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The global structure of computably enumerablesets

PeterA. Cholak

Abstra ct . We will work in the structureof the computablyenumerablesets. The lan-
guageis just inclusion, � . This structureis called E. Our questis to partially survey
our currentunderstandingof theglobalstructureof E andtherelationshipbetweenE and
thecomputablyenumerabledegreesandto posequestionswhoseanswersshouldprovide
furtherinsight.

1. Intr oduction

There are four themesthat run throughoutmost work on E: De�nability , or-
bits/automorphisms/isomorphicsubstructures, computationalcomplexity, and dynamic
properties. Clearly, de�nability is a generalthemethroughoutall of mathematicallogic.
The study of orbits and automorphisms(in general)datesfrom the 1870's and earlier.
Mainly we will useTuring reducibility, Turing jump andthe relatedjump classes(lown
andhighn classes)as a measureof computationalcomplexity. This is part of our con-
nectionto thecomputablyenumerabledegrees.Thedynamicpropertiesaremorehidden
but we will try to highlight them. What is sonice in E is how all four themesinterrelate
with eachother. At presentthis is just a bold claim but, in this paper, we will provide
elaborationandjusti�cation of this claim.

1.1. Preliminaries. Beforewestartthis journey wemustdealwith somepreliminar-
ies. First, this is not theonly paperon E in this collection. Soare[2000] alsofocuseson
E.

All setswill be computablyenumerablenoncomputablesetsandall degreeswill be
computablyenumerableandnoncomputable,unlessotherwisenoted. Our notationand
de�nitions are standardand follow Soare[1987]; however we will try to provide some
de�nitions andnotationalnicetiesthroughoutthetext sothereaderneednot consultSoare
[1987].

Thesetsandrelations0; 1; \ and[ arede�nablefrom � . HenceE canbeconsidered
asa lattice.“ X is computable”is de�nable;“ X is computable”if f X is complemented.“ X
is �nite” is de�nablein E; “ X is �nite” if f all subsetsof X arecomputable(it takesa little
computabilitytheoryto show if X is in�nite thenX hasanin�nite noncomputablesubset).
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Wewill alsoconsiderthequotientstructureE modulotheidealof �nite sets,E� . E� is
ade�nablequotientstructureof E. WeuseA� to denotetheequivalenceclassof A modulo
the ideal of �nite sets. If thereis an automorphism,8 � , of E� suchthat 8 � . A� / D B� ,
thenthereis an automorphism,8 , of E suchthat 8 . A/ D B (in which casewe say A
andB areautomorphic)[seeSoare,1987,XV.2.7]. Giventhis,we will blur thedifference
betweenE andE� .

2. A beautiful example

Perhapstheexamplewe areaboutto presentis overworkedbut it still highlightsour
four themesin anexcellentfashion.

M is maximalif for all W eitherW � � M or M [ W D � ! . Friedberg [1958]showed
thatthereis amaximalset[seeSoare,1987,X.3.3].

Theorem 2.1(Soare[1974]). If M1 and M2 are maximalsetsthenthere is an auto-
morphism8 of E such that8 . M1/ D M2. Hencethemaximalsetsform anorbit.

Theorem 2.2(Martin [1966]). A degreeh is high iff there is a maximalset M such
that M 2 h.

De�nition 2.3. A classD of degreesis invariant if thereis a classS of (c.e.) sets
suchthat

(i) d 2 D impliesthereis a W in S andd,
(ii ) W 2 S impliesdeg.W/ 2 D , and
(iii ) S is closedunderautomorphicimages.

Corollary 2.4. Thehigh degreesare invariant.

Let's seehow our four themescomeinto play. Theorem2.1 implies that the maxi-
mal setsarea nonemptyelementarilyde�nable orbit. (By elementarilyde�nablewe will
meande�nable by a formula in L ! ;! , an elementaryformula.) Clearly, Corollary 2.4
involvescomputationalcomplexity (measuredin termsof jump classes).The proofsof
Theorems2.1and2.2rely ondynamicproperties.

We saythata function f is dominantif f dominateseverycomputablefunction.The
proofof Theorem2.2breaksup into two parts:First oneshows thattheprincipalfunction
of the complementof a maximalset is a dominantfunction, andthen,oneshows that a
computablyenumerabledegreed is high if f d containsa dominantfunction. The ideais
thatlots of numbersmustentera maximalset.

Theproofof Theorem2.1relies,in part,onthefollowing: Thereis alist of computably
enumerablesetsUi whereUi D Wf .e/ and f is computablein 000suchthat

� for all e thereis ani suchthatWe D � Ui ,
� for all e thereis a � e suchthat � e is thee-stateof M w.r.t. fUi gi 2! (� . i / D 1 iff

M � � Ui ) [dymanicisomorphism],and
� if X� D \f Ui V� .i / D 1gthenX� & M D fx V9s; tTx 2 . X� ;s � Ms/ \ Mt Ug

is in�nite if f � D � e, for somee (or anemptyextensionof some� e/ [replete].

ThesefactscanbeestablishedusingthefactthatM is maximal.Severalproofsof thiscan
befound,all usingsomeversionof Soare'sExtensionTheorem[seeSoare,1987,XV.4.5].
For example,seeSoare[1987,XV.4-6] or Cholak[1994b]. Soarehasannouncedanother
proofof this usinganotherversionof theExtensionTheoremwhichheis calling theNew
ExtensionTheorem,seeSoare[2000] for moredetails.
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3. Orbits and 1-types

Thecreativesets(Harrington,seeSoare[1987,XV.1.4]); themaximalsets;thequasi-
maximalsetsof rank k, for any k (Soare,seeSoare[1987, XV.4.8]); the Herrmannsets
(Herrmann,seeCholakandDowney [n.d.]); thequasi-Herrmannsetsof rankk, for any k
(CholakandDowney [n.d.]); thehemi-maximalsets(Downey andStob[1990]); thehemi-
quasi-maximalsetsof rank k, for any k (Downey andStob[1990]); the hemi-Herrmann
sets(CholakandDowney [n.d.]); andthehemi-quasi-Herrmannsetsof rankk, for any k,
(CholakandDowney [n.d.]) areall elementarilyde�nableorbits. (Theactualde�nition of
thesesetsis not important,just the fact that they areelementarilyde�nable.) Sinceeach
of theseorbits is elementarilyde�nable, the de�ning formula describesa principal type.
Hencetherearein�nitely many 1-typesof E� andsoE� is not @0-categorical. ClearlyE
hasin�nitely many 1-types:“X hasn elements”is a1-typein E.

Question 3.1. (i) Showthat these(the above list) are the only elementarily
de�nableorbits.

(ii ) Showtheseare theonlyprincipal types.
(iii ) Describeall orbits.

Thekey to all of theaboveresultsis thatwe have somecontrolover thecomplement
of theset.Soto show thattheabove list is not thecompletelist of elementarilyde�nable
orbits,oneshouldexaminethesetswhereonehassomecontrolover thecomplement.

A setH is hhsimpleif f L � . H / (thesupersetsof H modulothe�nite sets)is aBoolean
algebra.In general,thehhsimplesetswill not work to extendtheabove list. As thereare
nonautomorphichhsimplesetswhoseL � s areisomorphic.This is dueto Lerman,Shore
andSoare[1978] and was later extendedto all possibleL � s (for all hhsimplesets)by
Herrmann[1989]. So given hhsimplesetswhoseL � s are isomorphic,onecould try to
addsomeadditionalpropertiesto ensurethat thesetsareautomorphic.Someothergood
possibilitiesto extendtheabove list arer -maximalsetswith a maximalsupersetandthe
majorsubsetsof amaximalset.

However, I conjecturetheQuestion3.1hasa positiveanswer;thereareno moresuch
orbits. Even if this conjectureis incorrect,I doubtthereis a �rst-order elementarilyde-
�nable orbit whoseproof is not similar to any of the known results. The next theorem
showsthatansweringQuestion3.1is boundto behardandsupportsmy conjecturethatthe
answerto Question3.1 is positive.

Theorem 3.2(Cholak,Downey andHarrington[n.d.]). f . A; B/ V A ' Bg is 6 1
1-

complete.

Corollary 3.3. (i) Not all orbits areelementarilyde�nable.
(ii ) E is nota primemodel(of its theory).
(iii ) There is noarithmeticaldescriptionof all orbits.
(iv) TheScottrankof E is at least! CK

1 .

But canweactually�nd examplesrealizingandextendingtheabovecorollary?I.e.:

Question 3.4. (i) Find anorbit which is nota principal orbit.
(ii ) For all computableordinal � , �nd a pair of computablyenumerablesetswhich

are 1 0
� -automorphicbut not 1 0

� -automorphic,for � < � . (The de�nition of

1 0
� -automorphicappearsbelow.)

(iii ) Canwe�nd anorbit O such thatmembershipin O is 6 1
1 complete?



4 PETERA. CHOLAK

Examiningtypesallowsusto provetwomodel-theoreticresults:E isnot@0-categorical
and is not a prime model. Since,if a model is homogeneous,its Scott rank is at most
! C 1, E� is nothomogeneousor saturated.

4. Automorphisms

Themainquestionhereis :

Question 4.1. Describeall automorphismsof E.

However, giventhefollowing theoremandTheorem3.2, thisseemslikeanunanswer-
ablequestion.But we will arguethatit is actuallyananswerablequestion.

Theorem 4.2(Lachlan,seeSoare[1987,XV.2.2]). There are 2@0 automorphismsof
E.

We can sidestepLachlan's result sinceall theseautomorphismsare similar. They
just move computablyenumerablesubsetsof almostcohesive sets. Thereis a tower of
computablesetsRi suchthat for every e, either We � Re or We � Re. Let Sn be an
in�nite coin�nite computablyenumerablesubsetof RnC1 � Rn. Given a function f , let
8 f be the automorphismof E inducedby sending8 f . Sn/ to . RnC1 � Rn/ � Sn and
8 f .. RnC1 � Rn/ � Sn/ to Sn if f .n/ D 1; otherwise8 f (actuallythepermutationwhich
induces8 f ) is theidentityon RnC1 � Rn. But evenwithoutLachlan'sresultwestill would
nothaveanarithmeticaldescriptionof all automorphismsby Theorem3.2.

Our understandingof automorphismsof E is uniqueto E. In moststructureswith
nontrivial automorphismswecanconstructautomorphismsvia thenormal“backandforth”
argument.But this is not the casewith E. To constructautomorphismsof E we usethe
propertiesof beingwell-visitedandwell-resided. Well-visited is 5 0

2 andnot beingwell-
residedis 6 0

3 (we usethe negation). Sincethe complexity of thesepropertiesis at most
6 0

3, the constructionof the desiredautomorphismcanbe placedon a tree. (We will not
discussthedetailson this placementnor of theconstructionof anautomorphismof E but
directthereaderto HarringtonandSoare[1996b]or Cholak[1995].)

But beforewe cancontinuewe needsomenotation: We will needa way to classify
the complexity of automorphismsof E. Let 8 be an automorphismof E. We say8 is
a 1 0

n-automorphismif thereis a 1 0
n function f suchthat 8 .We/ D � Wf .n/ . Then f

is calleda presentationof 8 . Two setsA and B are1 0
3-automorphicif f thereis a 1 0

3-
automorphism8 suchthat8 . A/ D B. This methodof classi�cationcanalsobeusedfor
isomorphismsbetweenL � . A/ andL � . B/. L � . A/ andL � . B/ are1 0

3-isomorphic(written
L � . A/ ' 1 0

3
L � . B/) if f thereis anisomorphism8 � betweenL � . A/ andL � . B/ anda 1 0

3
function f suchthat8 � .W�

e / D W�
f .e/ .

If anautomorphism8 is constructedon a treethen8 hasa presentationcomputable
in the true path(which is 1 0

3). Henceall automorphismconstructedin this way are1 0
3-

automorphisms(or eveneffectiveautomorphisms).All of theknown resultsexceptTheo-
rems3.2and4.2involving automorphismsuse1 0

3-automorphisms.
ThestructureE has2@0 automorphisms.Hence,theremustbeautomorphismswhich

arenot 1 0
3. Even with Lachlan's result therewassomeslight hopethat the relationof

whethertwo setsareautomorphicwould be1 0
3 or at leastarithmetical.But Theorem3.2

showsthisisnotthecase.Thereforeweknow thatthereareusefulnon-1 0
3-automorphisms.

But the proof of Theorem3.2 doesnot allow us to clearly lay our handson any such
automorphisms.The automorphismsconstructedfor this theoremarebasedon complex
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arrangementsof 1 0
3-isomorphisms.(The automorphismsconstructedin Lachlan's proof

arecomplex arrangementsof effective isomorphisms.)Thusthereis somehopethat all
automorphismsarejust complex arrangementsof 1 0

3-isomorphisms.Thenext collection
of resultsprovidesuswith somefactualbasisfor thishope.

Let S. A/ D f B V9C. B t C D A/g. S. A/ is thesetof splits of A andS. A/ forms
a Booleanalgebra. R . A/ D f R V R � A andR is computableg. R . A/ is the set of
computablesubsetsof A andis an ideal of S. A/. SR . A/ is the quotientstructureS. A/
moduloR . A/. If W 2 S. A/ then let WR. A/ be the equivalenceclassof W in SR . A/.
SR . A/ is a Booleanalgebraand is de�nable in E with a parameterfor A. If A and B
are automorphicthen the structuresSR . A/ and SR . B/ are isomorphicstructures. But
somethingmuchstrongeris true.

Theorem 4.3(CholakandHarrington[n.d.a]). If A and B are automorphicthenthe
structuresSR . A/ and SR . B/ are 1 0

3-isomorphicstructures (that is there is an isomor-
phism9 betweenSR . A/ andSR . B/ anda 1 0

3-function f such that for We 2 S. A/, Wf .e/

is in 9 .WR . A/ / ; andwewill write this asSR . A/ ' 1 0
3

SR . B/).

By Theorem3.2 we cannotgo from a 1 0
3 isomorphismfrom SR . A/ to SR . B/ to an

automorphismof E taking A to B. But thereis thehopethatwe canaddextra conditions
to this 1 0

3 isomorphismto help constructthe desiredautomorphism.Theorem4.3 also
providesevidencethat we are limited to our currentmethodsin how we can construct
automorphismsof E. This is certainlythecasefor hhsimplesets:

Theorem 4.4. Let H1 and H2 behhsimple. H1 and H2 are automorphiciff they are
1 0

3-automorphiciff L � . H1/ ' 1 0
3

L � . H2/ .

Theorem4.3will alsohaveanimpactin showing thatcertainsetscannotbeautomor-
phic. Mostsuchresultsgomoreor lessasfollows: Firstshow thatthesetsA andB cannot
be1 0

3-automorphic.Thenusethefailureto be1 0
3-automorphicto �nd ade�nableproperty

P trueof A but notof B. By usingTheorem4.3, perhapswecanformalizethisprocess.If
not thenat leastwe canuseTheorem4.3 to diagonalizeagainstall 1 0

3-isomorphismsand
show thatcertainsetsarenotautomorphicwithout producinga de�nabledifference.

An announcementof Theorems4.3 and 4.4 and someother interestingresultsand
examplescanbefoundin CholakandHarrington[n.d.b].

Perhapsour currentunderstandingof automorphismsof E may be helpful in other
areas,suchasthecomputablyenumerabledegrees.In our constructionswe have a notion
of an e-state;enoughinformation,if correctlyactedon, to build a partial automorphism
betweenthe �rst e sets. We know that if we act properly, i.e. make movesto copy the
well-visitedandwell-residedstates,wecanextendouractionsto handleall .eC 1/-states.

As we mentionedearlier, the normalbackandforth argumentfails. Back andforth
argumentsfail becausewedonot know anythingaboutthen-typesof E.

Question 4.5. Describethen-typesof E.

The next de�nition captures� movesof the standardbackand forth argument(see
Barwise[1973] or Ash andKnight [2000]).

De�nition 4.6. (i) EA � 1 EB iff every6 1 formularealizedby EB is realizedby
EA.

(ii ) EA � � EB iff for all ED, � if 1 � � < � thereis a EC suchthat EB; ED � � EA; EC.

Question 4.7(Knight). Whenis EA � � EB?
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If for all computable� , A � � B (A � � B andB � � A) then A andB areautomor-
phic (seeAsh andKnight [2000]). So, by Theorem3.2, for all computable� , thereare
automorphicA andB suchthat A 6� � B.

5. Upward and downward cones

We wantto turn to computationalcomplexity issues.First,we will considertheprop-
erty of beingautomorphicto a completeset. This issue�rst arosebecauseof Post's Pro-
gram. Oneversionof Post's Programis to �nd a de�nable propertyQ in E suchthat if
Q. A/ thenQ is incomplete.By HarringtonandSoare[1991] this hasa positive solution:
Thereis apropertyQ. A/ suchthatthereis an A whereQ. A/ holdsandif Q. A/ holdsthen
A is notautomorphicto acompleteset.

Theorem 5.1. All setslisted in the �r st paragraph of Section3 (the referencesare
thesameasthereferenceslistedthere)andthealmostpromptsets(HarringtonandSoare
[1996b]) are automorphicto a completesetB.

Thisgivesrisesto thequestionof whichsetsareautomorphicto completesets.

Question 5.2. (i) Characterizeall setsautomorphicto completesets.
(ii ) Is fe VWe is automorphicto a completesetg6 1

1-complete?

In termsof theautomorphismresults,sendingA to a completeset B meansthat we
canaddnumbersto B at any time andcontinueto build the automorphism.Harrington
showed[seeHarringtonandSoare,1996b]thatfor all incompleted andall noncomputable
A, thereis a B suchthat A and B areautomorphicand B � T d. But this construction
alsoinvolvesaddingthingsto B. Cholak[1995]and,independently, HarringtonandSoare
[1996b] showed that every noncomputableset is automorphica high set B. Hencewe
canpumpup thedegreein termsof jump class.Again this constructioninvolvedadding
numbersto B. Given a randomA, we have very little control over the actualdegreeof
B. Controlling thedegreeof B would involve restrainingnumbersfrom B. Thequestion
remains:Canweavoid downwardcones?

Question 5.3. Let A be incomplete. Doesthere exists a B such that A ' B and
A � T B?

Onemightaskwhatis thecomplexity of theindex setof thoseAsthatareautomorphic
to a B whichcannotTuringcomputeA? In fact,wecanalwaysturnmostof ourquestions
into index setquestions.

6. Invariant degreeclasses

Martin [1966] showed that the degreesof the maximalsetsareexactly the high de-
grees. Lachlan[1968a] and Shoen�eld [1976] showed that the degreesof setswithout
maximalsupersetsareexactly thenonlow2 degrees.Sothehigh degreesandthenonlow2
degreesareinvariant. In addition,L 0 D 0 andL0 D R � 0 areinvariantaswitnessedby
thecomputablesetsandnoncomputablesets,respectively.

Harringtonin unpublishedwork showedthatthepropertyof beingcreative is elemen-
tarily de�nable in E [seeSoare,1987,XV.1.1]. HenceH0 is invariant. Harringtonand
Soare[1996b] showedthat every promptsetis automorphicto a completesetandhence
H0 is noninvariant.Maass,ShoreandStob[1981]showedthatthereis ade�nableclassof
sets(thepromptlysimplesets– seebelow) which splitsall jump classes.Also, in asyet
unpublishedwork, HarringtonandSoare[seeHarringtonandSoare,1996a,Corollary4.4]
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have shown thatL1 is not invariant. They prove this by showing thereis a properlylow2
degreed suchthat if A � T d thenthereis a low B suchthat A and B areautomorphic.
(Note the similaritiesbetweenthis andQuestion6.5.) The theoremthat every noncom-
putableset is automorphicto a high set implies that no downward closedjump classis
invariant.

It is known that the prompt degreesare invariant: Maass[1983] showed that all
promptly simplesetswith semilow complementsare automorphic. Maasset al. [1981]
show that every promptly simplesethasthe splitting property(a de�nable property, see
Maasset al. [1981] for details)andevery setwhich hasthe splitting propertyis prompt.
Now it is enoughto show thatthereis a promptlysimplesetwith semilow complementin
every promptdegree. Onesuchproof canbe found in Wald [1999,Theorem1.4.1]. We
cannothelp but point out that thepromptdegreeshave a dynamicde�nition andarenat-
urally de�nable in thecomputablyenumerabledegrees[for moredetailsseeSoare,1987,
XIII].

Themostrecentresulton invariantjump classesis:

Theorem 6.1(CholakandHarrington[n.d.c]). For all n � 2, thehighn (lown) com-
putablyenumerabledegreesare invariant.

Wewould like to look slightly closerat this resultandsomeof its corollaries.(Seethe
paperCholakandHarrington[n.d.c] or theannouncementCholakandHarrington[n.d.b]
for moredetails.)

Theorem 6.2(CholakandHarrington[n.d.c]). LetC D fa Va is theTuring degreeof
a 6 0

3 setJ � T 000g. Let D � C besuch that D is upward closed.Thenthere is an L . A/
property' D . A/ such that D002 D iff there is an A such that A � T D and' D . A/.

Corollary 6.3. Let F be a classof computablyenumerable degreessuch that if
a 2 F anda00� T b00thenb 2 F . ThenF is invariant.

Corollary 6.4. If a00> b00thenthere is an A 2 a such that for all B 2 b, A 6' B
(in fact,L . A/ andL . B/ arenot isomorphic).

More or lesswe haveshown thatthedoublejumpcanbeencodedinto E. Whatabout
thesinglejump?Thefollowing questionis thestrongestpossiblenegationof encodingthe
singlejump in theabovefashion(seeCorollary6.4) andis ageneralizationof theresultof
HarringtonandSoarethatL1 is noninvariant.

Question 6.5. Let J becomputablyenumerablein andabove000. There are degrees
a andb such that a0 6D b0, a00� T b00� T J, and for all A � T a there is a B such that
B � T b and A ' B.

The “no fat orbit” resultof Downey andHarrington[1996] (this resultwill be dis-
cussedlater)saysthat thedegreesin theabove conjecturemostlikely arebothpromptor
both tardy (not prompt). So the fact that thepromptdegreesareinvariantprovidessome
evidencethat the conjectureshouldbe true. In addition,we have somepartial resultsin
thisdirection:For example,in Cholak[1995], it is shown, for all A andfor all H1 degrees
h thereis a B 2 h suchthat L � . A/ ' L � . B/. RecentlyHarringtonhasannounceda
generalizationof theabovetheorem:

Theorem 6.6(Harrington). For all A anddegreesd if A0 � T d0there is a B 2 d such
thatL � . A/ ' L � . B/.
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Onemightalsowantto try to combineapositiveanswerto Question6.5with Shore's
noninversiontheoremfor thejump [Shore,1988]or theresultof Cooper[1989] thatthere
is adegreecomputablyenumerablein andabove00whichis notthejumpof atardydegree.
In addition,onecouldaddotherdegreetheoreticconditionsona andb.

By Corollary6.3, H! D [ n2! Hn is invariant.SolovayhasshownH ! is 6 0
! C1-complete

andhencenonarithmetical[seeSoare,1987,XII.4.14]. Let C betheclassof computably
enumerablesetswitnessingthatH ! is invariant.Soa computablyenumerabledegreed is
in H! if thereis a computablyenumerableset A in both d andC. WhetherA is in d is
arithmetical.SowhetherA is in C cannotbearithmetical.HenceC is not de�nable in E
by a L ! ;! formula. (Otherwiseit would bearithmetical.)

TheaboveclassC providesanother1 negativeanswerto Shoen�eld'squestionif every
classC of computablyenumerablesetsclosedunderautomorphicimagesis de�nablein E
by a L ! ;! formula. We notethat sucha C is de�nable in E by a L ! 1;! formula: C is a
countableunionof orbits. Eachorbit is de�nable by a L ! 1;! formula. SoC is de�nable
by thecountabledisjunctiontheformulasde�ning theorbitsin C.

Theformula' D. A/ in Theorem6.2is aL ! 1;! formula.Onemightaskif this formula
canbeimprovedto anelementaryformula. Theabovework concerningH ! shows that in
generalthis is not possible.But it leavesopenthe possibility that the complexity of the
de�ning formulacanbedecreasedin somecases.Call aclassD of computablyenumerable
degreesanelementarilyde�nableinvariantdegreeclassif D is invariantandtheclassC of
computablyenumerablesetswitnessingD is invariantis elementarilyde�nable.Thehigh
degreesandthenonlow2 degreesarebothelementarilyde�nable invariantdegreeclasses.
Are thehigh2 degreesanelementarilyde�nableinvariantdegreeclass?

Corollary 6.3 shows that any classof degreesF suchthat if a 2 F anda00D b00

thenb 2 F is invariant. This is not true for thesinglejump, for exampleasthenonlow
degreesarenot invariant. But this saysnothingaboutclasseswhich areunrelatedto the
jumpoperator.

Question 6.7. Characterizethe(elementarilyde�nable) invariantdegreeclasses.

In particular:

Question 6.8. Are thearraynoncomputabledegreesinvariant?

As evidencethattheabovequestionmight have a positiveanswer, we notethatin the
collectionof all 5 0

1 classes,Cholak,Coles,Downey andHerrmann[n.d.] have recently
shown thattheancdegreesareinvariant.

But how shouldwe approachthis question? Downey, Jockuschand Stob [1990]
showed that every nonlow2 degreeis ancbut thereare low2 ancdegrees. The nonlow2
degreesareinvariant. Therearetwo proofsof this: First Lachlan[1968a]andShoen�eld
[1976] showedthatthedegreesof atomlesssetsareexactly thenonlow2 degreesandsec-
ond, via Theorem6.1. One could try to �nd anotherde�nable propertywhich exactly
describestheancdegrees.Or onecouldtry to pushthesecondproof throughto work for
theancdegrees.Both of theseplansseemunlikely. The mostlikely outcomeis thereis
anancdegreed suchthatevery A 2 d is automorphicto a nonancset. This is similar to
Question6.5 andHarringtonandSoare's resultthat thereis properlylow2 degreed such
thatevery A 2 d is automorphicto a low set.

Downey andHarrington[1996] have shown that thereis no fat orbit. That is, they
showed thereis a de�nable propertyS. A/, a promptL 1 degreed1, a promptH2 degree

1Thework in Lempp[1987]andNies[1997]alsoprovidesnegative answers.
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d2 greaterthan d1, and a tardy H2 degreee suchthat for all E � T e, : S. E/ and if
d1 � T D � T d2 thenS. D/. This resultpointsout thedichotomybetweenthepromptand
tardydegrees.A corollaryis that,exceptfor thehigh degrees,no singleorbit canwitness
thata memberof theHn, Ln hierarchyis invariant. Downey andHarringtonaskwhether
their resultcanbe extendedto includethe casewhene is high. HarringtonandCholak
conjecturethatthis is not thecase:

Conjecture 6.9(Cholak-Harrington). For everynoncomputabledegreea there is a
setA whoseorbit containseveryhighdegree.

All of the above theoremsandquestionsexplore invariantdegreeclassesandorbits
containingonly degreesin theseclasses.The “no fat orbit” theoremsaysthat we can
separatecertaindegreesvia orbits: we can separatesomeprompt degreefrom a tardy
degree.A positiveanswerto theaboveconjectureimpliesthatwecannotseparatearandom
degreefrom any highdegreevia orbits.Thefollowing questiongeneralizesthis idea.

Question 6.10. Is there a tardy (Ln, Hn) set A whoseorbit containsa setof every
prompt(Ln, Hn) degree?

7. Decidability and coding issues

HarringtonandHerrmanndevelopedvariouscodingmethodsin E� . They bothwere
ableto usetheir methodsto show that the theoryof E� is undecidable[Herrmann,1984;
Harrington,1983]. Harringtonwasableto extendhis methodsto show that the theoryof
E� hasdegree0.! / [seeCholak,1994a;HarringtonandNies,1998]. Thecodingmethod
usedfor this resulthasbeenfurtherdevelopedin HarringtonandNies [1998], whereis it
is shown thatthestructure.! ; C; � ; 0; 1; � / canbecodedin E� with parametersbut one
cannotcodea linear orderinto E� without parameters.Nies [1998] later sharpenedthis
resultto show thatthestandardmodelof arithmeticcanbecodedin E� with 5 alternations
of quanti�ersandthe5 6-theoryof E� is undecidable.

Question 7.1. Howmanyalternationsof quanti�ersdoesit take to de�ne a modelof
arithmetic?4 or less?

On thedecidableside,Lachlan[1968b]showedthatthe98-theoryof E� is decidable
(he included0; 1; [ and\ in the language).This waslaterslightly expandedby Lerman
andSoare[1980]. SeeSoare[1987,XVI.2] for anoverview of theseresults.

Question 7.2. Is the898-theoryof E� decidable?At whatexactleveldoesthetheory
of E� fail to bedecidable?

We shouldmentionthat theproofsof Theorems4.3 and6.2 involve a new de�nable
encoding.Theactualdetailsof this codingarecomplex. Thesedetailsandsometheorems
concerningthis coding will appearin Cholakand Harrington[n.d.c]. We feel that this
codinghasgreatpotential. This coding is simpler to decodethan the previous coding.
Moreor less,it canbedecodedat the6 A

3 level. Perhapsit canbeusedto answertheabove
two questions.

8. Connectionswith the computably enumerabledegrees?

EvengivenCooper's claim thatthereis anautomorphismof thecomputablyenumer-
abledegrees,thebiinterpretabilityconjecturewith parametersremainsastrongpossibility
to globallyunderstandthecomputablyenumerabledegrees(R ) [seeCooper, 1999;Shore,
1999;Slaman,1999].
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Oneof thecorollariesof thebiinterpretabilityconjecturewith parametersis that the
underlyingstructurehasat most countablymany automorphisms.We know that E has
2@0 automorphisms;hencethebiinterpretabilityconjecturewith parametersfor E fails. It
wouldbeniceto suggesta globalparadigmfor E.

It is still openif R has2@0 automorphisms.If so, we suggestthat any paradigm
to describethe computablyenumerabledegreescanbe usedto describethe computably
enumerablesetsandvice-versa.

We will closeby pointing out oneof the many similaritiesbetweenthe computably
enumerablesetsanddegrees.By Corollary 6.3, any classof computablyenumerablede-
greesclosedunderthedoublejump is invariantin E. Nies,ShoreandSlaman[1998] have
shown thatany relationon thecomputablyenumerabledegreeswhich is invariant(usedin
a differentsense)underthedoublejump is de�nable in R iff it is de�nable in �rst order
arithmetic.SeeShore[2000] for moredetails.
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