AUTOMORPHISMS OF MANIFOLDS
AND ALGEBRAIC K-THEORY:
FINALE

M. S. WEISS AND BRUCE WILLIAMS

ABSTRACT. Let M be a closed topological h—manifold, and let S(M) be the moduli
space of closed topological manifolds equipped with a homotopy equivalence to M.
We give an algebraic description of S(M) in the h-cobordism stable range, assuming
n = 5. (That is, we produce a highly connected map from S(M) to another space
having an algebraic description.) The algebraic description is in terms of L—theory,
Waldhausen’s algebraic K—theory of spaces, and a natural transformation Z (con-
structed in our paper [WW2]) from L—-theory to the Tate cohomology of Z2 acting
on K-theory.

We develop a parallel theory for the moduli space S(T) of R"—bundles on M
equipped with an “equivalence” to the tangent bundle T of M. (The equivalence
is a stable fiber homotopy equivalence of the corresponding spherical fibrations.)
Results about moduli spaces of smooth manifolds can be obtained by combining the
calculations of S(M) and S(T1).

We have attempted to make this paper as self-contained as possible by summa-
rizing results from the earlier papers in the series where necessary.

0.INTRODUCTION

Let M™ be a compact topological manifold. By a structure on M, we mean a pair
(N, f) consisting of another topological manifold N and a homotopy equivalence

F:(N,ON) — (M, M)

which restricts to a homeomorphism of the boundaries. One of our goals is to study
and compute S(M), the space of structures on M. We refer to §1 for a precise
definition; note however that we distinguish between S(M) and S(M), the space
of block structures on M. The goal of classical surgery theory is the calculation of
S(M), not S(M).

By a structure on 7, the tangent microbundle of M, we mean a pair (7, g) con-
sisting of another n—dimensional microbundle  on M and a stable fiber homotopy
equivalence g : n — 7 (over M) of the associated spherical fibrations. Our second
goal is to study S(7M), the space of structures on 7. Our third goal is to study and

compute a certain map
V:S(M) — S(t™M).
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This is defined as follows. By Spivak’s result ([Spi|, [Brol], [Bro2]), a structure
f: N = M on M has a differential df which is a stable fiber homotopy equivalence

between the spherical fibrations made from 7V and f*7™, respectively. Use this
to push the identity structure on 7%V forward to 7™, and call the result V(N, f).

M

Summarizing the above, and writing 7 for 7", we have:

0.1. Program. Compute V : S(M) — S(7).
0.2 Remark. When OM = {), an informal definition of S(M) is as follows:

S(M) =[] G(Ng)/TOP(N3)
I}

where the coproduct is over the homeomorphism classes of closed manifolds homo-
topy equivalent to M, and Ng is a representative for the class 3. We have written
G(N) for the space of homotopy automorphisms of N, and TOP(N) for the space of
homeomorphisms N — N. Thus program 0.1 yields results about automorphisms
of manifolds.

0.3. Remark. When M is a smooth manifold, we can similarly define spaces of
smooth structures on M and 7 (and we use a superscript D for the smoothness).
In a relative sense, this makes no difference: the square

with forgetful vertical arrows is homotopy cartesian (is a homotopy pullback square)
if dim(M') # 4. This follows from Morlet’s sliced smoothing theory [Morl], [Mor2],
[Mor3], [KiSi], [BuLal].

Program 0.1 refines the standard program of surgery theory, which we now recall.
For greater uniformity we work with “decoration” h; then the n—th homotopy group
of the block structure space S(M) is the set of structures on M x D" modulo h—
cobordism over M x D". (For details on S(M), see §2.) Let S(7) be the space of
stable structures on 7; a point in this space is a pair (7, g) consisting of a stable
microbundle n on M and a stable fiber homotopy equivalence g : 7 — 7 of the
associated spherical fibrations. A map V from S(M) to S(7) can be defined as
before, and the surgery program is:

0.4. Program. Compute the map V : S(M) — S(7).

This was done by Sullivan for simply connected M, and by Wall in the general
case. To state their result, we need to say a few words about assembly.

0.5. Info. Let F be a functor from finite C'W—spaces to spectra. Call F ho-
motopy invariant if it respects homotopy equivalences, and call F ezcisive if it
respects homotopy pushout squares (= homotopy cocartesian squares) and if F(())
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is contractible. (Excisive implies homotopy invariant.) Given a homotopy invariant
F, there exists an excisive F?° and a natural transformation o : F?(Y) — F(Y)
(variable Y') which is a homotopy equivalence if Y is a point. Together, F* and
« are characterized by these properties up to natural homotopy equivalence. This
existence and uniqueness statement presumably goes back to Quinn, [Quil], [Qui2],
[Qui3], who calls o the assembly. Note: F*(Y') is homotopy equivalent to Y AF (),
for all Y.

We shall also need assembly in the more general situation where F' is a functor
on the category of finite CTW—spaces Y equipped with stable spherical fibrations ~.
(The morphisms in this category are maps between spaces covered by stable maps
between spherical fibrations.) Such an F', with values in the category of spectra,
may or may not be homotopy invariant, or excisive; the definitions are literally the
same as before. If F' is homotopy invariant, then it is the target of an essentially
unique natural transformation a : F*®(Y,~) — F(Y,~), with excisive F*, which is
a homotopy equivalence if Y is a point. Notation: Often F' is a functor with a long
name, and then it is convenient to write the % superscript after the argument, as
in F(Y)%. We write

F(Y)q, := homotopy fiber of a : F(Y)® — F(Y),
F(Y,7)y := homotopy fiber of a : F(Y,~)* — F(Y,),
as appropriate. We use “unbold” symbols for the corresponding (zero—th) infinite

loop spaces, as in
F<Y)%7 F<Y7 7)%7 F<Y)A)7 F(Y7 ’Y)A)'

0.6. Info. For a space Y with spherical fibration ~, let L(Y,~, —k) be the k—fold
loops on the connected L—theory spectrum, with decoration h, of the group ring
Z[m1(Y)] with the w-twisted involution (w = wi(y)). See [Ral], [Ra2] or [WW2].
This may seem to depend on a choice of base point in Y, but it does not. See §4
for details. We are interested in the case Y = M, k = n, and 7 = v (the Spivak
normal fibration of M). The Sullivan—Wall result, as formulated by Quinn [Quil],
[Qui2] and Ranicki[Ral], is a commutative square

S(M) v, S(7)

L(M,I/,—TL)% % (M,V,—TL)%

where the vertical arrows i are homotopy equivalences if dim(M) > 5.

We now return to program 0.1. Below we describe homotopy invariant functors
<Y7 7) = LA(Y7 Y _k)

(one for each k£ > 0) from spaces Y with spherical fibration v to spectra. Our main
result is that the map
V:SM)— S(1)

can be identified in a certain range with the forgetful map
LA(M,v,—n)oy, — LA(M,v, —n)®.
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0.7. Theorem. There is a commutative square

forget

LA(M,v,—n)y, ——— LA(M,v,—n)%
in which the vertical arrows ¢ are highly connected (details follow) if n > 5.

0.8. Details. An integer j is in the topological h—cobordism stable range for a
compact manifold N if the (upper) stabilization maps

ﬁ(N)%ﬁ(NXDl)Hj.ﬁ(NXDZ)H...

of topological h—cobordism spaces are all j—connected. See [Wald2], [Ig]. By [Ig],
this is the case when j < m/3 approximately, provided N is homeomorphic to a
smooth manifold. Then j is also in the smooth h—cobordism stable range (defined
using spaces of smooth concordances).

The right-hand vertical arrow in 0.7 is (j + 1)—connected if j is in the smooth h—
cobordism stable range for the disk D™ and 7 < n —2. The left-hand vertical arrow
induces a bijection on mg. Each component of S(M) determines a homeomorphism
class of manifolds M’ homotopy equivalent to M. If j is in the topological h-
cobordism stable range for M’ then the left-hand vertical arrow in 0.7 restricted
to the component (and the corresponding image component) will be j—connected.

0.9. Description. Here we describe LA(Y,~, —k). Denote by A(Y) the Wald-
hausen A-theory spectrum of Y, with (the usual) decoration h. The methods of
[WW2] yield a map of spectra

= L(Y,y, —k) — H" (Z; A(Y))

where HY denotes a Tate cohomology spectrum, and the Zy—action on A(Y) de-
pends on v and k. (It is the y—twisted Spanier—Whitehead k—duality action, [Vol].)
Originally, one of the points of this construction was that it explained and strength-
ened the connection between L—-theory and algebraic K—theory given by the long
exact Rothenberg sequences; in fact, it leads to higher Rothenberg sequences involv-
ing higher K—groups. See the Outline of [WW2].

Recall that the Tate cohomology spectrum is the mapping cone of the norm map

Hy(Zz; ...)—>Hv(Zz; )

from homotopy orbit spectrum to homotopy fixed point spectrum. (See [AdCoDw]|
or [GreMa] for a lucid and very general account.) We define LA(Y,~,—k) as the
homotopy pullback of

L(Y, 7, —k) = H" (Zo; A(Y)) — H" (Zz; A(Y)).

The main theorem 0.7. has a relative version which we want to mention briefly
because it explains the A in L A-theory. Let M™ be a compact topological manifold
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as before, and suppose that 0+M is a compact codimension zero submanifold of
OM. Write O_M = OM ~ int(0+M). A structure on (M,0+M) is a homotopy
equivalence of “triads”

Fi(N,0+N,0_N) — (M, 8+ M,5_M)

where N™ is another compact topological manifold with a compact codimension
zero submanifold 0+ N of ON, and f restricts to a homeomorphism from 0_N to
0_M. Write S(M, 0+ M) for the space of such structures. As in the absolute case,
there is a map

V:SM,0.M) — S(1,7+)

where 7 is (still) the tangent bundle of M and 74+ is the tangent bundle of 0+ M.
The relative version of our main theorem “computes” this in a certain range, using
a relative version of LA-theory. The result is complicated, and here we just focus
on an “extreme” case:

0.10. Example. Take M = Px[0,1] and 0+ M = Px{1}. This is extreme for two
reasons:

(1) the block structure spaces S(M, 8+ M) and S(7, 7+) are contractible;
(2) after much cancellation, the appropriate relative L A-theory turns out to be
just the A-theory of P.

Thus our main theorem takes the form of a commutative square

S(Px[0,1], Px{1})) —Y— &(r,74)

l l

A(P)% forget A(P)% '

with highly connected vertical arrows. Notice, gentle reader: this is really the main
result of Waldhausen’s work relating h-cobordisms to A-theory. In particular, the
space in the upper left—hand corner of the diagram is the space of h—cobordisms on
P. (Actually, Waldhausen’s theorems state that the vertical arrows in the diagram
turn into homotopy equivalences under stabilization, [Waldl], [Wald2], [Wald3],
[Wald4], [Wald5] and [Ig] shows that they are highly connected without stabilization
provided P has a smooth structure.)

0.11. Remark. Theorem 0.7 refines the Sullivan—Wall-Quinn—Ranicki result,
which means that the cube
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is commutative. Actually, for strict commutativity, some care has to be exercised
in the construction of the upper face of the cube—make it cofibrant. A square of
simplicial sets is cofibrant if it is isomorphic to a square of the form

YinyY, - Y1

| |
Y, —S-Y.

0.12. Credits. Localized at odd primes, LA(M, v, —n) splits:

LA(M, v, —n)o, = L(M, v, —n)o, x A(M)§?
where A(M );f) is the (—1)"—eigenspace of the Spanier—Whitehead 0-duality invo-
lution [Vol] on A(M )y, (equivalently, the (41)—eigenspace of the n—duality involu-
tion). At odd primes therefore, the left—-hand column of the square in Theorem 0.7
is a highly connected map

S(M) — L(M,v,—n)o, x A(M)$2.
The existence of the loop of such a map is well known (see [BuLa2, Cor.D] and [HJ,
Thm.2.5]). Thus working at odd primes avoids the question of how L-theory and
A-theory must be combined to get an “algebraic” description of S(M). Rationally,
Burghelea and Fiedorowicz ([BuFie]) have given a highly connected map from S(M)
to a version of hermitian A-theory. We understand that Fiedorowicz, Vogt and
Schwénzl are also able to construct such a map at odd primes [FieSchwVo|. It

would be interesting to directly compare their version of hermitian A-theory with
our LA theory. See also [Gif] and [HS].

0.13. Remark. We have found it necessary to omit proofs of several techni-
cal statements in order to make this paper readable. Without exception, these
statements are either variations on results in the literature, or straightforward cal-
culations. They are labelled with a & sign. We promise to deliver the proofs in due
course.

Acknowledgment. We would like to thank Dan Burghelea, and especially Bill
Dwyer for conversations that have helped to shape this project. We are also in-
debted to Frank Quinn and Erik Pedersen for conversations about LK—theory (the
version of L A-theory for discrete rings).

1. STRUCTURE SPACES

We begin by recalling the notion of manifold modelled on R™ x A*. This is a
Hausdorff space N equipped with a (maximal) atlas with charts in R™ x A*, where
the changes of charts take points in R™ x d; A* to ditto points. The dimension of
such an N is n + k. Let s be a nonempty face of A¥; denote by N(s) the subspace
of N consisting of all points taken to R™ x s by some (hence any) chart. We see
that

s+ N(s)
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is a functor from po[k|, the poset of nonempty faces of A*, to spaces.

We define similarly manifolds N modelled on R? x A*_ where R” is closed upper
half space. (Changes of charts take points in R? x A* to points in R? x A*.) Denote
by ON the subspace of N consisting of all points taken by some (hence any) chart
to R"1 x A*. Then ON is modelled on R"~1 x A*. Further, the rule

 [aN(s) iti=0
ED= N =t

is a functor from the product poset po[k] x {0, 1} to spaces.

Now, in order to define structure spaces, we need certain topological categories
[Ad, p.70] associated with a fixed compact manifold M™. (We pay no attention to
the size of these categories, but the reader is encouraged to do so.) For simplicity,
assume OM = (). Denote by str(M) the following topological category. Objects
are homotopy equivalences f : M’ — M, where M’ is another closed manifold. A
morphism from f : M’ — M to g : M" — M is a homeomorphism M’ — M"
making the appropriate triangle commute (strictly). We want to allow continuous
variation (in the compact—open topology) of all continuous maps in sight ; this puts
a topology on the class of objects of str(M), and a compatible topology on the class
of morphisms.

To construct the classifying space of str(M), make it into a simplicial category:
replace object class and morphism class by their singular simplicial classes.

1.1. Definition. The structure space S(M) is the classifying space of the topo-
logical category str(M).

Generalizing this slightly, we have the structure space S ,(N) of a manifold N
modelled on R? x A* (assume ON = ().

1.1. Definition [bis]. The block structure space is the geometric realization of
the simplicial space without degeneracies (alias A—space)

[k] — S (M x AF).

If OM is nonempty, which we want to allow from now on, define str(M, M) to
have objects f : (M',0M’) — (M,9M), where f is a homotopy equivalence of pairs.
The classifying space is denoted by S(M,90M). Those objects f restricting to a
homeomorphism of the boundaries, say 0M’ = 9M , form a full subcategory str(M),
with classifying space S(M). Proceed similarly to define the block structure spaces
S(M,dM) and S(M).

Asin [WW1] let TOP(M) be the topological group of homeomorphisms M — M
which agree with the identity near M. A difficult theorem due to [McD] (see also
[Seg3], [Math], [Thu]) asserts that the inclusion of BTOP°(M) in BTOP(M) is a
homology equivalence, where TOP®(M) is the underlying discrete group. (A map
f: X — Y of connected spaces is a homology equivalence if it induces isomorphisms
f« + H(X;J) — H.(Y;J) for any m1(Y)-module J.) In the same spirit, we
can make str(M) more discrete (if not entirely discrete) and see what happens.
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Specifically, we want to keep the old topology on the class of objects, but we
disallow continuous variation of the horizontal arrows in morphisms

M/iM//
NS
M

and we write S°(M) for the classifying space. If M is empty, for example, then
SO (M) classifies manifold fiber bundles with a flat connection (equivalently, discrete
structure group in the sense of Steenrod) and with a fiber homotopy equivalence to
a trivial bundle with fiber M. In general, the McDuff theorem implies:

1.2. Theorem. The inclusion 8°(M) — S(M) is a homology equivalence.

Note in passing that the inclusion of geometric realizations
(k] — SO(M x AR |[k] = S,(M x AF)| = S(M)
is a homotopy equivalence. This is not a deep theorem.

Following [AnCoFePe] we introduce certain notions: A control space is a pair
consisting of a locally compact Hausdorff space E and an open dense subset E of
E.Letp: X — Fand q:Y — E be proper spaces over E (which means that X,Y
are locally compact, and p, ¢ are proper). A continuous proper map f : X — Y
is a controlled map if it satisfies the following condition: Given z € E ~ E, and
a neighborhood U of z in E, there exists a smaller neighborhood Uy of z in E
such that p(xz) € Up implies q(f(x)) € U, for all x € X. It is straightforward to
define controlled (proper) homotopies between controlled maps, and then controlled
(proper) homotopy equivalences between proper spaces over E. Higher up in the
hierarchy are the morphisms between control spaces. Such a morphism, say from
(Ey C E1) to (Ez C E,), isamap f : E1 — E, such that f~(FE,) = E;. The
morphism f is a homotopy equivalence if there exists another morphism g, from
(Ez C E3) to (Ey C E4), such that

(9f)g, : E1 — E1, (f9)By : B2 — E2

are controlled homotopy equivalences (between proper spaces over F;1 and Ej, re-
spectively). Note: If f is a homotopy equivalence between control spaces, then f
restricts to a homeomorphism from F1 \ E1 to E» ~ E».

1.3. Example. Let V be a k—dimensional real vector space, k < oo. Denote by
S(V) the orbit space of the action of R, on V ~. {0}. The union V := V' US(V) has
a canonical topology such that there ezists a homeomorphism from V to the cone
on S(V) extending the identity on S(V'). (The homeomorphism is not unique.)

Any compact manifold M"™ (as above) and vector space V' give rise to a control
space M x V C M % S(V'), where % means a join.
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We will need a space of structures on the control space M x V. C M % S(V).
Somewhat inconsistently, it will be denoted by ¢S(M x V). For simplicity, assume
OM = (). Define cstr(M x V) as the topological category with objects

f:(M'xVCcMx*xSV)— (MxVCMsxS(V))

where f is a homotopy equivalence of control spaces restricting to the identity on
S (V). Morphisms are homeomorphisms of control spaces, over (M xV C Mx*S(V)),
and the topology comes from allowing continuous variation of all control space
morphisms in sight. Let ¢S(M x V') be the classifying space.

1.4. Remark. To be really consistent with [WW1], we should equip V with an
inner product and define a space of bounded structures on M x V', say bS(M X
V). But the controlled notions are equally useful (bS(M x V) ~ ¢S(M x V), see
[HuTaWi]) and easier to handle.

Define ¢S°(M x V) by analogy with S°(M), as the classifying space of a more
discrete variant of c¢str(M x V). (Keep the old topology on the class of objects.)
We do not know whether the inclusion of ¢S (M x V) in ¢S(M x V) is a homology
equivalence. But a slightly weaker statement can be proved. Let k = TOP?(S(V))
and A =TOP(S(V)).

1.5. Theorem®. The inclusion of homotopy orbit spaces
(eSO (M xV)), = (eS(MxV)),,
is @ homology equivalence.

(Reason: we can prove a McDuff type theorem for the automorphism group
of the control space (M x V. C M % S(V)), but not for the subgroup of those
automorphisms restricting to the identity on S(V). Note that the inclusion of
classifying spaces Bk < B is a homology equivalence, again by [McD]. But note
also that in a commutative square of pointed spaces where the vertical arrows are
homology equivalences, the induced map of horizontal homotopy fibers need not be
a homology equivalence. See [Ber].)

The block structure space S(M) comes with a filtration which is not easy to
understand, and yet crucial. Our way to understand it is to trade block structures
for controlled structures. The idea goes back to [WW1, §4], where it is applied to
block automorphisms.

1.6. Reminder. Let X be a space with a filtration
Fllto(X) C Flltl(X) C Flltz(X) (@I

so that X equals the union of the Filt;(X). Call a singular k-simplex y : AF — X
positive if it maps the i-skeleton of AF to Filt;(X) for all i. The positive simplices

form a simplicial subset
Pos X C sing(X)

where sing(X) is the singular simplicial set. Note that P?°X is still filtered:
Filt; (P° X)) := P°X Nsing(Filt; (X)) .
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1.7. Example. Let ¢S(M x R*) be the union of the spaces cS(M x R?) for
i > 0. (Take products with the identity structure on R* to include ¢S(M x R?) in
cS(M x R™1))) Then ¢S(M x R*) is of course filtered by subspaces c¢S(M x R?).
We claim that

PoscS(M x R®) ~ S(M).
For a more precise statement, we need simplicial machinery. Let 3 and ) be the
A-spaces (simplicial spaces without degeneracies) given by

3[k] = Po5eS, (M x AF x R™),
Y[k = S.(M x A").
Remember that || is S(M).
1.8. Lemma®. The inclusions
| — |3] < 3[0]
are homotopy equivalences.

1.9. Remark. A quick and consistent way to introduce simple structures is to
use the Hilbert cube Q. For example, a homotopy equivalence f : X — Y between
compact AN R’s is known to be simple if f x id is homotopic to a homeomorphism
from X x Q to Y x Q. A controlled homotopy equivalence f : X — Y between
proper AN R’s over E (where E C F is some control space) is simple, by definition,
if f x id is controlled homotopic to a controlled homeomorphism from X x Q to
Y x Q. Thus there are “simple” versions of S(M), S(M) and ¢S(M x V).

2. ASSEMBLY

In this section, all spaces are homotopy equivalent to CW —spaces, all pairs of
spaces are homotopy equivalent to CW —pairs, and all spectra are CW —spectra.

A functor F from spaces to spectra is homotopy invariant if it takes homo-
topy equivalences to homotopy equivalences. A homotopy invariant F' is excisive if
F () is contractible and if F' preserves homotopy pushout squares (alias homotopy
cocartesian squares, see [Gol], [Go2]). The excision condition implies that F' pre-
serves finite coproducts, up to homotopy equivalence. Call F' strongly excisive if it
preserves arbitrary coproducts, up to homotopy equivalence.

2.1 Lemma. For any homotopy invariant F' from spaces to spectra, there exist a
strongly excisive (and homotopy invariant) F* from spaces to spectra and a natural
transformation

a=ap: F®* — F
such that o : F*(x) — F(*) is a homotopy equivalence. Moreover, F* and ar
can be made to depend functorially on F.

Proof. For a space X, let simp(X) be the category whose objects are maps A” — X
where n > 0, and whose morphisms are commutative triangles

NS

X
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where f, is the linear map induced by an monotone map f from {0,1,...,m} to
{0,1,...,n}. Then

Fx : simp(X) — spectra ; (A" 2, X) — F(A"™)

is a covariant functor, and we let F”(X) := hocolim Fx . The natural transforma-
tion
Fx(A" % X)=F(A™") 25  F(X)

induces a : F?(X) — F(X). Clearly « is a homotopy equivalence when X is a
point. For arbitrary X, we can understand the homotopy type of F*(X) by using
the natural transformation

(const.).
_—

Fyx (A" 5 X) = F(A™) F(%)

of functors on simp(X). It induces a homotopy equivalence of the homotopy direct
limits, and since the right—hand functor is constant, its homotopy direct limit is

| simp(X) |+ A F(x) .

It is an exercise to show that |simp(X)| ~ X. Thus F%(X) is related to X+ A F(x)
by a chain of natural homotopy equivalences. [

2.2. Observation. If F' is already excisive, then
a: F?(Y) — F(Y)

is a homotopy equivalence for all finite Y, and if F' is strongly excisive, then « is a
homotopy equivalence for all Y.

Proof. By arguments going back to Eilenberg and Steenrod it is sufficient to verify
that « is a homotopy equivalence for Y = point. [

We want to show that o = ap is the “universal” approximation (from the left)
of F' by a strongly excisive homotopy invariant functor. Suppose therefore that

6:E— F

is another natural transformation with strongly excisive and homotopy invariant
E. The commutative square

in which the upper horizontal arrow is a homotopy equivalence by 2.2, shows that
[ essentially factors through ag.

There is a variant of assembly which applies to functors defined on pairs of
spaces. Let F' be such a functor, from pairs (X, Y) to spectra. We call F' homotopy
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invariant if it takes homotopy equivalences of pairs to homotopy equivalences. We
call F' excisive if it takes homotopy pushout squares of pairs to homotopy pushout
squares. (A square of pairs

(X1,Y1) —— (X2,Y2)

l l

(X3,Y3) —— (X4,Ya)

is a homotopy pushout square if the two squares made from the X; and the Y},
respectively, are homotopy pushout squares.) Finally F' is strongly excisive if it is
excisive and respects arbitrary coproducts, up to homotopy equivalence.

2.3 Lemma®. For any homotopy invariant F' from pairs of spaces to spectra,
there exist a strongly excisive (and homotopy invariant) F% from pairs of spaces
to spectra and a natural transformation

a=ap: F* — F
such that
a: FP() Cx)— F(C*), a: F?(x C %) — F(x C %)

are homotopy equivalences. Moreover, F* and ar can be made to depend functo-
rially on F'.

2.4. Observation. If F' is already excisive, then
a: F?(X,Y) — F(X,Y)

is a homotopy equivalence for all homotopy finite (X,Y), and if F is strongly
excisive, then « is a homotopy equivalence for all (X,Y").

2.5. Remark. Let T be a spectrum; then the functor
X = X+ A T

is strongly excisive. Any strongly excisive functor F' from spaces to spectra has
this form, up to a chain of natural homotopy equivalences. We have verified this in
the proof of 2.1 (see also 2.2). The appropriate T is of course F'(x).

Let f : Ty — T, be a map of spectra. Then the functor

(X,Y) — homotopy pushout of <Y+ NT, LN Y NTy — X4 A T1>

is strongly excisive. Any strongly excisive functor F' from pairs of spaces to spectra
has this form, up to a chain of natural homotopy equivalences. The appropriate T3
is F() C ), the appropriate T is F(x C *), and the appropriate f is induced by
the inclusion of (), *) in (x, *).

It follows that a strongly excisive F' defined on pairs need not take any collapse
map (X,Y) — (X/Y,x*) to a homotopy equivalence. It does, however, if T, =
F(x C ) is contractible; then F' has the form

(X, V)~ (X/Y)\NTh

up to a chain of natural homotopy equivalences.
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2.6. Variation®. We can still do assembly when the functor F is defined on the
category of spaces over a reference space Z. (For example, Z could be BG, the
classifying space for stable spherical fibrations.) By abuse of notation, a map be-
tween spaces over Z is a homotopy equivalence if it becomes a homotopy equivalence
when the reference maps to Z are omitted. A square of spaces over Z is a homotopy
pushout square if it becomes a homotopy pushout square when the reference maps
are omitted. For any homotopy invariant F' defined on spaces over Z we have

a:F* — F,
natural in F', where F” is strongly excisive and
a: F®x - Z) — F(x — Z)

is a homotopy equivalence for any point * in Z.
Further, we can still do assembly when the functor F' is defined on the category
of pairs of spaces over a reference space Z (assuming that F' is homotopy invariant).

2.7. Example. Let G be a topological group with classifying space BG, and
suppose that G acts on a spectrum T'. For a space over BG, say f : X — BgG, let
X' be the pullback of

x L Bg — Eg.

The functor from spaces over BG to spectra given by
(f: X —>BG) — XiangT

is strongly excisive. (The example is “typical”, but we shall not go into details.)

2.8. Variation. Suppose that F' is a functor from the category of control spaces to
spectra (see sequel of 1.2). Say that F' is homotopy invariant if it takes homotopy
equivalences of control spaces (sequel of 1.2) to homotopy equivalences of spectra.
A homotopy invariant F' is homotopy additive if the following holds: For any control
space (Y C Y) in which Y is a coproduct Y7 II Y2, the map

FY1CY1)VF(Y2CY) — F(Y CY)

induced by the inclusions of the summands is a homotopy equivalence. Of course,
Y, is the closure of Y; in Y, for ¢ =1, 2.
A commutative square of control spaces and morphisms

(Yl C Y]_) E— (Yz C Yz)

l l

(Y3 C Yg) _— (Y4 C Y4)

is a homotopy pushout square of control spaces if the induced map from the ho-
motopy colimit of (Y3 < Y1 — Y3) to Yj is a controlled homotopy equivalence of
spaces over Yz, and the induced maps (Y; \Y;) — (V; \ Y;) are injections (i < j,
but not ¢ = 2 and j = 3). A homotopy invariant F' (from control spaces to spectra)
is excisive if it takes homotopy pushout squares to homotopy pushout squares.
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2.8. [bis]*. For any homotopy invariant and homotopy additive F' from control
spaces to spectra, there exists

0,
oz:F/"—>F,

natural in F, where F” is excisive and o : F*(Y C Y) — F(Y C Y) is a
homotopy equivalence whenever Y is discrete.

This is not directly useful unless we know what F' does to control spaces (Y C Y)
with discrete Y. But sometimes we do. Suppose for example that there exists a
chain of natural homotopy equivalences giving

Fycy) ~ []T
yey

(for discrete Y only), where T is some spectrum. Then the same is true for F”
(same T). Since F” is also excisive, it follows (by Eilenberg-Steenrod arguments)
that
% O~ :
F?(YCY)~ Comlggg%nclcy(Y/(Y N~ C))AT
for any (Y C Y). In this case m.(F”®(Y C Y)) is the locally finite homology of Y
with coefficients in T'.

2.9. Preview. Let M" be a compact manifold with Spivak normal bundle v, as
in the introduction. Recall that LA(M,v, —n) is defined as a certain homotopy
pullback. Since the ¢,—construction respects (natural) homotopy pullbacks, we find
that the infinite loop space LA(M, v, —n)y, is the homotopy pullback of

L(M, v, —n)oy, — H" (Zo; A(M))os < H (Za; A(M))ss .

We can therefore construct the map ¢ : S(M) — LA(M, v, —n)y from theorem
0.7 by lifting the composite map

(2.i) S(M) — S(M) 5 L(M, v, —n)y, — H" (Zp; A(M))o,

to HY(Zz; A(M))g,. This is what we will do in the next sections. (In §3, we
construct a map from S(M) to A(M)e; in §4 and §5, we refine this to a map from
S(M) to HY(Z2; A(M))w, and in §6 we check compatibility with (2.i).)

3. EULER CHARACTERISTICS

Let Y be a compact ENR. Think of A(Y) as the K—theory of the category of
retractive compact ENR’s over Y (where the cofibrations are the injections). A
small effort is required to make A(Y") into a functor of the variable Y. We leave this
to the reader. Any retractive compact ENR over Y determines a point in A(Y);
specifically, the retractive space

T

SOxy —vY
S
where 7 is the projection and s identifies Y with {1} x Y, determines a point

(Y) € A(Y).
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3.1. Definition. We call (Y) the Euler characteristic of Y. (Note that we are
interested in the point (Y'), not just in its connected component.)

A homotopy equivalence f : X — Y between compact £ N R’s induces another
homotopy equivalence f, : A(X) — A(Y). It also determines a path (f) in A(Y)
from f.(X) to (Y). Namely, f.(X) is the point in A(Y) corresponding to the
retractive space

{-1} x XUu{l} xY=2Y

where the retraction is equal to f on {—1} x X. Now f gives a weak equivalence
from this retractive space to
SPxy 2V

The weak equivalence determines a path in A(Y).

We could continue in this manner, looking e.g. at composable sequences of ho-
motopy equivalences. Perhaps the best way to express the naturality properties of
Euler characteristics is the following. Let C be a small category whose objects are
compact EN R’s and whose morphisms are homotopy equivalences (composition of
morphisms being composition of maps). Form the homotopy inverse limit

holim A(Y)
Y

where Y runs over the objects of C. Euler characteristics define a point (C) in
holim A(Y'). (Use the very explicit description of homotopy inverse limits in [BK,
XI.3.4].)

We refer to this type of naturality as lax naturality. The Euler characteristic
(Y) is lax natural with respect to homotopy equivalences. To apply this concept,
we need to know more about the space holim A(Y) above. Hence the following
definition:

3.2. Definition. A quasifibration on a simplicial set X is a covariant functor
q : simplices of X — spaces

taking all morphisms between simplices to homotopy equivalences. (A morphism
from an m-simplex = to an n—simplex y is a monotone map f from {0,1,...,m} to
{0,1,...,n} such that f*(y) = z.) A quasisection of ¢ is a natural transformation
from the functor

z — Al*l

to g. The space of quasisections is denoted by I'(¢). Quasifibrations and quasisec-
tions can be pulled back under simplicial maps, just like fibrations and sections.

3.3. Example. Any fibration p : E — |X| over the geometric realization of X
gives rise to a quasifibration ¢ over X, by

q(x) = pullback of (E — | X| &£ A'x‘)

where cx is the characteristic map for x. Conversely, let ¢ be a quasifibration over
X asin 3.2; let E be the homotopy direct limit of g. Then E, which we call the total
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space of ¢, comes with a canonical projection map to |X|. This is not a fibration in
general, but it is a quasifibration in the sense of Dold—Thom, [DoTho]. It follows
that the space of quasisections of ¢ is homotopy equivalent to the space of sections
of the associated fibration.

Suppose that ¢; and ¢ are quasifibrations on X, and that ¢t : ¢ — ¢o is a
natural transformation such that t, : ¢1(x) — ¢2(x) is a homotopy equivalence
for all simplices « in X. Then t induces a map over X between the total spaces
of q1, g2 which is a homotopy equivalence and induces a fiber homotopy equiv-
alence of the associated fibrations. We sometimes use this in order to “trivial-
ize” a quasifibration. Thus if ¢, above is a constant functor with value Y, then
I'(q1) ~ I'(g2) ~ map(| X[, Y).

3.4. Example. Let C be a small category, and let u be a covariant functor from
C to spaces taking all morphisms to homotopy equivalences. This determines a
quasifibration ¢, on the nerve of C:

(Co—C1— - —Cyp) —u(Ch).

In this case we have
['(qy) = holimu

by inspection.

3.5. Sub—example. Let C be the category of all compact ENR’s homotopy
equivalent to Y (a compact ENR); as morphisms allow homotopy equivalences
only. Let u be the functor sending X in C to A(X). As in 3.4, this leads to a
quasifibration on the nerve of C with fibers homotopy equivalent to A(Y'). Euler
characteristics define a quasisection (C) of the quasifibration. Observe that the
(geometric realization of) the nerve of C is a classifying space for the topological
monoid of homotopy automorphisms of Y. See [Fie], [DwKa)].

Next we want to lift the Euler characteristic (Y) € A(Y) to A(Y)*, the domain
of the assembly map. To do so, we need some facts from controlled A-theory.
Suppose that E C E is a control space, and also that E is an ENR. We form
the category of proper retractive FN R’s over E, where the morphisms are maps
over F and relative to E. Such a morphism is a cofibration if it is injective, and a
controlled h—equivalence if it is a controlled homotopy equivalence (when regarded
as a controlled map between spaces over F). Taking controlled h—equivalences as
weak equivalences, let A(E C E) be the K-theory spectrum of this category with
cofibrations and weak equivalences. The following is a reformulation of a special case
of the main theorem of [Vo2]; see also [PeWei|, [AnCoFePe], [Vo3] [Vo4]. Notation:
Y is a compact EN R which we sometimes identify with Y x {0}.

3.6. Theorem. The functor sending Y to the homotopy fiber of the inclusion
map
A(Y)— A(Y x [0,00) CY x [0,00])

is homotopy invariant and excisive. Moreover, A(Y x[0,00) CY x [0,00]) is con-
tractible if Y is a point.
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The contractibility statement in 3.6 can be proved and generalized as follows.
The category of proper retractive spaces over Y x [0,00) has an endomorphism ¢
induced by the shift map

Y x[0,00) =Y x[0,00) ; (y,8)— (y,s+1).
It has another endomorphism
w:=tII? 310 .

Call a morphism f in the category a microequivalence if u(f) is a controlled h—
equivalence. (For example, an isomorphism is a microequivalence.) Form the K-
theory of the category, allowing only microequivalences as weak equivalences; call
it P(Y'). Since microequivalences are controlled h-equivalences, we have

P(Y)cC A(Y x[0,00) CY x[0,00]);

the inclusion is an equality if Y is a point.
3.7. Lemma. The spectrum P(Y") is contractible.
Proof by Eilenberg—swindle: Note that t and w define self-maps of P(Y"). Write
[t] and [u] for their homotopy classes. Then
id] = [t] = [u] = [tu] = [u] = [t][u] = [u] = [u] =[+]. DO
We now decree that A(Y)% is the homotopy pullback of

A(Y)— A(Y x[0,00) CY x [0,00]) «= P(Y).

To justify this, we note that

(1) the spectrum A(Y)* so defined comes with a forgetful map to A(Y);

(2) this forgetful map is a homotopy equivalence when Y is a point;

(3) the functor Y +— A(Y)% so defined is indeed homotopy invariant and exci-
sive, by 3.7 and 3.6.

Returning to the Euler characteristic (Y), we note that
Y)e AY)NPY) c A(Y x[0,00) CY x[0,00]).

It follows that (Y) has a canonical lift {(Y)) to A(Y)”, which we call the mi-
crocharacteristic of Y. More remarkable is the following: Let f : X — Y be a
homeomorphism between compact ENR’s. Then the entire path (f) from f,(X)
to (Y) is contained in A(Y)N P(Y). It follows that (f) has a canonical lift {(f)) to
a path from f, (X)) to (Y)). In other words:
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3.8. Proposition. The microcharacteristic (Y)) € A(Y)% is lax natural with
respect to homeomorphisms.

Actually, the same argument shows that the microcharacteristic is lax natural
with respect to cell-like maps [Lacl|, [Lac2], [Lac3]. We will not use this fact.

Back to structure spaces: Let M be a manifold, closed until further notice. Here
is some general nonsense related to our definition of structure spaces. Let C be a
simplicial category. Form the ordinary category C, with objects (j,C') where C' is
an object in C[j] ; a morphism in C,, from (j, C) to (k, D), is a pair (e, g) where e
is a monotone map from [j] ={0,1,...,5} to [k] and g is a morphism in C[j] from
C to e*D. Then the classifying space of C is homotopy equivalent to that of C, (by
a chain of natural homotopy equivalences). This is a special case of the homotopy
colimit theorem [Tho].

Using this, we may think of S?(M) (see 1.2) as the classifying space |Z| of the
following discrete category Z. Objects are of the form f : M’ x A — M x AJ
where f is a map over A7 and a homotopy equivalence. A morphism

(fi: M'x AT - MxA)  —  (fa: M" x AF — M x AF)
is a pair (e,g) where e : [j] — [k] is monotone (inducing e, : A7 — AF) and

g: M — M" is a homeomorphism making the appropriate triangle commute.
Define a diagram of functors from 7 to spaces

124 F F
F F F3

as follows. The functors send an object f: M’ x AJ — M x AJ to

A(M")* (FY°)
A(M" x AT)% (F7°)
A(M)” (F3°)
A(M') (F1)

A(M x AY) (F>)
A(M) (F3)

and the natural transformations are obvious. The upper row of the diagram trivial-
izes the quasifibration ¢” on |Z| determined by F}?, showing that the quasisection
5% of ¢” determined by the microcharacteristics of the various M’ is a map u®
from |Z| to A(M)%. The lower row trivializes the quasifibration q on |Z| determined
by F1, showing that the quasisection s of ¢ determined by the Euler characteristics
of the various M’ is a map u from |Z| to A(M). Lax naturality of the Euler charac-
teristic for homotopy equivalences shows also that u is homotopic to the constant
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map with value (M). Together, u* and the nullhomotopy of u = au” determine a
map from |Z| ~ S?(M) to the homotopy fiber of the assembly

o AM)* — A(M)

over the point (M). A translation argument (using the infinite loop space struc-
tures) identifies this homotopy fiber with A(M )e,, so we have

(3.1) SO (M) — A(M ).

Since A(M)q, is an infinite loop space, its fundamental group is abelian. Now
theorem 1.2 and an obstruction theory argument show that the map (3.i) factors
(uniquely, and up to a preferred homotopy) through a map

(3.ii) S(M) — A(M)g.
Better perhaps, we can say that the homotopy pushout of
S(M) «— S(M) — A(M)o

is still an acceptable model of A(M)q, (it is homotopy equivalent to the previous
model), and contains S(M).

Next topic: Euler characteristics and microcharacteristics for control spaces.
(See §1, sequel of 1.2.)

3.9. Observation. The functor
YCY)— AY CY)

takes homotopy equivalences of control spaces to homotopy equivalences of spectra.

Let (Y') be the point in A(Y C Y) determined by the proper retractive space

T

SPxY —VY.

3.10. Definition. We call (Y) the controlled Euler characteristic of Y. It is lax
natural with respect to homotopy equivalences of control spaces.

For microcharacteristics, we need versions of A—theory with excision properties.

3.11. Theorem®. The functor sending (Y C Y) to the homotopy fiber of the
inclusion ) B
AY CY)— A(Y x [0,00) C Y X [0,00])

is homotopy invariant and excisive (see 2.8). Moreover, A (Y x[0,00) C ¥ %[0, <))
is contractible if Y is discrete.
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3.12. Notation. It is only a mild abuse of notation to write A(Y C Y)* for the
homotopy fiber in 3.11, and A(Y C Y), for the homotopy fiber of the forgetful
map from A(Y C Y)”® to A(Y C Y). Indeed, the last sentence of 3.11 states
that A(Y C Y)” maps by a homotopy equivalence to A(Y C Y) if Y is discrete ;
further, a surprisingly difficult theorem of Carlsson [Car] shows that A(Y C Y)
maps by a homotopy equivalence to II,cy A(x), still for discrete Y. Compare 2.8
and sequel.
We abbreviate

CAM X V):=AM xV Cc M*SV))

(also with decorations %). At this point we must worry a little about ambiguous
notation: cA(M x V)% may be regarded as a functor in the variable M alone, and
then the superscript % has a meaning defined in §2 which might conflict with the
“mild abuse” introduced just above. To see that there is no conflict, we have to
check agreement only in the case where M is a point, which amounts to proving:

3.13. Lemma®*. A(V x [0,00) C V x [0,00]) is contractible.

Proceeding as in 3.7, 3.8, we obtain a microcharacteristic
(YHye Ay cY)”

which is lax natural for homeomorphisms of control spaces. As in the no—control
setting, this leads to a map

(3.iii) ¢S (M x V) — cA(M x V) .

The map is equivariant for the actions of & = TOP®(S(V)). Nevertheless, it appears
to fall short of expectations in two respects. For one thing, we really want a map
from ¢S(MxXV') to cA(M xV')g,. Theorem 1.5 seems too weak to bridge the gap. For
another thing, we would really like to have a map from ¢S(M xV') to cA(M X V)q,
which is natural in the variable V. Still more: We would like to think of the map as
a natural transformation between continuous functors in the variable V. Continuity
is important because the hyperplane test uses it [WW1, §3]. A digression on the
meaning of continuity is in order.

3.14. Digression. Let J be the category of finite dimensional vector spaces V
with a positive definite inner product (as in [WW1, Def.1.11]. Morphisms are injec-
tive linear maps respecting the inner product. Each morphism set has a topology
making it homeomorphic to a Stiefel manifold. We call a covariant functor F' from
J to pointed spaces continuous if the evaluation maps

mor(V,W) x F(V) — F(W) ; (f,x)— fe(x)

are continuous for arbitrary V,W in J. (For the purposes of this digression, a
pointed space is understood to be a well-pointed space homotopy equivalent to a
CW—space.)

A natural transformation ¢ : F' — G between continuous covariant functors from
J to pointed spaces is an equivalence if ty from F(V) to G(V) is a homotopy
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equivalence for every V. In practice, when an equivalence from F' to G exists and
has been specified, then we make no further attempt to distinguish between F' and
G. Keeping this in mind, we can approach the classification of continuous functors
from J to pointed spaces as follows. We replace J by an equivalent subcategory,
namely, the full subcategory with objects R? for ¢ > 0. A continuous functor F
from this subcategory to pointed spaces is nothing but a diagram of pointed spaces
and pointed maps

(31V) XO&X1L—1>X2£>X3—>---
where each X,, comes with a continuous action of the orthogonal group O(n), and

each ¢, is an O(n)-map. Note: O(n) C O(n+1). (Let X,, = F(R") and let ¢,, be
the map induced by the standard inclusion of R” in R"*1.) Now write

Yn = (Xn)hO(n) = SO(TL) XO(n)Xn .

Then we have a commutative diagram

Y — Y1 —— Y —— Y3 —

(3.v) pol pll pzl psl
BO(0) —S— BO(1) —S— BO(2) —S— BO(3) — ---

where the arrows in the upper row are induced by the maps ¢,, and the vertical
arrows p, are the projection maps, each with a distinguished section. From (3.v),

we can recover (3.iv) up to equivalence. In fact, X, is contained in the homotopy
pullback of
£(n) — BO(n) £~ v,

as an O(n)—-subspace, and the inclusion is a homotopy equivalence. The conclusion
is that we may think of a continuous functor F' from J to pointed spaces as a
diagram like (3.v). Remember that Y,, is determined by F' as the homotopy orbit
space of O(n) acting on F(R"™).

Sometimes it is more appropriate to work with TOP(S"~1) instead of O(n). In
this connection, note the following. A commutative diagram of the form

Zo — 7 — 7 —
(3.vi) qol ‘hl qzl
BTOP(S™Y) —~— BTOP(S’) —=— BTOP(S$') —— ..

(where the maps ¢,, are equipped with compatible sections) gives rise to one of the
form (3.v): let Y;, be the homotopy pullback of

BO(n) — BTOP(S"*) & 7,
and so on. Furthermore, a commutative diagram of the form

f

A — A - A — .

(3.vii) Tol l l

BTOP’(S™Y) —=— BTOP*(S®) —~— BTOP(S') —~— ...
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(where the maps r,, are equipped with compatible sections) gives rise to one of the
form (3.vi): let Z,, be the homotopy pushout of

section
section - 4

BTOP(S" 1) < BTOP’(S" 1) 8
where “section” refers to the distinguished section of r,. The inclusion of Z,, in Zfl
is a homology equivalence.

First ezample: Let Z! := (¢S°(M xR™)), as in theorem 1.5, where k = r(n) is
TOP’(S"1). Let r, be the projection. Then, as a consequence of 1.5, we find that
Z,, is homotopy equivalent to (¢S(M xR™))pa, again as in 1.5, where A = A\(n) is
TOP(S"™1). Therefore Y, is homotopy equivalent to (¢S(MxR™));0(ny, and finally
X, is homotopy equivalent to ¢S(M xR™). Thus the continuous functor F' on J
constructed (ultimately) from the spaces Z! and the maps r,, is V — ¢S(M x V).
Details are left to the reader.

Second example: Let Z% := (cA(M xV)o)ne, where k = r(n) is TOP?(S*~1).
Let r, be the projection. It is a fact that elements of TOP(S"~1) isotopic to
the identity act on cA(M x V)¢ by automorphisms homotopic to the identity.
(See the last sentence of this section for an explanation.) It follows (using the
McDuff theorem for S”~* and a spectral sequence argument) that Z,, has the form
(cA(M x V)o)n, for a suitable continuous action of A = A(n) = TOP(S"~1) on
(cA(M xV))g. Then Y,, must be homotopy equivalent to (cA(M XV )o)no(n), and
X,, must be homotopy equivalent to cA(MxV)q,. Thus the continuous functor F' on
J constructed (ultimately) from the spaces Z% and the maps r,, is V +— cA(M x V).

Third example: What prompted the digression was a “morphism” from “first
example