ON THE DEFINABILITY OF THE DOUBLE JUMP IN THE
COMPUTABLY ENUMERABLE SETS

PETER A. CHOLAK AND LEO A. HARRINGTON

ABSTRACT. We show that the double jump is definable in the computably
enumerable sets. Our main result is as follows: Let € = {a : a is the
Turing degree of a Eg set J >7 0”}. Let D C € such that P is upward
closed in C. Then there is an L(A) property 95 (A) such that F” € D
iff there is an A where A =7 F and ¢p(A). A corollary of this is
that, for all n > 2, the high,, (low,) computably enumerable degrees are
invariant in the computably enumerable sets. Our work resolves Martin’s
Invariance Conjecture.

1. INTRODUCTION

We will work in the computably enumerable sets. The language is just
inclusion, €. This structure is called &. Our notation and definitions are
standard and follow Soare [16]. As a safety measure all sets will be com-
putably enumerable noncomputable sets and all degrees will be computably
enumerable and noncomputable, unless otherwise noted.

We say a class D of computably enumerable degrees is invariant if there
is a class 4 of computably enumerable sets such that d € D implies there
isaWin 4 and d, W € 4 implies deg(W) € D and 4 is closed under
automorphic images.

1.1. The Martin’s Invariance Conjecture. A coinfinite set M € & is
maximal if for all W € & either W C* M or WU M =* w. A set
A € §& is atomless if A has no maximal superset. Martin [12] showed
that the degrees of maximal sets are exactly the high degrees. Lachlan [9]
and Shoenfield [ 4] showed that the degrees of atomless sets are exactly the
non-low, degrees. So the high degrees and the non-low, degrees are invari-
ant. In addition, Ly = 0 and Ly = R — 0 are invariant; use the computable
sets and noncomputable sets, respectively. These results and Martin’s work
on projective determinacy led Martin to conjecture in the late 1960’s:
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Conjecture 1.1 (Martin’s Original Invariance Conjecture). Among all non-
trivial degree classes the invariant classes are exactly Han—1 and Lay.

The alternation of every odd H;, and even L, was inspired by the above-
mentioned results of Martin and Shoenfield and the behavior of projective
determinacy. As more was known the conjecture was modified slightly.
Lerman and Soare [ | 0] showed that the d-simple sets form a definable class
which splits the low degrees. So at this time the conjecture was restricted
to the jump classes Hy, and Ly, for n > 0, and their complements.

Conjecture 1.2 (Martin’s Invariance Conjecture). Among jump classes Hy
and Ly, for n > 0, and their complements, the invariant classes are exactly
Hj, 1 and Lay,.

The conjecture was never published; the only published version can be
found in Harrington and Soare [7].

1.2. Work related to Martin’s Conjecture. The conjecture divides into
two types of jump classes: the upward closed jump classes, Hy and Ly,
for all n, and the downward closed jump classes, Ly and H,,, for all n. The
conjecture implies that no downward closed jump classes are invariant. This
was verified earlier. Cholak [2] and, independently, Harrington and Soare
[2] showed that every noncomputable set is automorphic to a high set. So
the only invariant jump classes must be upward closed.

Harrington, in unpublished work, showed that the property of being cre-
ative is elementary definable in &. Hence, Hy is invariant. Harrington and
Soare [8] showed that every prompt set is automorphic to a complete set
and hence Hj is non-invariant. Maass et al. [11] showed that there is a de-
finable class of sets which splits all jump classes. Hence no one orbit can
positively answer the conjecture for any of the remaining classes. Also,
Harrington and Soare [6] have shown that L is not invariant [see 7, Corol-
lary 4.4] , further suggesting the Martin’s conjecture is correct. They prove
this by showing there is a properly low, degree d such that if A <7 d then
there is a low B such that A and B are automorphic. (Note the similarities
between this and Conjecture 1.6.)

1.3. Our work. The culmination of our work is the following theorem and
corollaries which show that in some sense the double jump can be encoded
into & and as a result resolves the Martin’s conjecture; it is not true.

Theorem 8.5. Let C = {a : a is the Turing degree of a Eg set J >7 0"},
Let D < C such that D is upward closed in C. Then there is an L(A)
property 9o (A) such that

(Vee. F)[F" € D < (JA)[ppn(A) and A =7 F]].
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The L(A) property ¢p(A) is defined in Definition 8.4. The theorem
gives us some very nice corollaries.

Corollary 1.3. For all n > 2, the high, (low,) computably enumerable
degrees are invariant.

Proof. Let D = {a : a is the Turing degree of the double jump of some
high,, (low,) degree}. So o (A) iff A is high,, (low,). ]

Corollary 1.4. Let ¥ be a class of computably enumerable degrees such
thatifa € ¥ anda” <r b” thenb € . Then ¥ is invariant.

Proof. Let D = {a” :a € F}. O

Recall that we say A >~ B iff there is an automorphism & of & such that
®(A) = B.

Corollary 1.5. Ifa” > b” then there is an A € a such that for all B € b,
A % B (in fact, £(A) & £(B)).

Proof. Let D = {d” : d >7 a}. Now there is an A € a such that g5 (A). If
B € b then —¢p(B). So A and B cannot have isomorphic £’s. ]

1.4. Some questions. More or less we have shown that the double jump
can be encoded into &. But what about the single jump? We conjecture
that this cannot be done. The following conjecture is the strongest possi-
ble negation of encoding the single jump in the above fashion (see Corol-
lary 1.4) and is a generalization of the result of Harrington and Soare that
L; is noninvariant.

Conjecture 1.6. Ler J be c.e. in and above 0”. There are degrees a and b
such thata’ # b, a” =b"” = J and, for all A <t a, there is a B such that
B <rband A ~ B.

The following theorems provide some evidence for the above conjecture.

Theorem 1.7 (Cholak [2]). For all A and for all Hy degrees h there is a
B € h such that L*(A) = L*(B).

Recently Harrington has announced a generalization of the above theo-
rem:

Theorem 1.8 (Harrington). For all A and degrees d if A’ <p d’ there is a
B € d such that £L*(A) = L*(B).

Since the coding is naturally upwardly closed (see the paragraph af-
ter Definition 8.4), the above conjecture suggests that Theorem 8.5 is the
strongest possible theorem along these lines.
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1.5. The encoding. Our work relies on a new definable encoding. The
actual details of this encoding are slightly complex. These details and some
theorems concerning this encoding will appear in the next few sections.

There is another application of this encoding and certainly there will be
more. In our other application, we showed that if A and B are automorphic
(in &) via @ then isomorphism between the splits of A modulo the com-
putable subsets of A and the splits of B modulo the computable subsets of
B induced by @ is Ag. This result will appear in Cholak and Harrington
[3]. We will not discuss this result concerning automorphisms further here
but direct the reader to Cholak and Harrington [4] for an old announcement
of some of our current results which use this new definable encoding.

The encoding relies on the existence of 1nﬁn1tely many of what we call
speczal £L-patterns P; and formulas ¢ (A, U B S) (where L = {0, 1, 2, 3},
Uis a4- -tuple and Bis an n-tuple for some n determined by ). What is
important about g (A, U , B, C) is that it is a statement in the language
L = {C} (in factitis an L (A)-property), it is Eg and it is invariant under au-
tomorphisms og & (so Lf ® is an automorphism of & then g » (A, U , B, C)iff
pp(P(A), DU), D(B), P(C))). In Section 3, we will define the patterns
P;, define what pp,(A, U , B, C) means, and provide several examples.

Fix U. Informally, we say A realizes $; (A might be ¢J) if for all B
there is a C such that ¢, (A, U , B , C) and C is not computable modulo
A (see Section 3.5 for a definition). In other applications of the coding
the last condition on C, “C is not computable modulo A”, can and will be
changed. The condition on C for the application concerning automorphisms
is discussed in Cholak and Harrington [4] and, of course, will appear in
Cholak and Harrington [3]. In both cases, there is uniformly a universal B
1e., a B such that 1f op(A, U Be, C) holds for some C then A reahzes
(where e codes A, U and 2, #;). Theorem 4.1 implies that a universal B exists
for this application of the encoding. R

The key idea is that it is possible to construct sets (mainly U) to realize
certain chosen &;’s while avoiding the realization of the other #;’s. This
idea is at the technical heart of our results. In Theorem 5.1 we isolate this
idea. We carefully chose our patterns such that this theorem would hold.
These theorems, in turn, are used to prove Theorem 6.7 which is a technical
theorem at the heart of the coding of the double jump.

We feel that this encoding has great potential. In this paper, we have only
mentioned our two recent applications. But surely there will be others. For
example, one potential application of the encoding is to use it to show the
3v3 theory of &* is undecidable.
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We were not the first to develop methods for coding in &. Harrington
developed various coding methods in & to show that the theory of & is un-
decidable and has degree 0@ (see [1]). This has been further developed in
Harrington and Nies [5]. The culmination of these earlier methods of cod-
ing in & is Harrington’s Ideal Definability Theorem which says that every
E,?—ideal of 8% (A) is uniformly (in k) definable, where k is odd and greater
than 1. The fact that the theorem is uniform allows us to quantify over the
Eg—ideals for any k. Informally to use this theorem, one constructs a set A
and various definable ideals and then quantifying over the E,?—ideals allows
us to encode the desired structure.

Our current encoding is simpler to decoding than the previous encoding.
More or less, it can be decoded at the Eg‘ level. Hence we should be able
to use it to get sharper results. Our current encoding follows naturally (to
those familiar with automorphisms of &) from how balls move and flow in
the construction of automorphisms of &.

2. THE PLAYERS

2.1. An automorphism construction. As we claimed above, our encod-
ing follows naturally (to those familiar with automorphisms of &) from how
balls move and flow in the construction of automorphisms of &. So we need
to start with a very informal description of an automorphism construction.
For a complete description of the Ag—automorphism machinery, in the no-
tation we will be using, we will send the reader to Harrington and Soare
[8].

In a random automorphism construction, the goal might be to show two
computably enumerable sets, A and B, are automorphic. We think of there
being two players, RED and BLUE. All of the computably enumerable sets
involved have their enumeration controlled by either RED (we say RED
plays these sets) or BLUE. RED plays A and depending on the construction
may play B.

BLUE’s goal is to build an automorphism taking A to B. RED wins
if there is no such automorphism. Of course, RED wins iff there is an
L, formula ¢ (X) (using just = and C, the language of &) such that ¢ (A)
and —¢(B). So we say BLUE is the automorphism player and RED is the
definability player. We might have called an automorphism result a BLUE
result and ask the readers to identify with the BLUE player while reading
about this automorphism result. Similarly we would call a result showing
two sets have a definable difference a RED result and ask the readers of this
result to identify with RED.

In an automorphism construction, balls (elements of w) start in some
state and then may or may not move into many different states and so on.
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For a ball x to move into another state means that x has entered one of the
sets being played by BLUE or RED. So we think of the movement of balls
into states as being controlled by BLUE and RED. (Of course, in the actual
construction this action is localized at a node on the tree.)

There are many different types of moves available to BLUE and RED.
For example, one move is for RED to empty out a state v; every ball x that
enters v enters another RED set and hence leaves v. Of course, there is a
similar move for BLUE. All RED moves have a dual BLUE and similarly
for BLUE.

2.2. The players in this construction. The supposed roles of BLUE and
RED will be different in this construction than in previous constructions.
As in previous constructions RED and BLUE will control the enumeration
of some computably enumerable sets. The sets that BLUE and RED control
will be formalized in the patterns. In each pattern BLUE will control some
sets and RED some sets. Unlike previous constructions, BLUE moves do
not have a RED dual and similarly for RED (this will become clear in Sec-
tion 3.1.) In addition, not all the computably enumerable sets involved in a
random pattern will be controlled by either BLUE or RED.

There is another player who among other things controls the enumera-
tion of some of the computably enumerable sets involved in a pattern. In
previous constructions the authors might have asked the readers to identify
with either BLUE or RED; here we do not. Here we ask the reader (and
the authors) to identify with this third player. We might think of this third
player as us — the readers and the authors.

To us the players RED and BLUE are just pawns. We will play the sets
which are not played by BLUE or RED. We also have the option of taking
over in any pattern the sets played by BLUE or the sets played by RED.
That is, we can side with BLUE or RED if desired. In any one pattern if
we take over the sets played by BLUE, we cannot take over the sets played
by RED in that same pattern and similarly if we take over the RED sets, we
cannot also take over the BLUE sets. But we might take over the BLUE
sets in one pattern and the RED sets in another pattern. We will be careful
to point out the roles of the players in each of our settings.

The issue of the players becomes particularly critical in the middle of the
proof of Theorem 5.1. As a result in the middle of the proof of Theorem 5.1
we will take a quick break and reflect upon the roles of our players in this
particular situation. So for more see Section 5.1.5.

3. THE PATTERNS

3.1. An informal example. We will start with an informal example which
we will later make formal and generalize. Throughout this paper, we will
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frequently refer to Figure 1. (The reader might wish to sketch a copy on a
loose sheet of paper.) As we will see this figure describes the pattern 5.

bo

by

Uy

s

Us
FIGURE 1. The special .L-pattern $.

Ignoring the box and the labels and considering the solid circles as nodes,
Figure 1 describes a tree. We will call this tree . (This tree is finite and
very different from a tree of strategies.) The node labeled by is the top or
root. We will use the b;’s and r;’s as labels for the nodes in 7.

Corresponding to each node there will be a computably enumerable set
Dy, or D,,. At the nodes labeled by a U; we can think of there being an
additional set U;. We want to think of the pattern as how an ball entering
the set Dy, can enter one of the U;’s. One might think of the U;’s as states.

Consider a ball x. We will only focus on those balls which are in C and
not in A; both C and A are external sets. Such a ball x enters the pattern
by entering the set Dy, (but x is not in any of the other sets). After entering
Dy, x might enter one of Dy, or Dy, or it might not enter either of these
sets. If x enters Dy, then it must enter Uy. If x enters Dy, it might enter
either D, or D,,, and so on. If x enters Uy then x must be in Dy, . Etc.

Now to this we must add the BLUE and RED moves. There is only one
RED move in this pattern. If a ball enters the set Dy, it must enter one of
the sets D,, or D,,; x cannot remain just in the set Dj,. So RED controls
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the enumeration of elements once in Dy, in the sense that a ball in Dj, must
enter D,, or D,,. This is like the emptying of a state into a higher state in
the automorphism construction. Notice that b, is the only node labeled by
R.

Other than the above RED move all the remaining possible moves on
this pattern are up to BLUE. BLUE decides whether a ball enters any of
the Dy,’s. This will be done by external sets, Bj,’s. Generally x € Dy, iff
X € Byp,. Whether a ball x in Dy, enters Dy, Dy,, or not depending on
whether x enters one of the external sets By, or Bp,. The external sets for
BLUE, B, might and will change. We can think of each B as one possible
strategy for BLUE to play. Note that the RED and BLUE moves do not have
duals. While BLUE's strategies can change, RED’s remain unchanged; put
all the balls in Dy, into D, or D,,.

What we have (informally) describgd is the pattern $y and how things
would behave if the formula ¢ »,(A, U, B, C) holds (see Definition 3.13).
In the next two sections it will become clear that the formula ¢, (A, U , é O)
begins with there is a D such that some Hg conditions hold. Normally we
are given A and C, and we build U and D in response to BLUE’s strategy
B. One way to view the above action is as the U;’s as states played by
us (not RED or BLUE) and the sets Dy,’s, D,,’s and Bj,’s and the corre-
sponding BLUE and RED moves as how a ball might enter one of these
states.

In this paper we will just focus on the special L£-patterns &, which are the
patterns used for our encoding (see Theorem 5.1), although the definitions
below are given for any special «£L-pattern. The special L-patterns &, are
just iterations of the pattern $y. For special L-pattern &, we just repeat the
part of the pattern in the box in £y n + 1 times. We will call this part of the
pattern a block. So balls can flow from b4 to another copy of b,.

3.2. The definitions. The goal of this section is to formally define special
L-patterns and the formula ¢ » (A, U, B, C). The next few pages are rather
intense, at least in terms of the notational complexity. The end result of the
notational complexity is the definition of a special L-pattern, &, and the
formula p» (A, U , E, (). The actual definition of p» (A, U, B, C) appears
in Section 3.3. The reader might also like to look above at Section 3.5,
where we discuss how one realizes a pattern. Realizing and not realizing a
pattern is used for coding in Theorem 5.1 which in turn will be used for our
main theorem (Theorem 6.7).

During this subsection, we will use the informal example from Sec-
tion 3.1 to illustrate our definitions. In Section 3.6, we will provide more
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examples of special L-patterns, in particular, the special L-patterns used in
Theorem 5.1.

Definition 3.1. For /£, a finite set, an J-interpretation is a function
(Uj 11 € L) from L to §.

If welet L = {0, 1, 2, 3} then Uy, U,, Uz and Uy is an L-interpretation.
If we consider 7 from the above subsection as a finite set £ with the b;’s
and r;’s as elements then the computably enumerable sets Dy,’s and D,,’s
is an L-interpretation.

Notation 3.2. 7 will always denote a finite tree. The ordering on 7~ will be
denoted by <. The node by will always be the top or root of 7. Our trees
will grow downward so by > p, forall p € 7. For p € T, if p # by then
p has an immediate predecessor u(p)

u(p) =gqiffg > p and |q| = |p| — 1

(i.e., move up in the tree one node). For g € 7, let
dg) ={p €T 1u(p) =4}
(i.e., the set of nodes directly down from ¢ in 7). g is minimal iff d(q) = 0.
Fix a computably enumerable set A (A might be the empty set).

Definition 3.3. For 7 a finite partial order, a T -interpretation (D, : p € T)
is an JL-interpretation (for £ = 7) with the additional requirement that if
p=<qthenD,—AC D,.

So in our informal example, D is T -interpretation iff D, — A C Dy,
Dy, — A € Dy,, D,y — A < Dy,, D,, — A € Dy,, Dp, — A C D,,,
Dy, — A C D,,, and Dp; — A € Dy, (and the D’s are computably enumer-
able sets).

If p < g then consider “D, — A C D,” as a condition of the computably
enumerable sets D, D, and A. Since ¥ is finite, whether (D, : p € T)
is an L-interpretation 7~ corresponds to a finite conjunction of conditions.
Each condition is a 1'1(2) condition:

D,—A C D, iff

G-1) Vx)(Vs)@D)[x € Dpy = (x € Ay Vx € Dyl

Hence whether an L-interpretation (for £ = 77) is a 7 -interpretation is Hg
in the parameters D and A.

Definition 3.4. (7, RR) is a pure pattern if T is a finite tree, R € T and R
does not contain any minimal elements of 7.
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In our figures we consider the nodes labeled by R as the set R. So in
Figure 1, R = {by} and clearly (7, R) is a pure pattern. Informally, if a
node is in R and ¢ holds then RED must move all balls which arrive at that
node further down the tree. This is a RED forced move. Formally:

Definition 3.5. (D, : p € T) is an interpretation of the pure pat-
tern (7, R) if, in addition to being an interpretation of 7, for g € R,
D,—A=U{D,:pedg}—A.

Assume D is an interpretation of the pure pattern (7, ). The idea is
that if ¢ € R then RED moves all balls which enter the set, D, into either
A or some D, where p € d(gq). For example, if D is an interpretation of
the pure pattern defined in Figure 1 then Dy, — A = (D,, U D,,) — A; all
the balls in D, enter one of D,,, D,, or A. RED does not get to determine
which of the D,, where p € d(q), balls move into, only that they must
move. The RED moves are determined by the nodes that are in the set R.

The condition “D, — A = (J{D, : p € d(q)} — A7 is 1'1(2) in the param-
eters Dy, D), and A (the proof is similar to that presented in Equation 3.1).
Since &R is finite, a 7 -interpretation is an interpretation of the pure pattern
(7, R) iff a finite conjunction of I'Ig conditions holds. Hence whether a
L-interpretation is an interpretation of the pure pattern (77, R) is Hg in the

parameters D and A.

Definition 3.6. (7, R, B) is a special pattern iff (77, R) is a pure pattern,
B CT,andforallg € R,d(qg) N B = 0.

Informally if a node ¢ is in 8 then BLUE controls the enumeration of
D, via the set B,. If ¢ € B then BLUE has free choice to move balls out
of the set D,. BLUE’s choice is given by the set B,.

In Figure 1, the set B is all the nodes which are labeled by a b;. Given
that R = {b»} and d(by) = {r1, rp} this is the maximal set of nodes which
can be in B. For the patterns that we consider in this paper, it will always be
the case that the set of nodes in &8 is the maximal set of nodes with respect
to the property that for all ¢ € R, d(g) N B = ). Hence, in the patterns we
consider here all movement is controlled by BLUE or RED. This need not
always be the case.

Definition 3.7. A special pattern (7, R, B) is maximal if B is the largest
possible set w.r.t. the condition that forall g € R, d(qg) N B = 0.

Definition 3.8. Let B = (Bp : p € 8B) be a B-interpretation, & be a special
pattern (so & = (7, R, B)) and D= (D, : p € T) be an interpretation
of the pure pattern (7, R). Then Disa E—interpretation of P inside of C
iffforallp e 8,(D,NC)—A = (B, N Dy NC)—Aand Dypy) = C.
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Consider a ball x which does not enter A. Assume x is in D) N C.
Then x enters B, (a BLUE move) iff x enters D,. Note that the BLUE
moves are determined by the external sets B; the BLUE choice is made by
the sets B. We think of the sets B as BLUE's strategy.

Like above (see Equation 3.1), Disa B- -interpretation of & inside of C
is equivalent to a finite conjunction of l'[O conditions and hence Hg in the
parameters 13, E’, C and A.

For example, in the case of the pattern $( defined in the last subsection, if
Disa E—interpretation of $y inside of C then (Dp,NC)—A = (Bp,NC)—A,
(Dp, NC) — A = (Bp, N Dp, NC) — A, etc.

Remark 3.9. Let # = (7, R, B) be a maximal special pattern. Let D
be such that D is an interpretation of the pure pattern (7, R) and D is
a B- -interpretation of 4 inside of C. Then all movement into the D, is
determined by BLUE’s strategy B and the RED forced moves. If we are
given B and building D the only choice we have isif p € R and x is in
D, then we can choose the D, that x enters from the g € d(p). If we are
building B and given D then if p € B and x is in Dy () we can decide if x
enters D, by adding x to B),. In this case we can force x into D, where p
is minimal. These situations will come up in the proof of Theorem 5.1.

Definition 3.10. Let £ be a finite set. (77, R,[) is a pure L-pattern iff
(7, R) is a pure pattern and / maps elements of £ to subsets of 7~ such that
foralli € £, (i) is closed downward in T~

If we let £ = {0, 1, 2, 3} then in Figure 1 we can consider /(i) as the set
of nodes labeled by U;. All such nodes are minimal so /(i) is downward
closed. In the patterns that we use in this paper, sets /(i) will always be sets
of minimal nodes and hence downwardly closed. In our other examples (see
Section 3.6), [(i) will not be a singleton.

Informally, if a ball x is in D, and p € [(i) then x should also be in U;.
The whole idea of a pattern is set up to consider how balls might enter one
of the U;’s.

Definition 3.11. Let U = (Ui : i € L) be an L-interpretation and

D= (Dp : p € T) be an interpretation of the pure pattern (7, R) and

P = (T, R,I)be apure L-pattern. Then D is an interpretation of P over

U iff for all i e £L,all p €l(i), D, — A C U; and for all i € £, for all
€T, (DNU)—A=UDy,:p<q&peli)—A

Assuming that D is an interpretation of & over U then if a ball is in
D, and p € [(i) then that ball must enter U; or A, and if a ball is in D,
and U; then that ball must move into A or some D, where p < g and
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p € [(i). What this means for the example in the last subsection is if D is
an interpretation of #y over U then Uy»—A=Dy —A U —A=D, —A,
etc. Again we observe that whether Dis an interpretation of & over ﬁ is
equivalent to a finite conjunction of l'[0 conditions, in the parameters D U
and A, like those in Equation 3.1.

The U;’s are not played by RED or BLUE but by us. But RED and BLUE,
as in Remark 3.9, can force balls into minimal nodes and, as such, if D is
an interpretation of J# over U , then into some of the U;’s. Since we control
the U;’s we will be able to control whether Dis an interpretation of & over
U or not. As we will later see this control translates into the realization and
nonrealization of patterns; for more see Section 3.5.

Definition 3.12. Let /£ be a finite set. & = (7, R, B, 1) is a special L-
pattern iff (7, R, 1) is a pure L-pattern and (7, R, B) is a special pattern.

This is a combination of Definitions 3.4, 3.6 and 3.10. In Section 3.1, we
gave an informal definition of the special £- pattern » and in Section 3.6,
we provide the formal definition of the patterns #;, for all 7.

3.3. The formula ¢. We use the definitions from Section 3.2 to define the
following:

Definition 3.13. Fix a finite set /£, U an £- -interpretation, P = (7, R, 8B, 1)
a special £-pattern and computably enumerable sets A and C. Let
pp(A, U B C) be the property: there is a D such that D is a (J R)-

interpretation, Dis a B- -interpretation of & inside of C and D is an
interpretation of # over U (this is a combination of Definitions 3.5, 3.8 and
3.11). Let o (U, B, C) be 9 (@, U, B, C).

Remark 3. 14 As we have shown with Deﬁnltlons 3.5, 3.8 and 3.11, the
statement “D isa (77, R)-interpretation, Di isa B- -interpretation of # inside
of C and D is an interpretation of & over U” (this statement is a conjunc-
tion of those three statements in Definitions 3.5, 3.8 and 3.11, respectively)
is equivalent to a finite conjunction of H conditions (all like the one dis-
played in Equation 3.1) in the parameters D B, U, C and A and hence this
statement is l'[0 Let A(A, U B C, D) be this HO statement. Furthermore,
since all of the HO conditions (like the one dlsplayed in Equation 3.1) are
of the form
(Vx)(Vs)@D[A'(x, 5,1, A, U, B, C, D)],
where A’ is quantifier-free, A can be written in that same form.

-

Remark 3.15. ¢ (A, U, B,C) is £Y; it is “@D)(A(A, ﬁ,B C, D).
Later we speak of D reahzmg or Wltnessmg that ¢ (A, U , B C) holds
which means that A(A, U B C, D) holds.



DEFINABILITY OF THE DOUBLE JUMP 13

vp(A, U , E, C) can be written as a statement in the language L = {C}
(since the same is true for each one of the 1'1(2) conditions in Defini-

tions 3.5, 3.8 and 3.11). Also whether ¢» (A, f], Z?, C) holds is a prop-
erty of L(A); we only worry about balls on the outside of A. That is,
if L(A) i% isom(lrphic to L(F) via ® then ¢pp(A, l7, f?, C) holds iff
pp(F,®U), ®(B), (C)) holds. (Currently this is not the case for
L*(A). We could, if desired, replace the =’s in the above definitions with
=*’sto get a property for L*(A).) R

Notice if (A, U, B, C) holds and F_C C then ¢»(A, U, B, F) holds,
andifpp(A,U, B, C)holdsand ¢ (A, U, B, F) holds, p» (A, U, B, CUF)
holds.

Since we now need a computably-theoretic definition, we delay until Sec-
tion 3.5 a discussion of how a pattern & is realized. For more on ¢ we direct
the reader to Section 3.5 and to the proof of Theorem 5.1.

3.4. Computable modulo A. We need the following computably-theoretic
definition:

Definition 3.16. X is computable modulo A iff there is a Y such that
XNY € Aand XUY UA = w iff there is a computable R such that R € X
and X € R U A. (The first “iff” is the definition. The second “iff” follows
so easily that we will use it as the definition when needed.)

To say X is computable modulo A is Eg. In addition, “X is computable
modulo A” can be written as a statement in the language L = {C}. X is
computable modulo A is a property of L£(A). That is, if L(A) is isomorphic
to L(F) via an isomorphism & then X is computable modulo A iff ®(X)
is computable modulo F. Here the same holds for L*(A).

If A is computable, then X is computable modulo A iff X is computable.
X is not computable modulo A iff AU (w — X) is not a computably enumer-
able set. In this case by using the Owings Splitting Theorem we can split
X into two sets which are not computable modulo A. If § is a split of W
and S is not computable modulo A then W is not computable modulo A. If
W N\ A is finite then W is computable modulo A.

Recall that S is a split of W if there is a computably enumerable set Y
suchthat XNY = #and XUY = W; this is sometimes written XY = W.

3.5. Realizing patterns. The main use of ¢ is in the following definition:

Definition 3.17. Fix £, U an L-interpretation and computably enumerable
sets A and W. We say U , A and W realize P if for all B-interpretations,
é, there is a split C of W such that p» (A, 17 I§ C) holds and C is not
computable modulo A.
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Now ¢ (A, 17, B, C)is »9 being not computable modulo A is l'[g (see
Section 3.4) and whether S is a split of W is ZO Hence on the surface it
appears that whether U, A and W realize P is HO Corollary 4.2 allows us
to improve this to 22. Corollary 8.3 further improves this count to EA.

Realizing a pattern can be considered as a game. That is, for all possrble
BLUE strategies, given by B and ﬁghtlng the RED moves, given by R,
there is a split C of W such that p» (A, U B C) and C is not computable
modulo A. Normally when we try to realize a pattern we get to build the
U and the D to witness oy (A B, C) in response to A, C and B. The
split C is built in response to B usmg A and W and standard computably-
theoretic arguments, like the Owings Splitting Theorem. More about real-
izing patterns can be found in Sections 4 and 5.

We will also be interested in when U , A and W do not realize . So
it is worth decoding the negation of realizing. U, A and W do not realize

J iff there is B such that for all splits S of W, S is computable modulo A
or for all D D does not W1tness pp (A, U B,S ). Furthermore we can ask
that each component of B is a subset of W. We call such a B a witness to
the nonrealization of . More about the nonrealization of patterns can be
found in the proof of Theorem 5.1.

Our main goal (see Theorem 5.1) is to build A and U which realize cer-
tain patterns without realizing other patterns. This creates a conflict since
U is shared between all patterns. We, not RED or BLUE, control the enu-
meration of the U;’s. This control is enough to allow us to balance needs of
realization and nonrealization and do both. For more see Sections 5.1.5 and
5.1.6.

The phrase “C is not computable modulo A” is there to ensure that there
are infinitely many balls which are in C but not in A. For each possible B
we want infinitely many balls moving through the pattern > and witnessing
that pp (A, U, B, C) holds. As we mentioned earlier in other applications
of the our patterns, this phrase can and will be changed.

The following fact will prove useful in Section 6.5.2: If, for all [,
VinWw =U; "W then 17, A and W realize & iff \7, A and W do.

3.6. Our special L-patterns. Fix £ = {0, 1,2, 3}. To be complete we
will first repeat the formal definition of the special £-pattern &y (this was
done informally in Section 3.1).

Again we will refer to Figure 1. This figure describes the pattern £.
Ignoring the box and the labels and considering the solid circles as nodes,
this figure describes a tree. We will call this tree 7. The node labeled b is
the top or root. We will use the b;’s and r;’s as labels for the nodes in 7.
The nodes labeled by (R are in the set R. So R = {b>}. Hence (7, R) is a
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pure pattern. Let /(i) be the sets of nodes with the label U;. Let 8 be those
nodes labeled with b;, for some i. (7, R, B) is a maximal special pattern
and (7, R, 8B, 1) is a special L-pattern.

For special L-pattern &, we just repeat the part of the pattern in the box
in 9 n + 1 times. We will call this part of the pattern a block. So balls can
flow from b4 to another copy of b;.

b

by

Uo

bs
Us

FIGURE 2. The special £-pattern 3 (The boxes refer to the
block in Figure 1).

Figure 2 shows a picture of 3 where the boxes refer to the copies of
the block in Figure 1. The labeling is done in exactly the same way ex-
cept in the ith copy of the block, the nodes b, ry, ra, b3, b4 will be la-
beled bé, ri, ré, bg, bi , respectfully. We will refer to bg , r?, rg , bg, bg as
by, r1,r2, b3, by, respectfully. In P;, if | < j, the nodes bi and ble are the
same node. So (77, R;, B;) is a maximal special pattern and (77, R;, B;, ;)
is a special JL-pattern.

Note the repeated part of the patterns has both a RED forced move and
some possible BLUE moves. We should point out that there is nothing
“unique” about our presented patterns. What is important about them is
that using them we can prove Theorem 5.1.
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4. A UNIVERSAL B-INTERPRETATION

Fix £, #, U an L-interpretation and two computably enumerable sets A
and W. This next theorem says that there is a universal B-interpretation.
That is, there is a ]§ (where U &, A and W are coded or indexed somehow
by e) such that there is a split S of W, where S is not computable modulo
Aand ¢p (A, U Be, S) iff U A and W realize &

Theorem 4.1. Fix .£, U an £- -interpretation, P = (T, R, 8B, 1) a special
L-pattern and two computably enumerable sets A and W. Uniformly in
U, P, Aand W (think of all of these items as indexed by e), there is a
B-interpretation, Ee such that the following are equivalent:
(1) There is a split S of W such that S is not computable modulo A and
¢p(A, U, Be, S).
2) U, A and W realize P

The proof will follow shortly. If S is a split of W such that S is not
computable modulo A and ¢ (A U Be, S), where e codes U , A and
W, then we say S witnesses that U A and W realize P. In addltlon, since
1§e can be found uniformly we get the following corollary which will prove
very useful. It removes one quantifier from the definition of realizing.

Corollary 4.2. Whether U, A and W realize P is %J.

Proof of Corollary 4.2. By Theorem 4.1, U, A and W realize P iff
there is a split S of W such that S is not computable modulo A and
pp(A, U, B, S). Being not computable modulo A is Hg (see Section 3.4)

and ¢p (A, U ée, S) is Zg (see Section 3.3). ]

Corollary 4.2 removes one quantifier from the definition of realizing (see
Section 3.5). Corollary 8.3 further improves this count to E?.

As we discussed above each B corresponds to a play by BLUE (see
Definition 3.8). Definition 3.5 can be read for all BLUE plays something
happens (there is a split S of W such that S is not computable modulo
A and ¢pp (A, U Be, S)). Corollary 4.2 says that to realize a pattern it is
enough that something happens for the one BLUE play B . Because of
this and the way Ee is constructed, we will consider E’e as the universal
B-interpretation, the universal BLUE play.

4.1. Proof of Theorem 4.1. By Definition 3.5, U , A and W realize P
iff for all B-interpretations, E, there is a split S of W such that §S is not
computable modulo A and ¢ (A, U , I§ S). Hence (2) implies (1) is clear.
The rest of the proof focuses on the other direction. We can safely assume,
by the Recursion Theorem, that we have an index for E’e.
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4.1.1. A first approximation. The following is a good first approxima-
tion (it is only a module and must be made effective later). Assume we
know there is a split S of W such that § is not computable modulo A and
¢p(A, U, B, ).

Now we can use the Owings Splitting Theorem [see |6, Theorem X.2.5].
By the Owings Splitting Theorem, we can effectively split S into §;, for
J € o, such that §; is not computable modulo A. Now on §;, we can
replicate the jth B-interpretation, Bj; s that is, since we are building Be, we
canlet B, ,NS; = Bj ,NS;, forall p e T

So for the jth B-interpretation, B j» We have § is not computable modulo
A and if (A, U, B,, S) holds, then (A, U, B,, S;) holds and hence
9»(A, U, B}, S;) holds (since B, ,NS; = B, , N S;, forall p € 7).

The above argument is not effective; S is not given to us effectively and
therefore the index for 1§e cannot be found effectively. Hence it is not cor-
rect; to use the Recursion Theorem the argument must be effective. But it
is a good first approximation.

4.1.2. The tree construction. We will use the tree method to make the argu-
ment effective. Again, we can safely assume, by the recursion theory, that
we have an index for f?

We can construct a sequence of sets (S,, S,, D ). Now askmg if S wit-
nesses S; is a split of W and D witnesses that ¢ » (A, U, Be, Si ) is I'IO We
need to code this information on a l'[O tree.

We define the true path as follows Leta € 2<‘" be of length i such that
a C f. We will let o 0 cf iff S; witnesses S; is a split of W and D
witnesses that p» (A, U Be, S ).

Now we need to deﬁne the approximation to the true path, f;. Let’s as-
sume that S witnesses S is a split of W and D witnesses ¢ p (A, U Be, S )
iff (Vx)(3s)[O(x, s)], where ® is computable (® can be found uniformly
in the given parameters). Let [ (s) be the greatest x such that for all y < x
there is an sy such that ®(y, sy). Assume that @ C f; and |a| < s. Then
let @0 C fy iff I, (s) > I4(2), where 7 is the last stage when &0 C f; (if
such a stage does not exist let # = 0). It is straightforward to show that
f = liminfy f.

We need to discuss the needed action at 8 = 0. At B we will effectively
build a subset Sg of S N W. To build Sg, B will use a number dg and
a function ug(s). At the first stage when B C f; or the first such stage
after being initialized we will set dg to be large (just some number not yet
occurring in the construction), ug(s) to be even larger and discontinue this
stage of the construction. If 8 C f;, we will set ug(s) to be large; otherwise
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the value of ug(s) is ug(s —1). Like always, the number dg and the function
ug(s) will be initialized if f; <; B, for some later stage ¢.

Consider a ball x. If there is a stage s such that x is in the interval
[dg, ug(s)], x is not in any S, 5, x is in S; ; N W and, for all "0 C B,
x € S'j, where j = |y|, then we will add x to Sg at stage s.

On Sg we will use the module from Section 4.1.1. Using the Owings
Splitting Theorem, we will effectively split Sg into Sg ;, for j € w. On
Sp,j, we can replicate the jth B-interpretation, B ;5 that is, we can let
B, pNSpj=Bj,NSpj, forall peT

4.1.3. The verification. The construction of Sg is uniformly effective in B.
The Sg’s are constructed to be pairwise disjoint. Therefore the construction
of B is uniformin U, £, A and W and hence it is legal to use the Recursion
Theorem as we did.

Assume there is a split S of W such that S is not computable modulo A
and pp (A, U , Ee, S) (condition (1) from the theorem). Let (:S'\i, S‘i, 5,-) be
the least triple such that § is not computable modulo A, S,- witnesses :S'\l 1S
a split of W and D witnesses @ (A, U Be, S ).

Leta C B C f suchthat |¢| =i and B = «0. IfyOC,BCf thenS
is computable modulo A split of W, where j = |y|. So U{S|,,| Y0 C ,3}
is computable modulo A split of W. Let

S=5n( Sy :v0c By =5 - JSy : v0c B

Therefore S is a noncomputable modulo A split of W.

We will define a computable subset, R, of W as follows: First assume
that B is never initialized after stage . Given x > ¢ wait for a stage s > ¢
such that x is the interval [dg, ug(s)]. If x is in any S,, (a subset of W) at
stage s then put x into R; otherwise x is not in R.

By the constructlon of Sg, Sg =" SNR. Since Sisa split of W and R is
a subset of W, S N R is computable If Y witnesses that Sg is computable
modulo A then Y — (S N R) witnesses that S is computable modulo A.
Hence Sg is a split of W and Sg is not computable modulo A.

Then, by the Owings Splitting Theorem, Sg ; is also a noncomputable
modulo A split of W. Therefore Sﬁ i 1s a noncomputable modulo A spht of
W and D witnesses @ (A, U BJ, Sg, ;). Hence, by Definition 3.5, U A
and W realize & (condition (2) from Theorem 4.1) ]

5. REALIZING AND NOT REALIZING PATTERNS

The following theorem is the key idea behind our patterns. The patterns
were chosen such that the following theorem holds. Informally the theorem
says that we can realize one pattern without realizing any others.
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Theorem 5.1. Eﬁ‘ectlvely ini, W, a B-interpretation BS and Sa subset of
W, there exists U and D such that D witnesses that ¢, (¥, U Bs, S) holds
(and all the components of U and D are contained in S ). Furthermore, for
all j # i, and forall C C W, U A=10, and C do not realize P;. More-
over, the witness, B j,c» which shows that U , A =10, and C do not realize
P can be found effectively from j and C (and such that all components are
contained in C).

Recall, from Theorem 4.1, for 17 A = () and W to realize P; there
must be a split S of W such that S is not computable modulo A and
P, (4, U, Be, S), where e codes U, 7, A and W. So if we apply the above
theorem to a spllt S of W which is not computable modulo A and to I§e,
where e codes U, Ji, A and W and is arrived at by an application of the
Recursion Theorem (the above theorem builds U which must be included
in the code) then we have that U, A = { and W realize ; without realizing
any other &;. For more see Corollary 6.5.

5.1. Proof of Theorem 5.1.

5.1.1. The requirement Q. Our highest priority requirement is to meet the
following requirement:

(@) build U and D such that D witnesses that e, (4, l7 I§S, S) holds.

Since we are building U and D, we can just use the strategy “playing with
Bs™ which is outlined below.

We are given A and S and are forced to construct U; N S, fori € £, and
Din response to BS such that P (9, U BS, S) holds. This is not a difficult
process since we are bu11d1ng U and D. Assume that x is a ball and that
there isanode p € 7. If p is in B; (hence u(p) ¢ R;)and x € Dyp) N S
(ust S if p = by) then x enters D, iff x enters B),. This is a BLUE choice.
If pisin R and x is in D, then x must enter one of the D, where g € d(p).
It is a RED choice that x must leave D, but RED does not choose the ¢.
This is our choice and we will use it to our benefit in this proof. If p is in
some /(i) and x is in D, then we must add x to U;. We call this strategy
playing with ES.

We have some choice under a ball’s movement on the pattern &;. If a ball
x gets into Dbz then x must enter D yl or D, - If we move x rightward into

D, ! then x must enter U,. But if we always move x leftward into D, ! then

we can always keep x out of Us.
Note that we have no need to add a ball which is not in § into any com-
ponent of U or D.
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5.1.2. The negative requirements. To ensure we do not realize any other
pattern it is enough to meet the following negative requirements:

(Nj,c) build a B-interpretation, B j,c, such that for all Sand X ,

X does not witness PP, (9, 17, E, S‘) or,
(Nj.c.5.%) s
S is computable,
for all C € W, for all j # i and for all splits S of C. Before we proceed
we will to fix need some priority ordering on the requirements N C3.%
Consider the eth such requirement N iCER Between now and Sec-
tion 5.1.11, we will just focus on this one requirement. Furthermore we
will focus on only the first clause. The second clause will only come into
play in Section 5.1.12. By meeting N j,c.5,% We mean showing the first
clause holds. To make life notationally easier we will drop the indexes j
and C from éj,c up until Section 5.1.11.

5.1.3. Meeting the eth requirement N iC8% Here we are given X and get

to build B and U such that X does not witness PP; (9, l7 I§ S').

By Remarks 3.14 and 3.15, ¢, (4, U, B, §) is 3X)A(#, U, B, §, X),
where A is 19 and of the form (¥x)(¥s)(3n)[A'(x,s, 7,9, U, B, §, X)1,
where A’ is quantifier-free. So we are looking for a ball x that shows that X
does not witness @, (4, U, B, 5): aball x such that it is not the case “(for
all stages s)(there is a stage 1)[A'(x, s, t, @, l7 I§ S’, )?)]”.

With x there is implicitly a stage s where things start to fail. This stage
might change during the construction but if x is the witness we are look-
ing for at some point this stage will stop changing. Hence it is, at worst,
1'[0 to tell if x and its corresponding stage s show that X does not witness
¢, (D, U, B, 3.

The first issue is getting balls for N iC5% We process the balls x as
they enter C until we have an apparent win as suggested above. The fact
that V. i.C.5.% gets assigned balls when they first enter C (not S) will be
very useful in showing the negative requirements interact without any diffi-
culties; see Section 5.1.11.

The processing will be done by priority. So if two requirements are inter-
ested in x, the highest priority one gets x. If a ball x (and its corresponding
stage s) for N iC5X witnesses a win, we will suspend the collection of
balls for this requirement. If that apparent win disappears we will continue
with the collection. All the balls used for & iC3X will be labeled with e,
the priority of N C5x
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If S is a noncomputable split of C then the requirement N, iC3X will be
able to get enough balls as they just enter C. However we will have to do a
little computability-theoretic work to ensure this; see Section 5.1.12. Lets
assume that S is a noncomputable split of C and we can get enough balls as

they enter C for & icixto work with.

We get to bllild the sets B and U in order to show X does not witness
2, (W, U, B, S). Lets first see how we might find a ball x which shows

this w1th0ut maklng any enumerations into any of these sets. If X w1tnesses
PP; (@ U B S ), then Xisa (7}, Rj)-interpretation (Definition 3.5) and X

isa B- -interpretation of &; inside of C (Definition 3.8).

These definitions say something about the sets X ,, for p € 7, and hence
the movement of the balls in the pattern &°;. For example, if x is X, and
g > p then x must be in X, and if x is X, ) N B, then x must also be
in X. So we might find an x and a stage s such that x € Xy(p).s N Bp s
but for all stages 7, x ¢ X, ;. If this happens then x witnesses that X is
not a é—interpretation of & inside of C. Notice that we must hang onto x
indefinitely in this case.

There are many other similar ways that x can witness that X is not a
(7, R)-interpretation and is not a é—interpretation of # inside of C. Each
time we find such a witness we do not need to make any enumeration into
U or B. So this is the easy way to find the needed witness. Let’s assume
that our witness to this requirement does not take this form. We will assume
(at least on the finitely many balls we process for this requirement) that X
is a (7;, R j)-interpretation and is a E’—interpretation of &#; inside of C.

Under this assumption and the fact that we are building B we can control
where balls are in the pattern J;. If a ball x under consideration is in X,,(p)
then we can move x into X, by adding x to B,. Since J; is maximal
(see Definition 3.7), we can force any ball x into a minimal node of 7; (see
Remark 3.9). Now in &}, all the mlnlmal nodes of &; are in some (k). If

we do not allow x to enter Uy then X is not an 1nterpretat10n of P; over U
and x is our desired witness.

5.1.4. Overview of the strategy used to meet N CER Let’s review how
we can meet the requirement N iCS5% in isolation. First we will assume
that X is a (7}, R j)-interpretation and is a B- -interpretation of &; inside of
C. Otherwise no work is needed to meet this requirement. Then using this
assumption and enumerating balls in S into components of B we can force
a ball into some minimal node p. Now p € [(k), for some k. Now to meet
this requirement we do not allow x to enter Uy.
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So in short the strategy for this requirement is to move balls downward in
&#; and restrain them from entering all Uy until we meet this requirement.
While we move the balls downward we are presented with choices; at some
nodes, since we can play B, we can move balls left or right. This choice
will prove to be important; see Section 5.1.6.

All it takes is one ball in a minimal node for us to meet this requirement.
Hence the requirement is finitary. If we get one ball in § which we can hang
onto indefinitely then we will be able to meet this requirement. Of course,
more balls make the action for this requirement go faster.

5.1.5. The roles of the players, revisited. It might be a good time to revisit
the roles of the three players, RED, BLUE and the player we are identifying
with, the unnamed third player. It is the goal of this third player to show that
U, A, S realize pattern J; without realizing any other patterns. Actually
this is an overstatement; the goal of this third player at this point is to prove
Theorem 5.1. But as we will later see, Theorem 5.1 is almost enough to
achieve our loftier goals (see Section 6). To further simplify things we will
not worry about A or S at this point.

For U, A, § to realize ; this player wants to meet requirement € (more
or less). To this end our Ehird player builds U and D against BLUE’s uni-
versal B-interpretation, Bg. Since #; is maximal (see Definition 3.7), every
move through the pattern is determined by RED or BLUE. The only choice
available to this third player is, if p € R and a ball x is in D, which of the
D,, where g € d(p), x will enter, making sure RED’s promise to empty
that state isqrealized. So movement through this pattern determines when
balls enter U. .

On the other hand, this third player also does not want U, A, § to realize
Pj, for j # i. To do this our third player wants to meet the requirements

N CEX Here the movement through &; is determined by X , sets out

of this third player’s control. But this third player gets to build U and it
controls BLUE’s moves through the pattern via building B j,c- Basically the
strategy used here is to move the balls downward in J#; via enumeration into
B j,c (see the above section and Remark 3.9). Then to meet the requirement
it is enough to restrain the ball(s) from entering the correct U.

5.1.6. The interaction between @ and N 5% So the only conflict be-

tween strategies is with the sets U. For @ we might have a ball in some
node p in 7; where p € [;(k) and this same ball might be in a similar node
in ;. So to meet @ we must add x to Uy and to meet ‘Nj,C,S,)? we would
like to restrain x from entering Uy. This is a conflict and we will ensure that
this situation does not occur.
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Remark 5.2. Assume that S = (. Then this situation does not occur; there

are no balls moving in the pattern ;. In this case we have a very easy way

to meet N i C5R simply force every ball in C downward and leftward by

letting Uy = Uy = Uy = U3 =¥ and By, = Bb12 = Bbj = By, = C, for all
4

1 <j.

But in general we cannot stop a ball from moving through the pattern 7;.
Every ball in § must flow through the pattern #;. So if we are lucky enough
to find a ball in § which is not in S we will not have a conflict. But S is a
computably enumerable set so a ball which we think at some stage is not in
S might actually belong to S at some later stage. Hence we must act as if
every ball moving in the pattern J°; is also moving through ;.

The trick is to use the choice we have available in the movement of balls
through the patterns & and #;. In &; if x is in Dbz2 (bl2 isin R;) then we can
either choose to add x to D, (move downward and leftward), choose to add
X to Dré (move downward and rightward). This is the only possible choice

that is allowed under the strategy being used to meet @; see Section 5.1.2.
All movement on #; is controlled by the external sets X.Butifx € X u(p)
(and in #;) we can choose to move x into X, by adding x to B,. In both
cases the default action is to move downward and leftward unless we have
a win for & C8X that does not conflict with @.

5.1.7. An analysis by cases. The following in the next three sections (Sec-
tions 5.1.8, 5.1.9 and 5.1.10) is an analysis of all the possible cases. Inter-
laced with the analysis is an argument that we have actually covered all the
possible cases; this argument concludes in Section 5.1.10. The end result,
of course, is that it is possible to meet N iC3X without interfering with the
strategy for @. During these sections it would be very helpful to refer back
to Figure 1. In addition it will be very important to understand the notation
from Section 3.6. This is the only place where we need the actual details of
our patterns.

5.1.8. Movement on $;. First lets focus on the choices in #;. So assume
that x is in Dbz2 , for some [ < i, and we must decide to move x left or right.
If we move x right then x will enter U;. If we always move x leftward when
given the choice then x will never enter U;. The choice we make depends
on where x is on #;. Let p be the least node in #; such that x € X, (p is
the node where x is in pattern ;).

If p = by (a minimal node), b5 (the last node in 77), bi (the second to

last node in ;) or bl3, (a minimal node), for some [/, then to meet NJ. C3%
it is enough to restrict x from entering any of Uy, U; or U3. In this case, we
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can move x to the right in #; and into U; for a win. If p is rl (a minimal
node) then to meet N .c.5.x We must keep x out of Uy. In this case, we
always agree to move x leftward in #; when we have a choice and hence
keep x out of Uj.

Assume that p = ré/ (p = by). Then we can move x right in &; by
adding x to Bb,/ (Bp,) or move left in &; by adding x to Bb1/+1, ifl’ < ] or

By ifl = j (By).
If we have made a move in #; (in this case the default leftward move)
and [’ < j then x is in B,y and hence should at some later stage appear in

sz/
X r1ght in &; since to meet N c5.x We like to restrain x from Us.
If we have not yet made thlS move in &;, we have a win for N, iCE%

We can move x right in both patterns. Moving right in #; asks us to add x
to U;. Moving right in #; asks us to restrain x from entering U (Up).

U
bl
+1. If we have made a move in &?; and I’ = j we have a win by moving

Remark 5.3. So, in conclusion, when x is in D;; we have a winning strat-
2

. . . . _ l/
egy to met ’/vj,C,S,X and @ unless x is either in Xblz/ (so p = by) or Bbzz/

(and hence targeted for X ), for some I’ < j.

%
5.1.9. Movement on ;. Now we will focus on the choice that we have in

. Again the default action to meet N 5% is to move downward and
leftward in #;. But at several places we have the choice to move left or
right. Agam the choice that we make will depend on where x is on the
pattern J;. Let p be the least node in &; such that x € D,,.

Ifxisin X b, We have the choice of rnovmg rightin &; 1nto By, or moving
left in &; into Bbé If we move right we wish to restrain x from entering
Up to meet N C5x Otherwise, to meet d\f Cc.5.x we will never need to
restrain x from entering Up. So if p = by take the default move for a win.
If b # by, b1, we can move right for another win.

Remark 5.4. So if x starts moving down #; before it starts down #; we
have a winning play for both @ and N CEX

If xisin X L we have the choice of moving right into Bsz or moving left
into Bbi , which equals Bb12+1 if [ < j. If we move right we wish to restrain
x from entering U; to meet N CEX If we always move left when given
the choice to meet N .c.5.x we will never need to restrain x from entering
U, If p = by, ”1 , b’ or bs, we move x rightward in #;. In this case, to
meet N Cc.5.x we Just restrain x from entering U, and the strategy we are
playlng to meet @ will never ask to enumerate x into U;. So we have a
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win. If p = bl then we always move left in $?; when given the choice for
another win. If p = bl2 then we are in the 51tuat10n discussed just before
Remark 5.3; we move right in both patterns. If p = by then we move right
in #; and if x ever enters Dbé we move x rightward in &; like in the above
case.

Remark 5.5. So if x isin X o then we have a winning strategy unless x is
in D s, for some I <i.
2

5.1.10. Putting our choices together. Let’s assume that we were unable
to find a choice above that allows us to meet both @ and N iCE% We
can force the ball downward and leftward in J°;. Since we cannot make a
choice which provides us with a win for both requirements, the ball x must
also move downward and leftward in &;. The only question is what is the
rate of movement through both patterns

By Remark 5.4, the stage when x enters Dbr on J; is after the stage when
X enters Bbl on &; and by Remark 5.3, before the stage when x enters X, 1.
By Remark 5.5, the stage when x enters X must be after the stage When
x enters D e Now by Remark 5.3, the stage x enters Dbr = Db2 on p; is
after the stage when x enters By = Bb% on P;j. By 1nduct10n thrs repeats

until x enters D,;, where 1 = min{i, j}, which it enters after it has entered

B

bl
b

Ifi > j then Db; = Db;+1 and Bb; = Bbj and we have a winning move
(see Remark 5.3). Otherw1se Db, = Db, and Bb, = B,it1. In this case, the
strategy we are using to meet @ wrll not want to add x into the sets Uy, U
or U;. If x moves downward in &; one more node then this strategy will
want to add x to Us. Now on &;, b;“ € R; so x must move downward
in &;. If x moves into er“ (right) we have a win for both strategies. If x
moves left into X it then we can move x rightward into B pit! for a win for

both strategies.

5.1.11. Interaction between all the negative requirements. As we have seen
to meet N j.C5.x we just need at least a ball in S but we might have to keep
this ball indefinitely. That ball will have to move through the pattern #;

with its course being determined by X and B j,c- In addition this ball might
have to follow the pattern ;. We have seen above how a ball can flow
through the two patterns #; and ;. Decisions on which way to move
through the patterns get more difficult and sometimes even impossible if a
ball must flow through more than two patterns.
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The easiest way to avoid this difficulty is to assign each requirement
N LC5% its own collection of balls in S. N iCS5% will use the balls in
its collection to meet itself. The goal will be for N LCcixto have a ball in
its collection indefinitely. If this is the case we can meet N iC5%

N csx will be assigned an interval of balls dynamically by a tree con-

struction; see Section 5.1.12. If a ball in thzit interval then enters C and S,
that ball will enter & i.C3. % ’s collection. If § is a noncomputable split of C

this method will provide a finite number of balls in S for N icixto work
with; again see Section 5.1.12.
Since the balls in N cs % ’s collection are determined before they enter

C, the balls in N, J.C. 5.%8 collection cannot enter N . C5x S collection, for

any S’ # S and X’ # X. Hence once a ball starts flowing through ; for
the requirement N iC3% it will not be moving through the same pattern

with the same B j,c for a different requirement.

However the balls in & i.C.5, 1 ’s collection might enter N .3, §’s col-
lection but only if & oS x has higher priority than & CEX Since there
are only finitely many (active) higher priority requirements and each re-
quirement only wants one ball indefinitely, this will only impact finitely
many of the balls which enter N C. §.x s collection.

When a ball x leaves N C3%S collection it will start moving through

some possibly dlfferent pattern #j» with some possibly different X’ and a
definitely different B X Hence we get to make, as above, all the decisions

for x moving through i+ with X’ and B By, g~ If x is already in some Uy
then x must be already in the pattern #; and hence, by Remark 5.4, we
know how to meet 'Nj’,c/,S’,)?/ and Q.

Fix j and C. Each requirement of the form N c.5.x cffectively enumer-
ates balls from its disjoint (among requ1rements with the same j and C)
collection of balls into components of B; j,c. To determine B; j,c Just look at
all such collections. Hence B j,c 18 built effectively from j and C. Further-
more, since N iCS 1 ’s collection is a subset of C, each component of B j.c
is a subset of C.

5.1.12. The tree construction. So the only remaining question at this point
is if § is a noncomputable split of C then how do we get a ball indefinitely
into N i.C3. ;s collection? To answer this we must put the requirements on
a tree. The tree construction will be similar to the tree construction found
in Section 4.1.2.

Fix a listing of all tuples (j, C, S, S, X) where j #iand C € W. We
will build a tree which encodes whether S witnesses that S is a splitof C.
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This is a Hg—piece of information and hence can be easily encoded
into a tree. We will use the nodes of even length for this purpose. Let
(J, C, S’, § X) be the eth tuple. Let o € 2<% be of length 2e. « 0 will
denote that S witnesses that S C S is a split of C and o1 will denote that
this is not the case. Let /(«, s) be the greatest y such that for all x < y,
if x € C, then either x € S’s or x € 3'\3. The liminfy [(«, s) = o0 iff §
witnesses that S C Sisasplitof C.

We will use this function to determine the approximation to the true path
at stage s, fs;. Assume that « C f;. Lett < s be the last stage when
a0 C f;. Thena'0 C f; iff [(a, 1) < I(a, s) (or t does not exist); i.e., s is
a-expansionary. Let f be the true path; f = liminf f; (under the standard
ordering). Assume that « C f. Then we can show that «0 C f iff §
witnesses that S C Sisasplitof C.

At the node B = «’0 we will try to get a permanent ball for & i.C3. %S
collection. To help keep track of things, we will relabel N iCcixas Ng and
denote B’s collection as the collection for the requirement Ng. Note that
|B] is of odd length.

At stages s when 8 C f; and we do not have a ball in B’s collection we
must take some action to get some balls into this collection. This might not
be possible, in which case we must show that S'ﬁ is a computable split of
Cg.

Whether we get a ball permanently into 8’s collection is one more piece
of information that we must encode in the tree. How we encode this infor-
mation depends on how we get balls for this collection.

The node B will be given a number dg and a function ug(s). At the first
stage when B C f; or first such stage after being initialized we will set dg to
be large (just some number not yet occurring in the construction), ug(s) to
be even larger and discontinue this stage of the construction. If 8 C f; and
there is not a ball in B’s collection, we will set ug(s) to be large; otherwise
the value of ug(s) isug(s — 1). As always, the number dg and the function
ug(s) will be initialized if f; <z B, for some later stage 1. As we will see,
initialization allows nodes of higher priority to take balls for ’s collection.

If B € f; and we increase ug(s) at this stage then we let 0 C f;
otherwise B°1 C f; (this is for all odd B). Since ug(s) is a nondecreasing
function, if B C f then B0 C f iff limug(s) = oo iff we do not have
a permanent ball in B’s collection. So if B0 C f we must show S'ﬁ is
computable; it is already a split of C.

LetGg={y : Yl =2k+1Ay 0=y CBAC, =Cg}. If Gg =0
then let Wg = Cp. Otherwise let Wg = Cg N (ﬂ{:S’\,, : ¥ € Gg}). Consider
a ball x. Let s be the least stage such that x is in the interval [dg, ug(s)].
Let 7 be the least stage such that x € Wg,, if 7 exists. If # > s and x enters
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S'ﬁ, then we will add x to B’s collection. Any such ball is fair game, even
balls in another node’s collection.

Now assume that 870 is on the true path and inductively assume that for
all y € Gg that SJ, is computable. We must show S,g is computable. By
our inductive hypothesis, U{S : ¥ € Gg} is a computable split of Cg
and Wg = Cg — (S, : ¥ € Gg}. So it is enough to show Ws N S is
computable.

Assume that dg is never reset after stage ¢ and for all § if either 6 <; B
or § C B and §’s collection has a permanent member then it will have one
by stage t. So after stage ¢, no § will remove a ball from fS’s collection.
Let x > dg. Wait for a least stage s > ¢ such that x < ug(s). If x later
enters Wy it must enter :%; otherwise we will take x for B’s collection. So
xeWgn S’lg iff x € Wg N S’lg at stage s and hence Wg N 5’5 is computable.
0J

6. VARIATIONS ON THEOREM 5.1

In the next several sections we will present various modifications to The-
orem 5.1. We will do this in a piecemeal fashion.

Let F be a computably enumerable set and J be a 25 set. Our goal is to
use this coding to code J into A. For more details see Section 6.5.

6.1. Revisiting the negative requirements. The negative requirements
are the following:
(Nj,c) build a B-interpretation, B j,c» such that for all Sand X ,
X does not witness PP (9, Ij I§ S’) or,

(N.c5.%) &

B S is computable.
In the proof of Theorem 5.1, we met all these requirements for all C € W,
for all j # i and all splits S of C. In fact, for all j and C, we uniformly
found B; c.

This uniformity will be important in other applications (see Cholak and
Harrington [3]) but we do not need it here. We will be willing to drop the
uniformity if we could meet N ¢ for all C, not just the C which are subsets
of W.

Fix j. Lets consider any computably enumerable set C. We would like
to meet N; ¢ and ‘Nj,C,S,)?’ for all splits S of C and all X. Remark 5.2 tells
us how to do this part of this. Let By, = Bb’ = Bbj = By, = C, for all
I < j (and let U; = (). Without regard to a ball x’s position in & just
move all balls x in C downward and leftward in #;. Now if S is a split of C
such that § — S is nonempty we will be able to meet N GC3X since for all
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I,U;N (S —S) is empty. However if S C S we may not have met J\fj Ci%
(For more about these items, see the beginning of Section 5.1.6.) But then
we can meet N GC3% exactly as we did in the proof of Theorem 5.1. So to

meet N ¢ for all C, we build two B j,c, one as above and one as in the proof
of Theorem 5.1. Note we do not lose any uniformity in the construction of
U or D (this will be important; see Sections 6.4 and 6.5). Hence we have
the following:

Corollary 6.1. Effectively ini, W, a 8B-interpretation Z?s and S a subset of
W, there is a U and D such that D witnesses that e, (4, U , ES, S) holds
(and all the components of U and D are contained in S ). Furthermore, for
all j # i, and for all C, l7 A =0, and C do not realize P

6.2. Building A. We want to mix Corollary 6.1 with the construction of A.
The key to proving Theorem 5.1 is to ensure that each 8 has a permanent
member in its collection or S’ﬂ is computable. However if A # (J then
when a ball enters A we will remove it from all collections. The formula
¢ only involves balls outside of A. To prove a theorem like Corollary 6.1
with A # () it would be enough if each g either has a permanent member
(outside of A) or S is computable modulo A. (Whether A is empty or not
has no impact on the strategy outlined in Section 6.1.) This is possible if
we are building A inside W via finitary positive requirements and we can
restrict balls in B’s collection from entering A with priority 8.

All the above details are the same except for the last paragraph of the
proof of Theorem 5.1. We change the last two sentences to read: “If x later
enters Wpg it must enter Sg or A; otherwise we will take x for B’s collection.
Sox € (WgNSg) — Aiff x € (Wg; N Sps) — Ay and hence Wg N Sg is
computable modulo A.”

We also would like to expand the construction of A so it need not be
completely within W. For this we will introduce a computably enumerable
set W. We will build A completely within W. W will be a split of W and
inside W we will build A as assumed above. We do not care how A is being
constructed in W — W but since W is a split of W this construction does not
spill over into W.

Corollary 6.2. Let W be a computably enumerable set and W a computably
enumerable split of W. Let A be a computably enumerable set being con-
structed completely inside W such that, inside W, A is being constructed
via finitary positive requirements and we can restrict balls in B’s collection
from entering A with priority B.

Effectively in i, W, a B-interpretation Bs and S a subset of W, there is
a U and D such that D witnesses that vp (A, U Bs, S) holds (and all the
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components of U and D are contained in S ). Furthermore, for all j # i,
and for all C, U, A, and C do not realize P;.

6.3. Building S. We would like to build a computably enumerable set S
such that § is a split of W and S is noncomputable modulo A. To do this
we are going to need to make some assumptions about W and W.

Since W is a split of W, S will be a split of W. Therefore if S is going
to be noncomputable modulo A, W must be noncomputable modulo A.
Otherwise all computably enumerable splits of W are computable modulo
A. Hence W must be noncomputable modulo A. Since A C W, if W is
simple then W is not computable modulo A. Lets assume that W is simple.

To see what kind of assumptions we need on W and how we build S the
following lemma will prove very useful:

Lemma 6.3. Assume that A C W and that W is noncomputable modulo A.
Let Y € W be noncomputable modulo A. If we build X C Y to meet the
following requirements

(R.) if W, \\ 'Y is infinite then (W, N X) — A # (.
then X is noncomputable modulo A.

Proof. Z is noncomputable modulo A iff for all W,, either W,UZUA # w
or W.NZ g A. If W, UY UA # o then no matter how we build X C Y,
Wo.UXUA # w. f W, NY Q A then W, N\ Y is infinite; otherwise
(WA\Y) — (W, N\ Y) is a computably enumerable set witnessing that Y
is computable modulo A. So to make X noncomputable modulo A it is
enough to build X such that if W, \( W is infinite then W, N X ¢ A. O

Now let us mix this with Corollary 6.2. So in addition to the assumption
that W is noncomputable modulo A, let’s assume A is a computably enu-
merable set being constructed inside W via finitary positive requirements
and we can restrict balls in 8’s collection with priority f.

W will be externally built as a Friedberg split of W. Recall if X is a
Friedberg split of Y then W, \ Y is infinite implies that W, N X # A and,
in fact, W, \( X is infinite [see |16, Theorem X.2.1]. So if we can restrain
at least one of the balls in W, \( W from entering A with priority e, W
will be noncomputable modulo A. If || = 2e + 1 then in addition to B’s
normal duties we will let 8 restrain a ball x in W, N W from entering A.
When we do this we will not add x to 8’s collection but allow x to enter any
collection as before. We provide some more details in Section 6.5. So W is
noncomputable modulo A.

We can build S to be a Friedberg split of W [again see |10, Theorem
X.2.1]. Now if we let B also restrain a ball in W, N\ S from entering A,
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S will be noncomputable modulo A. The construction for the Friedberg
Splitting Theorem is uniform. Hence we have the following corollary:

Corollary 6.4. Let W be a simple set and W be a Friedberg split of W.
Let A be a computably enumerable set being constructed completely inside
W such that, inside W, A is being constructed via finitary positive require-
ments and we can restrict balls (in ’s collection and possibly others) from
entering A with priority B. R R R

Effectively in i, W, and a B-interpretation Bg there is an S, U and D
such that S is a Friedberg split of W, S is noncomputable modulo A, and
D witnesses that g9, (A, U Bs, S) holds (and all the components of U and
D are contained in S). Furthermore, for all j # i, and for all C, U, A, and
C do not realize P;

6 4. Realizing &;. Recall, from Theorem 4.1, for U, A and W to realize

%; there must be a spllt S of W such that § is not computable modulo A
and P (A, U, Be, S) where e codes U P;, A and W. So if we apply the
above corollary to Be, where ¢ codes U, & , Pi, A and W and is arrived at by
an application of the Recursion Theorem to the above corollary (the above
corollary builds U which must be included in the code and it is here that we
care that U is constructed uniformly) then we have the following corollary:

Corollary 6.5. Let W be a simple set and W be a Friedberg split of W.
Let A be a computably enumerable set being constructed completely inside
W such that, inside W, A is being constructed via finitary positive require-
ments and we can restrict balls (in B’s collection and possibly others) from
entering A with priority B.

Effectively in i, there is a U such that l7, A, and W realize P; (and all
the components of U are contained in W ). Furthermore, for all j # i, and
forall C, l7, A, and C do not realize P

6.5. Actually building A. Now it is time to actually build A. We start
with a computably enumerable set F' and a set J which is 25 . We want

to construct A and U such that A and F have the same Turing degree and
i € J iff there is a ¥ such that U, A and Y realize #;. We want to code J
into A and U.

Whether i € J is not an effective piece of information for all i but it is
=1, The question of “is W[ total” is 14 -complete. So we can construct a
uniform sequence of functionals W 5,,1) such that i € J iff there is n, \Ifg n)
is total.

Let W be a simple set of the same Turing degree as F (every computably
enumerable degree contains a simple set). Using the Friedberg Splitting
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Theorem we will break W uniformly into infinitely many Friedberg splits,
W_; and W; ,, for all i and n.

We apply Corollary 6.5 to W; ,, to code i and construct U,n Lets assume
that everything in the above corollaries is indexed by i and n. We will
use \IJ( ny to construct A inside W; ,. We hope to satisfy the hypothesis of
Corollary 6.5.

6.5.1. Building inside W; ,. Assume that |8| = 2e + 1. At stages s that
lIISF *(e) converges we will allow S to add balls to its collection and restrain
them out of A with priority 8 and if some x in W, enters W; ,, or the needed
Si n at stage s (and we are not restraining such balls already with priority
B) we will restrain x out of A with priority 8. If there is a later stage ¢ such
that F; | ¥5(e) # Fs | ¥g(e) then we will dump all balls restrained with
priority 8 into A N W; ,,. If x enters W; ,, and is not immediately restrained
we will dump x into A.

6.5.2. The realization and nonrealization of patterns. Before we con-
tinue we should recall the following fact from Section 3.5: If, for all [,
VinwW =U; NW then U, A and W realize P iff ‘7, A and W do.

Since Corollary 6.5 is uniform and all W;, are disjoint, we can let

= UUini s i,n € o) forl =0,1,2,3. If W[, is total then the

constructlon of A inside W; , meets the hypothesis of Corollary 6.5 and we
have that U A, and W; , realize #;. So if i € J then there is a W; , such
that U A and W; ,, realize P

Let j ¢ J then for all n, \IJ< ) is not total. If \IJF i) is not total then
ANW;, =*W,, and therefore no split of W; , is noncomputable modulo
A. Hence for all i and n, U,,,,, A, and W; , do not realize &,

Let’s quickly revisit the negatlve requirements to make sure for all Y, U
A, and Y do not realize ;. The key is to meet N, y 5 3 for the above U

where S is a split of Y. Now if S \, W is infinite then for all i and n,
S \( Wi, is infinite and hence inside W; , there is a witness to , YK If

S ¢ W, , is finite then, by the construction of A, SN Wi, € A. Soif
S N\ W is finite and S Q* Athen S — A C* W_,;. But then we can realize

N, y 5 5 exactly as we discussed in Section 6.1. It does not matter how we

build A on W_; as long as all components of U are empty on W_;0, which
is clearly the case. _ .

Therefore there is a U such that i € J iff thereis a Y where U, A and Y
realize &

6.5.3. The degree of A. So far A is computable from F. Given x use F
to determine if x enters W. If x enters W, x will later enter some W; , (or
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W_1). When x enters W, , at stage s either x will be put into A or restrained
out of A with priority 8, where || = 2e + 1. If restrained at stage s then x
enters A iff F | ¥4(e) changes after stage s.

Inside W_; we will code F into A. The easiest way to do this is to create
a computable bijection b from w to W_; and let b(x) € A iff x € F. So
W_1N A has the same Turing degree as F' and hence A and F have the same
Turing degree.

6.5.4. The coding. In this section we will sum up the work in the past few
sections. The following definition will prove useful:

Definition 6.6. Fix .£, an L-interpretation Uanda computably enumerable
set A. Let AT (this should also be indexed by £ but U determines L) be
the set of special L-patterns & = (7, R, 8B, 1) such that there exists W,
such that U, A and W realize the pattern .

Theorem 6.7. Given the L-patterns P; defined in Section 3.6, for all com-
putably enumerable F and all sets J, if J is Ef then there is a computably

enumerable set A and an L-interpretation U such that A =r Fandi € J
iff Pi e g AU

P € J, ¢ can be written as a statement in the language L = {C}.
P e g(A,U is a property of L(A). Thatis, if L(A) is isomorphic to L (F) via
Pthen P € 4, jiff P € Fr.o@)- (As it stands this is not true for L*(A).)
Hence the statement “# € &, 7 is invariant under automorphisms of &.

Hence the above theorem codes J into A and U in a way which is invari-
ant under automorphisms of &. To properly use this coding we must be able
to decode it. We would like to be able to decode this in a fashion which is
23*‘. The following lemma is a start. We will need a few more theorems
before we get the result we want; see Section 8.

;520
Lemma 68. 7 € 4, j is &.

Proof. By Corollary 4.2, whether U , A, and W realize & is 22. Now just
chase through the definition of § , . U

7. TRUE STAGE ENUMERATIONS

We need to take a short computably-theoretic break concerning true stage
enumerations and splits which are not computable modulo A. The main
goal of this section is to show Theorem 7.3. This theorem is used in Defi-
nition 8.1 and the proof of Theorem 8.2.

Definition 7.1. Let {A;} be an enumeration of A. Let

Ay ={a} <a} <..)}
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and

Z:{ao <da) < }
Then {Ay} is a true stage enumeration of A if there are infinitely many s
such that a; = a,. A stage s is a true stage if aj = a;.

Whether a stage s is a true stage for A (and some fixed enumeration) of
AisTIY (forall t, @' = a) and it is also A

Lemma 7.2. If A is not high, then A has a true stage enumeration.

Proof. Fix some enumeration {E} of A. Let g = us[e} = ax] (where €3
is defined as in Definition 7.1 w.r.t. {E}). ¢ <7 A and hence g fails to

dominate some computable function f. Define Ay = E¢(5). If f(s) > g(s)

then a; = abf(s) = ef(s) = ds. U

A slightly stronger lemma and its proof can be found in Soare [ 16, page
209, Lemma XI.1.6].

Theorem 7.3. Suppose that A has a true stage enumeration. Uniformly in e,
there is a computably enumerable F, C W, with a computable enumeration
{Fe.s} such that for all splits, S, of W,:

(1) if (a) S is not computable modulo A then (b) there are infinitely
many x and stages s > x such that s is a true stage, x € S, x ¢ Fe ¢
and x ¢ Ay;

(2) if (b) then (c) S N F, is not computable modulo A.

As we mentioned in Section 3.4, S is noncomputable modulo A is a 1'1(3)
statement. Since “s is a true stage” is l'[(l) and Ag, (b) is a l'[g statement

and a I'Ié statement. Being H? will prove very useful in the proof of The-
orem 8.2.

7.1. Proof of Theorem 7.3. To make our lives more sane we will drop the
index e. We can safety assume via the Recursion Theorem that we have an
index for F. For this proof, we will find the alternative definition of com-
putable modulo A (see Definition 3.16) more useful. The proof will be a
tree construction, a standard 1'[(2) tree argument like the previous construc-
tions. But first we will warm up with the requirements.

7.1.1. The first condition. The failure of (b) implies that S N F C* A.
Since we are building F' we can stop enumerating balls x into F'. Therefore
S C* A and clearly S is computable modulo A. However we must do this
for all splits of W.

Let {S;, :S’\,-} be a list of all pairs of computably enumerable sets. Itis a Hg
question to determine whether S; witnesses that S; is a split of W. Whether
(b) fails to hold for §; is a Zg—property. We will assume that this property
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is written in the form 37O (j, i), where © is l'[g (and is different from the
® discussed in Section 4.1.2).
To meet (1), it is enough to meet the following negative requirements:

:S'\i witnesses that S; is a split of W

(M, j) . =
and ©(j,i)then F Cg S; U A,
where F Cg :9\, U A iff there is a computable set R < F such that
F—RCS;,UA. R

Assume that §; is a split of W witnesses by S; and that (b) fails for S;.
Then there i isa J such that ©(j,i). Assume that we met N; ;. Therefore
F—R C S U A, for some computable set R € F. Now since (b) fails
for S;, S; N F C* A. SoS;NF C S U R U A. But, since S; andS are
disjoint, S; N F € R U A. Since R is a computable subset of F' which is a
subset of W and S; is a split of W, X = RN §; is computable. So there is a
computable set X = R N S; such that X C §; and S; €* X U A and hence
S; is computable modulo A.

Meeting ; ; will prove to be rather straightforward. We just try to re-
strain as much as we can from entering F. The computable subset R of F
will just come from the tree construction.

7.1.2. The second condition. If (b) fails for S; then the second condition
holds trivially. Assume that (b) holds for S;. We wish to ensure that no
computable set R witnesses that S; N F is computable modulo A. So we
must show for all computable sets R either R ¢ S, N For S;NF ¢ RUA.

Let {R;, R ;) be another list of all pairs of computably enumerable sets. It
is a T19 question whether R ;j witnesses that R; is computable; R; LI R i =o.

To meet (2), under the condition that (b) holds for §;, it will be enough to
meet the following requirements:

:S'\i witnesses that S; is a split of W and
(%, 5) R j witnesses that R;is computable —
RJ' ,@S,-HF\/S,-HFQRJ-UA.
We meet & ; by searching for a ball x and a true stage s such that
x € Sis,x ¢ Fgand x ¢ Ag. Since (b) holds for §;, there will be in-
finitely many such balls and stages. Once we have such a ball x we will
restrain x from entering F' until x enters R ;. Since we are keeping x out of

F,if x enters R; then R; Q S; N F. If x enters Fj then we add x to F (this

is the only enumeration into F) and x € S; N F N R j N A. In either case, R j
does not witness that S; N F is computable modulo A. Hence if (b) holds
for S; then S; N F is not computable modulo A.
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7.1.3. The tree, true path and approximation to the true path. Leta € 2=¢
be of length 2(i, j) 4+ 1. Now O(j, i) is Hg. So lets assume O(j, i) is of the
form (Vx)(3s)®*(j, i, x, s), where ®*(j, i, x, s) is Ag. (Note that we can
and must find @(j, i) and ®*(J, i, x, s) uniformly from i.) Let [, (s) be the
greatest y such that for all x < y if x € W, then either x € §; s orx € S; ¢
and there is a t < s where ®*(j, i, x, t). Assume that « C f;. Let 7 be the
last stage such that "0 C f;. Then &’0 C f; iff I, (s) > l4(¢) (or ¢ does not
exist); i.e., s is an a-expansionary stage.

Let 5 € 2= be of length 2(i, j). Let ls(s) be the greatest y such that
for all x < y either x € Rj; orx € Rj, and if x € W; then either
xeSsorx € :S'\ls Assume that § C f;. Let ¢ be the last stage such that
80 C f;. Then 80 C fy iff Is(s) > Is5(¢) (or ¢ does not exist); i.e., s is a
d-expansionary stage. .

Let f = liminf f;. It is not hard to show that «’0 C f iff S; witnesses
that S; is a split of W and ©(j, i) and §°0 C f iff S; witnesses that §; is a
split of W and R; witnesses that R; is a computable set.

7.1.4. The construction of F. Let § € 2= be of length 2(i, j) = k and let
B = 8°0. Assume that 8 C f;, where ¢t < s, and B has not been initialized
since stage . If B does not have a witness, xg, to & ; at stage s and there
isaball x such thatx > k,x € S; s, x ¢ Fy, x ¢ Ay, x is not a witness for
any y C Bory < B,if y'0 C B where y is of length 2(i, j) + 1 then
x € S, and for all stages ¢/, if x < ¢’ < s, it is not the case that f;; <; B
then choose the least such ball x as B8’s witness. If 8’s witness enters A then
it is released and B starts looking for a new witness. If xg enters R; then
we add xg to F. Otherwise xg remains out of F.

7.1.5. The verification. Assume that S; witnesses that S; is a split of W and
O(j,i). Lety = «’0 C f be such that the length of « is 2(i, j) + 1. Define
R as follows: Given x wait for a stage s > x such that y C f;. x € R iff
x € F;. By the construction of F, except for finitely many balls not in A
(the final witness for 8 C y or B <, v), if x ¢ R enters F then x € §;. So
MN;,j 1s met.

It remains to show that #; ; is met. Let 8 = §°0 C f where § is of length
2(i, j). It is enough to show that there is a stage s after which B’s witness
does not change. We will do this by induction on 8. So there is a stage ¢
such thatif y C B or y <p B and y has a permanent witness it has one by
stage t and for all stages s > ¢, fy £ B.

Let

G={a:20C Band |a| =2(i, j) + 1 = 2(iy, j) + 1}.
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So (b) fails for §;, and hence (b) fails for § = U{:S'\ia :a € G}. Hence if
(b) holds for S; then (b) must also hold for S; N ({S;, : @ € G}. Therefore
it is only a matter of time before 8 gets a permanent witness. U

8. THE DEFINABILITY OF THE DOUBLE JUMP

In this section we will focus on the decoding that is needed to show the
double jump is definable in the computably enumerable sets.
Since Theorem 7.3 is uniform we can make the following definition:

Definition 8.1. Suppose A has a true stage enumeration, then there is a
computable function ¢ such that, for all e, W; = F,, where F, is from
Theorem 7.3.

Theorem 8.2. Suppose that A has a true stage enumeration. P € g AT iff
there is an e and there is a split S of W, such that there are infinitely many
x and stages s > x where s is a true stage, x € S, x ¢ F, s and x ¢ Ag and
02 (A, U, Bs, SN F,). Hence “P € §, ;" is 4.

Proof. If € A.p then there is a W, such that for all B there is a split
S of W, where § is not computable modulo A and ¢» (A, U , E, S). Let
B= 11;. Now we get a split S of W, such that S is not computable modulo
Aholdsand g (A, 17 Ee, S). But then, by Theorem 7.3, there are infinitely
many x and stages s > x such that s is a true stage, x € S x ¢ F, s and

x ¢ Ag. Notice that » (A, U Be, S) implies pp (A, U Be, SN F,) (see
the comment at the end of Section 3.3).

Assume that there is a split S of W, such that there are infinitely many
x and stages s > x where s is a true stage, x € S,x ¢ Feyandx ¢ Ag

(this is (b) from Theorem 7.3) and g2 (A, U Be, SN F,). By Theorem 7.3,
S N F, is not computable modulo A. We have F, = W; C W,. Hence there
is a split S N F, of W; such that (A, 17, Eé, SN F,)and SN F, is not
computable modulo A. Therefore, by Theorem 4.1, U , A and W; realize P
and P € 4, 5 U

Corollary 8.3. “P € 4, " is ZA

Proof. By Lemma 7.2 and Theorem 8.2, we only need worry about A where
Aishigh. “P € g, 5718 Eo,by Lemma6.8. So“P € &, 57 1s Eg . Since
Ais high, P € 4, 7" 1s2 . Hence “ eg’AU”isE?. U

Definition 84 Let ¢;(A) be the L, . sentence: There exists an .-
interpretation U such that for all i, i € J iff ; € Fai

By Theorem 6.7, for all computably enumerable F and for all sets J if
J is Ef then there is a computably enumerable A such that ¢;(A). By
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Corollary 8.3, if ¢;(A) then J is Z4. If ¢;(A) and b >7 A then, by
Theorem 6.7 and Corollary 8.3, there is a B such that B € b and ¢ (B). So
the coding (at least the current version) is closed upward in the sense that it
cannot be used to separate A from any b such thatb >7 A.

@y (A) is a property of L(A). If L(A) and L(B) are isomorphic then
@ (A) iff ¢ ;(B). Hence ¢ (A) is invariant under automorphisms of &.

Theorem 8.5. Let © = {a : a is the Turing degree of a 2(3) set J >7 0"},
Let D < C such that D is upward closed in C. Then there is an L(A)
property .o (A) such that

(Vee. F)[F' € D < (3A)l¢p(A) and A =1 F]].

Proof. Let 95 (A) be the infinite disjunction of all ¢;(A) where J is a Hg
set whose Turing degree is in D.
If F” € D then there is a 1 set J in the above disjunction such that J is
Zf and hence, by Theorem 6.7, there is an A such that A = F and ¢;(A).
Assume there is an A such that A = F and ¢;(A), for some J in the
above disjunction. Then, by Theorem 8.2, J is Zf, and, since J is l'[g, J is
A‘z“andAg. SoJ <y F"and F" € D. O

This is our main result and from it follow the three corollaries mentioned
in the introduction (Corollaries 1.3, 1.4, and 1.5).
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