w*-intervals, and max-
imal Z-clusters in A. There remain finitely many intervals, each of which contains no
w-intervals, no w*-intervals, and no Z intervals. Furthermore, there is n so that all
maximal finite discrete intervals have order type < n. By Lemma 3.12, each of these
intervals is either finite or of the form m, + Xy, B, +ma, where 0 < my, my < n, and

each B, < n. QED
4.2.2 Linear orderings with intervals of the form >, B,

The propositions in this subsection are analogous to Proposition 3.14 and Proposi-
tion 3.18. The diagonalizations employed are relatively straightforward implementa-

tions of the strategies described in these two results, so only sketches are provided.

Proposition 4.13 Let A be a linear ordering so that (A, S, L™, L") is computable.

Let n be such that one of the following is true:

1. A has the form w + Xy, B, + 1, and for all ¢ € n, |By| < n;

2. A has the form w + Z-cluster +Xqc, B, + 1, and for all g € n, By < n.

Then A is not AY-categorical.

Sketch: We will discuss the proof for (2), as it is the more difficult case. The argu-
ment will involve a priority construction very much like the one in Proposition 4.6.
Differences will appear only in the details of candidate assignment and diagonaliza-
tion.

Consider a C 9, working on requirement R.. If « D A, the empty string, then

it receives from its predecessor node 3 the function gg s that it believes is a correct
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approximation of g. Let d be the domain of gs,s With gﬂys(dﬁ) =C=cy,...,c. For
a 2 A, let ¢g = the “0” of the w summand and ¢;;1 = the “0” to the right of the
Y qen By summand.

The node « first determines which interval (¢;, ¢;11) contains both elements from
the Z-cluster and from the ¥,¢, B, summand. This can be done computably, since,
given an element a, o can see if there is a successor chain of at least n + 1 elements
directly to the left of or to the right of a. The node o then determines if the preimage
of this interval under gg o <p£,§ has the same property. If so, then « includes in the
range of g, s a challenging element a; which is in the Y ¢, B, summand but not
in the same successor chain as ¢;;;. The node « determines if a;, the preimage of a;
under the function g, s © gpﬁg, is a true candidate element; i.e., if it has properties
analogous to those of a;. If so, then a changes its approximation of g so that the

0

image under g, s © @eAj of @ is in w or the Z-cluster. We thereby meet requirement

R.. QED

Corollary 4.14 Let A be a AY-categorical linear ordering so that (A, S, L™, L") is

computable. Then every maximal ¥y, B, interval has a supremum and an infimum.

Recall Definition 3.16 and Lemma 3.17, which are about linear orderings with inter-

vals of the form ¥,¢, B,.

Proposition 4.15 Let A be a AS-categorical linear ordering so that (A, S, L=, L")

is computable. Any maximal X4e, B, interval satisfies Property 1.

Sketch: We must show that an ordering satisfying Property 2 cannot be A2-categorical.
First, as in Proposition 3.18, let m; be the largest number for which there is an msy
as in Property 2. Define a partition of n so that for each m > m; and each open
interval J of n defined by the partition, either B, = m for all ¢ € J, or B, # m for

all g € J.
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There is an open interval J = (q1,¢2) (¢1 might be —oo, and ¢, might be 0o) of n
so that for all m > m, and all ¢ € J, B, # m, and X,c;B, satisfies Property 2 with

my and some other my. We will build a computable copy B and ¢ : B = A so that
1. for all a & ¥yes By, g(a) = a; and
2. there is no A3 isomorphism between B and A.

Again, the argument will involve a priority construction very much like the one
in Proposition 4.6, and differences will appear mainly in the details of candidate
assignment and diagonalization.

Consider a C 9, working on requirement R.. If @« D A, the empty string, then
it receives from its predecessor node 3 the function gg s that it believes is a correct
approximation of g. Let d be the domain of gs,s With gﬂys(dﬁ) =C=cy,...,c. For

a D )\, define ¢ as follows:

1. ¢o = the greatest element of By, if ¢; # —oc;
2. ¢y = the greatest bound of ¥,¢, B, in A if ¢; = —o0.

We define the element c;; similarly.

In each interval (c;, c;11), « searches for challenging pairs (a}, a?) where a} is in

a maximal successor chain of length m; but not in the same successor chain as ¢; or
civ1; and a? is in a maximal successor chain of length ms but not in the same successor
chain as ¢; or ¢;11. (The hypotheses on ¢, B, guarantee that a will always be able

to find an interval with such a pair.) The node « then includes a;, a? in the range of

2

17 27/
] i

a?’, the preimage of the pair a},a

AR Rl

Jas- The node o then determines if the pair a
0

under ¢, s © goeAj, is a true candidate pair; i.e., if it has analogous properties. If so,

0

then o attempts to change its approximation of g so that the image under g, o cpfj

of a?’ is an element in a maximal successor chain of length m;. We thereby meet R,.
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Corollary 4.16 Let A be a AY-categorical linear ordering so that (A, S, L™, L") is
computable. Then there isn € w so that A can be written as a finite sum of mazximal

intervals of the following forms:

1. m for some m <n;
2. m-n for some m < n;
3w, w*;

4. Z-clusters,

where each mazximal m - n interval has an infimum and a supremum.
4.2.3 Z-clusters

When we examined relativized AY-categoricity, we showed, in a single proposition,
that a relatively AS-categorical linear ordering could have only finitely many maximal
w,w*, Z intervals. There we were not concerned with computability issues in our
arguments; we merely needed to demonstrate the existence of certain tuples without
describing how to find them. Throughout our study of Aj-categoricity, however, such
computability concerns are central, because the copy B we produce via the priority
construction must be computable.

Each maximal w and w* interval has an element with either no successor or no
predecessor, so under the extra decidability assumptions on A, we can easily identify
certain infinite intervals. This property played a key role in the proof of Propo-
sition 4.6. A Z-cluster, of course, has no such element. Consequently, it may be
impossible to identify the infinite intervals computably, and thus it is harder to for-

mulate a diagonalization to prove that A has only finitely many Z-intervals.
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Proposition 4.17 Let A be a AY-categorical linear ordering so that (A, S, L=, L") is
computable. Then any Z-cluster contained in A actually contains only finitely many

Z-intervals.

The argument must be broken down into a few subpropositions, one of which will

require a slightly more complicated priority construction in its proof.

Proposition 4.18 Let A be a linear ordering so that (A, S, L™, L") is computable.
Furthermore, let A contain a maximal Z-cluster I of the form Z-C, where C is infinite

and discrete. Then A is not AY-categorical.

Proof: Since C is infinite and discrete, I must be a sum of the form ¢(Z - w) +
2[(Z-7)-D] + ¢3(Z-w*), where D is some linear ordering and each c is either 0 or 1.
Furthermore, if there is anything in A to the left of I, then by Corollary 4.16, either
I has an infimum, or [ is directly to the right of a maximal w-interval. Similarly, if
there is anything in A to the right of I, then either I has a supremum, or [ is directly

to the left of a maximal w*-interval.

Case I: ¢y = 0. Then A contains an interval K with endpoints of one of the following

forms:
a) 1+c(Z-w)+c3(Z-w*)+1;
b) 1+c(Z- w)+c3(Z - w*) + w
) wtc(Z- w)+c3(Z-w*) + 1,
d) wt+c(Z- w)+ c3(Z - w*) + w*.

In any case, we can construct A’, a computable copy of A, where K’, the image of

this interval K, is such that
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1. K’ contains infinitely many Z-intervals; and

2. for a,b € K’ we can computably decide if the interval (a,b) is infinite or finite.

We can show that A’, and hence A, is not AJ-categorical. The argument is almost ex-
actly like that given in Proposition 4.6, except that we replace searching for elements

with no successor or predecessor with searching for intervals which are infinite.

Case II: ¢y = 1. If the linear ordering D = 1 or 7, then we can argue that there
is A" and K’ with the properties i) and i) listed above. However, if the linear
ordering D has a successor pair, then A has an interval, with endpoints, of the type
w+ (Z-w)+(Z-w*)+w*. Hence, we can again argue for the existence of A’ and K.

Therefore, A is not AS-categorical.

Proposition 4.19 Let A be a AY-categorical linear ordering so that (A, S) is com-
putable, and let I = 7 -C be a maximal Z-cluster, where C is not discrete. Then A is

not AY-categorical.

Proof: This argument requires a bit more than the minor adjustments to Proposi-
tion 4.6 needed by Proposition 4.13 and 4.15. Therefore, we provide a more detailed
construction and a subsequent list of lemmas.

Of course, we attempt to construct a computable B 2 A so that there is no A9
isomorphism between them. We employ a tree construction where each node has
two outcomes, I (inactive) and A (active), with I < A. Nodes of length e work on
requirement R.. Finally, the construction must determine an isomorphism g : B = A.
At stage s we will define the approximations d5 and g, and the ordering B;.

First, without loss of generality, let J be a Z-interval in [ so that there is a Z-
interval in I to the right of J, but there is no next Z-interval to the right of it. We

fix ¢_o, some element in J, and ¢4, some element in I to the right of J. For all
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a € A— (C_,Co0), we define g(a) = a. Throughout the construction, we tacitly

assume that any tuple @ from A or b from B has elements only from (¢_so, ¢s0).

Challenging elements and initialization

Consider a C 9, working on requirement R,.. If @ D A, the empty string, then
it receives from its predecessor node (3 the function gz that it believes is a correct
approximation of g. Let d be the domain of gs.s With gg,s(d_') =Cc=c <...<gc. For
a2 A let g = c o and ¢j11 = .

The node a guesses at which is the first interval (¢;, ¢;11) to be infinite. (Thus,
Co,C1, .- ., ¢; are all in the same Z-interval.) In this interval « locates a challenging

element a, s so that (¢;, @ s) and (aq.s, ¢;i+1) both seem infinite. The node « includes

0

it in the range of g, 5. The element a, s challenges (¢}, ¢}, ), the preimage under gogoeAQ

of (i, ¢iy1), to contain an element a;, ; with the analogous property. If the challenge
seems to be met at stage ¢, then a changes its approximation so that the image under
Jat © gpﬁ% of a, , is in the same Z-interval as co; we thereby meet requirement R..
In the definition of challenging elements, this construction resembles Theorem 4.1
more than Proposition 4.6. First, at stage s, a will define at most a single chal-
lenging element in one interval, rather than challenging pairs in multiple intervals.
Second, « will make incorrect guesses as to which element has the above properties.
In Proposition 4.6, a could determine computably that an element had no successor
or no predecessor, and so it never mistakenly assigned pairs; any cancelling of a chal-
lenging pair was done by a node of higher priority. Here, however, a may incorrectly
guess the first element of ¢ to be in a Z-interval different from ¢y. Furthermore,
even when « eventually guesses the correct interval (¢;, ¢;11), it may incorrectly guess
that an element is a challenging element when it actually is in the same Z-interval
as either ¢; or ¢;11. Nevertheless, as in Theorem 4.1 both of these incorrect guesses

should introduce only finitely much injury, and a 0” construction still suffices.
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A node a C 4, may initialize another node v: if v C 9, for some t < s, then
a cancels the assignment of a,, and the approximation g;. There will be three

circumstances when a node will initialize another:

1. if a redefines its challenging element at stage s, then « initializes each v with

a C7;
2. if a determines its outcome to be I, then « initializes all v with o (I) <, 7;
3. if a diagonalizes against goeAg at stage s, then it initializes all v with o"(A4) C ~.

Construction and supporting lemmas

Stage 0: go = (. 6o = A. Assign no challenging elements.

Stage s + 1: Of course, A\ C ds41. Let a C ds41 be a node of length e. Let 3 be
the predecessor node, and let dom(ggs) = b, with gﬂys(dﬁ) =C=0¢ <...<g¢. (If
a = A, then there is no § and ggs11 = 0.) For a D A, let ¢y = c_ and ¢;j41 = ¢ a8
elements of A. As elements of B let dy = c_« and dj;; = cx. The node a searches

for the first interval (c¢;, ¢;+1), and the first element a, s+1 so that

1. after s + 1 steps of enumerating the diagram of (A, S), ¢;+1 appears to be in a

different Z-interval from cy;
2. Gas+1 € (Ciyciy1) appears to be in a Z-interval different from both ¢; and ¢;41;

3. in the course of this searching for a, s41, @ does not discover that c;;4 is in the

same interval as cg.

This element @, 541 is the challenging element for o at stage s + 1.

Case I: The node « has been initialized since its last active stage or has defined a

new challenging element since its last active stage.
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The node « initializes all v with o C « and chooses outcome [. It must include
@q s+1 10 the range of g, s11. We may assume by induction on the construction that
d includes all elements which are in the domain of an uncanceled approximation
g where t < s+ 1 and 6; <, «a. Let b be the set of elements in B, but not in
the domain of ggs41. Again, we may assume by induction on the construction that
93,541 is compatible with the ordering Bs; therefore, o can extend gg 41 so that it
includes b and e in the domain, and a, s+1 and e in the range. Let b, s11 be such that
ga,s+1(ba,s+1) = Qa,s+1-
[[Summary: After redefining a, s+1, the node « restarts its work on the requirement

Re'”

Case II: «a does not need to redefine its challenging pair.

There is a stage t < s+ 1 so that

1. a C iy

2. either a has been initialized since the previous stage r in which o C 4,., or the

definition of a,, changed during stage ¢;
3. a has not been initialized since stage t; and
4. Qa,s+1 = Aoty

(Throughout the rest of this construction, we will refer to this particular ¢.)

We assume by induction on the construction that since a has not been initialized
since t, the portion of g, defined by nodes above « is the same as the portion of g,
defined by nodes above a. The node « defines g;’s 41, its tentative version of gq 41,

to be the same as g, We now consider the following subcases.
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Case Ila:  One of the following is true:

> . . A9 .
1. An element of d or one of dy, dj1, ba,s+1 is DOt in the range of e at1- (Otherwise,
S ) / A = 7 AY /
let ¢, ¢, i1, a1’ be such that ¢ 7, (¢7) = d, Ye?(Ga,s11") = basy1, and

Ag / / —
we*(cps Chy1) = do, djs1.)
2. The ordering of ¢, ¢, ¢j11, @a 541 does not match that of ¢/, aq 11", g, -

3. The size of some interval determined by ¢, co, ¢j+1, and aq s4+1 does not match

the size of the corresponding interval determined by ¢’, ¢, ¢} 1, Gast1”-
4. If t' < s+1 is the greatest stage so that o C dy, then our guess at the preimage
— 0
of d or one of by sy1,do, d;j1 under gpeAQ has changed since t'.

(Otherwise, the element a, 1’ is a candidate element.)

The outcome of ais I, and go 511 = g/w“.

[[Summary: If the approximation g?w 41 defined so far is part of the isomorphism g
itself, then goeAg doesn’t appear to be an isomorphism, because it does not seem total,
as in (1) and (4), or gémﬂ o @§§+1 does not appear to be an automorphism of A, as

in (2) and (3).]]
Case IIb: Not Case Ila and all of the following are true:

1. there is a stage r with ¢ < r < s+ 1 so that " (A) C §,, and a"(A) has not

been initialized since r;
2. « performed a diagonalization on a candidate element (a,s+1)" at stage r;

3. if K is an interval determined by a, s+1 and elements in the range of higher
priority g, and during the diagonalization « guessed that K was infinite, then

a can find s + 1 elements in K and still guesses that K is infinite.
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The outcome of o remains A, and go s+1 = Ga,r-

[[Summary: The node « seems already to have diagonalized successfully against R,

at an earlier stage, and nothing has injured this work.]|

Case Ilc:  Neither Case I1a nor Case IIb

First, « initializes each node y with a"(A) C «. The node « attempts to perform
the following diagonalization on the candidate element a, 1. If it completes the
diagonalization, then the outcome of « is A.
Diagonalization: Let w be the greatest number so that t < w < s+ 1, a™(I) C J,,
and g, is uncanceled. Let dom(g, = v with ¢,,(U) = «@. By our construction, the
approximation g,, must extend g?w 41

Let b be the set of elements in Bs but not in the domain of g,. By induction
on the construction, we can assume that g, is compatible with this ordering, and
a can define an extension of g, whose domain includes b. Let the image of b be
a. Throughout the diagonalization, a must leave fixed the mapping gﬁﬁsﬂ(dﬁ) = C.
However, a will attempt to alter the mapping of the rest of U, l;, ba,s+1 0 that it meets
requirement R, while it respects g,,.

Recall that g;’s 41 is a’s tentative contribution to g,y1, and for the challenging
element a, s11, o has defined g;’s +1(bays+1) = Gas41. Furthermore, aq 41" seem-
ingly has met the challenge, because cpeAg(aa’Sﬂ ') = bas+1, and each of the intervals

(¢fyGa,541"); (Ga,s+1's ¢, ) appears to be infinite. The goal is to define go s41(ba,s41) =

0
2

. . . A9 .
Ao.s+1” S0 that ¢;,aq 11" are in the same Z-interval, thus ensuring that e is not
. .. A : . AY
an isomorphism if ¢, 2, ; is a correct approximation of e 2.
Let v, ..., v, be the elements of ¥ currently mapped to elements uq,... ,u; in

(¢iyciy1). Assume, without loss of generality, that the ordering of these elements in
A is of the form

Ci<uUp <...<U < Qa1 < U < .o < UK < Cigg.

72



In each of the following intervals, the node o attempts to find s 4+ 1 elements or to

determine that the interval is finite:

1. (aa,s-l-la ul-l—l);

2. (uj,uj4q1) for some j e {{+1,... k—1};

3. (Uk, Ci+1).

Let uj be the right endpoint of the leftmost interval in which « can locate s +
1 elements without discovering that it is finite. (There must be such an interval.
Otherwise «a discovers that (assi1,¢i+1) is finite, redefines its challenging element
and enters Case 1.) Let @” be the list of elements of @ U a@ which are in (c;, u}), and
@" the list of elements of @ U @ which are in [u}, ¢;y1).

For each element of «"; leave the mapping of the corresponding element of ' Ub as
it is. The node a then defines g, 541 so that for every element of ", the corresponding
element of U is now mapped to an element in the same Z-interval as ¢; (and hence,
as ¢p). Finally, o finishes the definition of g, 41 by including e in the domain and
range. This concludes the diagonalization.

After each o C 0441 has determined g, 11, we define g1 = Uacs,,  Ga,s+1 and

use it to define B,y1. This concludes the construction.
Lemma 4.20 For each s, 65 and B satisfy the following properties:

1. If B is the predecessor node of o C o5, then ggs C Ga,s-

2. Let a"(0) C ds, and let t < s be the greatest stage so that 6 <p a"(o). If U is

the set of all elements in the domain of g;, then T C dom(ga,.s)-

3. Let o be a fized outcome, a"(0) C ds, and t < s be the last stage with o (o) C d;.
If Gas # Gat, then every node v O (o) is initialized at some stage t' with

t<t <s.
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4. Let o, ¥, and g, be as in (2). If K is an interval determined by g,(d) and K' is

-

the corresponding interval determined by g, s(d), then |K| > min{|K’|, s}.
5. B, extends Bs_1.
6. Bs is compatible with each g; not canceled by stage s.

Proof: We again use induction on the stage s. For stage 0, (1) - (6) are trivially true.
Assume (1) - (6) are true for stage s. We must show them true for stage s + 1.

We use induction on the length of the node a C d0541. Assume that (1) - (4) are
true for all # C a. We must show them true for a.

The arguments for (1) - (4) are essentially the same as those in Lemma 4.2.

The argument for (5) is the same as in Lemma 4.7.

6) Let t < s+ 1. First, if 6; C d541, then by (3) either g; is canceled or
gs+1 2 g If 0511 <p Oy, then g is canceled. If 6 < ds41, then by (2) we know
that dom(g;) C dom(gs11). Furthermore, g; completely determines B;, and gs,; com-
pletely determines By, 1, and by (5), B; and By, are consistent. Consequently, we
know that the ordering of g;(dom(g;))and gs,1(dom(g;)) are the same. However, at
the end of stage s + 1, there may be other elements not in dom(g;) that are ordered
in Bsy1. Can g; be extended to an order-preserving map between Bg,; and A? In
short, are the intervals determined by g¢;(dom(g;)) big enough to accommodate the
images of the new elements of By, 17

For each interval K determined by g:(dom(g;)), let K’ be the corresponding in-
terval determined by g,y1(dom(g;)). For each such | K|, the construction guarantees
that |K| > min{|K'|,s + 1}. Since B,y is determined entirely by gs41, and only
0,...,s+ 1 are ordered in By, each interval K is big enough to accommodate the

images of all elements of B, 1. In short, the desired compatibility is guaranteed.

QED
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Lemma 4.21 There is a true path f with the following features:

1. If a C f, then « is the left-most node of length |a| so that o C d for

infinitely many s.
2. If o C f, then « does not define challenging pairs infinitely often.
3. If & (A) C f, then « does not actively diagonalize infinitely often.

4. If (o) C f and S = {s: a (o) C ds}, then ligglgw = go; i.€., there are
t €S and a tuple d so that for all s € S with s > t, dom(ga.s) =
dom(ga,t) = dom(ga) = CZ and ga,s(cz) = ga,t(Jj = ga(cf).

5. If g =Uucy Ga, then g: B= A.

Proof: We show (2) - (4) by simultaneous induction on the length of o C f. Assume

(2) - (4) are true for all § C a. Let ¢ be the least stage and d, &@be the tuples so that
a) for all stages s > t, a <p, 0g;
b) for all nodes § C avand all s > ¢, ags = ags—1;
c) if B°(A) C f, then 8 does not diagonalize after stage ¢ — 1;

d) if § is the predecessor node of a, then ¢ and d witness that (3) is true for 3,

-

and gs(d) = ¢ and

€) Got+1 18 in (¢, Cig1), Cig1 1 the least element of & not in the same Z-interval as

o, and aq 441 is not in the same Z-interval as either ¢; nor ¢;;.

First, we claim that « is not initialized at any stage s > t. A node can be initialized

at stage s for one of three reasons:
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a) a <p ds;
b) anode f C a redefines ag;

¢) anode 3°(A) C « actively diagonalizes at stage s.

However, none of these can occur at s > ¢, by the induction hypothesis. Therefore,
by the construction, for all s > ¢, aq s = @y If & (I) C f, then by the construction
Jo = Gat-

If «”(A) C f, let r >t be the first stage so that a"(A) C ¢, and for all s > r,
a(Iy & Recall that w < r is the greatest number so that t < w < s+ 1,
a(Iy C ¢, and g, is uncanceled by r; ¢ is the domain of g,; and ¢, (?) = @. Let
" > 1 be the first stage where a”(A) C d,+, and u} chosen by « is the right endpoint

of the leftmost infinite interval determined by a,, and the elements of @ between
Ao, and c;41. By the construction, g, = ga.-

The argument for (5) is the same as that given in Lemma 4.3. QED
Lemma 4.22 Fach requirement R, is satisfied.

Proof: Let a C f be of length e . If e > 0, then let § be the predecessor node of «,
and let ¢ consist of the range of gz and all challenging elements eventually defined by
.

If the final outcome of « is I, then one of the following is true:

0
1. not every element of ¢ is in ran(g o cpeA?);

0
2. the ordering of ¢is not consistent with the ordering of its preimage under goapeAQ;

3. the size of one of the intervals determined by ¢ is different from its preimage

A9
under g o @¢ °.
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If the final outcome of « is A, then there is some r so that for all s > r with

a C d,, the outcome of v is A, and a does not actively diagonalize at any stage after
0

r. Our construction then dictates that all approximations of gpeAQ including and after

r map ¢___ and a/

[e%9) a,r)

two elements not in the same Z-interval in A, to d and by,

0

2

two elements in the same Z-interval in B. Consequently, gpeA is not an isomorphism.

QED

4.3 Some open questions about Aj-categoricity

We pose a few questions about AY-categoricity, suggested by our results and the

works of others cited here:

1. Can the hypotheses about the effectiveness of one copy of our structure be
weakened? Can we produce examples to show what the weakest hypotheses

might be?

2. The extra hypotheses we formulated are implied if we have 2-decidability. Gon-
charov showed that the existence of a single 2-decidable copy of a structure is
enough to establish the equivalence of relativized and unrelativized computable

categoricity. What is true for the AY level?

3. What exactly is the relationship between 1-decidable computable categoricity
and AY-categoricity? (See Theorem 3.20.) Is the correspondence here an in-

stance of a more general result?

4. Ts there a general notion for A9-categoricity similar to Goncharov and Dzgoev’s

branching?

7



CHAPTER 5

PARTIAL RESULTS AS-CATEGORICITY

We discuss results which suggest that AJ-categoricity may be very difficult to charac-
terize for linear orderings and possible to characterize for Boolean algebras. In fact,

we characterize relativized AJ-categoricity for Boolean algebras.

5.1 Linear orderings

In every definition of categoricity and dimension we have given thus far, we have
assumed that our original structure A is computable. The definition of relative
computably categoricity and the syntactic characterization given in [4] actually apply

to structures that are not computable, and even to those with no computable copy.

Definition 5.1 A structure A is relatively A-categorical if for every B = A, there
is a A% (D(B), D(A)) isomorphism R PBEDA) g g,

Definition 5.2 A relatively computable ¥, formula for A, or X¢(D(A)) formula, is
a Y formula involving disjunctions and conjunctions over sets computably enumer-

able relative to D(A).

Definition 5.3 A relatively formally X° Scott family for A is a c.e. family of

Y2 (D(A)) formulas with the same two properties as in Definition 1.9.

Theorem 5.4 A structure A is relatively AL -categorical iff it has a relatively for-

mally 32 Scott family.
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When we proved that a linear ordering or Boolean algebra A with certain proper-
ties was not AY-categorical, we used neither the assumption that A was computable,
nor that the supposed Scott family had computable Y5 formulas. Rather, what we
really proved was that any 4 with these properties had no Scott family consisting
only of ¥y formulas. Similarly, when we proved that a linear ordering or boolean al-
gebra A of a certain isomorphism type had a formally ¥ Scott family, we never used
the assumption that it was a computable copy of this structure. Consequently, we
completely characterized the relatively AY-categorical linear orderings and Boolean
algebras under this new definition as well. It is simply the case that each of the
orderings in our class has a computable copy.

Using this more general definition of relativized computable categoricity, Knight

established the following result.

Theorem 5.5 1) For each subset S of w, there exists a relatively AS-categorical
linear ordering Ag so that Ag % Ar if S # T. Therefore, there are 2% different
relatively AS-categorical linear orderings.

2) For each properly 33 subset S of w, there exists a computable linear ordering Asg

so that

a) Ag is a shuffle sum of finite discrete linear orderings of size 2n + 1 for each

n € w, and 2n + 2 for eachn € S;
b) As is relatively AJ-categorical; and

c) Ag has no 2-decidable copy.

Proof: Part 1): Let S be an arbitrary subset of w. Construct for this set S the shuffle
sum Ag as described in Part 2) for a 3 set. First, if S # T, then Ag % Ar, because

if n e S —T, then As has a maximal successor chain of length 2n + 2, and Ay does

79



not. Furthermore, Ag has a formally ¥9 Scott family, because we can say all of the

following with finitary Y5 formulas:

1. two elements x; and x5 have an element between them with no successor;

2. the elements @y, ... ,x; are the mi{" ... mi" elements in a maximal successor

chain of length exactly n.

Part 2): We construct the linear ordering stage-wise: at the end of each stage t, we
define the finite linear ordering A;, and A = (J,., A:-

Let p be a A} enumeration of S. By the Limit Lemma there are there are a AJ
function f(k,s) so that lim, .., f(k,s) = p(k), and a A? function g(k,s,t) so that
limy o g(k, s,t) = f(k,s).

Each element that we include in the ordering at stage s will be part of a string of
elements designated as a chain. The idea is that we guess that elements in the same

chain at stage s actually comprise a maximal successor chain in the structure A we

build.

Construction
Stage t: Let the chains at the end of stage ¢t — 1 be listed ¢;, ... ,¢. (The chains are
considered to be listed by the order in which they are designated, not by their order
in A. Therefore, the chain ¢; at this stage is also the i** chain at any subsequent
stage; however, as we shall see, the exact elements in the chain ¢; may change in later
stages.)

For each k,s < t, compute g(k,s,t). For each k < ¢, find the least number s < ¢

so that
1. g(k,s,t) =n; and

2. the set Ssppe={r: s <r <tandforall ¢gwiths<gqg<r, gk,qt)=n}is

larger than S, k., for all u <.
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Denote this s by si:. (Note that s, always exists, because if n = g(k,t,t), then

Stnkt = {t}, and Sy, k. = 0 for all u < ¢ by definition.)

Case I: There is already a chain ¢;,7 < [, marked with (k, sg¢, n). For each such

chain, do the following:

1. if the chain is of length 2n + 2, then leave it alone;

2. if the chain is of length 2n + 3, then split the last element from the chain, to

make ¢; a chain of length 2n + 2 and to make a new chain ¢; of length 1.

Case II:  There is not a chain marked with (k, sy, n). Add a new chain ¢; of length

2n + 2 to the ordering and mark it with (k, sy, n).
For a chain ¢;,7 < [, with marking (k,r, m) do the following:

1. if r > sp4, then make ¢; a chain of length 2m + 3 (if it is not already so) by

adding a new element to the end of ¢;, and remove any markings;

2. if r = s+ and m # n, then make ¢; a chain of length 2m +3 (if it is not already

so) by adding a new element to the end of ¢;, and remove any markings;

3. if r < sp4, then make ¢; a chain of length 2m + 3 (if it is not already so) by

adding a new element to the end of ¢;, but do NOT remove any markings.

This concludes the work we do for each k& < t.
For each m < t, let a new chain of length of 2m + 1 be added to the ordering.
“Shuffle” the chains currently in the ordering; if a chain is marked with (k, sy, n),

then so is every copy of it added to the ordering. This concludes the construction of

Ay
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We note the following obvious but important facts about our construction:

1. If an element a is in chain ¢; at some stage ¢ and in ¢;, j # 7, at another stage

u > t, then:

(a) at stage t, the element a is the last element in ¢;, which has odd length at
this stage;
(b) and at some stage v < u the element a is removed from the marked chain

¢; to form the unmarked chain ¢; of length 1.

2. Chains never change or regain markings; i.e., if a chain ¢; is marked with (k, s, n)
at stage t, and this marking is removed at a stage u > t, then it is unmarked

at all stages v > u.

3. If a chain ¢; is unmarked at any stage u, then at the end of stage w it is a
chain of odd length 2m + 1; it remains unmarked forever; and, in A, it forms a

maximal discrete chain of length 2m + 1.

4. If an element «a is the last element in a chain ¢; of length 2m + 1 at some stage
u, then either a is the last element of a maximal discrete chain of length 2m +1

in A, or a has neither predecessor nor successor in A.

Lemma 5.6 Fiz k. By the limit lemma, there is a least number s so that f(k,r) =
p(k) for allr > s. This number s is also the least number so that s+ = s for infinitely

many t.

Proof: Let s be as stated, and let u > s, k be such that for all £ > u and all ¢ < s,
g(k,q,t) = f(k,q).

Let r < s. Therefore, r < s —1 < s and f(k,s — 1) # f(k,s). For all t > u,
g(k,r,t) = f(k,r), and S, ¢k ke € {r,... ,s—1}. Therefore, there must be a t’ > u

so that Sy k) ker| = [Sr i) kel for all t > ¢/, For all t > t/, s # 7.
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Assume that there is some ¢ > u so that for all ¢ > t', [Ss (k,s)k¢| = [Ss,f(k,s)k.t]-
But [Ss fes)ke| <t + 1 by definition. Let u' > wu,(s 4+t + 1) be such that for
all t > v and all ¢ with s < ¢ < (s+t' + 1), g(k,q,t) = f(k,q) = f(k,s). Then
g(k,s,t) = f(k,s) and Ss fe) b 2 {S,..., s+t + 1}, 50 |Ss fhs) k]| = (' +2),
a contradiction. Therefore, there are infinitely many stages ¢ at which g(k,s,t) =
f(k,s) and Sy p(k,s) ke is bigger than S, e sk, for all v < t. And so, by the definition
of si+ and the above paragraph, s is the least number for which there are infinitely

many stages t with s;; = s. QED

Lemma 5.7 An element a € A is in a mazimal discrete chain of length 2n + 2 iff

there are k, s, n, u, t and a chain ¢; so that

1. s is the least number for which f(k,r) = p(k) =n for all v > s;

2. t 1s a stage for which

(a) Spt=s;
(b) for allr < s and v >t, sg, #r;

(c) for allv>t,g(k,s,v)= f(k,s); and

3. at the end of some stage u > t, the chain ¢; has length at least 2n+2; the element

a is one of the first 2n + 2 elements in ¢;; and ¢; is marked with (k,s,n).

Proof: (=) Assume that a is in a maximal chain of length 2n + 2. The facts at the
end of the construction guarantee that there exist a chain ¢;, a stage u, and a mark
(k,s,n) so that the element a is one of the first 2n+2 elements in ¢;, and ¢; is marked
with (k,s,n) at all stages v > u.

If there is 7 < s so that at some stage v > u, r = s, then all marks (k, s, n)

are removed at stage v. Thus, ¢; becomes a chain of length 2n + 3 and its mark is
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removed at stage v; therefore, in A, a is in a maximal discrete chain of length 2n + 3,
a contradiction.

If there is a stage v’ > w so that sz, # s for all v > o/, then ¢; is chain of
length 2n + 3 at stage v/, and the last element is never “removed” from the chain.
Consequently, in A, a is in a maximal discrete chain of length 2n+ 3, a contradiction.
Thus, s is the least number so that s, = s for infinitely many v. By the previous
lemma, s is the least number so that f(k,r) = p(k) for all r > s. Therefore, there is
a stage t which satisfies condition 2, and we can, if necessary, redefine u to be greater
than or equal to t.

Finally, if n # p(k), then let v > u so that s, = s, and g(k, s,v) = f(k,s) =
p(k) # n. Then ¢;, which is marked with (k, s, n), becomes a chain of length 2n+3 (if
it is not so already), and its mark is removed. Consequently, in A, a is in a maximal
discrete chain of length 2n + 3, a contradiction. Therefore, n = p(k).

(<) Assume there are k, s, n, u, t, and ¢; satisfying the above conditions for a € A.
By the construction, ¢; cannot lose its marking after stage u. By the previous lemma,
there is ¢ > w with s,y = s; at this stage, the chain ¢; = a1 < -+ < ag,41, and
one of these elements is a. At later stages, we possibly add elements only to the end
of this chain, not to the beginning or between elements, and we “shuffle” chains at
the end of every stage. Therefore, a; definitely has no immediate predecessor, and
a;.1 is the direct successor of a; for i = 1,...,2n. And so, we need only verify that
(2,42 has no immediate successor. If b > ag,.o is in another chain some stage, then
certainly it is not an immediate successor, because we never combine chains in our
construction, and we shuffle chains at the end of every stage. If b > ag, 2 is in the
same chain at some stage v’ > ¢/, then at the first stage t” > «' in which s = s,
this element b is removed from the chain with ag,; and placed in a chain of length

1. QED
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We are now ready to finish our proof. Assume that n € S. Then there are k, s, n,t

so that

1. s is the least number for which f(k,r) = p(k) =n for all r > s; and

2. t is a stage for which

(a) skt =-s;
(b) for all r < s and v > ¢, sg, # 1}

(c) for all v > ¢, g(k, s,v) = f(k,s).

At the end of this stage ¢, we define a chain ¢; of exactly 2n 4+ 2 and mark it with
(k,s,n). By the previous lemma and its proof, we know that this chain is, in A4, a
maximal discrete chain of length 2n + 2.

By condition 1 of the previous lemma and the properties of the functions f(k,r)
and p(k), if there is a maximal discrete chain of length 2n 4 2 in A, then n € S.

The actions performed at the end of each stage guarantee that there are maximal
discrete chains of every odd length and that A is indeed a shuffle sum of the desired
discrete chains.

Finally, we note that A has no 2-decidable copy. If it did, then we could com-
putably list the elements of S, since we could determine the exact length of any

maximal finite chain in A. Of course, this is a contradiction if S is a properly 39 set.

QED

The first part of this theorem shows that the relativized and unrelativized A$-
categorical linear orderings comprise two very different classes. The second part
suggests that perhaps the task of characterizing the AJ-categorical linear orderings

will prove extremely difficult, perhaps impossible.
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In addition, the second part reveals that AJ-categoricity and computable cat-
egoricity of 2-decidable linear orderings do not define the same class of orderings.
Therefore, there is not, in general, a correspondence between the AY 41-categorical
linear orderings and the n-decidable computably categorical linear orderings, as The-

orem 3.20 and Theorem 4.5 might have suggested.

5.2 Boolean algebras

Recall the definition of A/ ~ given in Definition 3.6.

Definition 5.8 A Boolean algebra A is rank 1 iff A/ ~ is a nontrivial atomless

Boolean algebra.

Definition 5.9 A Boolean algebra A is atomic iff for each a € A, there is an atom

b <a.

Proposition 5.10 Any countable rank 1 atomic Boolean algebra is isomorphic to
I1(2-n).

Proof: Let A be a rank 1 atomic Boolean algebra, and let B = 1(2-7). Let py(04) =
0p, and po(14) = 15. Assume p, is given and isomorphically maps a finite subalgebra
A, onto a finite subalgebra B,, so that p,, preserves the size of elements. Let one of the
atoms a of A,, be split to obtain a new finite subalgebra whose atoms include ay, as,
where a; U ay = a. Because a and p,(a) have the same size, and any infinite element
of A or B has infinitely many atoms and can be split into two infinite elements, we
can easily find by, by so that by U by = p,(a), by has the same size as a;, and by has

the same size as ay. The “back” argument works in precisely the same way. QED

Proposition 5.11 Let A be a countable Boolean algebra so that

1. A has infinitely many atoms, but cannot be split into 2 algebras each having

infinitely many atoms; and
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2. any element a € A bounding infinitely many atoms must bound an atomless

element, as well.

Then A is isomorphic to I(w + 7).

Proof: Let A have the above properties, and let B = I(w + 7). Let py(04) = 0g, and
po(14) = 1g. Assume p, is given and isomorphically maps a finite subalgebra A,, onto
a finite subalgebra B, so that p, preserves the size of elements and the number of
atoms bound by elements. Let one of the atoms a of A,, be split to obtain a new finite
subalgebra whose atoms include aq, as, where a; U as = a. If a is finite or contains
only finitely many atoms, then we can easily find images by, by so that by Uby = p,(a),
and each b; matches a; both in size and number of atoms. If a contains infinitely
many atoms, then exactly one of ai,as does; assume that it is a;. If as is finite or
infinite, we can find images by, by so that so that by Ubs = p,(a) and each b; matches

a; both in size and number of atoms. The “back” argument works the same way.

QED

Theorem 5.12 Let A be a Boolean algebra which can be expressed as a direct sum
of finitely many algebras of the following form: 1) an atom; 2) an atomless element;
3) a 1-atom; 4) a rank 1 atomic element; 5) an element isomorphic to the interval

algebra I(w+mn). Then A has a formally X5 Scott family, and hence is AS-categorical.

Proof: If the summands are all either atomless or atoms, then it is A%-categorical by
Goncharov. If A has summands of type 3), 4), or 5), then absorb all of the atoms
into one of these, so we write A =c¢; V -+ V ¢,, where each ¢; is of type 2) - 5). Let
¢ consist of the summands of the type listed above. Let @ = ay,... ,a; € A, and let
b1, ..., by the atoms in the formal finite subalgebra generated by @. (Some of the
b;’s might equal 0.) For each by and each ¢;, we construct the following formulas:

1) If ¢; is atomless or a 1-atom, then 6% (yy, ¢;) is constructed as in Chapter 3.
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2) If ¢; is a rank 1 atomic element, then «92”“ (yk, ¢;) is constructed to say that y, Ne; is
finite of size n, or cofinite in ¢; with complement of size n, or infinite and coinfinite
in ¢;, depending on what is true of b,. As we have seen, there is a finitary s formula
0, (x) saying that x is of size n. Therefore, the formula /{\, .y =0, (z) is a II§ formula

which expresses that z is infinite.

3) If ¢; is an element isomorphic to the interval algebra I(w + 7), then 6% (yi, ¢;)
is constructed to say that y, N ¢; is finite of size n; contains all but n atoms of ¢;,
but is not cofinite in ¢;; is sum of n atoms and an atomless element; or is cofinite
in ¢;, depending on what is true of b;. First, we note that the formula which says
“z is an atom” is finitary II;. Therefore, the formula v,(z) = 321 - 32, (M\,=1 .
“Zm 1s an atom” Az, < ¢; Az, £ x) is a finitary >y formula expressing that there
are n atoms of ¢; not contained in x. Consequently, v,(x) A =y,41(x) is equivalent
to a finitary X3 formula which expresses that x contains all but n of the atoms of
¢;. By our argument in 2) above, there is a II§ which expresses that z is coinfinite
in ¢;. Finally, the formula p(z) = Yw(w £ z V Ju(v < w)) is a finitary Il formula

expressing that z is atomless. Consequently, 321 - - - Iz, 11 (/X\ “zm 18 an atom”

m#n+1
A “zpy1 is atomless” Az U ... U z,y1 = x is a finitary X3 formula which expresses
that x is a join of n atoms and an atomless piece.

For a tuple of variables ¥ = x1,... ,xj, let ¥ = y1,...,y2 be the terms in the
formal finite subalgebra determined by 7. Let va(7,¢) = Mici. 2y RN
Of course, A | 1z(d,¢). Furthermore, if for some a’, A | z(d’,c), then we
immediately have (A,d, @) = (A,d’,c¢). Consequently, {¢z|d € A} is a c.e. Scott

family of 2§ formulas. QED

Lemma 5.13 Let A be a Boolean algebra. Suppose that for each ¢, we can find an
element a, bound by of one of the atoms c of the subalgebra determined by ¢, so that

the following is true:
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Let u be given. Consider the subalgebra determined by a,u,c; let aq, ... , oy
be the atoms whose union is a, and let By, ... , B, be the atoms whose union

is ¢ —a. Then we can find of, ... al, B, ..., 0 so that

1. if oy bounds finitely many atoms, then o bounds the same number of atoms;

same for B;;
2. «; is finite iff o is;
3. afU---Ua, UG UBL =c; and
4. ifd = U...Ual, then (A, a,0) ¥ (A, d, Q).
Then A has no formally 33 Scott family.

Proof: In order to show that A has no formally X9 Scott family, we fix ¢. Then we
must show that there is an @ so that

/ /

— —/
7u 7v

Vi 3a' u'Vu'Iv(each atom of the finite subalgebra determined by @ ,C is at

least as large as the corresponding atom of @, @, 7, ¢, but (A, a,c) % (A,d,0)).

Fix ¢, and let a be as in the hypothesis of the lemma. Then if @ is given, let
... ah, B, ..., B, be as in the hypothesis, and define o/, @" accordingly. Let ¢’
be given, and consider the finite subalgebra determined by o, ... ,al,, 31, ... , B, 0"

Assume o =, U---UJ.

m;?

where the ¢’ elements are atoms of the subalgebra. If
we consider only the 6}, elements which are finite, then we conclude that «; must
bound at least as many atoms of A as compose the §;; elements, and we define
di1, - -+ » Oin, accordingly. We make the same argument and construction for any /.
We can then define ¢ based on the designation of these atoms of the finite subalgebra.
Consequently, each atom of the subalgebra determined by o', @', ¥/, C'is at least as large

as the corresponding atom in the subalgebra determined by a, @, v, ¢. However, the
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hypothesis guarantees that (A,a,é) % (A,d,é). So A has no formally 3 Scott

family. QED

Proposition 5.14 Let A be a Boolean algebra. If A has infinitely many disjoint

1-atoms, then it has no formally X3 Scott family.

Proof: Let ¢ be given. One of the atoms c of the subalgebra determined by ¢ must
bound infinitely many disjoint 1-atoms. Let a be one of these 1-atoms. For any u as
in the statement of Lemma 5.13, exactly one of the «; bounds infinitely many atoms.
Let o be a union of two 1-atoms contained in ¢. We can define o’ and ' elements

to satisfy the hypotheses of Lemma 5.13. QED

Proposition 5.15 Let A be a Boolean algebra. Suppose that for any ¢, there is an

atom c of the finite subalgebra determined by ¢ so that ¢ bounds an element a where

1. a bounds infinitely many atoms and an atomless element; and

2. ¢ — a bounds infinitely many atoms and an atomless element.
Then A has no formally 33 Scott family.

Proof: Fix ¢, and consider a as the hypothesis. Let «# be given, and consider
a1y ..y Qp, B1,..., Bm as in Lemma 5.13. Define each o/ to bound finitely many
atoms, and an atomless element if «; is infinite. Find 3; which bounds infinitely
many atoms. For k # j, define (3, to bound finitely many atoms, and an atomless
element if Gy is infinite. Let 3; = ¢ — (U;<;<,, @ U U;2. B;)- So for each ¢, there is

an a as in Lemma 5.13. QED

Proposition 5.16 Let A be a countable Boolean algebra. If A has a rank 1 atomic
element but no mazimal rank 1 atomic element, then A has no formally X3 Scott

family.
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Proof: Let ¢ be the tuple of the Scott family. Assume, without loss of generality,
that ¢ includes all of the disjoint 1-atoms of A in the following sense: if d is a 1-
atom of A, then it is equal to one of the elements of ¢ up to a finite difference.
(By Proposition 5.14 there can be only finitely many disjoint 1-atoms in .A4.) Thus,
every atom of the finite subalgebra determined by ¢ must satisfy one of the following

conditions:
1. it is bound by one of the 1-atoms of ¢;
2. it is finite;
3. it is rank 1.

Otherwise, an infinite atom ¢, disjoint from of all of the 1-atoms of A, bounds a b so
that [b] is an atom of A/ ~. By definition, b is a 1-atom, a contradiction.

If one of the atoms bounds a rank 1 atomic element and an atomless element, then
by Proposition 5.15, ¢ is not the tuple in a formally 33 Scott family. Consequently,
any atom of the subalgebra bounding a rank 1 atomic element is itself rank 1 atomic.
The union of all such rank 1 atomic elements of A is a maximal rank 1 atomic element.

QED

Theorem 5.17 Let A be a countable Boolean algebra with a formally X3 Scott family.
Then A can be expressed as a direct sum of finitely many algebras of the following

form: 1)finite; 2) atomless; 3) 1-atoms; 4) rank 1 atomic; 5) I(w +n).

Proof: Let ¢ be the tuple of the Scott family. Assume, without loss of generality,
that ¢ includes all of the 1-atoms of A and the maximal rank 1 atomic element, if it
exists. Every atom of the finite subalgebra determined by ¢ must satisfy one of the

following conditions:

1. it is bound by one of the 1-atoms or the maximal rank 1 atomic element;
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2. it is finite;
3. it is rank 1 but bounds no rank 1 atomic element.

Any atom c satisfying 3) must bound either finitely many atoms or infinitely many.
If finitely many, then we are done. If ¢ bounds infinitely many, then any d < ¢ which
bounds infinitely many atoms must also bound an atomless element; otherwise, d
is rank 1 atomic, a contradiction. If ¢ can be split into two disjoint elements each
bounding infinitely many atoms, then by the previous statement, each one of these
elements bounds infinitely many atoms and an atomless element. By Proposition 5.15,
¢ cannot be the tuple in a formally X3 Scott family. Consequently, ¢ cannot be split
into two such elements, each having infinitely many atoms. By Proposition 5.11, each

such ¢ is an algebra isomorphic to I(w + 7). QED
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