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introduction

The Autonomy of Mathematical Knowledge: Hilbert’s Program Revisited (Franks
2009 ) has been the subject of reviews by three eminent scholars of mathe-
matical logic:

1. Solomon Feferman, 2012(?). Review of [Franks 2009 ], forthcoming in
Philosophia Mathematica.

2. W. W. Tait, 2011. Review of [Franks 2009 ], History and Philosophy of
Logic32(2), 177–83.

3. Juliette Kennedy, 2010. Review of [Franks 2009 ], Bulletin of Symbolic
Logic 17(1), 119–22.

All three reviewers have made substantial contributions to their field, and
all three have done work that—both because of its conceptual character and
because of its exegetical mission—has been influential in recent philosophical
discussions. The purpose of this note is to record the author’s opinions about
the content of these reviews as well as his responses to some of the queries
posed in those reviews.

feferman 2012

The appraisal of Franks 2009 in this essay length review is on the whole
negative, and very little at all is said in favor of the text. One exception is
the early remark that the book is “elegantly written.” Comments about the
book’s contents, though selective and not representative of the main contents
of the text, are almost all negative. Moreover, the review has a continuously
disdainful tone that bespeaks a generally negative appraisal of the book that
runs deeper than any of the specific criticisms voiced.
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Far the gravest criticism comes on page 9, where Feferman describes chap-
ter 4 as “mainly devoted to a critical evaluation of [Feferman’s] own work.”
He claims up front that throughout the chapter his work “is misconstrued
in an essential way.” On page 11, after some attempt to describe how his
own work should be read, Feferman means to substantiate the allegation of
misconstrual when he writes:

Franks claims p. 121 that I require an intensionally correct axiom-
atization of provability from T to provably satisfy in T a specific
list of five . . . statements, and he calls this “Feferman’s notion of
intensionality.” But that is completely mistaken. I nowhere make
such a statement or even claim that any such list is a sufficient
condition of intensionality. Rather, all I say on the subject is the
following [long remark about how the intensional correctness of a
formula will be evident from its construction.]

Feferman points out that the remark he focuses on occurs “only four pages
in from the beginning of the chapter” and speculates that “Franks must have
taken what he claims to be my criteria for intensionality from the list of five
statements in Buss 1998.”

As nearly as I can tell, the upshot of these words is not merely that my
view is erroneous but that my entire chapter 4 is an argument against a view
attributed to Feferman that Feferman himself never held. More, the final
remarks insinuate drastic misunderstanding or unfamiliarity with Feferman’s
work. I can easily show that these suggestions are each unfounded.

To begin, it is very surprising to read that anyone understood the chapter
in question as an extended argument against Feferman’s view. The argumen-
tative strategy is to rehearse one well-known way to evaluate Hilbert’s ideal
of a consistency proof against Gödel’s second incompleteness theorem. That
method is described as “extensional” and contrasted with the “intensional”
approach of Feferman, which is described as exactly the right point of view
to take given the reading of Hilbert’s program that has been developed in
the book. This is so evident throughout the chapter, it seems, that it hardly
seems appropriate to focus on any specific passages to illustrate the point,
but here is one:

Although neither of the proposed fixes for Hilbert’s program de-
scribes a way to revive all of what Hilbert wanted from his foun-
dational endeavor, the proposals themselves, in the problems they
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pose and the possibilities they entertain, make clear exactly what
role intensionality must play in a development of meta-theory ac-
cording to Hilbert’s principle of methodological purity. Therefore
one need not agree with Feferman [although as indicated in the
text I do] that the notion of T -provability of meta-theoretical
properties is, like the epistemic notions of knowing and believing,
inherently intensional to appreciate the need for an explicit arith-
metization of meta-theory. Mathematical autonomy demands it.
(p. 118)

If my intention is, far from criticising Feferman’s concept of intensional-
ity, simply to point to Feferman’s own work and claim that it is exactly the
approach to arithmetization demanded by my reading of Hilbert, then how
could Feferman himself see me as arguing against him? The answer appears
to be that he understands my project in the second half of the chapter, where
I propose to build on Feferman’s work by considering an approach to inten-
sionality that is sensitive to the deductive strength of mathematical theories,
as a challenge to his own work. Of course this is not my intention. As Fefer-
man points out, his project in 1960 concerns only theories stronger than pa,
and on page 124 I point out that “in the strong arithmetics Feferman studied”
certain changes in the notion of logical derivation that I want to consider are
“rightly dismissed as irrelevant for intensional purposes.” “But,” I continue,
“weak arithmetics call for care in the arithmetization of syntactic proper-
ties like the notion of derivation, since only some of the many extensionally
equivalent notions may be interpretable in the theory,” and so I propose an
approach to intensionality that will be sensitive to these matters while agree-
ing entirely with Feferman’s on the theories he considers. Apparently in my
efforts to show why Feferman’s work could not be extended simple-mindedly
to weak theories for which it was never intended, I created the impression
that I was trying to refute Feferman’s ideas. It remains mysterious to me
how that could have happened.

More worrisome than the claim that I was arguing against Feferman about
his notion of intensionality, though, is his claim that I completely misunder-
stood what that notion is. I do not see how this claim could be substantiated.

Feferman takes the time to outline his notion of intensionality. First he
makes clear that he was mainly concerned with establishing some technical
results:

1. If τ is an re formula and T is a consistent extension of pa, and if τ
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numerates the axioms of T in T then T does not prove Conτ .

2. Under the same conditions, T+Conτ is not interpretable in any finite
subsystem of T .

3. There is a non-re formula π* binumerating the axioms of pa in pa for
which pa proves Conτ .

4. The Löwenheim-Skolem theorem can be arithmetized under much weaker
conditions that re formulas.

Feferman points out that I do not mention the fourth result in my book. This
remark, like many other parenthetical remarks in the review, is presumably
meant to indicate some oversight on my part or shortcoming in the text. Here,
as elsewhere, the reason for my failure to mention the point that Feferman
indicates is simple: It is completely irrelevant to my project. (It is just
an accident that I didn’t fail to mention the second result, which is also
irrelevant to the discussion of intensionality. The result is important in a
later, unrelated discussion in chapter 5, where it is cited.)

Now, Feferman’s main point is that he wanted to tie the issue of in-
tensionality down to the notion of there being an re formula τ expressing
axiom-hood of T : All complex formulas denoting theorem-hood, consistency,
and the like, if drawn up in a canonical way, will obviously be intensionally
correct so long as they are built up from such a formula τ . This is evident
in his paper, and he is perfectly right in stating matters this way. How is
this supposed to disclose any misunderstanding on my part? Apparently due
to my claim that Feferman requires a formula expressing theorem-hood to
satisfy some pre-determined properties of theorem-hood, indeed, that T itself
should be able to formally prove that the formula satisfies these properties.
He points out that I even list some properties, and he says that I call that
list “Feferman’s notion of intensionality.” This is a bad misreading, Feferman
says, because he “nowhere make[s] such a statement or even claim[s] that any
such list is a sufficient condition for intensionality.”

Did I misread Feferman? On pages 119 and 120 I explain results 1 and 3
above and quote Feferman as follows:

We have maintained that insofar as a formula α expresses mem-
bership in A, the formula Prα expresses provability of A in M(P)
and the sentence Conα expresses the consistency of A in (M) and
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(P ). Thus, one particular conclusion we can draw is that the for-
mula α∗, although it extensionally corresponds to A, does not
properly express membership in A. (p. 69)

Further, on page 120 I write:

The question of intensionality, on Feferman’s analysis, thus re-
duces to the question of which properties are constitutive of the
various metatheoretic notions so that the provability in T that a
formula has these properties amounts to a demonstration of that
formula’s genuine expression of the property being arithmetized.
Feferman thinks that this question can be further reduced to ask-
ing for which encodings of T ’s axioms the usual constructions of
formulas for provability, consistency, etc., satisfy these properties.

Evidently, my understanding of the role of the expression of axiom-hood for
Feferman does not differ from his own account. It is puzzling why he thinks
I misunderstood this point.

On the next page of the book, I do list some conditions that I claim
an intensionally adequate theorem-hood predicate would have to satisfy on
this account. There are three things to notice about that list. (1) The
list is not, as Feferman makes it out to be, some alien intrusion. Consider
that Feferman himself says that the arithmetization of a notion counts for
him as intensional “if the definitions must more fully express the notions
involved, so that various of the general properties of these notions can be
formally derived.” How is it, then, that we are to know that a formula
denoting theorem-hood, simply because it is built up in a canonical way
from an re formula denoting axiom-hood, is intensionally correct? Because
Feferman shows, in theorems 4.6, 4.7 and the surrounding text of pages
60 and 61, “that various of the general properties of these notions can be
formally derived.” The list of properties in my book plays the role of the list
of properties on these pages of Feferman’s original paper. I do not agree with
Feferman’s claim that he “nowhere make(s) such a statement” (as to there
being some properties that any intensionally correct theorem-hood predicate
should satisfy). (2) Feferman’s main gripe with the list of properties that
I say each of his intensionally correct theorem-hood predicates must satisfy
is that he nowhere “even claim(s) that any such list is a sufficient condition
for intensionality.” To say that a list of properties must be satisfied, as
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I did in my book (and as Feferman did obliquely in his paper), is to say
that the list is a necessary condition. Do I somewhere go further and claim
that such a list is also a sufficient condition for intensionality, as Feferman
alleges? On page 122 I have written that Feferman does not argue for why
the properties of theorem-hood that are verified in his theorems 4.6 and 4.7
are the salient ones. “In fact,” I continue, “he does not even list criteria
that he claims are necessary and sufficient conditions on an arithmetization
for it to be intensionally correct.” It is puzzling that Feferman reads my
discussion as an attribution to him of such a list. To wit, the very sentence
which introduces the properties listed in my book begins with the words “For
example.” No one could honestly understand that as a proposed exhaustive
list, encapsulating something like a definition of intensional correctness. (3)
Do I call the list of properties that appears on page 121 “Feferman’s notion of
intensionality” as he alleges in his review? That noun phrase appears on the
same page, in the first sentence of the next paragraph, and clearly refers back
to the entire previous paragraph, where, as quoted above, Feferman’s notion
of intensionality is identified not with any list of properties, but as simply
the notion that intensional correctness boils down to some predetermined
general properties being formally derivable, and further that this can be
guaranteed by defining things, in a canonical way, against an appropriately
correct definition of axiom-hood. The claim that I have labeled a list of
properties “Feferman’s notion of intensionality” is an egregious misquotation.

In short, I do not argue in my book against Feferman’s approach to inten-
sionality. I only explain it, because I agree with it, then show that it cannot
be readily generalized in pursuit of some of my own interests (which Fefer-
man never had) but that an alternative approach to intensionality, which
coincides with Feferman’s to a large extent, can be. I do not misunderstand
Feferman, as far as I can tell, and moreover practically everything he says
about my interpretation of his early work is patently false. I trust that the
discussion above makes it clear that no conscientious reader of my book could
possibly attribute to me the claims that Feferman attributes to me in the
review. It is also worth pointing out that Feferman’s claim—that “all [he]
say[s] on the subject” discussed here is confined to the one paragraph “four
pages in” to his text that he indicates—is problematic. There is, of course,
the passage quoted above as well as in the book, thirty-three pages into the
paper, where Feferman describes clearly the view about intensionality that
he “maintained” throughout the paper, to say nothing of the entire second
half of section 4, beginning with the line “Let us turn now to intensional
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questions,” wherein Feferman actually unpacks the claim that it will be evi-
dent from the construction that meta-theoretical properties built out of the
re formula τ will be intensionally correct: It is here that he shows that
the way this is to be evident is through the verification that various general
properties of theorem-hood are formally derivable.

It is a pity, in my view, that so much space has now been devoted to these
remarks in a discussion of my book, because this whole matter is hardly
germane to the book’s themes. It is a fact, however, that a good deal of
Feferman’s comments are directed, not at the book’s contents, but at what
he takes to be general disqualifications of the scholarship behind it. This
first point is the most deliberate and sustained criticism of this sort, and I
feel it deserved a thorough rebuttal.

Feferman describes the book’s entire middle half, spanning chapters 3, 4,
and 5, as “increasingly odd.” Judging by his synopsis of the project, this
label is apt. But as the author of the book, I must report that I struggled to
recognize much of anything familiar in Feferman’s presentation of these chap-
ters’ contents. This is largely due, it seems, to the highly distorted reading
of the fourth chapter as outlined above. For example, Feferman announces
that he will simply “skip commenting” on chapter 5, on the grounds that my
technical pursuits strike him as “a real distraction from the question of the
significance of Hilbert’s program for the autonomy of mathematical knowl-
edge.” With a similar remark, Feferman commenced his discussion of chapter
4 by dismissing it is a “preoccupation” with intensionality—implying that I
should have been busy pursuing something else. This dismissal is hard to
reconcile with the rest of the sentence, where Feferman writes about inten-
sionality that, “this is crucial for the possible significance of Gd̈el’s second
incompleteness theorem for Hilbert’s program.” Then, again, Feferman re-
marks that he doesn’t see that chapter 5 “adds any force whatever to what
is supposed to be the main aim of the book.” I am left wondering whether
my considerations of intensional arithmetization schemes came off more as
“crucial” or as a “preoccupation” and a “real distraction.” In any case, I
think I was clear enough repeatedly about the relevance of the content of
these chapters to the book’s main aims. Here is one place where I discuss
just that:

The point of the “intensional” reconstruction of arithmetization
in chapters 3-5 is thus not to be revisionary or intrusive. The im-
plementation of standard meta-mathematical constructions has
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gone a long way, it seems, to quiet our foundational aspirations
and reorient the philosophy of mathematics. My point is, rather,
that this has not happened in one resounding argumentative blow,
but in subtler, occasional nudges to our communal concerns. Be-
cause meta-mathematics has flourished as it has, the ordinary,
retail, scientific view that it invites us to adopt when we ask
how mathematical techniques work has simply become more in-
teresting than the extraordinary, context-less view that, for all
its sublimity, never managed to take our understanding of math-
ematics very far. But our shift in interest was so gradual that we
failed to notice it. We carried out Hilbert’s prophecy so unknow-
ingly that we could not credit him for setting the whole process in
motion. Had the development of meta-mathematics been a more
conscious realization of Hilbert’s vision, the naturalistic concep-
tions of mathematics might have emerged without nearly so much
struggle, and the analysis available in the mathematical study of
mathematical methods might be deeper. Thus my reconstruction
of arithmetization is an attempt to piece together a partial pic-
ture of how mathematics’ self-accounting might have unfolded if
Hilbert’s philosophical views had been acknowledged or if Her-
brand’s inadvertent recovery of them had been able to mature.
Intensional investigations of meta-theory ought not supplant ex-
tensional investigations. They ought to compliment them. They
may be the more natural extension of Hilbert’s focus on mathe-
matical autonomy and purity, and I hope that my suggestion that
they are arouses interest in new approaches to studying Hilbert’s
program. But, more importantly, their presence alongside stan-
dard meta-mathematical constructions should be taken as evi-
dence of an untapped potential to devise a plurality of techniques
for projecting questions about mathematics into mathematics it-
self. I am sure that is the purpose to which Hilbert most hoped
his invention would be put. (pp. 172–3)

I am of course aware that a certain amount of iconoclasm lurks in the
suggestions put forward here. For that reason, I expect plenty of disagree-
ment from my readers. I was surprised, however, to find a reader who simply
could not tell, despite passages like the one just quoted, how the technical
parts of my book are supposed to feed into its main aims.

8



Turning to those aims themselves, Feferman expresses skepticism about
my attribution of a naturalistic attitude to Hilbert. Unlike everything dis-
cussed above, this is the sort of disagreement that I expected to hear voiced
from people who read the book. As I wrote in the book’s preface, I do not
pretend to have said the final word on the topic of Hilbert’s philosophical
outlook—I hope only to have said a few of the first words about a strain
of Hilbert’s thought that has been ignored by a century of scholarship, but
which I think is both important in understanding the origins of Hilbert’s sci-
entific achievements and an attractive and unique view in its own right. I was
disappointed, however, to find that Feferman does not discuss the cogency
of that strain of thought, nor the plausibility of its attribution to Hilbert.
Again, his criticism is directed more at the legitimacy of my methods. For
example, Feferman discounts my attribution to Hilbert of the belief that or-
dinary mathematics is justified by its many successes as an overstatement
of what one finds in a passage that I quote. And at the end of his review,
Feferman remarks that “throughout the book, Franks has quoted Hilbert se-
lectively to support as much as possible his revisionist view of what Hilbert’s
program was really important for accomplishing.” I think of myself as en-
tirely open to the possibility that Hilbert did not hold the views I attribute
to him, but by contenting himself to try to discredit my reading on method-
ological grounds, Feferman ignores the case I made and leaves me with no
reason to second-guess it.

As to those methodological points: I would be sorry to learn that any
of the main themes in my reading of Hilbert could be easily read out of a
single passage. While I think that there are some passages that are strongly
suggestive on their own of naturalistic and pragmatist outlooks (indeed, the
passage that Feferman says I have overstated is far from the most suggestive
of the latter), my point in writing this book was to reconstruct a subtle
line of thought that informed a great many of Hilbert’s scientific decisions
and rhetorical statements, but which is not wholly evident in any single
such decision or statement. Obviously I cannot rehearse that reconstruction
here, as it spans the bulk of the first two chapters of the book. In any
case, I certainly hope that I managed to articulate an interpretation that
“overstates” the passage Feferman quotes and a vision with which no casual
reading of Hilbert could leave one.

More crucially, the allegation of systematic selective quotations is hard
for me to understand. Feferman repeatedly indicates famous passages from
Hilbert’s vast collection of lectures and papers that I “fail to mention.” In-
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stead, I am almost always busy pointing out passages that aren’t famous,
many of which have not figured at all into the incredible amount of writ-
ing on Hilbert during the last century. In response to this puzzling line of
criticism, I only want to recall again my aim (I quote from the preface):
“[T]his book is a modest attempt to isolate, explain, and develop a single
strain of Hilbert’s philosophy”—a strain that has gone largely unnoticed, but
which is vividly there in Hilbert’s work and Hilbert’s words, alongside other
ideas to be sure, some of which can and some of which probably cannot be
reconciled with one another. In short, I found it shocking that a long tra-
dition of penetrating work on Hilbert managed to systematically ignore the
aspect of his thought that I have tried to highlight. I wouldn’t fault that
work for “selectively quoting” the passages with Kantian overtones or foun-
dational aspirations. Trying to sort out the apparently competing tendencies
in Hilbert’s thought would have impeded those projects as much as it would
have my own. I suppose that one could find the task described in my preface
too modest. That will depend on whether the image that emerges strikes
one, as it did me, as worth the time. But I do not understand the claim that
focusing on selected passages is the wrong way of approaching that task.

One final remark on this topic seems apt. Feferman observes that I don’t
in fact side-step the issue about the apparent tension between the naturalistic
stance that I attribute to Hilbert and the passages that are suggestive of a
type of finitism and formalism. He finds it peculiar that, after weighing
the evidence, I concluded that Hilbert’s emphasis on finitary mathematics
as “contentual” and “real”—an emphasis that “would seem to grant second
class citizenship to most of mathematics on philosophical . . . grounds”—is
best understood “as a strategic advertisement for his program.” This is
definitely the way I see the cards falling, based on the analysis recounted in
my book. Doubtless it will sound peculiar to anyone only familiar with the
traditional Hilbert scholarship, but I cannot reproduce my own analysis in
these pages. I shall only point out the following remark of Kreisel, recorded
in the endnotes of Kreisel 2011 :

According to Bernays . . . Hilbert was asked (before his stroke) if
his claims for the ideal of consistency should be taken literally.
In his (then) usual style, he laughed and quipped that the claims
served only to attract the attention of mathematicians to the
potential of proof theory. (p. 43)

When I first read this remark, I thought it was a pity I had not learned of
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it sooner and been able to include it in my book. A second thought led me
to judge otherwise: I am glad I was able to find my way to this view from
Hilbert’s own published writing; if Kreisel’s remark had circulated earlier, it
would have been hard to know the extent to which it colored my reading of
Hilbert.

Of Feferman’s many detailed remarks, the one that rings truest occurs on
page 5. In the book, I put forward as a central concern for Hilbert the problem
of formulation, i.e., the problem of rendering statements about mathematics
in purely mathematical terms, so that questions about, say, the consistency
of mathematics can be investigated as just more mathematical problems.
One of my own concerns then is to show how the work of Gödel, on the one
hand, and that of Herbrand, on the other, can be seen as partial solutions to
this problem. (The central task of chapters 4 and 5, contrary to Feferman’s
statement that these chapters are somehow an argument against his views,
is to explore the prospects of combining Gödel’s and Herbrand’s styles of
arithmetization.) In any case, a more familiar reading of Hilbert’s program
would have it that Gödel’s work did not further, but rather undermined his
aims. So I remark that on my understanding of things, Gödel’s work can be
seen as “perhaps the most significant positive contribution to Hilbert’s pro-
gram.” Feferman astutely observes that if Hilbert had seen things this way,
then “one would have expected the development of the program thenceforth
to be carried out in some way in purely arithmetical terms” although it in
fact was not. It is not clear to me why Feferman thinks that this would have
to have been the case with Ackermann or von Neumann, who I never claim
shared Hilbert’s vision, or especially with Herbrand (!), who was not alive to
develop Hilbert’s program in the wake of Gödel’s work on arithmetization.
But I agree that some explanation is needed for why Gödel-style arithmeti-
zation does not figure more prominently than it does in Hilbert and Bernays
1934, 1939. This is an interesting observation that no one else has shared
with me.

In another detailed remark, Feferman points out, in a footnote, that my
own attribution to Carnap of the fixed point construction utilized in Gödel’s
incompleteness theorem is suspicious. I concur. I recognized that the point
I wanted to make here was badly misstated while the book was in press but
was unable to alter the text at that point. I certainly don’t stand by the
attribution, and I recognize it as a flaw in the book.

Feferman ends his review on beat with the book. I close the latter with
some remarks about foundationalism, and especially with the suggestion that
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a century of meta-mathematical research has done its part to vindicate the
anti-foundationalist spirit I attribute to Hilbert. But Feferman is skeptical
of the point of this observation. Because “the autonomy of mathematical
knowledge in practice is a fact,” he writes, “mathematicians have no need
of a book like this to convince them that philosophers have nothing to tell
them about what ought and ought not to count as mathematics” (p. xxx). I,
for one, doubt that David Hilbert shared this sentiment in the 1920s, and if
the environment has changed as much as Feferman indicates, then I maintain
that the story I have told is part of the explanation for that happy state of af-
fairs. Feferman then states what I think are meant to be his misgivings about
anti-foundationalism with the remark that despite the worthlessness of work
like my own, another line of philosophical questioning—asking what mathe-
matical knowledge is knowledge about, and by what means it is acquired—is
perfectly legitimate. Feferman is entitled to his opinion about the worth of
my book, whether or not I think he has read it correctly. But I am at a loss
to understand how anything I have written can be seen to cast into disrepute
the work of “Resnik, Shapiro, Hellman, and others” who ask those sorts of
questions. Calling their work “foundational” (as I would not) is not enough;
it is clearly not the sort of philosophical intrusiveness that I have described
Hilbert as wanting to put to rest.

tait 2011

In contrast to Feferman, who is highly suspicious of my insistence that
Hilbert was not the formalist and finitist that the common reception of
his work has made him out to be, W. W. Tait—arguably the most well-
articulated post-Hilbert defender of a brand of finitism—describes my stance
on this matter as well as on the several of the book’s main theses as “laud-
able.” I think it is fair to say that Tait appreciates a great deal of the book’s
vision, but that he is begrudging in many of his praises and generates several
interesting, substantive points of discussion in the course of explaining his
reservations about many of the details of my account.

Beginning with the largest divergence between my views and Tait’s, I
return to passages where Hilbert declares,

I believe that in my proof theory I have fully attained what I
desired and promised: The world has thereby been rid, once and
for all, of the question of the foundations of mathematics as such.
(1931, pg. 273)
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Already at this time I should like to assert what the final outcome
will be: mathematics is a presuppositionless science. To found it
I do not need God, as does Kronecker, or the assumption of a
special faculty of our understanding attuned to the principle of
mathematical induction, as does Poincaré, or the primal intuition
of Brouwer, or, finally, as do Russell and Whitehead, axioms of
infinity, reducibility, or completeness . . . .” (1928, pg. 479)

and to others where Bernays says,

The great advantage of Hilberts procedure rests precisely on the
fact that the problems and difficulties that present themselves in
the grounding of mathematics are transformed from the epistemologico-
philosophical domain into the domain of what is properly math-
ematical. (1922b, pg. 222)

mathematics [thereby] takes over the role of . . . natural philoso-
phy. (1931, pg. 236)

Despite my efforts to draw attention to remarks such as these, where Bernays
and Hilbert appear ungloved in their campaign to offer mathematical answers
to questions when philosophical ones were expected, Tait is unconvinced.
“Contrary to what Franks sometimes seems to be suggesting,” he writes on
page 178, “it is not reasonably debatable that [Hilbert and Bernays] con-
cerned themselves with the epistemological basis of finitist reasoning.” It is
hard for me to believe that Hilbert meant, by saying that his proof theory
would rid the world, “once and for all, of the question of the foundations of
mathematics” only that he would be answering that question. Surely the case
I make, in analysing the above quotes in my book, is suggestive of a Hilbert
who meant what he said: who thought he would quiet the philosophers’
questions rather than take them head on, who thought that epistemological
questions about mathematics were better stripped of their sublimity and re-
cast as more mathematics. If my attempt to develop this reading has not
been convincing, I still find it surprising that a careful reader of my book
maintains not only that I am wrong but that the point is not even reasonably
debatable. There are, of course, many passages in which Hilbert appears to
engage in good, old-fashioned epistemology, and so debate about whether a
consistent voice lies behind Hilbert’s several pronouncements, and if so about
what that voice is, strikes me as both reasonable and interesting.
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The image of Hilbert that Tait prefers differs from the one found in many
synopses of programs in the foundations of mathematics. He approves of my
description of Hilbert as a naturalist, of the centrality in Hilbert’s thought
of what I call the problem of formulation (how exactly to represent meta-
mathematical questions so that their investigation can be properly scientific),
and of my understanding of formalism as a methodological stance driven
by the goals of proof theory rather than as a doctrine about the nature of
mathematics. But Tait’s Hilbert differs from mine in the details of each
point, sometimes subtly, sometimes substantially.

One pronounced difference arises about Hilbert’s stance against philo-
sophical critics of mathematics. In this arena his naturalism amounts to the
idea that mathematics should flourish according to none but mathematical
standards, that if part of mathematics appears faulty from some philosoph-
ical perspective, then so much the worse for that perspective. In this vein,
Hilbert had remarked: “The philosophers will be interested that a science
like mathematics exists at all. For us mathematicians, the task is to guard
it like a relic . . . ” (1931, pg. 273). In my book I suggest that Hilbert meant
more than merely that mathematics should be salvaged from philosophers’
attempts to restrict its scope by rejecting all its techniques that cannot be
defended on ideological grounds. It should as well be left to flourish in a state
of open-ended creative exploration, so that even accounts of the principles
of mathematics that countenance all its current results and techniques are
unwelcome insofar as such apologetics still aim to subject the future unfold-
ing of mathematics to ideological constraints. Tait, quite reasonably, is more
cautious: According to him Hilbert was only exercised by “the specific philo-
sophical critiques” of the intuitionists and predicativists, critiques that were
actively hostile, rather than complimentary, to what many mathematicians
do. As a matter of historical fact it is likely that Hilbert wouldn’t have been
moved to guard mathematics from anything in the absence of the vocal critics
of his day, but I believe the stance that ultimately emerges from Hilbert’s call
to arms—what is truer to his words in passages like that quoted above—is
the conviction that mathematical research will benefit from the counsel of
philosophical friends only slightly more than it will from the correctives of
philosophical skeptics.

Tait raises more pointed questions about the details of my discussion
of arithmetization. Briefly, I argue that the above-mentioned problem of
formulation—a central problem that arises in the course of developing a
mathematical theory to address questions about how and whether mathe-
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matical techniques work (and in particular whether a set of such techniques
can be consistently deployed)—must, by Hilbert’s lights, be addressed by
formulating these questions about mathematics as questions within mathe-
matics. Tait remarks (p. 180) that it is strange that I would both attribute
this view to Hilbert and also fault him for not solving the problem in a way
that appears fully satisfactory in hindsight. I see nothing puzzling at all
about this. To conceive of a radical, new idea and make headway in realizing
it in scientific practice, without foreseeing future discoveries that will make
that headway appear only partial is not what I would call a failure.

In any case, Tait objects to my extraction of an ideal of purity, in the sense
of meta-mathematical questions needing to be posed purely mathematical,
from Hilbert’s remarks about purity in the Grundlagen. Tait rightly observes
that the notion of purity Hilbert discusses there has to do with the topical
purity of proofs: A geometric theorem ought to have a geometric proof, etc.—
an idea that has been revived with gusto in recent work by Arana, Detlefsen,
Mancosu, and others, but which appears already in Aristotle’s Posterior
Analytics and gained currency in the modern era beginning with Bolzano’s
Beyträge. But it does not seem right to me that this idea is somehow, as Tait
claims, “just the opposite” of the idea that I see emerging from it in Hilbert’s
work. To begin with, Hilbert does not endorse the fetish of topical purity
but only cites it in service of his own “fundamental principle”: “to make the
discussion of each question of such a character as to examine at the same
time whether or not it is possible to answer this question by following out
a previously determined method and by employing certain limited means.”
The context of the discussion of this principle is the impossibility proofs of
Abel, Lindeman, and others (it is a curiosity that Hilbert doesn’t mention
Galois), which he says take shape only if a definite notion of solvability
is specified in advance. Hilbert then observes that there is a connection
between his principle and the popular criterion of topical purity—the most
obvious point of contact being the shared concern with restricted means of
demonstration. But in his elaboration of this point, Hilbert does not embrace
any ideal of topical purity and instead declares that his interests diverge from
it. He writes:

The foundation of this condition [purity of topic] is nothing else
than a subjective conception of the fundamental principle given
above. In fact, the preceding geometrical study attempts, in gen-
eral, to explain what are the axioms, hypotheses, or means, nec-

15



essary to the demonstration of a truth of elementary geometry,
and it only remains now for us to judge from the point of view in
which we place ourselves as to what are the methods of demon-
stration which we should prefer. (p. 82)

Thus while the popular idea is to look at, say, a geometrical problem
and ask whether a purely geometrical solution for it can be found—this
is a “subjective conception” of what one might do instead to the greater
advancement of mathematics: namely, to have no preconception at all about
what the proper means of solution of a problem are, but rather to engage
in a systematic study to discover which means are most appropriate. The
two principal considerations determining which “methods of demonstration
we should prefer” being the desire to solve problems (“what are the means
necessary to the demonstration”) and the desire to generate theoretically
significant unsolvability results.

Thus Hilbert borrowed and modified the notion of purity of methods, so
that what remained of the original idea was merely the need for specified
means of demonstration. But in Hilbert’s hands, those specifications cannot
be read off the topic of the problem one is addressing. They are determined
by what will make the problem solvable or, in the case that one is interested
rather in the question whether or not the problem is solvable, by what will
make the question itself a properly mathematical problem.

Tait’s second objection to my discussion of arithmetization is directed
at my attribution to Herbrand the idea that Hilbert’s approach to proof
theory was somehow inadequate, specifically that Hilbert’s formulation of
the statement that arithmetic is consistent was not properly mathematical
enough. According to Tait (p. 180), “[a] glance at the 1931 ‘Note to Jacques
Hadarmand’,” which I have pointed to as partial evidence for this attribution,
“shows that this is not at all what Herbrand is saying.” Actually, Tait claims,
Herbrand found none of Hilbert’s formulations inadequate and only objected
that Hilbert’s style of consistency proof, based on epsilon-elimination tech-
niques, had not been successfully executed. And when Herbrand said that
the principal ideas of proofs as explained by Hilbert were erroneous, he was
talking only about Hilbert’s consistency proofs, not about Hilbert’s proof
theory more generally.

I no longer recall how Herbrand’s note to Hadarmand appeared to me at
a quick glance, but at least a close look reveals that Herbrand’s measures
were drastic if he is to be understood as reacting to such specific technical
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difficulties: “It was necessary to consider the whole theory again from top to
bottom,” he concluded, “in order to attain the desired rigor in its beginnings
and to arrive at precise results.” More, Herbrand says he “was obliged to
start by establishing all the lemmas . . . which lie at the base of these theo-
ries and which had not previously been stated in a satisfactory manner” (p.
278, emphasis added). And it was only after this reconfiguration of the very
fundamentals of proof theory, making precise its basic results, making rig-
orous its techniques, and revising the very statements of the theory’s basic
lemmas, that Herbrand thought he could re-investigate consistency proofs:
“Then I considered the question of consistency again. By a method whose
principle is very simple, I found results more complete than those due to von
Neumann” (p. 279, emphasis added). These remarks are all echoed almost
verbatim in the “Unsigned note on Herbrand’s thesis,” and in both of these
notes there follows a discussion of how Herbrand managed, via this whole-
sale restructuring of proof theory, to reduce “the most general case of the
Entsheidungsproblem to the remarkable form of a problem about number-
theoretic functions . . . ” (p. 276). So while it is true, as Tait stresses,
that Herbrand credited to Hilbert “the honor of first having shown that [the
Entsheidungsproblem] is a well-defined mathematical problem, solvable in
at least some particular cases,” it is also true that Herbrand did not find
Hilbert’s formulation of that problem fully adequate. Only “by means of”
his own reduction of that problem, facilitated by what he described as a top
to bottom revision of proof theory, did Herbrand think the problem had in
all its cases attained its final form so that one can say “all questions which
can be raised in metamathematics are ‘arithmetized’ ” (p. 276).

On page 181, Tait makes the interesting observation that whereas I claim
that Herbrand’s concept of arithmetization is comparably unknown, it might
better be described, in light of the possible influence of Herbrand’s ideas on
Gentzen and the coincidence of Herbrand proofs and cut-free proofs in se-
quent calculi, as having been “absorbed.” I’m suspect a good survey would
reveal that even the name “Gentzen” is unknown compared to Gödel’s idea
of the arithmetization of syntax, but I take Tait’s point all the same. I add
only that the process of absorption of Herbrand’s idea divested it of the ti-
tle “arithmetization.” One does not think of cut-elimination as a technique
for reducing meta-mathematical questions to Diophantine problems, and it
is this reduction that led Herbrand to call what he did an arithmetization.
Surely very few people, if asked to describe ways in which logicians have
conceived of rendering questions of meta-mathematics in arithmetical terms,
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whether or not they are familiar with Herbrand’s theorem and Gentzen’s re-
sults, would think to mention that Herbrand had a way of doing this wholly
different from Gödel’s. That is the sense in which I have described “Her-
brand’s conception of arithmetization” as comparably unknown.

In passing, Tait remarks that “if one’s aim is to ‘revisit Hilbert’s program,’
the most mature statements of it on any issue would be the most appropriate
ones to cite” (p. 182). The main target of this remark is my attempt in
the book to separate, to some extent, Hilbert’s views from Bernays’s on
the question of the justification of mathematical induction. But the remark
resonates more generally with Feferman’s complaint that I rely too heavily on
Hilbert’s essays from the early 1920’s and ignore his more mature statements
of his views. To this concern I reply, first that I see no reason why the
mature views should be prioritized in case there are neglected but valuable
ideas expressed most clearly in Hilbert’s earlier work that my revisitation of
Hilbert’s program is meant to develop, and second that I have taken care in
the current note to quote exclusively from Hilbert’s most mature statements
of his position, as evidence both that the ideas I think are central to his
thought survived that maturation and that I did not somehow systematically
ignore Hilbert’s late writing in my book.

In a thoughtful reply to my discussion of Hilbert, Bernays, and Poincare
on mathematical induction, Tait makes clear how Hilbert’s Kantian leanings
could exonerate him from Poincaré’s charge of circularity. I shall only verify
his suspicion that my reluctance to let Hilbert off that hook so easily is drawn
from my conviction that Hilbert did not want to base his mathematical results
on intuition or other non-mathematical grounds.

Finally, returning to the opening of Tait’s review, one finds an attribu-
tion to me of an “argument that, since proof theory was invented in the
service of Hilbert’s program and since it survived the Gödel incompleteness
theorems, it is unreasonable to interpret the program in such a way that
the incompleteness theorems imply its failure” (p. 177). Were one to put
forth such an argument, it would be comically absurd in just the way that
Tait points out. But the attribution of such an argument to me seems to
gloss over the delicate line of thought that I tried to develop in the book’s
first chapter. Obviously aims to attain the impossible can spawn wonderful
by-products that flourish long after those aims have been frustrated or made
even to look silly. It is not unreasonable to suppose that Hilbert’s aims were
of this sort, proof theory their accidental by-product. But one has to ask
how likely this situation is in general, and I opened my book with a plea for
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optimism that in Hilbert’s case proof theory might best be seen not as an
accidental by-product of a defunct philosophical campaign, but as the direct
realization of a unique philosophical vision. “Not everyone will agree that
such historical hypotheses are always warranted,” I wrote, “but I hope that
reviewing Hilberts ‘anti-philosophical’ position has removed one obstacle to
approaching his thought with optimism” (p. 25). Whereas an argument that
this must be the case would founder, the propriety of my plea should depend
only on whether such a vision emerged, to which it seems Tait would assent,
though doubtless with some qualifications.

kennedy 2010

My greatest surprise in fielding reactions to Franks 2009 is the discovery
of how polarizing it has been. The book has found favor among commit-
ted pragmatists and naturalists; foundationalists have objected both to my
reading of Hilbert and to the tenability of the philosophical attitude that
I have extracted from that reading and put forward as attractive. Neither
reaction realizes my hopes, which were not to mobilize these factions or to
argue against foundationalism.

Towards the end of my book, I write:

Each entry on the growing list of naturalistic views of mathe-
matics has been thought of as radical in its abandonment of the
search for foundations and in its deliberate inattention to any
ahistorical standards to constrain and characterize mathematical
activity. Each has had to fight the battle against foundational
epistemology anew, to earn respect from philosophers as a reac-
tion to an orthodoxy. (pp. 170–1)

Perhaps I erred, as Juliette Kennedy suggests, in supposing that the time
had come when this argumentative burden could be dropped. In any case,
it is a merit of her reading of my book that she appreciates that I make no
attempt to argue for or against any philosophical stance about the nature
of mathematics. I mean only to unearth the stance that appears to have
motivated much of Hilbert’s work, then to articulate it with due care in
order to illustrate what it will take to look at mathematics in this way and
to describe how things appear once we do. A reader, I hoped, should be
able to “take issue with the central tenet of the book . . . and perhaps take
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issue with some matters of interpretation” and still appreciate the novelty
and worth of the vision put forth. In stating this explicitly, Kennedy makes
it clear that she has understood the book deeply.

But I would say more, namely, that I doubt any argument for the correct-
ness of the historicist image of mathematics I invite my readers to inhabit
could be convincing. As I put the point in the book (pp. 193–4), the decline
of foundationalist endeavors in the last century has resulted not from the
success of any such arguments but from the more gradual restructuring of
our habits of thinking. Indeed, to argue about the right way to think about
mathematics is to play into the hands of foundationalist stalwarts; the way of
thinking about mathematics I have recommended is in part a way of getting
on without the felt need to rationally defend all your decisions and behaviors.
In Kennedy’s words, “Franks is asking us to shift our attention away from
the foundational project; not to naturalize mathematics necessarily, but to
historicize it” (p. 121, emphasis added). On page 27 of my book I wrote
that “[Hilbert] was not much given to argument, preferring instead just to
say what he thought and to let tomorrows results attest to the merits and
faults of his ideas. He believed that the fact that mathematics does not need
grounding could only become evident through the development of mathe-
matics itself.” I have tried to preserve this spirit in my own description of
Hilbert’s achievements.

Perhaps because of her apparently rare ability to appreciate a philosoph-
ical position that she doesn’t share, Kennedy manages to articulate the most
cutting criticism of that position. I have in mind her remarks on page 122
about set theory. “Second order reflection,” she writes, “on the nature of
the infinite, on the notion of maximality, on the bivalent–or not–nature of
mathematical truth . . . is one of the main sources of the discovery and further
development of reflection principles and of large cardinal concepts.” This is
a problem for my account of the development of mathematics of a partic-
ularly ironic sort, for according to Kennedy’s description of the activity of
set-theoretical research, it is the presence of philosophical reflection, i.e., of
external considerations, that has largely determined the creative unfolding of
mathematics. Barring such “intrusions” would hamper rather than facilitate
that unfolding.

In reply I am inclined first to say that it is unclear to me how much
philosophical reflection can be said to have influenced the development of set
theory, despite first appearances, against the formidable evidence of influence
in the opposite direction, evidence that our notions of truth, existence, and
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infinite size have been rapidly reshaped by our efforts to absorb and concep-
tualize advances in mathematics. My authority here is Kanamori 2007. But
I suspect that even though Kanamori is probably right about the predomi-
nance of influence, the force of Kennedy’s observation has only been blunted.
Even if the patterns of philosophical reflection are heavily influenced by ad-
vances in set theory itself, on my view they are bound to be influenced by
some cultural developments or others, and this alone cannot make philoso-
phy’s undeniable role as a source of ideas in set theory entirely unproblematic
for naturalistic views.

I am inclined second to say that naturalism risks always devolving into
its own enemy. As a doctrine to bar certain sorts of considerations from the
laboratory, it may have no place there itself. One needn’t look to modern
set theory to appreciate this puzzle. Intuitionism, the idea most explicitly
unwelcome to Hilbert, has led to profound advances in mathematics. It is
no easy task, however, to let a thousand flowers bloom when their seeds are
planted by eugenicists who don’t share that vision.

I would not side with Quine (or Wittgenstein) and declare (as Kennedy
proposes I might) the theory of the higher infinite not proper mathematics,
nor would I wish to see it pursued in a way freer from philosophical consider-
ations, but I won’t pretend that I can get away with saying this as easily as
I just have. Kennedy’s challenge is a serious one to all naturalistic accounts
of mathematics: Kitcher’s, Maddy’s, my own, . . . . But I do hope that in
the way that my (or Hilbert’s) brand of naturalism differs from others, it
indicates how this position could be articulated further. On page 194 I have
written:

Concerns about relativism arise from a mistaken idea that hu-
man activities earn their rationality by aligning with the timeless
constraints that only philosophers have ways of discovering. It is
clear that these concerns are unfounded as soon as one observes
that mathematics’ rationality is already evident in its profound
ability to tie in with other projects that command our interest.
There is no reason to think that its role in science is the only
measure of how well it is doing this. . . . Mathematics can . . . earn
its legitimacy in any of a number of ways, but it is wrong-headed
to draw up a list in advance of how it must evolve in order to re-
main useful, interesting, or beautiful. Mathematicians have not
come to where they are by attending to such a list, but by devis-
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ing, obeying, and continuously adjusting mathematics’ own inner
logic.

Perhaps the way that philosophical reflection, of all things, can earn part of
the space I meant to open up with these words is simply to observe, with
Kennedy, that it has already been there for some time.
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