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The global structur e of computably enumerablesets

PeterA. Cholak

Abstra ct. We will work in the structureof the computablyenumerablesets. The lan-
guageis just inclusion, . This structureis called E. Our questis to partially surey
our currentunderstandingf the global structureof E andtherelationshipbetweerkE and

the computablyenumerablelegreesandto posequestionsvhoseanswersshouldprovide
furtherinsight.

1. Intr oduction

There are four themesthat run throughoutmost work on E: De nability, or-
bits/automorphisms/isomorphgubstructues computationalcompleity, and dynamic
properties Clearly de nability is a generathemethroughoutall of mathematicalogic.
The study of orbits and automorphismgin general)datesfrom the 1870's and earliet
Mainly we will useTuring reducibility, Turing jump andthe relatedjump classeqlowy
and high, classeskhsa measureof computationakcompleity. This is part of our con-
nectionto the computablyenumerablalegrees.The dynamicpropertiesaremorehidden
but we will try to highlightthem. Whatis sonicein E is how all four themesnterrelate
with eachother At presentthis is just a bold claim but, in this paper we will provide
elaboratiorandjusti cation of this claim.

1.1. Preliminaries. Beforewe startthis journey we mustdealwith somepreliminar
ies. First, thisis not the only paperon E in this collection. Soare[2000] alsofocuseson
E.

All setswill be computablyenumerablenoncomputableetsandall degreeswill be
computablyenumerableand noncomputableynlessotherwisenoted. Our notationand
de nitions are standardand follow Soare[1987]; however we will try to provide some
de nitions andnotationalnicetiesthroughouthetext sothereademeednot consultSoare
[1987].

Thesetsandrelations0; 1;\ and[ arede nablefrom . HenceE canbeconsidered
asalattice.” X is computable’is de nable;“ X is computable’iff X is complemented: X
is nite” isde nablein E; “ X is nite” iff all subset®f X arecomputabldit takesalittle
computabilitytheoryto shav if X isin nite thenX hasanin nite noncomputablsubset).
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Wewill alsoconsidetthequotientstructureE modulotheidealof nite setsk . E is
ade nablequotientstructureof E. We useA to denoteheequivalenceclassof A modulo
theideal of nite sets. If thereis anautomorphism8 , of E suchthat8 .A/ D B,
thenthereis an automorphismg8, of E suchthat8.A/ D B (in which casewe say A
andB areautomorphic)seeSoare 1987,XV.2.7]. Giventhis,we will blur the difference
betweerE andE .

2. A beautiful example

Perhapghe examplewe areaboutto presenis overworkedbut it still highlightsour
four themedn anexcellentfashion.

M is maximalif for all W eitherwW MorM[ WD !.Friedbeg[1958]shaved
thatthereis amaximalset[seeSoare 1987,X.3.3].

Theorem 2.1 (Soarg1974]). If M and My are maximalsetsthenthere is an auto-
morphism8 of E sudithat8 . M1/ D M2. Hencethe maximalsetsform an orbit.

Theorem 2.2 (Martin [1966]). A degreeh is high iff there is a maximalsetM suc
thatM 2 h.

De nition 2.3 A classD of degreesis invariantif thereis a classS of (c.e.) sets
suchthat

(i) d 2 D impliesthereisaW in S andd,
(i) W2 Simpliesdeg. W/ 2 D, and
(i) Sisclosedunderautomorphidmages.

Corollary 2.4, Thehigh degreesare invariant.

Let's seehow our four themescomeinto play. Theorem2.1 implies that the maxi-
mal setsarea honemptyelementarilyde nable orbit. (By elementarilyde nable we will
meande nable by a formulain L. , an elementaryformula.) Clearly Corollary 2.4
involves computationatompleity (measuredn termsof jump classes).The proofs of
Theorems.1and?2.2rely on dynamicproperties.

We saythata function f is dominantif f dominatesevery computabldunction. The
proofof Theorem2.2 breaksup into two parts: First oneshaws thatthe principal function
of the complemenif a maximalsetis a dominantfunction, andthen, one shavs that a
computablyenumerablalegreed is highiff d containsa dominantfunction. Theideais
thatlots of numbersmustentera maximalset.

Theproofof Theoren.1relies,in part,onthefollowing: Thereis alist of computably
enumerableetsU; whereU; D W ¢ and f is computablén 0°suchthat

for all ethereis ani suchthatWe D U,

for all ethereisa ¢ suchthat ¢ is thee-stateof M w.r.t. fUijgz ( .i/ D 1iff
M Uj) [dymanicisomorphism]and

if X DY UiV .i/ D1gthenX & M D fxV9s;tTx2.X .s Ms/\ MiUg
isin nite iff D ¢, for somee (or anemptyextensionof some ¢/ [replete].

Thesefactscanbe establishedisingthefactthat M is maximal. Severalproofsof this can
befound,all usingsomeversionof Soares ExtensionTheoremseeSoare 1987,XV.4.5].

For example,seeSoare[1987,XV.4-6] or Cholak[1994b]. Soarehasannounce@nother
proof of this usinganothewersionof the ExtensionTheoremwhich heis calling the New

ExtensionTheoremseeSoarg[2000] for moredetails.



COMPUTABLY ENUMERABLE SETS 3

3. Orbits and 1-types

The creatize sets(Harrington,seeSoareg[1987,XV.1.4]); themaximalsets;the quasi-
maximal setsof rankk, for any k (Soare,seeSoare[1987, XV.4.8]); the Herrmannsets
(HerrmannseeCholakandDowney [n.d.]); the quasi-Herrmanmsetsof rankk, for any k
(CholakandDowney [n.d.]); thehemi-maximakets(Downey andStob[1990]); the hemi-
guasi-maximaketsof rankk, for any k (Downey and Stob[1990]); the hemi-Herrmann
sets(CholakandDowney [n.d.]); andthe hemi-quasi-Herrmangetsof rankk, for ary k,
(CholakandDowney [n.d.]) areall elementarilyde nable orbits. (Theactualde nition of
thesesetsis notimportant,just the factthatthey areelementarilyde nable.) Sinceeach
of theseorbitsis elementarilyde nable, the de ning formula describesa principal type.
Hencetherearein nitely mary 1-typesof E andsoE is not @-categorical. Clearly E
hasin nitely mary 1-types:“X hasn elements’is a1-typein E.

Question 3.1 (i) Showthat these(the above list) are the only elementarily
de nableorbits.
(i) Showthesearetheonly principal types.
(iii) Describeall orbits.

Thekey to all of the above resultsis thatwe have somecontrol over the complement
of the set. Soto shav thatthe above list is not the completelist of elementarilyde nable
orbits,oneshouldexaminethe setswhereonehassomecontrolover thecomplement.

A setH ishhsimpleiff L . H/ (thesupersetsf H modulothe nite sets)isaBoolean
algebra.ln generalthe hhsimplesetswill notwork to extendthe above list. As thereare
nonautomorphitihsimplesetswhosel s areisomorphic. Thisis dueto Lerman,Shore
and Soare[1978] and was later extendedto all possibleL s (for all hhsimplesets)by
Herrmann[1989]. So given hhsimplesetswhoseL s areisomorphic,one could try to
addsomeadditionalpropertiesto ensurethat the setsareautomorphic.Someothergood
possibilitiesto extendthe above list arer -maximalsetswith a maximalsuperseaindthe
majorsubset®f amaximalset.

However, | conjecturethe Question3.1 hasa positive answerthereareno moresuch
orbits. Evenif this conjecturess incorrect,| doubtthereis a rst-order elementarilyde-
nable orbit whoseproof is not similar to ary of the known results. The next theorem
shavsthatansweringQuestion3.1is boundto behardandsupportamy conjecturghatthe
answetrto Question3.1is positive.

Theorem 3.2 (Cholak,Downey andHarrington[n.d.]). f.A;B/ VA ' Bgis 6 %
complete

Corollary 3.3 (i) Notall orbits are elementarilyde nable.
(i) Eisnotaprimemodel(ofits theory).

(i) Theris noarithmeticaldescriptionof all orbits.

(iv) TheScottrankof E is at least! fK.

But canwe actually nd examplegealizingandextendingtheabove corollary?l.e.:

Question 3.4. (i) Find anorbit which is nota principal orbit.
(ii) For all computableordinal , nd a pair of computablyenumeable setswhich
are 1 %-automorphichut not 1 °-automorphic,for < . (Thede nition of
1 9-automorphicappeas below)
(i) Canwe nd anorbit O sudthatmembeshipin O is 6 % complete?
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Examiningtypesallowsusto provetwo model-theoreticesults:E is not @-catkgorical
andis not a prime model. Since,if a modelis homogeneousts Scottrank is at most
I C 1,E isnothomogeneousr saturated.

4. Automorphisms
Themainquestionhereis :
Question 4.1 Describeall automorphismsf E.

However, giventhefollowing theoremandTheorem3s.2, this seemdik e anunanswer
ablequestion.But we will arguethatit is actuallyananswerabl@uestion.

Theorem 4.2 (Lachlan,seeSoare[1987,XV.2.2]). There are 2@ automorphism®f
E.

We can sidesteplLachlans result sinceall theseautomorphismsare similar. They
just move computablyenumerablesubsetof almostcohesve sets. Thereis a tower of
computablesetsR; suchthat for every e, either We R.orW. Re. Let$, bean
in nite coin nite computablyenumerablesubsetof R,c1  Ry. Givenafunction f, let
8 1 be the automorphisnmof E inducedby sending8 .S,/ to .Ric1 R/ S and
8f..Ric1 Ri/ S/ toSif f.n/ D 1;otherwise8 s (actuallythe permutationwhich
induces8 ¢) istheidentityon Rac1 Rn. ButevenwithoutLachlansresultwe still would
nothave anarithmeticaldescriptiorof all automorphismé&y Theorem3.2.

Our understandingf automorphism®f E is uniqueto E. In moststructureswith
nontrivial automorphismsve canconstrucautomorphismsia thenormal“backandforth”
argument. But this is not the casewith E. To constructautomorphism®f E we usethe
propertiesof beingwell-visitedandwell-resided Well-visited is 5 g andnot beingwell-
residedis 6 g (we usethe negation). Sincethe complexity of thesepropertiesis at most
6 g, the constructionof the desiredautomorphisncanbe placedon a tree. (We will not
discusghedetailson this placemennor of the constructiorof anautomorphisnof E but
directthereaderto HarringtonandSoarg[1996b]or Cholak[1995].)

But beforewe can continuewe needsomenotation: We will needa way to classify
the compleity of automorphism®f E. Let 8 be anautomorphisnof E. We say8 is
a 1 9-automorphisnif thereis a 1 9 function f suchthat8 .We/ D Wys . Then f
is calleda presentatiorof 8. Two setsA andB arel g-automorphiciff thereisal g-
automorphisn8 suchthat8 . A/ D B. This methodof classi cationcanalsobe usedfor
isomorphismbetweerL. . A/ andL .B/.L .A/andL .B/arel g—isomorphic(written
L A 19 L .B/) iff thereis anisomorphisn8 betweerL .A/ andL .B/ andalg

function f suchthat8 W,/ D W; .

If anautomorphisn8 is constructedn atreethen8 hasa presentatioromputable
in the true path (whichis 1 g). Henceall automorphisntonstructedn this way are 1 g—
automorphismsor even effective automorphisms)All of the known resultsexceptTheo-
rems3.2and4.2involving automorphismsisel g-automorphisms.

ThestructureE has2® automorphismsHence theremustbe automorphismsvhich
arenot 1 g. Even with Lachlans resulttherewas someslight hopethat the relation of
whethertwo setsareautomorphiovould be 1 g or at leastarithmetical. But Theorem3.2
shavsthisis notthecase.Thereforeve know thatthereareusefulnon-1 8-automorphisms.
But the proof of Theorem3.2 doesnot allow us to clearly lay our handson ary such
automorphismsThe automorphismgonstructedor this theoremare basedon complex
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arrangementsf 1 8-isom0rphisms.(The automorphismgonstructedn Lachlans proof
arecomplex arrangementsf effective isomorphisms.)Thusthereis somehopethat all
automorphismsarejust complex arrangementsf 1 g-isomorphisms.The next collection
of resultsprovidesuswith somefactualbasisfor this hope.

LetS.A/ D fB V9C.Bt C D A/g S.A/ isthesetof splitsof A andS. A/ forms
a Booleanalgebra. R.A/ D fR VR AandRiscomputablg R.A/ is the setof
computablesubsetof A andis anideal of S. A/. Sg. A/ is the quotientstructureS. A/
moduloR . A/. If W 2 S A/ thenlet WR-A be the equivalenceclassof W in Sg. A/l.
Sr . A/ is a Booleanalgebraandis de nable in E with a parameteffor A. If A andB
are automorphicthen the structuresSg . A/ and Sg . B/ are isomorphicstructures. But
somethingnuchstrongetis true.

Theorem 4.3 (CholakandHarrington[n.d.a]). If A and B are automorphicthenthe
structuesSg . A/ andSg.B/ are 1 8-isom0rphicstructues (that is there is an isomor
phism9 betweerSg. A/ andSg . B/ anda 1l g—functionf sudhthatfor We 2 S. A/, W5 o
isin 9 .WR-A/: andwewill write thisasSg . A/ ' 19 Sr.B/).

By Theorem3.2 we cannotgo from a 1 g isomorphismfrom Sg . A/ to Sg . B/ to an
automorphisnof E taking A to B. But thereis the hopethatwe canaddextra conditions
to this 1 g isomorphismto help constructthe desiredautomorphism.Theorem4.3 also
provides evidencethat we are limited to our currentmethodsin how we can construct
automorphismsf E. Thisis certainlythe casefor hhsimplesets:

Theorem 4.4. Let H; and H, be hhsimple H1 and H» are automorphiciff they are
1 9-automorphidff L . Ha/ " 9L H2.

Theorem4.3will alsohave animpactin showving thatcertainsetscannotbe automor
phic. Mostsuchresultsgo moreor lessasfollows: First showv thatthe setsA and B cannot
bel 8-automorphic.'l'henusethefailureto bel g-automorphido nd ade nableproperty
P trueof A butnotof B. By usingTheoremd.3, perhapave canformalizethis processlf
not thenat leastwe canuseTheorem4.3to diagonalizeagainstall 1 g-isomorphismand
shaw thatcertainsetsarenot automorphiavithout producinga de nable difference.

An announcemendf Theorems4.3 and 4.4 and someotherinterestingresultsand
examplescanbefoundin CholakandHarrington[n.d.b].

Perhapsour currentunderstandingf automorphismsf E may be helpful in other
areassuchasthe computablyenumerabl@egrees.In our constructionsve have anotion
of an e-state;enoughinformation,if correctlyactedon, to build a partial automorphism
betweenthe rst e sets. We know thatif we act properly i.e. make movesto copy the
well-visitedandwell-residedstateswe canextendour actionsto handleall .e C 1/-states.

As we mentionedearlier the normalbackandforth agumentfails. Back andforth
argumentdail becauseve do not know anything aboutthe n-typesof E.

Question 4.5. Describethe n-typesof E.

The next de nition captures movesof the standardback and forth algument(see
Barwise[1973] or Ash andKnight [2000]).

De nition 4.6 (i) & 1 Eiff every6 1 formularealizedby B is realizedby
K

(ii) E  Eiff forall B if1 < thereisaCsuchthatB & A&
Question 4.7 (Knight). Whenis & B2
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If for all computable , A B (A B andB A) then A and B areautomor
phic (seeAsh andKnight [2000]). So, by Theorem3.2, for all computable , thereare
automorphicA andB suchthatA 6 B.

5. Upward and downward cones

We wantto turnto computationatompleity issuesFirst,we will considerthe prop-
erty of beingautomorphido a completeset. This issue rst arosebecausef Posts Pro-
gram. Oneversionof Posts Programis to nd a de nable propertyQ in E suchthatif
Q. A/ thenQ is incomplete.By Harringtonand Soare[1991] this hasa positive solution:
Thereis apropertyQ. A/ suchthatthereis an A whereQ. A/ holdsandif Q. A/ holdsthen
A is notautomorphido acompleteset.

Theorem 5.1 All setslisted in the r st paragraph of Section3 (the refelencesare
thesameastherefeencedistedthere) andthe almostpromptsets(Harrington and Soae
[1996b]) are automorphido a completesetB.

This givesrisesto the questionof which setsareautomorphido completesets.

Question 5.2 (i) Characterizeall setsautomorphicdo completesets.
(i) 1sfe VW, is automorphido a completeseg6 %-complete?

In termsof the automorphisnresults,sendingA to a completeset B meanshatwe
canaddnumbersto B at any time and continueto build the automorphism.Harrington
shaved[seeHarringtonandSoare,1996b]thatfor all incompleted andall noncomputable
A, thereis a B suchthat A and B areautomorphicand B 1 d. But this construction
alsoinvolvesaddingthingsto B. Cholak[1995] and,independentlyHarringtonandSoare
[1996b] shaved that every noncomputablesetis automorphica high set B. Hencewe
canpumpup the degreein termsof jump class. Again this constructioninvolved adding
numbersto B. GivenarandomA, we have very little control over the actualdegreeof
B. Controllingthe degreeof B would involve restrainingnumbersrom B. The question
remains:Canwe avoid downwardcones?

Question 5.3. Let A beincomplete Doesthere existsa B sudi that A' B and
A 1 B?

Onemightaskwhatis thecompleity of theindex setof thoseAsthatareautomorphic
to a B which cannotTuring computeA? In fact,we canalwaysturn mostof our questions
into index setquestions.

6. Invariant degreeclasses

Martin [1966] shaved that the degreesof the maximal setsare exactly the high de-
grees. Lachlan[1968a]and Shoen eld [1976] shoved that the degreesof setswithout
maximalsupersetareexactly the nonlow, degrees.Sothe high degreesandthe nonlow;
degreesareinvariant. In addition,Lo D 0O andLo D R 0 areinvariantaswitnessecdy
the computablesetsandnoncomputableets respectiely.

Harringtonin unpublishedvork shavedthatthe propertyof beingcreative is elemen-
tarily de nable in E [seeSoare, 1987, XV.1.1]. HenceHy is invariant. Harringtonand
Soare[1996b] shaved that every promptsetis automorphico a completesetandhence
Hg is nonirvariant.Maass Shoreand Stob[1981] shavedthatthereis a de nable classof
sets(the promptly simple sets— seebelaw) which splitsall jump classes Also, in asyet
unpublishedvork, HarringtonandSoargseeHarringtonandSoare ,1996a,Corollary4.4]
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have shavn thatL ; is notinvariant. They prove this by shaving thereis a properlylow;
degreed suchthatif A 1 d thenthereis alow B suchthat A and B areautomorphic.
(Note the similarities betweenthis and Question6.5.) The theoremthat every noncom-
putablesetis automorphicto a high setimplies that no downward closedjump classis
invariant.

It is known that the prompt degreesare invariant: Maass[1983] shaved that all
promptly simple setswith semilav complementsare automorphic. Maasset al. [1981]
shaw that every promptly simple sethasthe splitting property(a de nable property see
Maasset al. [1981] for details)and every setwhich hasthe splitting propertyis prompt.
Now it is enoughto shav thatthereis a promptly simplesetwith semilov complementn
every promptdegree. Onesuchproof canbe foundin Wald [1999, Theorem1.4.1]. We
cannothelp but point out thatthe promptdegreeshave a dynamicde nition andare nat-
urally de nable in the computablyenumerablelegrees[for moredetailsseeSoare 1987,
XIl].

Themostrecentresulton invariantjump classess:

Theorem 6.1 (CholakandHarrington[n.d.c]). For all n 2, the high, (low,) com-
putablyenumeable degreesare invariant.

We wouldliketo look slightly closeratthis resultandsomeof its corollaries.(Seethe
paperCholakandHarrington[n.d.c] or theannouncementholakandHarrington[n.d.b]
for moredetails.)

Theorem 6.2 (CholakandHarrington[n.d.c]). LetC D fa Vais theTuring degreeof
a69setd 0% LetD CbesudthatD isupwad closed.ThentherisanL . A/
property' p. A/ suhthat D2 D iff therisan AsuchthatA 1 Dand' p.A/.

Corollary 6.3, Let F be a classof computablyenumeable degreessud that if
a2 F anda® T b%henb 2 F. ThenF isinvariant.

Corollary  6.4. If a%%> b%thentherisan A 2 asudthatforall B2 b, A6 B
(infact,L . A/ andL . B/ are notisomorphic).

More or lesswe have shovn thatthe doublejump canbe encodednto E. Whatabout
thesinglejump? Thefollowing questionis the strongespossiblenegationof encodinghe
singlejumpin theabovefashion(seeCorollary 6.4) andis a generalizatiorof theresultof
HarringtonandSoarethatL ; is nonirvariant.

Question 6.5. Let J becomputablyenumeablein andabove 0% There are degrees
aandb sudhthata®® b% a®% | b% + J, andforall A 1 atherisa B sud that
B tbandA' B.

The “no fat orbit” resultof Downey and Harrington[1996] (this resultwill be dis-
cussedater) saysthatthe degreesin the above conjecturemostlikely areboth promptor
bothtardy (not prompt). So the factthatthe promptdegreesareinvariantprovidessome
evidencethat the conjectureshouldbe true. In addition,we have somepartial resultsin
thisdirection: For example,in Cholak[1995],it is shavn, for all A andfor all H1 degrees
h thereisa B 2 h suchthatL .A/ ' L .B/. RecentlyHarringtonhasannouncec
generalizatiorof theabove theorem:

Theorem 6.6 (Harrington) For all Aanddegreesd if A 1 d%therisaB 2 d suh
thatL .A/" L .B/.
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Onemightalsowantto try to combinea positive answerto Question6.5with Shores
nonirversiontheoremfor thejump [Shore,1988] or the resultof Cooper{1989]thatthere
is adegreecomputablyenumerablén andabove 0°whichis notthejumpof atardydegree.
In addition,onecouldaddotherdegreetheoreticconditionson a andb.

By Corollary6.3 Hy D [ n21 Hp isinvariant.SolovayhasshavnH,; is 6 !OCl-compIete
andhencenonarithmetica[seeSoare, 1987,XI1.4.14]. Let C bethe classof computably
enumerableetswitnessingthatH, is invariant. Soa computablyenumerablalegreed is
in H, if thereis a computablyenumerableset A in bothd andC. WhetherAisin d is
arithmetical. SowhetherA is in C cannotbe arithmetical.HenceC is notde nablein E
byal . formula.(Otherwiset would bearithmetical.)

TheaboveclassC providesanothet negative answerto Shoen eld's questionif every
classC of computablyenumerableetsclosedunderautomorphidmagess de nablein E
byal . formula. We notethatsucha C is de nablein E byal ,; formula: Cis a
countableunion of orbits. Eachorbit is de nableby aL 1, formula. SoC is de nable
by the countabladisjunctionthe formulasde ning theorbitsin C.

Theformula' p. A/ in TheoremG.2isal 1, formula. Onemightaskif this formula
canbeimprovedto anelementanformula. Theabose work concerningH; showvsthatin
generalthis is not possible. But it leavesopenthe possibility that the complexity of the
de ning formulacanbedecreaseth somecasesCallaclassD of computablyenumerable
degreesanelementarilyde nableinvariantdegreeclassif D isinvariantandtheclassC of
computablyenumerablesetswitnessingD is invariantis elementarilyde nable. The high
degreesandthe nonlow; degreesareboth elementarilyde nable invariantdegreeclasses.
Are the highy degreesanelementarilyde nable invariantdegreeclass?

Corollary 6.3 shawvs that ary classof degreesF suchthatif a 2 F anda®D b%
thenb 2 F isinvariant. This is not true for the singlejump, for exampleasthe nonlon
degreesare not invariant. But this saysnothingaboutclassesvhich areunrelatedto the
jump operator

Question 6.7. Characterizethe (elementarilyde nable)invariantdegreeclasses.
In particular:
Question 6.8 Arethearray noncomputabléegreesinvariant?

As evidencethatthe above questionmight have a positive answeywe notethatin the
collectionof all 5 (1’ classesCholak, Coles,Downey andHerrmann[n.d.] have recently
shawvn thatthe ancdegreesareinvariant.

But how shouldwe approachthis question? Downey, Jockuschand Stob [1990]
shaved that every nonlow, degreeis anchbut thereare low; ancdegrees. The nonlow;
degreesareinvariant. Therearetwo proofsof this: First Lachlan[1968a]andShoen eld
[1976] shaved thatthe degreesof atomlesssetsare exactly the nonlow; degreesandsec-
ond, via Theorem6.1. Onecouldtry to nd anotherde nable propertywhich exactly
describeghe ancdegrees.Or onecouldtry to pushthe secondoroof throughto work for
the ancdegrees. Both of theseplansseemunlikely. The mostlikely outcomeis thereis
anancdegreed suchthatevery A 2 d is automorphido a nonancset. This is similar to
Question6.5 andHarringtonand Soares resultthat thereis properlylow;, degreed such
thatevery A 2 d is automorphido alow set.

Downey andHarrington[1996] have shavn that thereis no fat orbit. Thatis, they
shavedthereis a de nable property S. A/, a promptL 1 degreed;, a promptH, degree

ITheworkin Lempp[1987] andNies[1997] alsoprovidesnegative answers.



COMPUTABLY ENUMERABLE SETS 9

do greaterthandi, and a tardy Ho degreee suchthatfor all E 1 e : S E/ andif

d; 1 D 7 dzthenS.D/. Thisresultpointsoutthedichotomybetweerthe promptand
tardydegrees.A corollaryis that,exceptfor the high degreesno singleorbit canwitness
thata memberof the Hy,, Ly hierarchyis invariant. Downey andHarringtonaskwhether
their resultcanbe extendedto includethe casewhene is high. Harringtonand Cholak
conjecturehatthis is notthe case:

Conjecture 6.9 (Cholak-Harrington) For every noncomputablelegreea there is a
set A whoseorbit containseveryhigh degree

All of the above theoremsand questionsexplore invariantdegreeclassesand orbits
containingonly degreesin theseclasses. The “no fat orbit” theoremsaysthat we can
separatecertaindegreesvia orbits: we can separatessomeprompt degreefrom a tardy
degree.A positive answetto theabove conjecturempliesthatwe cannotseparatarandom
degreefrom ary high degreevia orbits. The following questiongeneralizeshisidea.

Question 6.10. Is there a tardy (L n, Hp) set A whoseorbit containsa setof every
prompt(Ln, Hn) degree?

7. Decidability and codingissues

HarringtonandHerrmanndevelopedvariouscodingmethodsin E . They bothwere
ableto usetheir methodsto show thatthe theoryof E is undecidablgHerrmann,1984;
Harrington,1983]. Harringtonwasableto extendhis methodsto show thatthe theoryof
E hasdegree0' / [seeCholak,1994a;HarringtonandNies, 1998]. The codingmethod
usedfor this resulthasbeenfurther developedin HarringtonandNies[1998], whereis it
is shavn thatthestructure.! ;C; ;0;1; / canbecodedin E with parameterbut one
cannotcodea linear orderinto E without parametersNies [1998] later sharpenedhis
resultto show thatthe standardnodelof arithmeticcanbecodedin E with 5 alternations
of quanti ersandthe5 g-theoryof E is undecidable.

Question 7.1 How manyalternationsof quanti ersdoesit take to de ne a modelof
arithmetic?4 or less?

Onthedecidableside,Lachlan[1968b]shavedthatthe 98-theoryof E is decidable
(heincludedO; 1; [ and\ in thelanguage).This waslater slightly expandedby Lerman
andSoare[1980]. SeeSoarg1987,XVI.2] for anoverview of theseresults.

Question 7.2 Isthe898-theoryof E decidable?At whatexactleveldoesthetheory
of E fail to bedecidable?

We shouldmentionthat the proofsof Theorems4.3 and6.2 involve a new de nable
encoding.Theactualdetailsof this codingarecomplex. Thesedetailsandsometheorems
concerningthis codingwill appearin Cholakand Harrington[n.d.c]. We feel that this
coding hasgreatpotential. This codingis simplerto decodethanthe previous coding.
Moreor less,it canbedecodedtthe 6 é“ level. Perhapst canbeusedto answettheabove
two questions.

8. Connectionswith the computably enumerabledegrees?

EvengivenCoopers claim thatthereis anautomorphisnof the computablyenumer
abledegreesthebiinterpretabilityconjecturewith parametes remainsa strongpossibility
to globally understandhe computablyenumerablelegreeqR ) [seeCooper1999;Shore,
1999;Slaman1999].
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Oneof the corollariesof the biinterpretabilityconjecturewith parameterss thatthe
underlyingstructurehasat most countablymary automorphisms.We know that E has
2@ automorphismshencethe biinterpretabilityconjecturewith parametersor E fails. It
would beniceto suggest global paradignmfor E.

It is still openif R has2@® automorphisms.If so, we suggestthat ary paradigm
to describethe computablyenumerablelegreescanbe usedto describethe computably
enumerablsetsandvice-versa.

We will closeby pointing out one of the mary similarities betweenthe computably
enumerablesetsanddegrees.By Corollary 6.3, ary classof computablyenumerableale-
greesclosedunderthedoublejumpis invariantin E. Nies,ShoreandSlaman1998] have
shavn thatary relationonthe computablyenumerabl@&egreesvhichis invariant(usedin
a differentsenselunderthe doublejump is de nablein R iff it is de nablein rst order
arithmetic.SeeShore[2000] for moredetails.
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