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Introduction

Let M be a compact topological manifold. Denote by G(M) and TOP(M) the
spaces of self homotopy equivalences and self homeomorphisms of M which are the
identity near 9M . One of our goals is to compute

V(M) := hofiber (TOP(M) — G(M)),

where hofiber means homotopy fiber. Parallel to that, we shall study automorphisms
of the tangent microbundle 7 of M . Let ST be the associated spherical fibration
over M . Write Aut(r) for the space of all bundle map germs from 7 to itself
which cover idy; and agree with the identity over OM . Write Aut(S7°°) for the
space of all stable fiber homotopy equivalences from St to itself which cover idy,
and agree with the identity over OM . Another goal is to compute

V(7) := hofiber( Aut (1) — Aut (S7°)).
A third goal is to compute a certain derivative map
V+VM)— V().

The map V expresses the fact that any f € TOP(M) determines a bundle
map germ df from 7 to 7 covering f (its topological derivative), while any
g € G(M) determines a stable fiber map Dg from ST to ST covering g (its
Spivak derivative). See section 5 for details.

PrRoOGRAM 1. Compute the map
vV V(M) — V(1)

(and its source, and its target).

This is just the union of the three goals above. Suppose now for a moment that M
is smooth. Replacing homeomorphisms by diffeomorphisms and microbundle maps
by vector bundle maps in the definitions above, one obtains

vDIFF . VDIFF<M) N VDIFF (7_),

the smooth version of Vv . This appears to be harder to compute than Vv . But it is
worth noting that

hofiber (VP'F) ~ hofiber (V) if dim(M) # 4,
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by a theorem of Morlet. (See 6.5, 6.4). The homotopy fiber of VPIFF s closely
related (by a forgetful map) to DIFF (M) , the space of diffecomorphisms from M
to M which are the identity near 9M . This may help to motivate the program.

Program 1 above (for a topological manifold M) is at the same time a refinement
of a standard program in L —theory, and a generalization of a standard program in
K —theory (Waldhausen style). We recall these programs.

Let ﬁ(M ) and G(M) be the simplicial sets whose k-simplices are the self
homeomorphisms and self homotopy equivalence of A* x M | respectively, which
are the identity near AF x M and preserve the faces d;A¥ x M for 0<i<k.
These are the block versions of TOP(M) and G(M) ; while G(M) is always

homotopy equivalent to G(M) , there is usually a big difference between 1/’573(M )
and TOP(M) . See [7] and [47]. Let Aut(7>°) consists of the stable bundle map
germs from 7 to 7 which cover idy; and are the identity over OM . Let

V(M) : = hofiber (TOP(M) — G(M)),
V(7) : = hofiber (Aut(r>) — Aut(S7>))
~ map(M,Q(G/TOP)),
where TOP and G are such that BTOP and BG classify stable topological
microbundles and stable spherical fibrations, respectively. There is a derivative map

v from V(M) to V(r), compatible with the V in program 1. This, or a delooping
of it, is better known under the name normal invariant map.

PrROGRAM 2. Compute the map
v V(M) — V(7).
This was carried out by Sullivan (for simply connected M) and Wall (in general).

Their result is described below, after a discussion of assembly maps.

In order to say how K —theory is related to program 1, we need relative nota-
tion. Suppose that M is contained as a compact codimension zero submanifold in
ON , where N is another compact manifold. Denote by TOP(N, M) the space
of all homeomorphisms from N to itself which are the identity near the closure of
ON — M . So there is a fibration

TOP(N) — TOP(N, M) ~=28 10 p(Ar).

Continuing in this manner, define V(N, M) and V(rV,7M) in such a way that
there are fibrations

(N,M) — V(M)

—V
— V(TN,TM) — V(TM).



ProcrAM 3. Compute the map
v :V(N, M) — V(N M)
in the case where (N, M) is homeomorphic to (M x [0,1], M x {1}) .

This is the K —theory/concordance theory program which is central in the work
of Waldhausen. His main result will also be described below, after a discussion of
assembly maps.

ASSEMBLY. Let F be a functor from finite CW —spaces to spectra. Call F  ho-
motopy invariant if it respects homotopy equivalences, and call F excisive if it
respects homotopy pushout squares (= homotopy cocartesian squares, [13]) and if
F(0) is contractible. (Excisive implies homotopy invariant.) Given a homotopy in-
variant F | there exists an excisive F” and a natural transformation

a: F?(Y) — F(Y)

(between functors from finite CW —spaces Y to spectra) which is a homotopy
equivalence if Y is a point. Together, F” and « are characterized by these
properties up to natural homotopy equivalence. This existence and uniqueness state-
ment presumably goes back to Quinn, [27], [28], [29], [31], who calls « the assembly.
Example: The A-theory assembly map, where F(Y) is the A —theory spectrum
A(Y) of Y ,and F”(Y) is homotopy equivalent to Y, A A(x) . (It is always true

that F”%(Y) is homotopy equivalent to Y, A F(x).)

We shall also need assembly in the more general situation where F' is a functor
on the category of finite CW —spaces Y equipped with spherical fibrations - .
(The morphisms in this category are maps between spaces covered by stable maps
between spherical fibrations.) Such an F' | with values in the category of spectra,
may or may not be homotopy invariant, or excisive; the definitions are literally the
same as before. If F' is homotopy invariant, then it is the target of an essentially
unique natural transformation

a: F%<Y77) - F<Y77)7

with excisive F7 | which is a homotopy equivalence whenever Y is a point. Exam-
ple: The L-theory assembly map, where F(Y,v) is Lsy(Zm(Y)) . The decoration

s is for simple, and Zm(Y) has the w-twisted involution, where w = wy(7y) is
the first Stiefel-Whitney class of . Here F”(Y,v) is homotopy equivalent to

?+ /\22 £Sv(Z),
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where Y is the double cover of Y determined by w; () ,and Zy acts on Lsy(Z)

by a sign change involution (and on Y by permuting sheets). The example shows
that F”7(Y,v) is not always homotopy equivalent to Y. A F(x), but F” is
nevertheless very tractable if F'(x) is known. See section 2.

NOTATION: Write
Fo (Y) := hofiber of (a: F'3(Y) — F(Y)

),
Fy,(Y,~) := hofiber of (o : F?(Y,~) — F(Y,7)),

as appropriate. If F' is a functor with a long name, then it can be more convenient
to write F(Y)” instead of F”(Y) , and so on. O

In an up-to-date wording which is due to Quinn [27], [28], [31], and Ranicki [32],

[33], [35], the Sullivan—Wall implementation of program 2 looks like this. From the
definitions there is a forgetful map of spectra

Lsy(Zmy(M))5, — Loy (Zm (M),

It induces a map of spaces
n+1 n+1 %
QtlQ (Qs, (Zm(M))%> L QrtlQ (Qs, (Zmy (M) )

where n = dim(M) and @ denotes passage from spectra to their zeroth infinite
loop spaces. This map of spaces is homotopy equivalent to

v V(M) — V(M)

provided m > 5 . (In this statement, maps are treated as objects of a category whose
morphisms are commutative squares.)

In program 3, the assumption on (N, M) leads to some simplifications and extra
features. The space G(N, M) is contractible, so that

V(N, M) ~ TOP(N, M) = Aut (TM“, TMXU}) = C(rM),

So the task is to compute
V:C(M)— C(™M).

There are stabilization maps

C(M) — C(M xI) and C(rMy — ¢(#M*1)
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which commute with V . The second of these stabilization maps is about (dim(M)/3)—
connected, and so is the first if M admits a smooth structure (but it is a general
belief that the proviso is unnecessary). See Igusa [16]. Passage to homotopy direct
limits under iterated stabilization gives

V> C®°(M) — C>° (M),

a map from the stabilized concordance space of M to what one might call the
stabilized concordance space of 7™ . Waldhausen implicitly computes V> : From
the definitions, there is a forgetful map

of spectra. It induces a map of spaces

QQA(M)y) — QQAM)™).

This map is homotopy equivalent to

Ve C®(M) — = (rM).

What we can contribute to program 1 uses, inevitably, a concoction of L—theory
and K —theory or A—theory, and assembly maps. It gives precise information in the
concordance stable range, less precise information above it, like Waldhausen’s result
on program 3. Rationally this was anticipated by Burghelea and Fiedorowicz [6], who
computed the rational homotopy of V(M) in the concordance stable range. Their
ideas have proved to be quite prophetic and generalizable; see especially remark 5.4
in [6]. (Earlier programmatic work on manifold automorphisms can be found in the
book by Antonelli, Burghelea, and Kahn [3].) The concoction of L-theory and K -
theory that Burghelea and Fiedorowicz use is the hermitian algebraic K —theory of
Karoubi [17]. In this we do not follow them, because Part II (=[47]) gives us a more
direct way to concoct L and K . (Incidentally, our treatment of norm maps in
Part II has been vastly generalized and simplified by Adem, Cohen, and Dwyer |

DIMENSION SHIFT. Let R be a ring with involution. Recall from the introduction
to Part II the map R
B: l:)py(R) — H'(Zg;fzfp(R)),

where Kp(R) is the K -theory of f.g.projective left R-modules and their isomor-

phisms. Replacing such an isomorphism by its adjoint inverse defines the standard
involution on K (R) . Write Lpy(R,—n) for Q"Lpy(R) , and write S™ to mean

S™ with the involution

(21,22, .. .,Zn_|_1) [ a— (21, =22,y —Zn_|_1)



in euclidean coordinates. Denote by H_,, the composition
Lpw(R, —n) 5 Q" H (Zy; Kp(R) = Q" H" (Z3; 5" A Kp(R)).

The diagonal involution on 5™ A Kp(R) is understood, and " is induced by the
Zs—map
Kp(R) = S° A Kp(R) — S™ A Kp(R).

It is shown in section 4 (after the proof of 4.4) that (™ is a homotopy equivalence.
With the identifications

Q" H(Zy; 8" A Kp(R)) = HY (Z;2"(5" A Kp(R))
(because HY(Zs;...) is excisive, see remark 2.8 in Part II) and
Q"(S" A Kp(R)) =: Kp(R, —n))
(by definition), we can write
S : Lpy(R,—n) — H" (Z; Kp(R, —n)).

Note that Kp(R,—n) is a spectrum with Z-action, homotopy equivalent to
Kp(R) as a spectrum without Z,-action.

LK-THEORY AND LA-THEORY. For n >0, let
g’_fip<R7 _n)

be the homotopy fiber of the composition

Lpy (R, ~n) = B (Zy; Kp(R, —n)) 25 §* A Hy(Z; Kp(R, —n))

where dy is the connecting map for the norm cofibration
Hy(Z;...) — H"(Z9;...) — H"(Zs;...).
For a space Y with spherical fibration ~ , let

_LAP(Y, s _n)

be the homotopy fiber of the composition

l_;pV(ZW1<Y)7 _n) i ﬁIv<ZQ; 4])(}/,’7, _n)) ﬂ Sl A HV(ZQ; filp(Y/Y? _n))
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where Ap(Y,v,—n) means Q”(S” AN Ap(Y,v)), and Ap(Y,v) is Ap(Y) with
the ~-twisted duality involution. ( Ap(Y’) is the K -theory of finitely dominated

retractive spaces over Y .) The map H_,, is obtained from the nonlinear version
of B ( = construction FE in the introduction to Part II) by dimension shift. If
a sufficiently general notion of ring up to homotopy with involution existed, then
LAp(Y,~,—n) could be regarded as a special case of LK p(R,—n) for connected

Y , with R = Q(QY,) . (Exercise in speculation: What is the appropriate involu-
tion on Q(QY,) , as a self map? For more details on rings up to homotopy with
involution, see Fiedorowicz—Schw”anzl-Vogt [12].)

The definition of LAp(Y,7,—n) admits the usual variations: the decoration p

can be replaced by h or s throughout, giving

I’Ah(yv e —’I’L) and }748(Y7 s —TL)

(see the remarks following construction E in the introduction to Part II). The
s—version is closest to geometry.

It will be shown in the course of this introduction that precorollary G , just be-
low, is a consequence of pretheorem F' | a little further down. We intend to prove
pretheorem F' in Part IV or V. The purpose of the present instalment is merely to
formulate it. It is altogether the main theorem of the whole enterprise.

Precorollary G. There exist highly connected maps e}, el which fit into a
commutative square

V(M) —— V(M)

M M

QQ( LA s(M,v,—n)y) —— QQ(LA s(M, v, —n)")

where v is the normal bundle, f is forgetful, and n = dim(M) .

A geometric square. Recall from Part I ( = [46]) the map
o° : TOP(M)/TOP(M) — QHy(Zs; QW Hs"O7 (M),

where  WhsTOP (M) is a spectrum designed geometrically in such a way that

Q2 WhsTOF (M) is homotopy equivalent to the stabilized concordance space C>(M) .

Note also that o _
TOP(M)/TOP(M) ~"V(M)/V(M)
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because G(M) ~ G(M) . In section 4, we shall construct by similar methods a
similar map

O V(M) V(M) — QHy(Zo; Q:VZ}:LTOP(TM)):

where _VIZI}TOP (M) is a spectrum designed geometrically in such a way that

Q> WhTOP (M) is the stabilized concordance space C*®(rM) of 7™ . (This

map ¢ is also highly connected, like its mate; more details are given below, after
pretheorem F.) The square

V(M)/V(M) —— V(7)/V(r)

L+ [

QHy(Z3; QWhs"OP (M)) —— QHy(Z; QWhTOP(7))

commutes (with 7 = 7™ ). The lower horizontal arrow is induced by a Z, -map

which on applying (€2 becomes the usual map

V& C (M) — C™ (7).
Now compose with the projection maps from V(M) to V(M)/V(M) and from
V(1) to V(7)/V(7) to obtain another commutative square

\

V(M) — V(r)

(&) J/@S-pr J/<I>~pr

QHy(Z5; QWhsTOP (M) —— QHy(Zs; QWRTOP (7).
This square deserves to be computed because its vertical homotopy fibers receive
highly connected maps from V(M) and V(7), respectively (by construction).

What is more, the four corners of the square admit algebraic expressions (not quite
if dim(M) < 5 ). There are the Sullivan-Wall-Quinn-Ranicki maps

Cct ,T?(M) — QQ(éSv(Zﬂ-l(M), —TL)%),

Co ;\}(7‘) — QQ(éSV(Z’ﬂ'l(M), —TL)%),

with n = dim(M) , which are homotopy equivalences if n > 5. (Actually, co is
always a homotopy equivalence.) By Waldhausen’s theory (implementation of the
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stabilized program 3) the spectra QWhsTOFP (M) and QWhTOF(7) are homo-
topy equivalent to As(M)y and ;L;(_M )% respectively._(_]?_larlier we stated an
infinite loop space Ve?sion of this resuzlt.) It will be shown in Part IV or Part V that
these homotopy equivalences can be realized by Zs—maps from QH{@STOP (M)
and QYK@TOP(T) to As(M,v,—n)y and As(M,v, —n)”% respecgi:fgly. (Vogell

[40] proves a weaker result in this direction.) Granting this, we have homotopy
equivalences

c3 1 QHy(Za; QWhsTOT (M) — QHy(Za; As(M, v, —n),
cs: QHy(Zo; QWHTOP (7)) — QHy(Z2; As(M, v, —n)%).

An algebraic square. For a qualified guess concerning the maps in the geometric
square (&) , it is necessary to know more about the operations % and ¢ (from the
assembly briefing). To begin with, they are or can be made natural. In particular, if
F' is a homotopy invariant functor from finite C'W —spaces with spherical fibrations
to spectra, and if the finite group T acts naturally on F(Y,7) forall Y and =,
then T also acts naturally on F(Y,~)”% and on F(Y,7)y . In this situation there
are natural homotopy equivalences

Hy(T; F(Y,7))” = Hy(T; F(Y,7)"),

Hy(T5F(Y, 7))y ~ Hy(T; F(Y, 7)%)-
(Proof of the first line: The functor on the right has the properties characterizing
the functor on the left. It is excisive, transforms naturally to Hy(T'; FI(Y,7)) , and

the transformation is a homotopy equivalence whenever Y is a point. The second
line follows from the first.)

All this being understood, we can write down a commutative square of spectra
Qgsy(Zm(M),—n)% I Qgsy(Zm(M),—n)%

(¥¥) l(dNE_n)% l(dw,g—n)%
Hy(Zs; As(M,v,—n)y,) ——— Hy(Zs; As(M,v,—n)")

with forgetful horizontal arrows. The map dx-H_,, was used earlier, in a delooped
form, to define LA s(Y,v,—n) forall Y and .

Pretheorem F. The cubical diagram with back face (&), front face Q(&&) ,
and edges cq,co,c3,c4 connecting back face and front face, is homotopy commu-
tative. In particular, the squares (&) and Q(&&) are homotopy equivalent if
n>>ys.
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(EXPLANATION OF TERMS: Q(&&) is the square of spaces and maps obtained
from (&&) by applying the functor @ . A diagram of spaces and maps is homotopy
commutative if there exists a strictly commutative diagram of spaces and maps to
which it is isomorphic in the homotopy category of spaces and maps.)

Assuming pretheorem F, we have maps from the vertical homotopy fibers in (&)
to the vertical homotopy fibers in Q(&&) , which are

QQ(LAs(M,v,—n)y) and QQ(LAs(M,v, —n)%)

because the operations ¢ and 7 preserve natural fibrations up to homotopy. These
maps between vertical homotopy fibers are homotopy equivalences for n > 5 . Since
the vertical homotopy fibers in (&) also receive highly connected maps from V(M)
and V(M) | respectively, this proves precorollary G modulo pretheorem F . One
finds that e{” in precorollary G is k—connected if n > 5 and if

®° V(M) /V(M) — QHy(Zo; QWhsTOF (M)
is (k 4+ 1) -connected. Further, ®° is (k + 1)-connected if k belongs to the
topological concordance stable range for M , by theorem A in Part I. Similarly,

e} in precorollary G is k-connected if

V(1) /V(r) — QHy(Zo; QWH"OF (7))

is componentwise (k + 1)—connected (which means that all homotopy fibers are
k—connected or empty). This will be the case if n > 5 and k<n—1,andif k—1
is in the smooth concordance stable range for the disk D™ . See 5.13.

There are relative versions of pretheorem F and precorollary G, for a pair (N™+1, M™)
of compact manifolds with M C ON . When (N, M) is homeomorphic to (M x

I, M x {1}), the relative pretheorem F degenerates in a rather remarkable way
into Waldhausen’s computation of

V> C®(M) — C> (M)

and nothing else. The LA-theory of the pair (M x I, M x {1}) is just the A-—
theory of M . See 4.6.
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The cube in pretheorem F is pictured in Fig. 1. We have omitted the letter ) in
six places. As a result, six vertices of the cube are spectra, and only two are spaces,
and some edges are maps from spaces to spectra. But our conventions allow that.
Homotopy commutativity of the surgery theory face is well known, but we recall it
at the end of section 4. Homotopy commutativity of the concordance theory face,
before passage to homotopy Zs—orbit spectra, is implicit in Waldhausen’s work; we
make it explicit in section 6. Commutativity of the algebraic face is obvious. Ho-
motopycommutativity of the geometric face follows from the definitions (in section
5). The manifold theory face and the bundle theory face are the new faces, to be
investigated in future instalments. And then there is the interior of the cube: A cu-
bical diagram all of whose faces are homotopy commutative need not be homotopy
commutative!

Leitfaden. Section 1 is about the naturality properties of the constructions from
Part II. These constructions relate the L—theory of Zm(Y) or of Q(2Yy) to the
K —theory of Zm1(Y) or of Q(Q2Y,) , for a pointed space Y . The base point in Y
makes it difficult to state naturality properties, so we have to make efforts to abolish
it. This is tedious but necessary: no assembly without naturality. Section 2 is about
assembly, and should be easy to read. Section 3 is a digest of constructions leading
from geometric bordism theories to various types of L—theory. These constructions
go back to Ranicki [33], [34] and in part to Mishchenko [23]. It is not refreshing
to see them here again in full detail and with ornaments. Our excuse is that we
make heavy demands on these constructions. In particular, L—theory to us means
nonlinear L —theory as in section 5 and 6 of Part II, because we must keep a door
open in nonlinear K —theory alias A-theory. Section 4 again shoul
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top face = SURGERY THEORY
back face = GEOMETRIC SQUARE
right face = BUNDLE THEORY
left face = MANIFOLD THEORY
front face = ALGEBRAIC SQUARE
bottom face = CONCORDANCE THEORY

Fig. 1
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1. Naturality

In Part IT we associated many K —theoretic and L —theoretic spectra to a fixed space
Y , and constructed maps between them. The task is now to make these spectra
and maps behave naturally in Y | if necessary by modifying some definitions. In
particular, definitions involving a base point cannot be permitted any more.

We begin with the linear (i.e. pre-Waldhausen) K —and L—theories. The point of
view is due to Quinn [30], but the language we use is that of L”uck [19], chapter II,
and tom Dieck [39]. See also B. Mitchell [24].

Following a suggestion of MacLane [20], we use the word ringoid to mean a small
category in which all morphism sets come equipped with an abelian group structure,
and composition of morphisms is bilinear. A ringoid with involution is a ringoid R
together with a ringoid isomorphism

j:R— RP
such that the composite functor
R L e I p
is the identity.

1.1 Examples. A ringoid with one object is just a ring; a ringoid with involution,
with one object, is a ring with involution.

Any small category C gives rise to a ringoid ZC having the same objects as C .
The set of morphisms from zg to z; in ZC is the free abelian group generated
by the set of morphisms from zy to z; in C.

In particular, taking C to be the fundamental groupoid m1(Y) of a space Y | cf.
Spanier [37], we obtain a ringoid Zm(Y) . Objects in Zm(Y) are points of Y,
and a morphism from yo to y; is a finite formal linear combination Yn, - g,
where the g are path classes beginning in y¢ and ending in y; , and the n, are
integers.

Let w:Y — Y be a double covering. Unfortunately w does not, as one might
expect, determine an involution on Zm(Y) . But is does determine an involution
on an equivalent category Zm(Y,w) . The objects of Zmi(Y,w) are the points
of Y, not Y ; but a morphism from zy to x; in Zm(Y,w) is the same as a
morphism from w(zp) to w(xy) in Zm(Y) . The involution is trivial on objects,
and maps

Yng-g:To — 1
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(a typical morphism) to
S sign (9) -ng- g~ @1 — a0,

where the sign of a path class g from w(zo) to w(x1) is +1 if g lifts to a path
class from zg to 7 in Y ,and —1 otherwise.

Let R be a ringoid. A left R—module is a covariant functor from R to abelian
groups which is homomorphic on morphism sets; a right R—module is a left RP—
module. A left R-module is free on one generator if it is representable (that is,
isomorphic to a morphism functor hom(x,—) for some object = in R). It is
finitely generated free if it is isomorphic to a finite direct sum of representable ones,
and just free if it is isomorphic to an arbitrary direct sum of representable ones. It
is projective if it is a direct summand of a free one, and finitely generated projectiv
if it is a direct summand of a f.g. free one.

Left R—modules form a category in which the morphisms are natural transforma-
tions. Exercise for the reader: prove that a left R-module P is projective if and
only if any R-module epimorphism with target P splits.

The tensor product of a right R-module P with a left R-module @ is the
abelian group

P®oxQ:= (@P(x) ® Q(@) )~
Here x runs over the objects of R, and ~ denotes the “coend” relations:

ff)®a~p® fula)
where f:x9— x; is a morphism in R and p € P(z1),q € Q(zo) . (See [20] for
coends in general.) The elements of P ®@x ) are called pairings between P and

Q@ . Such a pairing z between P and @ is nondegenerate if the following holds:
for any left R-module T, the homomorphism of abelian groups

homy (Q,T) — P@x T ; fr+— (idp ® f)«(2)
is an isomorphism, and for any right R-module U , the homomorphism
homgx (P,U) — U ®z Q; fr— (f®idg)«(2)

is an isomorphism.

1.2. Examples. Choose objects zy and x7 in R, and let

P =hom(—,z;) and @ = hom(xg,—).
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There is an isomorphism
hom(xg, x1) = P(x9) — P ®x Q

given by
f— f®id € P(QZQ)@Q(QZQ) — P ®g Q.

Therefore pairings between P and ) correspond to morphisms from xy to
x1 , and one finds that nondegenerate pairings correspond to isomorphisms. Con-
sequently, any f.g. free R—module, left or right, occurs in a nondegenerate pairing.
(The companion is unique up to unique isomorphism: this is implicit in the notion
of nondegeneracy.) Exercise: extend this statement to f.g. projective R-—modules.

If R comes equipped with an involution j , then a left R—module P can also be
regarded as a right R-module P! (compose with j=! = j°P ). It is then possible
to talk about pairings between two left R—modules P and (@ : these are elements
of Pt®Q .

A based free left R—module is a left R—module of the form

@ hom(zs, —)

ses

where S is any set equipped with a map s+ z; to Ob(R) . Strictly speaking, a
based free left R-module is just a set S and a map from S to Ob(R) . A based
projective left R—module is an object in the idempotent completion of the category
of all based free left R-—modules. These notions behave covariantly in R . Note that
the category of based free left R-modules is equivalent to the category of all free
left R—modules, and the category of based projective left R-modules is equivalent
to the category of all projective left R-modules.

1.3. Notations. Let Kh(R) and Kp(R) bethe K -theories of f.g. based free

and f.g. based projective left R-modules (and their isomorphisms), respectively.
Alternatively, use Waldhausen’s construction, starting with chain complexes of f.g.
based free or projective left R-modules. If R = Zm(Y) for a space Y , then
it is possible to define Ks(R) , the K —theory of f.g. based free left R-modules

and their simple isomorphisms. We leave it to the reader to make sense of the word
simple.

It is also clear from 1.2 how Lpy(R), LpY(R), Lhy(R), and LAY(R) have

to be defined if R is a ringoid with involution. (Use chain complexes of based
free or projective left R-—modules satisfying suitable finiteness conditions, and use

symmetric or quadratic structures as appropriate.) If R is Zm(Y,w) as in 1.1,
then Lsy(R) and LsY(R) are also defined.
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We turn to nonlinear studies. The input we used in Part II, sections 4 and 6,
was a topological group G , but the real interest was in the classifying space BG.
Waldhausen shows in section 2.1 of [42] that, in most K —theoretic investigations,
categories of spaces or spectra with a certain type of G —action can be replaced by
categories of retractive spaces or spectra over BG . The retractive space approach
gives much better naturality properties. Our problem is to make Waldhausen’s com-
parison theorem work in L —theory, too.

Fix a space Y . We study retractive spaces over Y , say

XSY  (with rs = idy)

S

where X 1is assumed to have a CW —structure relative to Y . We often write X
instead of (X,7,s). A morphism

f:XlﬁXQ

between retractive spaces over Y is an h-—equivalence if it is a homotopy equiv-
alence relative to Y (upon forgetting the retractions to Y ). If X; and X,
have finitely many cells only (relative to Y ), then any h—equivalence from X;
to X, determines a torsion in the Whitehead group of Y . If this is zero, the
h—equivalence is an s—equivalence. A morphism between retractive spaces over Y
has a mapping cylinder and a mapping cone. These are also retractive spaces over
Y ; see [42], p. 348-349. The suspension of a retractive space X over Y | written
Yy X | is the mapping cone of the morphism to the final object Y (which is also a
retractive space over Y ).

The internal smash product X Ay X' of two retractive spaces X and X over
Y is the quotient space P/P, , where P is the homotopy theoretic pullback of

diagonal
%

Xx X' Ly <y Y

and P, is the homotopy theorectic pullback of

diagonal
#

XxYUY x X' 25y x v Y.
To avoid technicalities, think of P/P, as a virtual space (see Part I, section 0).
Twisted versions exist: Assume that the base space Y comes equipped with a
spherical fibration ~ having a distinguished section. (The fiber of v need only be
weakly homotopy equivalent to a sphere.) We then have the option to define, for
any space V and map f:V — Y | another (virtual) space

Y7V = (total space of f*vy)/V
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where we use the canonical section of f*v to include V into the total space. In
particular, with P and P, as above, we have the canonical projections

P—Y and Py—Y,
and we can define the twisted internal smash product
X ANy, X' :=XTP/S7P.

This agrees with the untwisted internal smash product if ~ is the trivial fibration
with fiber S° .

Most of these notions have a stable variant. A retractive CW —spectrum over Y is
a sequence of retractive spaces Xy over Y , with k € Z , together with injections

€ P Xy Xg — Xk—l—l (k? S Z)

of retractive spaces over Y . (We assume that the X} have relative C'W —structures,
and that the e respect those.) If Y is a point, this is just Boardman’s defini-
tion of a C'W —spectrum, as described in Adams [1]. Boardman’s definition of maps
between CW —spectras as equivalence classes of so—called functions has an easy
generalization to the case of retractive C'W —spectra over Y | which we leave to the
reader. A map between retractive CW —spectra over Y , say

f: X —X,
is an h—equivalence if
Je kli_{I;O?TnJrk(Xk,Y) — kli_)rroloﬁn-l-k(X]/wY)

is an isomorphism for all n € Z and all choices of base point in Y . If X and
X' are finite (generated by finitely many cells only, relative to Y ), then there is a
more direct definition: f is an h-—equivalence if

is an h-—equivalence between retractive spaces over Y | for sufficiently large k .
Such an h—equivalence between finite retractive C'W —spectra over Y determines
a torsion in the Whitehead group of Y (careful with signs). If this is zero, the
h—equivalence is an s—equivalence.

A retractive CW —spectrum X over Y is finitely dominated if there exist retrac-
tive CW —spectra X’ and X" over Y , with X” finite, and an h—equivalence

X" — XX’
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The internal smash product of two retractive CW —spectra X and X' over Y
is the bispectrum
XA yX/

with terms Xji A y X J’ , where k& and j are integers. If Y is equipped with a
spherical fibration ~ (with section), then there is a twisted internal smash product

X /\Y,VX/

which is also a bispectrum. Fixing Y and ~ (with fibers weakly homotopy equiv-
alent to S?), define a pairing between X and X’ to be a map

ST — X A yﬁX,.

(Remember that this means: a map from the suspension bispectrum of S? to X A
/

We return to retractive spaces
T
XaY

S

over Y . in a homological spirit. To simplify, assume that s is an inclusion. Fur-
ther technical assumptions are in order. As before, X should have a C'W —structure
relative to Y . But here we need a specific CW —atlas giving, for each cell e, a
homeomorphism to RI¢l whose inverse extends to a map from the radial compact-

ification of Rll (with boundary oR = glel-1 ) to X . Then each cell e in
X —Y has a preferred midpoint z. . Letting R = Zm1(Y) asin 1.1, we now have
a graded based free left R-—module

cl¥ (X)

which in degree n equals
ey (X) := @ hom(r(z), -)

where e runs over the n —cells of X —Y . To make it into a chain complex, we
need differentials

dp : clX (X) — clX | (X)

for all n > 0 ; these should be left R-module morphisms. To specify d,, is to
specify a matrix (acy) with one entry

aer € hom(r(ze),7(2f))
for each (n—1)—cell e and n—cell f in X —Y . This incidence morphism

aef :1(ze) — 1(z¢)
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in R is obtained as follows. Form
YUeU Y,

a retractive space over Y (and a subquotient of X in the world of retractive spaces
over Y ). The attaching map for the n—cell f is a map from OR" to YUe.
Deforming slightly if necessary, we can assume that it is transverse to the midpoint
ze of e . The transverse preimage of z. in OR" is a finite set of oriented points
z; . Bach x; determines a path g; in Y from r(z.) to 7(zf) : the image under
r of the ray connecting x; with the midpoint z; of the cell f=R" . Let

aep = 2 sign(z;) - (g4,

where sign(x;) is +1 if x; is positively oriented, and —1 otherwise.

Let X’ be another retractive space over Y (with relative CW —structure). Re-
member that
X AyX' = P/P,

where P and P, are the homotopy pullbacks of

diagonal
%

XxX —YxY Y,

diagonal
#

(XxY)U[Y xX)— Y xY Y,

respectively. Looking at the vertical homotopy fibers in the homotopy pullback

square
=) e P

lprojection Jprojection
(XxY)U(Y xX') — X x X'
we find that the cellular filtration on

(X x X/ (XxY)U(Y x X)) 2 (X/Y)AN(X')Y)

determines an inverse image filtration on P/P, which is still hemicellular (Part
I1, beginning of section 5). Here we assume that Y has the homotopy type of a
CW —space, to be on the safe side. The hemicellular chain complex

hel(P/Py) = hel(X Ay X')

(part II, 5.1) is free over Z , with one generator in dimension m+n for each triple
(e, f,]g]) where e isan m-cellin X —Y , where f isan n—cellin X' —-Y |
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and where [g] is a path classin Y from 7/(z¢) to r(z.) . It is not hard to deduce
a canonical isomorphism

hel(X Ay X') 2 el (X)) @x ¥ (X).
The twisted version of this result states that
YT (X Ay, X') 2 elY (X)) @g ¥ (X)

where ~ has fibers weakly homotopy equivalent to S? . Some explanations are in
order: Firstly, the filtration on
XA XﬁX !

can be obtained much as before, but it is hemicellular only after some reindexing.

Secondly, read
R=7Zr 1 (Y, U))

here, where w :Y — Y is the orientation cover associated to v . Use the forgetful

equivalence of ringoids
Zmi(Y,w) — Zm (Y)

to make /¥ (X) and cl¥(X') into chain complexes of modules over Zm (Y, w) .

Finally, the formula
YSThe(X Ay, X') 2 el” (X)) @x ¥ (X)

remains meaningful and correct if X and X' are retractive CW —spectra over
Y . Define cl¥ (X) to be
Jim SRY (Xy),

where X} is the k—th term of X . Working over Zm1(Y'), we can arrange this
to be a chain complex of free based left modules; over Zmi (Y, w) , it is still a chain
complex of free left modules.

Keeping the notation, we now return to pairings. Let
n:ST— XNy, X'

be such a pairing. Suppose also that X and X’ are finitely dominated retractive
CW —spectra over Y . Suppose finally that the map 7 is hemicellular (see Part
II, beginning of section 5); this is not a serious restriction. Then 7 determines a
0-cycle

cl(n) € S7hel(X Ny, X') =¥ (X)) @ ¥ (X)
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which we regard as pairing between cl¥ (X) and cl¥ (X’) . Call 7 nondegenerate
if cl(n) is nondegenerate. This means that the chain map

homg (cI¥ (X'), A) —cl¥ (X)! @5 A
fr—({d® f).c(n)

is an isomorphism in homology, for all left R-modules A . (It is sufficient to check
this for free R—modules A on one generator; compare Part 11, 3.13.)

1.4. Proposition. Every finitely dominated retractive C'W —spectrum X over
Y occurs in an essentially unique nondegenerate pairing, with finitely dominated
companion.

This calls for a comment. Let Px be the simplicial category whose objects in degree
j have the form (n, X') , where X’ is another finitely dominated retractive CW —
spectrum over Y and .

n:AL NS — X Ny, X'

is a j—parameter family of nondegenerate pairings. A morphism in degree j , say
from (n,X’) to (u,X"),is an h—equivalence f: X’ — X" such that

(idx A f)-n=p.

Omne way to give a precise formulation of 1.4 is to say that the nerve of Px (a
bisimplicial set) is contractible. (Note that contractible implies nonempty.) Compare
Part I1, 3.10. By the way, we still assume that Y is homotopy equivalent toa CW —
space.

The proof of 1.4 is by reduction to a similar statement in Part II (3.10 and its
nonlinear version, proved in section 4 of Part II). Recall therefore how retractive
spaces and spectra are related to spaces and spectra with a tame (alias semifree)
group action; cf. section 2.1 of [42]. Suppose for this purpose that G is a topological
group and that Y comes with a principal G —bundle

p:E—Y

where FE is weakly homotopy equivalent to a point. A functor Fj, from the category
of retractive spaces over Y (with relative CW —structures) to the category of tame
G-CW —spectra (section 5 of Part II) is defined by

Fy(X 2Y)=r"E/E,

S

where r*F is the total space of the principal G-bundle r*p over X ,and E is
contained in 7*F by means of s. The functor F, respects suspension and can
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therefore also be regarded as a functor from retractive CW —spectra over Y to
tame G-CW —spectra.

We shall next verify that F} respects internal smash products. Here the commu-
tative diagram

is useful, where d is the inclusion of the diagonal, where f is given by f(p(e)) =
(e,e) for e in E , where Y¥ is the space of continuous maps w from [0, 1] to
Y x Y with w(0) in d(Y), where d¥ is given by d%(w) = w(1) , and where
f& exists because the inclusion of Y in Y¥ is a homotopy equivalence and p x p
is a fiber bundle. Note that f is a weak homotopy equivalence; consequently so is
& . Given two retractive spaces X and X’ over Y , we write P and P, for
the homotopy pullbacks of

Xx X Xy xy Ly,
XxYUY x X' 2y xy Ly,
respectively, as always. Equivalently, P and P, are the strict pullbacks of
' d* &
XXX =Y XY Y™,
/ d* &
XXYUY X X' =Y XY «—Y¥
respectively. Using f% we now have obvious weak homotopy equivalences
P = T,Py = Ty and P/Py = T/Ty
where T and T are the strict pullbacks of
XxX =Y xY 2 ExE,
XxYUYxX =Y xY &L ExgE,

respectively. But

P/PO =X AyX' and T/TO = FP(X) Ang(X/).
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This takes care of untwisted (internal) smash products. In the twisted case, a spher-
ical fibration v on Y will be involved. It is not a severe restriction to assume that
~ has the form

projection
e e

ExqgJ E x¢ (point) 2 Y

for some well-pointed G —space J having the weak homotopy type of a sphere
S . (See Part 11, 6.8.) Assuming this, let p be the spherical fibration over E xg E
given by

projection
_—

(E X E)xgJ (E X FE) xg (point) = E x¢ E.

The map f from Y to FE XgFE is covered by a map from ~ to u , and therefore
YYP/YTPy =X Ay, X'
maps by a homotopy equivalence to
YHT/SHTy = Fp(X) A g aFp(X').

This takes care of twisted internal smash products.

Proof of 1.4. We can assume that Y s CW —space. It is not hard to find
a retractive C'W —subspectrum Z C X such that the inclusion of Z in X is
an h—equivalence, and Z is generated by countably many cells (relative to Y ).
Replacing X by Z if necessary, we may assume that X itself is generated by
countably many cells relative to Y . But then only countably many cells of Y are
involved, so we may suppose that Y has only countably many cells. Moreover, we
can concentrate on the case where Y is connected.

In this situation there exist a topological group G and a principal G—bundle
p:E—Y

such that E is weakly homotopy equivalent to a point (by [21]). The associated
functor F), respects (internal) smash products and therefore pairings, by the pre-
ceding discussion. It also maps a nondegenerate pairing between finitely dominated
objects to a nondegenerate pairing between finitely dominated objects. All this im-
plies a functor between simplicial categories

t:Px — Pr.(X)

whose target is the simplicial category which in degree j has objects (1, V) , where
V' is a finitely dominated tame G-C'W —spectrum and

n: AL ANST— Fp(X)A g V
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is a j—parameter family of nondegenerate pairings. ( Px is defined just after 1.4,
and we still assume that the spherical fibration v is given by projecting E x gJ to
Y .) From sections 3 and 5 of Part II, we know that the target of ¢ is contractible
(after geometric realization).

Write wA for the category of finitely dominated retractive C'W —spectra over Y |
with h—equivalences as morphisms, and write wB for the category of finitely dom-
inated tame G-CW —spectra, with G -homotopy equivalences as morphisms. The
forgetful functors

81:Px — wA and 82:Pp,(x) — wB

which forget the pairings but record the companions of X and Fp(X) , respec-
tively, fit into a commutative square

Px ——— Pr.x)

I I

wA Fr wB

The lower horizontal arrow is a homotopy equivalence. (This ia proved in section 2.1
of [42]; see especially 2.1.4.) The vertical arrows are quasi—fibrations by inspection;
see Dold-Thom [11]. It is clear that ¢ maps each fiber of 8§; to the corresponding
fiber of 85 by a homotopy equivalence. Therefore t is a homotopy equivalence,
and Px 1is contractible. O

1.5. Notation. The category of retractive C'W —spectra over Y will be denoted
by ret(Y). It is a category with cofibrations and weak equivalences: the weak
equivalences are, as a rule, the h—equivalences, and a morphism is a cofibration
if it is isomorphic to the inclusion of a subobject. The finitely dominated objects
in ret(Y) form a full subcategory (with cofibrations and weak equivalences) with
K —theory spectrum

Ap(Y).

Replacing finitely dominated by finite objects gives another K —theory spectrum
An(Y),

and if furthermore only s—equivalences are allowed as weak equivalences, then one
obtains a third K —theory spectrum

As(Y).
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If Y is equipped with a spherical fibration v , with section, then we have notions
of pairing and duality (call this ~—duality) and we define

l:;pv <Y7 7)7 £hv (Y7 7)7 LSV (Y7 7)7 £p' <Y7 7)7 Lh' <Y7 7)7 LS' <Y7 7)

to be the bordism spectra of finitely dominated ~—quadratic, finite v—quadratic, fi-
nite simple simple ~—quadratic, finitely dominated ~v—symmetric, finite v—symmetric,
finite simple y—symmetric Poincaré objects in ret(Y') , respectively. Using 1.4 and
variations, we can (as in Part II) construct ~—duality involutions on (spectra ho-

motopy equivalent to)
Ap(Y), AR(Y), As(Y),

and we write

Ap(Y, ), Ah(Y, ), As(Y, ),

whenever the involutions matter. We often omit the prefix v— in ~y—duality, -
symmetric, and so on.

1.6. Remark. These definitions are strictly natural in Y , and not just base—
point free, provided one is sufficiently careful in defining retractive spaces over Y |
and in defining the suspension Yy . Suggestion: A retractrive space over Y consists
ofaset S,amap f:S —Y , and a topology T on the coproduct
STY (=Sx{0}uY x{1})
such that both the inclusion of ¥ in SII'Y and the map
r=fIidy : SHY — Y

are continuous.
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2. Assembly

We adopt a very category theoretic point of view in describing assembly maps. It
has been formulated explicitly by Quinn in the appendix to [29], also in [31], and
more implicitly in articles of Waldhausen, e.g. [42], [44]. From this point of view, the
goal of assembly is: Given a homotopy invariant functor F' from spaces to spectra,
to approximat F from the left by an excisive homotopy invariant functor F% .

For a more detailed formulation, we take spaces to mean simplicial sets, and spec-
tra to mean CW —spectra. A functor F from simplicial sets to CW —spectra is
homotopy invarant if it takes homotopy equivalences to homotopy equivalences. A
homotopy invariant F' is excisiveif F(()) is contractible and if F takes homotopy

pushout squares
f

X —— X

Js |
X3 ——— X4

of simplicial sets to homotopy pushout squares of spectra. (We call the square just
above a homotopy pushout square if it induces a homotopy equivalence from the
double mapping cylinder of f and g to X4 .) The excision condition implies
that I preserves finite coproducts, up to homotopy equivalence. Call F' strongly
excisive if it also preserves infite coproducts, up to homotopy equivalence.

So given a homotopy invariant F', we seek an excisive (maybe strongly excisive)
homotopy invariant F” | and a natural transformation

a:F* —F
which looks universal among such transformations. It is not hard to find: let

F?(Y) = hocolim F(AlYl)
yey

where |y| is the dimension of a simplex y € Y . Here we regard the simplices of Y
as the objects of a category: a morphism from 7, to s is an injective monotone
map

g:{0,1,...,|y1|]} — {0,1,...,|y2|}

with ¢*(y2) = y1 . (The injectivity condition could be omitted, but it simplifies the
proof of 2.1 below.) The rule
i F(AW)

is a functor from this category to that of CW —spectra, so the homotopy direct
limit hocolim is defined (see remark 3. below, however). The standard reference for
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homotopy limits is Bousfield-Kan [4], in the case of homotopy direct limits especially
p. 327. A natural map called assembly,

a: FA(Y) — F(Y),
can be concocted from the compatible family of maps
{Fo): FaM) — FP(v) |y e v}

where Yy, is the characteristic map for y (from AW to Y').

2.1. Proposition. The functor F” is homotopy invariant and strongly excisive.
(Compare Goodwillie [13].)

FIRST PROOF. Let sk, (Y) be the n-skeleton of Y . We have natural inclusions
F*(skn(Y)) < F*(skp41(Y))
such that

() FA(Y) = JF* (skn(Y)).

Applying the homotopy invariance of F to the constant map from a simplex to a
point, one finds that

(M F?(skn(Y))/F%(sky_1(Y)) ~ \Z/Z”F(point)

where z ranges over the n-simplices of Y . So the natural filtration of F”(Y)
given by (!) leads to a spectral sequence converging to the homotopy groups of
F7A(Y) , with

B2, = H,(Y:m,(F(point))

as E? -term. But if the E? term is already homotopy invariant, then so is the
E* —term, which implies the homotopy invariance of F% . Further, the formula
(1) shows that the functor

Y s F%(sk,(Y))/F?(skp_1(Y))

takes squares of the form

Y1 ﬁYQ — Y1

! |

Y2 E— Yl UY2
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to homotopy pushout squares, and preserves arbitrary coproducts (up to homotopy
equivalence). Using induction on 7 , and then (!), we conclude that the functors

Y — F%(sk,(Y)) and Y — FA(Y)

have these properties, too. Together with homotopy invariance this implies that F%
is strongly excisive. O

SECOND PROOF. For each simplex y in Y we have a homotopy equivalence
F(AW) — F(point)

induced by a map from A|y|) to a point. By the homotopy invariance property of
homotopy colimits we may write

hocolim F (A ~ hocolim F(point) 22 [N(Y)|+ A F(point)
yey yey

where N(Y') is the nerve of the category whose objects are the simplices of Y . It
is an exercise to show that
IN(Y)[ ~ [Y]

by a natural chain of homotopy equivalences. Therefore
F?(Y) ~ Y|4 A F(point)

by a natural chain of homotopy equivalences, which proves that F” is homotopy
invariant and strongly excisive. U

2.2. Observation. If F is already excisive, then
a: F?(Y) — F(Y)

is a homotopy equivalence for all finite Y , and if F' is strongly excisive, then «
is a homotopy equivalence for all Y .

Proof: By arguments going back to Eilenberg and Steenrod it is sufficient to
verify that « is a homotopy equivalence for Y = point. O

To show that « = ap is the best possible approximation (from the left) of F' by
a strongly excisive homotopy invariant functor, suppose that

B:E— F
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is another natural transformation with strongly excisive and homotopy invariant
FE . The commutative square

E*» —*2 L F

L g

% 2 5 F
in which ag is a homotopy equivalence by 2.2, shows that [ essentially factors
over ag .

2.3. Variants. (i) Suppose that the functor F' is defined, not on the category
of simplicial sets, but on the category Y of spaces having the homotopy type of a
CW —space. If F is homotopy invariant, define F% by

F*(Y) = (F - R)”(sing (Y))

where sing (Y') is the singular simplicial set of Y ; and R denotes the geometric
realization functor on the category of simplicial sets. Define the assembly

F?(Y) — F(Y)
to be the composition

F(t)

(F - R)*(sing (Y)) = F(R(sing (Y)) — F(Y)

where ¢ is the tautological map from R(sing(Y)) to Y .

(ii) Suppose that the functor F' is defined, not on the category Y asin (i), but
on the category Y% of spaces with spherical fibrations. (Details follow.) Then it
is still possible to do assembly provided F' is homotopy invariant. In detail, Y
has objects of the form (Y,~), where Y is an object in Y and ~ is a fiber
bundle over Y , with a locally trivial section, and with fibers homotopy equivalent
as pointed spaces to S? , for some ¢ depending on ~ . (The section is locally trivial
if it is chartwise constant in suitable bundle charts.) These conditions are preserved
under pullback. (Remark 6.8 in Part II shows that they are not too restrictive.) A
morphism in Y% | from (Y,) to (Y',7'),is a map

f: Y —Y’
together with a fiber homotopy equivalence

Eéc"y B f*(’yl)7
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with suitable k , respecting the distinguished sections. Here X% is the k—fold
fiberwise suspension.

A morphism in Y% is a homotopy equivalence if the underlying morphism in Y is
a homotopy equivalence. A functor F' from Y¥ to the category of CW —spectra is
homotopy invariant if it preserves homotopy equivalences. Given such a homotopy
invariant F' , define another homotopy invariant functor F% by

F?(Y,7) := hocolim F(A”l 2*()).
zé€sing (V)

(EXPLANATION: A simplex z in sing (Y) is a continuous map from Al*l to Y,
and z*(7) is the pullback of = under this map.) The morphisms

F(z) : F(A 2*(7)) — F(Y,7)
give rise, by dint of their compatibility, to a map
o F%(Y7’7) - F(Y77)

called the assembly. The first proof of 2.1 (but not the second) can be modified to
show that F% is homotopy invariant and strongly excisive, which means that it
preserves homotopy equivalences, homotopy pushout squares, and arbitrary coprod-
ucts up to homotopy equivalence. (A square in Y& is a homotopy pushout square
if the underlying square in Y is a homotopy pushout square.) If F is already
strongly excisive, then «a is a homotopy equivalence for all objects in Y% , and if
F is excisive, then « is a homotopy equivalence for all objects (Y,~) such that
Y has the homotopy type of a finite C'W —space.

2.4. Examples. The functors F from Y or from Y¥ to spectra which
we have in mind are those from section 1, e.g. the functor sending an object Y
of Y to Kp(Zm(Y)), or to As(Y); or the functor sending (Y,7) in Y% to

HY (Zy; As(Y,7)), or to Lhy(Zmi(Y,w)) , where w is the orientation cover asso-
ciated to v . See 1.3, 1.5, 1.6.

2.5. Remark. Write Fi(Y,7) = As(Y,7) and Fy(E) = Hy(Zy; E) (or

HY(Zy;E) ,or HY(Zy; E)) fora Zz—spectrum FE . By a mild variation of 2.2 and
sequel, we need not distinguish pedantically between Fy(F/*(Y,~)) and (FoF1)*(Y, ),
if Y has the homotopy type of a finite CW —space. Indeed, both Fy»(Fy°) and
(FoFy)” are excisive approximations to FyF; , and they agree when Y is a point.
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3. Poincaré Duality and S—-Duality

Throughout this section we fix a space Y and a spherical fibration v over Y with
a distinguished section. We impose a local triviality condition on + , as in 2.3 (ii),
and assume for convenience that Y is a compact ENR.

What we have to say about Poincaré duality and S—duality is well known to many
L —theorists, but not particularly accessible in the literature. It goes back in part to
§9 of Wall’s book [45], and in part to Prop. I1.2.3 (together with I1.3.4) of Ranicki
[33]. Briefly, Poincaré spaces give rise to nondegenerate symmetric structures, and
degree one normal maps between Poincaré spaces give rise to nondegenerate qua-
dratic structures. In the formulation which suits us best, the “give rise to” clauses
become maps between spectra, which we are about to describe.

We refer to [45] for the definition of a finite Poincaré space (alias Poincaré complex)
of formal dimension n . A mild generalization is convenient: we allow our Poincaré
spaces to be arbitrary compact ENR’s. (It is important to remember Chapman’s
result [9] that compact ENR’s have preferred simple homotopy types, because finite
Poincaré spaces are supposed to satisfy simple Poincaré duality.) With this con-
vention, a closed topological manifold is a finite Poincaré space. Spivak’s theorem
asserts that such a finite Poincaré space X has a Spivak normal fibration v : a
spherical fibration over X equipped with a map

n:S" — Th (X,v) = Thom spectrum of v

such that the cap product of the Thom class of v with [n] is a fundamental class
for X . See Spivak [38], but also Browder [5] or Ranicki [33]. (We have kept a
convention from part II, to the effect that a map from a space U to a spectrum V
is the same as a map from the suspension spectrum U to V .) The pair (v,n) is
determined by the finite Poincaré space X up to contractibel choice, in the sense
that a suitably defined space of all such pairs (v,n) is contractible. (The space in
question fibres over the space of maps from X to BG, and the typical fibre is a union
of components of the space of maps from S™ to Th (X,v). Since Th (X,v) is

related to X by S-—duality, the fibers are loop Spa_ces of the base.) It is therefore
admissible to define a Poincaré space of formal dimenison n as a triple (X,v,n)
having the above properties.

A finite Poincaré space over (Y,7v), of formal dimension n ,is a triple (X, f,n)
where X is a finite Poincaré space, f: X — Y is a map and

n:S" — Th (X, f*y)



33

is a map such that the cap product of the Thom class of f*y with [n] is a
fundamental class for X . The bordism group of such Poincaré spaces is the n—th
homotopy group of a simplicial set (without degeneracy operators)

NP(Y, ).

The k—simplices of this simplicial set are triples (X, f,n) where X is a well
behaved functor from the partially ordered set of faces of AF to the category of
compact ENR’s, where f is a natural transformation from X to the constant
functor with value Y | and where 7 is a natural map

sp — Th(X(s), f7)

with s ranging over the faces of AF . (Well-behaved means, as in Part II, that the
canonical maps from
0X (s) := colim X (¢)

t<s

to X(s) are injections for all faces s ; note that an injective map between compact
ENR’s has the homotopy extension property.) It is understood that (X (s),0X(s))
is a finite Poincaré pair for every s , with fundamental class equal to the cap product
of the Thom class of fiy with [ns] .

Furthermore, the space |[MPP(Y, )| is an infinite loop space. Namely, the rule
n o [P (I, Y, I )|

defines a T'-space in the sense of Segal [36]. Its underlying space MIP(Y,~) is
group-like, so according to [36] it is the zeroth term of a connective {2-spectrum

NP(Y, ).

Replacing Poincaré spaces and Poincaré pairs by closed topological manifolds and
compact topological manifolds with boundary whenever that makes sense, we obtain

a subspectrum
NP (Y,7) Cc NPUY, 7).

Its homotopy groups are the bordism groups of closed topological manifolds equipped
with normal maps to (Y,7). Warning: Do not confuse these groups with the ho-
motopy groups of the Thom spectrum of Y and ~ . See 3.3 below.

We also need the bordism theory of surgery problems over (Y,~).An n—dimensional
Poincaré surgery problem over (Y,7v) is a diagram

X, L x, Ly

together with a map
n:S" — Th (X1,(f9)™)
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such that X; is a finite Poincaré space of formal dimension n , with fundamental
class equal to the cap product of the Thom class of (fg)*y with [n], and X» is
a finite Poincaré space of formal dimension 7 , with fundamental class equal to the
cap product of the Thom class of f*v with [g.n] . Then g is a degree one normal
map between finite Poincaré spaces. If X; and X, are closed topological manifolds
of dimension n , then we speak of a manifold surgery problem over (Y,~). The
bordism group of n—dimensional Poincaré surgery problems over (Y,7) is the
n—th homotopy group of a spectrum

SPP(Y,),

and the bordism group of n—dimensional manifold surgery problems over (Y,~) is
the n—th homotopy group of a spectrum

&TOT(Y, 7).

The construction of these spectra follows the usual pattern and is therefore left to
the reader. Note in any case that

STy, ) c &"P (Y, 7).
There is an important map

K GPD(Yvry) I ZIPD(Y7 ’7)

whose effect on n—th homotopy groups is to send the bordism class of an n—
dimensional Poincaré surgery problem

(Xl i) X2 L Yﬂ?)

over (Y,7) to the difference of the bordism classes of the two Poincaré spaces over
(Y,~) involved, that is,

(X1, fg.m] = (X2, fr9em)] € ma (NP (Y, ).
To describe & itself, we choose a specific map of spectra
2:5° — 5%V 50
together with homotopies

s1:(1Vv0)-z~1 and sp:(1V1)-2~0,
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where 1 and 0 denote the identity and the zero map from S° to itself, respec-
tively. (The space of such triples (z,s1,s2) is contractible.) The rule

(X1 5 Xy =5 Vi) — (X1 11 X3, fg I g, (nV g.1)>2)
defines, properly interpreted, a simplicial map
GPD(Yv 7) - mPD (Y7 ’7)

This extends to a map of I'—spaces and can therefore be written as a map ~ from
SPP(Y,v) to MEP(Y,v) . We note that x sends manifold surgery problems over
(Y,v) to manifolds over (Y,7).

3.1. Description. (of constructions which follow). The symmetric construction
of Mishchenko [23] becomes, in the nonlinear setting, a map of spectra

Cmi : mPD<Y7 7) - ES'(Y, ’Y)
The quadratic construction of Ranicki [33] becomes, in the nonlinear setting, a map
of spectra

Gra : GPD(Y77> - ESV(Ya’Y)'
They satisfy the equation

(1 + T) ’ Cra = sz CR §PD(Y7 ’Y) - £Sv<Y7 7)7

where (1+41T) is the symmetrization map from quadratic to symmetric L—theory.
Both (,,; and (., are natural transformations between functors in the variable

Y,y) .
3.2. Remark. The assembly map
‘IITOP(Y7 ’7)% - ‘IITOP(Y7 ’7)

is a homotopy equivalence (by dint of 2.2 and topological transversality, see Quinn
[26]). Using it as an identification, we may pretend that ‘IITOP (Y,~) is contained

in ‘IIP D(Y,~)% . Restriction and abuse of notation give a map
Govi = MTOP(Y, ) — Ls" (Y, 7)™

The same transversality argument gives

(le : 8TOP(Y,y) — Lsw(Y, 7).
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3.3. Remark. The spectrum ‘IITOP (Y,~) is homotopy equivalent to the Thom

spectrum with base space
P = homotopy pullback of (Y —» BG <« BTOP)

and bundle classified by the projection P — BTOP .

3.4. Adjustment. In constructing the maps in 3.1, it will be necessary to adjust
Lsy(Y,7) and LsY(Y,v) alittle, without changing homotopy types. For example,

we defined Lsy(Y,v) and Ls"(Y,v) using the notion of finite retractive CW —

space over Y ; see section 1. Now the CW —structures are likely to cause trouble,
because our definitions of Poincaré space and manifold do not require specific CW —
structures. The lemma below, which follows from ch. VI, Thm. 1.2 in Hu[15], implies
that there is no harm in replacing finite retractive C'W —spaces over Y by compact
ENR’s retracting to Y . (Remember that Y is a compact ENR.)

Lemma. The pushout of a diagram
X, < xy 4 Xy
of ENR’s is an ENR, provided f and g are proper and f is injective.

Note also that an injective proper map between ENR’s is closed and has the homo-
topy extension property (see Dold [10], 8.13.3). The lemma implies that the category
of retractive compact ENR’s over Y is a category with cofibrations and weak equiv-
alences. The cofibrations are the injective maps over Y | and the weak equivalences
are the maps over Y which become homotopy equivalences upon forgetting the
retractions to Y , with torsion equal to zero in the Whitehead group of Y . The
lemma also implies that mapping cylinders, mapping cones and suspensions can be
formed as usual in the category of retractive compact ENR’s over Y . Last not
least, the lemma implies that a finite retractive C'W —space over Y is a retractive
compact ENR over Y .

A retractive ENR—spectrum over Y is a sequence of retractive compact ENR’s over
Y | say
X ={(Xn,mn) |n€Z}

together with injections

En : (Ean; Zan) E— (Xn—i—hrn—l—l)
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over Y . A retractive ENR-subspectrum X’ C X (over Y ) is cofinal if for any n
there exists a k such that the image of E’;Xn in X, 4+, is contained in X;Hrk )
A function between retractive ENR—spectra over Y | say from

X(l) = {(X(l)mr(l)n)} to X(2) = {(X(2)nar(2)n>}:
is a sequence of maps
St (X(Dn,r(D)n) — (X(2)n,1(2)n)

over Y | satisfying fn11 e, = €n - Xy fn for all n. A map (alias morphism)
from X(1) to X(2) is an equivalence class of functions f : X (1) — X(2)
where X (1)" is cofinal in X (1) ; two such functions are considered equivalent if
they agree on a cofinal retractive ENR-subspectrum contained in the intersection
of their respective domains.

A retractive ENR—spectrum X over Y is finite if the injections
En - (Ean; Zan) E— (Xn—l-l?rn—l—l)

are homeomorphisms for all sufficiently large n . We leave it to the reader to define
pairings between finite retractive ENR-spectra over Y ;| and to obtain ENR-versions
of Lsy(Y,7v) and Ls"(Y,~) . These ENR-versions contain the older CW —versions,

but the enlargement does not affect the homotopy type.

3.5. Construction. Let X; and X, be pointed spaces and assume for sim-
plicity that X, is a finite C'W —space. To a map

f:XiAnS%— XA 8°
of spectra we want to associate a map of bispectra
F:XinSOASY — Xon S0 8°

which is invariant under the flip; that is,

fmmIXl/\Sm/\Sn%Xg/\Sm/\Sn

agrees with

fn’mZXl/\Sn/\Sm—>X2/\Sn/\Sm

under the canonical identifications, for all m,n > 0 . It will be sufficient to describe
Jnn forall n>>0. This is given by means of a commutative diagram

(X1 A ST A ST — N (x, A SPY A SP

Jid/\e Jid/\e

X; AS™A S f"—> X5 AS™ A S
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where e: S AS" — S™AS™ sends (a,b) to (b+a,b—a), the identification
S™ ~ R"™U{oo} being understood.

3.6. Construction.  Suppose first that Y is a point and ~ has fiber S°. A
retractive compact ENR over Y | say X , is then just a pointed compact ENR.
The diagonal map

A X — XANX=XNy,X

has the usual symmetry properties. If Y and ~ are arbitrary, and (X,r) is a
retractive compact ENR over Y | then we have a diagonal map of the form

A:SVX/SY — X Ay, X

because
XNy, X = TP/ Py,

see section 1, definition of twisted internal smash product. (There are diagonal in-
clusions X C P and Y C Py, so that ¥7X C ¥7P and 7Y C ¥7F, .) The
map A has good symmetry properties, too.

We now produce the map (,,; promised in 3.1. Suppose first that (X, f,n) is an
n—dimensional finite Poincaré space over Y . Then X;:= X IIY is a retractive
compact ENR over Y, the retraction being equal to f on X . Denote by X,
the retractive suspension spectrum over Y made from X, . The composite map

SN (EZy) . 222 g7 s X = S X /S B X Ay X

is a stable Zs —map between pointed spaces (only stable because 7 is stable). Using
3.5 we can interpret it as a map between the asociated suspension bispectra which
respects both the Zs;—action and the flip; that is, we have a Zs-—map

A—n . Sn+q A (EZQ)+ — Kf N Yﬂ/if‘

This is a nondegenerate n-dimensional ~-symmetric structure on X, . Compare
section 6 of Part II. The rule

(X, f.m)] — (X, An)]

describes the effect of (,,; on homotopy groups (=bordism groups). In the same
way, an n-simplex (X, f,7n) in the incomplete simplicial set MELP (Y, v) gives rise
to a nondegenerate ~-symmetric structure on X, , where X, is a functor from
the category of faces of A" to the category of retractive spaces over Y because
X itself is a functor on the category of faces of A™ . So we have a simplicial map

NEP(Y,v) — Ls" (Y,7) = QLs" (Y, )
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which extends to a map of I'—spaces in the sense of 36, and which can therefore be
written as a map of spectra,

Cmi : szzPD(Y7 ’7) - ES'(Y77>'
According to 3.1, it must be possible to refine the map

Cmi - 6TP(Y, ) — Ls" (Y, )

to a map whose target is Lsy(Y,7) . The search for such a refinement generates
3.7-3.10. -

3.7. Definition. Let (A,v) and (B,8) be n—dimensional ~—-symmetric
Poincaré objects in the category of finite retractive ENR—spectra over Y . Let

g:A— B

be a map sending ¢ to 8. A symmetric kernel for g consists of

(1) a finite retractive ENR-spectrum C' over Y , and a map p: A — C such
that the double mapping cylinder of

B A

is weakly contractible (with Whitehead torsion zero);

(2) a nullhomotopy h of the composition

STt 20 Apy AP Ay B

3.8. Fact. Such a symmetric kernel for ¢ exists and is essentially unique.
Moreover, C is an n-—dimensional symmetric Poincaré object with the symmetric
structure p. () .

COMMENT: The uniqueness part is nothing more than a relative version of the ex-
istence part. The relative version states that a map between (n 4 1)-dimensional
symmetric Poincaré pairs (in the usual category) also has a symmetric kernel, which
is again an (n+ 1)-dimensional symmetric Poincaré pair; what is more, the bound-
ary symmetric kernel, which is an n-—dimensional symmetric Poincaré object, can
be prescribed.

Morally, condition 3.7. (i) means that A ~ BII C . The nullhomotopy h ensures
that, under this moral identification, 1 corresponds to the symmetric structure
Sl p.(¢) on BIC.
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We omit the proof of 3.8. It is essentially identical with the proof of the chain
complex analogue, given in [33].

We have defined an n—dimensional symmetric structure on a finite retractive ENR—
spectrum C over Y to be a map

Q: (S"TA(EZy) )AS*ANSY — C Ay,C
of bispectra respecting the canonical skew involutions. Let
V(n)c S°AS°
be the smallest sub—bispectrum containing the diagonal n-—sphere
ST S"ASY = (S"ASY) .
Then V(0) =S°ASY, and

V) SV DO V(E)D... .

3.9. Adjustment. We redefine a quadratic structure on C' to be a symmetric
structure © as above, plus a Z5-—nullhomotopy h of the restriction r,,0 of ©

to
(S"TIN(EZ2)4) AV (m),

for some m > 0 . (More precisely, we are only interested in what h does on V(m)
for very large m ; so we would consider two such nullhomotopies as equal if they

agree on
("IN (EZ2)+) ANV (K)

for some integer k>0 .)

To show that this definition of quadratic structure agrees (morally) with older ones,
we use the resolution theory of Part II, section 2. Let

Fp, =map(V(m),C Ay ,C).

Let Zy act on F),, via its skew-actions on V(m) and C Ay,C . Restriction
from V(m) to V(m+1) defines the maps in a direct system of Zs-spectra

F0—>F1—>F2—>F3—>... .
We can interpret © as a map

Sn—i—q e HV(ZQ; F())
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and we can interpret h as a nullhomotopy of the composition
S"T — HY(Zy; Fo) — H' (Z2; Fin)
for some m . So what we have to verify is that
Fo— F) — Fr — ...
is an augmented resolution of Fj (see Part II, 2.9 and the remarks following 1.9
concerning filtered spectra and simplicial spectra). For in that case 2.10 in Part II
tells us that the inclusion
HY(Zy; Fy) — hocglimH'(Zg; F.)

(where the hocolim is a telescope) can be identified with the inclusion

H (Zy; Fy) — HY(Zy; Fy)
which has homotopy fibre

Hy(Zy; Fy) = Hy(Z2;C Ny, C).

Consequently (©,h) constitutes a map

S"9 — Hy(Zy;C A v~C),

which is a quadratic structure in the usual sense.
We still have to verify that

(i) the maps F,, — F,4+1 are nullhomotopic for all m > 0 (upon forgetting
Zy—actions);

(ii) the mapping cone of F,, — F,,11 isaninduced Z3—spectrum, forall m >0 .

The verification consists in going back to the inclusion map from V(m + 1) to
V(m) , which is nullhomotopic and whose cofiber is an induced Z5—skew—bispectrum.

3.10. Example. Let
x LuLly gt L yx

be an m—dimensional Poincaré surgery problem over (Y;7).So X and U are
Poincaré spaces with fundamental classes

tNfp]  and  tN[g.n]
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respectively, where ¢ is the Thom class of ~ . Write p:= f*(y) . The symmetric

construction gives two objects
X, and Yy

(the retractive suspension spectra of XIIU and UIU ) in the category of retractive
ENR-spectra over U , and two nondegenerate p—symmetric structures

p=Anon X, and § = A - g.n on Uyy.

g7
(All this is happening over (U, u) , not over (Y,7).) The map

g& : Xg - Qld
induced by ¢ sends 1 to 8. Choose a symmetric kernel for ¢% | say

(p: X, —C,h)

where h is a nullhomotopy of

S0 X A X, P O A U,
Let X#(C/U) be the spectrum whose j—th term is
XEC; /XU for j e L.
The following observation is crucial. Since U,y is the retractive suspension spectrum

of UIU = S° x U (as a retractive space over U ), and since the retraction from
S% x U to U is a fibration, there is an inclusion of bispectra

SMCIUYANS® — C A yuUsg
which is a homotopy equivalence. The map
(pAg¥) 1o S"H — C AuuUsg
actually lands in the subspectrum
SH(C/U) A S,

and we now impose a tiny extra condition on the symmetric kernel (p: X
by requiring h to stay inside this subspectrum.

g — C.h)

Choose an integer m large enough so that

Yhp XX, — X0
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is a map between retractive spacesover U . (Here ¥™X , 1s the retractive spectrum
over U whose n—th term is the (n+m)-thtermof X, and so on.) By inspection,
the composite map

(PAg“) o
- -

(EZs)4 A Snta+tm PO gntqtm SH(S™(C/U)) A S°

|

SO A g, SmC

(with A as in 3.5, 3.6) agrees with the (m,m)—fold suspension of 7,,(ps(v)) ,
in the notation of 3.9. (Note that the (m,m)—fold suspension of V(m) is the
suspension bispectrum of S™ | up to canonical isomorphism.) We conclude that
the nullhomotopy h of (p A g¥) -1 implies a Zy nullhomotopy of 7, (p« (1)) .
We still call this h , and we are then entitled to say that (p.«(¢),h) is a quadratic
structure on C' | in the sense of 3.9. Summarizing, we see that our symmetric kernel
cannot help being a quadratic kernel. It can be pushed forward to Y . using the
map f : U — Y and 1.6, and is then a y—quadratic n—dimensional Poincaré
object in the category of retractive ENR—spectra over Y .

Call the symmetric kernel in 3.10 a symmetric kernel for the surgery problem
x LuvLly, p.svte o x

over (Y,7) . (Itlivesover U .) It is convenient to modify the definition of &FP(Y, )

in such a way that all Poincaré surgery problems in sight (and pairs of_such) are
equipped with symmetric kernels (and pairs of such). By 3.8, this has no effect on
the homotopy type of @PD(Y, v) . Now

Cra : gPD(Ya ’Y) - £SV(Y7 ’Y)

is the map which forgets the surgery problems but records the symmetric kernels
which cannot help being quadratic, pushed forward to Y .

Unfortunately, with the present definitions of (,,; and (., , the square

J/C'ra J/gmz

Lsy(Y,7) — = Ls"(Y,)

(see 3.1) is not strictly commutative. Some adjustments have to be made. It is
sufficient to construct a natural homotopy

w:(14+T) Ca— Cmi-K
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in the square above (natural in Y and ~ ). Reason: Convert the left vertical arrow
into a cofibration by the usual method; in particular, replace the target of (., by
the mapping cylinder of (., . Use the homotopy w to extend the map (1+1T),
defined on the target of (., , to the mapping cylinder of (., . The resulting square
is strictly commutative and still natural in Y and -~ .

We now generalize in order to simplify. Let (A,8) be an n-—dimensional ~—
symmetric Poincaré object in the category of finite retractive ENR-spectra over
Y . A splitting of (A,8) shall consist of two morphisms

ct AL B

such that the double mapping cylinder of p and g is weakly contractible with
torsion zero, plus a nullhomotopy h of

(pAg)-8: 5" — C Ay,B.

Compare 3.7. We denote by
Ls"(Y,7)

the bordism theory of such symmetric Poincaré objects with splitting. We shall

compare two maps
)\17 )\2 : QSVV(Y7 ’7) - ES'(Y7 ’7)

given in shorthand notation by

M(CE AL B S k)= (A,8)—(B,g.(8)),
A (C & AL B 8, h) = (C,p.(8)).

A detailed definition of A; would resemble that of x (just before 3.1). It is more
than sufficient to produce a natural homotopy

w’ T A~ g,

because

Cmi - k= \Mu and (14+7T) - (rq = A2u

where
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is a map implicit in 3.10.

Now the map

Qv Vg LsY(Y,y) V LsY (Y, y) — Ls"" (Y, 7)

given by

i1(A4,8) = (A< 4 —0,8)
i2(A,8) = (0 — A% A,8)

is a homotopy equivalence. Therefore it is sufficient to find a natural homotopy w”
from A1(i1Vig) to Aa(iyVig) . (If w” isavailable, then w’ can also be found using
general nonsense in the shape of a suitable enlargement of the receiving spectrum
LsY(Y,v) .) Constructing w” amounts to constructing natural homotopies

w'l' : )\1i1 ~ )\Qil and w'2' : )\1i2 ~ )\Qig.
The maps A171, Ast1, A1ia and Agip are given by

(A,8) — (0,0)
(A,8)

(4,8)— (A4,8) — (A,8)

(

0,0)

respectively (in shorthand). We stop here, leaving the explicit construction of w/
and wj to the reader.
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4. Dimension shift

One of our favourite integers in Part II and in the preceding sections has been zero.
We used general versions of Spanier—Whitehead zero-duality, i.e. zero dimensional
pairings. Higher dimensional pairings occurred mostly in the form of higher homo-
topies in spaces of zero dimensional pairings. In Part I, however, another integer is
prominent: the dimension of a specific manifold M™ . Since we are trying to unify
Parts I and II, we literally face a dimension gap.

As always, let v be a spherical fibration with section over Y | with fibers homotopy
equivalent to S?. In addition let n be an integer > —q . We have previously
defined an n—dimensional pairing between objects C' and D in ret(Y) (see 1.5)
to be a map

Sn—l—q — C' A yﬁD.

If we now use such n-—dimensional pairings instead of O-dimensional pairings to
define duality, then we obtain by the usual method an n—duality involution on
Ap(Y') . More precisely, we obtain a Z —spectrum (=spectrum with Z,-action)

Ap(Yv v —’I’L)

equipped with a forgetful map to Ap(Y’) which is a homotopy equivalence. Taking

w to be the orientation of 7 , we can similarly construct a Zs—spectrum

[fp(Zﬂ-l (Y7 U)), —’I’L)
homotopy equivalent to Kp(Zm1(Y')) , and an equivariant linearization map

Ap(Y, g —TL) - [:(p(Zﬂ-l (Y7 U)), _n>'

This is an isomorphism on 7y , and Zs acts by sending the Euler characteristic of
a finitely dominated object in ret(Y) or in chain(Y) to the Euler characteristic
of its n—dual. (Here chain(Y’) is the category of chain complexes of based free left
Z71(Y)—modules.)

In the same vein, we let

Ql:;pv (Ya e _n)7 Ql:;pv <Y7 Y _n)7
Ql:;pv (Zﬂ—l (Y7 w)7 _n)7 Ql:—/pv (Zﬂ—l (Y7 w)7 _n)

be the simplicial sets whose k-—simplices are the n—dimensional symmetric or qua-
dratic Poincaré objects in pgret(Y) or prchain(Y) , the pr-—notation being as in
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section 3 of Part II. What can be done for spaces can also be done for maps. For
example, there is a map of infinite loop spaces

Elzin : Q£p7 (Y/-Ya —TL) I Qﬁv(z% ép(Y/-Ya —TL))

constructed just like BP in Part II, with which it agrees if n = 0 . (The notation is
reformed though, in accordance with 1.5.) This was or is defined as the composition
of symmetrization (1 +7) with another map, which we also informally denote by

Elzin : Qgp' (Y7 Y —TL) I Qﬁ'(Z% ép(Y, Y —TL))

We will usually omit the decoration p in B . For purposes of calculation, a
description of H_,, in terms of Hy = H is desirable. In practice, n is the dimen-
sion of a manifold, so n > 0 ; and we can bridge the gap between n and n — 1
by looking at relative situations in which n—duality and (n — 1)—-duality occur
simultaneously.

Let Y’ C U be asubspace, and let 4" be the pullback of v to Y’ . For simplicity,
assume that both Y and Y’ are compact ENR’s. Recall that pjret(Y) is the
category whose objects are diagrams

X/—>X<_X”

in ret(Y) . Those diagrams with X” =0, and X’ in ret(Y’), form a full sub-
category
ret(Y,Y") C piret(Y)

closed under n-—duality (we leave it to the reader to make this precise). The functor
d:ret (YY) — ret (YV); (X' — X) — X'
is also compatible with n—duality, and under the functor
e:ret (V) —ret (V,Y'); X — (0 — X)),

(n 4+ 1)—duality in ret(Y) corresponds to n—duality in ret (Y,Y’) . Applying
L—theory and K —theory to the diagram of categories

ret (V) -5 ret (Y, V") -2 ret (Y7),

we therefore obtain diagrams of spaces and spectra (in self-explanatory notation,
and with n >0 ):

(a) Ql:—/pv (Y7 Y, N — 1) L le;pv <Y7 Yla v _n) i) Ql:—/pv (Yla 7/7 _n)
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(b) Ql:_/pv (Y7 Y, N — 1) L Ql:_/p' <Y7 YI? Y _n) i> Ql:_/pv (Y,7 7/7 _n)

(¢) Ap(Y,7,—n—1) == Ap(Y,Y",,—n) = Ap(Y',7/, —n) .

Diagram (c) is a diagram of Z;—spectra.

4.1. Propositions. The diagrams (a) and (b) are fibrations up to homotopy (of
spaces). The map 0 in (c) has a natural (but non—equivariant) section u (so that
Ou = id ). The natural map of spectra

eVu:AP(Y,y,—n—1)V zilp(Y',W/, —n) — Ap(Y, Yy, —n)

is a homotopy equivalence.

Proof: Note that Oe is zero as a functor, and therefore as a map. The L-—
theoretic part of 4.1 can be proved by inspecting homotopy groups. To define the
map u , think of ret (Y’) as a full subcategory of ret (Y') . To a finitely dominated
object X’ in ret (Y’) , associate the object

(X' —0) in ret(Y,Y").
This is functorial, and induces, in self-explanatory notation, a map

u ilp(Y) — ilp(Y, Y.

If we want to use models for A-theory with involution, then we also have to say
what wu does to nondegenerate pairings: It sends a nondegenerate pairing

n:S"— X Ay V
between finitely dominated objects in ret (Y') to the unique pairing 77 between
(X - 0) and (id : V — V) with 97 = . (Then 7 is nondegenerate.) The
map eV u is a homotopy equivalence by Waldhausen’s additivity theorem (section

1.4 of [42]). Here it is easier to use the standard models for A-theory, without
involution. U

We now assume that Y/ =Y .

4.2. Proposition. The spaces

Qépv (Y7 Y7 s —TL) and Qépv (Y7 Y7 s —TL)
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are contractible. The map of spectra
uVTu: ép(Y, v, —n)V ép(Y, v, —n) — ép(Y, Y,v,—n)
is a homotopy equivalence (where 7 denotes the generator of Zs , acting on the
target of w ).

Proof: Inspection (see also 4.6 in Part II).

4.3. Corollary. There are homotopy equivalences of infinite loop spaces
B:QLpy (Y, 7, —n—1) — QQLpy(Y,7, —n)
B:QLpY(Y,y,—n—1) — QQLp" (Y, v, —n).

There is a homotopy equivalence of spectra

B: H" (Zy; Ap(Y,y, —n — 1)) — QH" (Za; Ap(Y, 7, —n)).

The diagram

QLpy(Y,7,—n —1) — QLpY (Y,v,—n—1) QH" (Z; Ap(Y,y,—n — 1))

g ls [

QQl;/pV (Y7 Y _n) i QQl;/pv <Y7 Y, _n) i QQﬁv (ZZ; filp(Ya Y _n))

E—'n—l
S

commutes.

Proof.  Look at the diagrams (a) and (b) just before 4.1, with Y’ = Y . The
middle terms in (a) and (b) are then contractible by 4.2. Since de = 0 in both
diagrams, we obtain maps 3 from the source of e to the homotopy fiber of 0,
which is €2 on the target of 0 . These maps induce isomorphisms in 7, for k> 0
by 4.1. Next, look at diagram (c) just before 4.1, again with Y’ = Y . This is

a fibration up to homotopy by 4.1. Applying H Y(Zy;...) to (c) gives another
fibration up to homotopy HY(Z2;(c)) , by remark 2.8 Part II. Its middle term

I/—jv<ZZ; ‘ilp(Ya Y7 s _n))

is contractible by oberservation 2.6 in Part II, since Ap(Y,Y,v,—n) is an induced
Zy—spectrum by 4.2 (see 2.5 in Part II). This gives

B HY (Zo; Ap(Y,~,—n — 1) = QH" (Za; Ap(Y, 7, —n)).
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The compatibility between the three 3 ’s is a consequence of the fact that sym-
metrization 14 T can be viewed as a map from (a) to (b), while B (suitably

decorated with dimension indices) can be viewed as a map from (b) to HY(Z; (c)) .
U

In the next corollary, and elsewhere, we shall say that two Z5—spectra are weakly
Zs—equivalent if they can be connected by a chain of Z—maps (between Z5-—
spectra) which are ordinary homotopy equivalences. Recall also from the introduc-

tion that S™ is S™ with a specific involution, with fixed point set S° C S™ .

4.4. Corollary. The spectra

.1
Ap(Y7 Y, N — 1) and Q(S A ép(Y: s —TL))

are weakly Zs—equivalent.

Proof.  Since diagram (c) just before 4.1 is a fibration up to homotopy, we can
say that Ap(Y,7,—n—1) is weakly Z3-equivalent to € on the cofiber of

0: Ap(Y,Y,~v,—n) — Ap(Y,~,—n).

(We assume that Y/ =Y .) By 4.2 we may replace 0 by
a(u \% TU’) : 4p(Y7 Y _n) v 4p<Y7 Y, _n) - 4p(Y7 Y _n)‘

But O(uV Tu) =0uV dru = OuV 70u = id V 7, because 0 is a Zz—map and
Ou = id . So the cofiber of O(u V Tu) is isomorphic to

N
S NAp(Y,~,—n).

U

The upshot of 4.4 is that the ad hoc definition of Ap(Y,~,—n) given in the intro-

duction for n > 0, namely,

Ap(Y, 7, —n) == Q"(§ A Ap(Y, 7))

is an agreement with the official definition (using n-—duality) given earlier in this
.1 .n
section. (Use induction on 7 , and note that the n—fold smash power of S is § .)
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It is possible to recover the homotopy equivalence
B HY (Zo; Ap(Y,y, —n — 1)) — QH" (Zy; Ap(Y, 7y, —n))

in 4.3 from 4.4, as follows. The inclusion

.0 .1

has a quotient
1.0

which is an induced Z5—spectrum by inspection. Therefore it induces a homotopy
equivalence

s I (Za; Ap(Y, 9, =) — " (233 8 A Ap(Y, 7, —).
This gives
" (Za; Ap(Y, 7, —n— 1)) & 7 (2595 A Ap(Y, 7, =)
~ QI (Z3; 8 A Ap(Y, 7, —n)) = QI (Z3; Ap(Y, 7, —n)).

(The first homotopy equivalence in this chain comes from 4.4, the second comes from
remark 2.8 in Part II, and the third is Q.1 .) The composite homotopy equivalence
agrees with in 4.3. The verification is left to the reader.

The upshot of this is that the definition of H_,, given in the introduction (at the
spectrum level) is in agreement with the definition given earlier in this section (at
the infinite loop space level). Again, the proof is by induction on n (for n >0).

The story has a relative version. In the situation of 4.1, there is a fibration up to
homotopy of Z5-spectra

Ap(Y777 -n— 1) — 4]7(1/, YI:V? -n - 1) - 4p(Y,77/7 _n)

With the identifications

..n+1 .n
Ap(Y,v,—n—1) = Q" (S AAp(Y,7)), Ap(Y', ', —n) ~ Q"(S A Ap(Y',~"))
we can guess what the connecting map for the fibration is: it is the Z;-—map given
by inclusion,

..n .n+1
QS A Ap(Y', ) — QTS A Ap(Y, 7))
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The guess is correct by definition if Y =Y’ | and therefore in general (by natural-
ity). With this in mind, form the homotopy commutative square

OLpy (Y7, —n) — QI (Zy; Ap(Y', ', 1)
~ HY (Z; QAp(Y',+', —n))

l l

~

H_,._
épV(Y777 -n— 1) S HV(Z2; ép(Y/-Ya -n— 1))

using the notation established in the introduction (under the heading “dimension
shift”). Then (and only then) the vertical inclusion maps make sense, and their
cofibers are

Lpy(Y,Y',y,—n—1) and ﬁ'(Zg; Ap(Y,Y', vy, —n — 1)),
respectively (the first by definition, the second by preparation).

4.5. Definitions. Write
Bt Loy (V.Y 7, —n = 1) — H (Zo; Ap(Y.Y', 7, —n — 1))
for the induced map between cofibers, and write
LAp(Y, Y v, —n—1)
for the homotopy fiber of the composition
OnNBp—1: Lpy (Y, Y, y,=n = 1) — S A Hy(Zo; Ap(Y,Y", 7, —n — 1)).
There is a fibration up to homotopy
LAp(Y,y,—n—1) = LAp(Y,Y',v,—n—1) — LAp(Y', ', —n).

As in the absolute case, these definitions can be justified at the infinite loop space
level, but we omit the justification.

4.6. Observation. If the inclusion Y’ < Y is a homotopy equivalence, then
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Proof: Taking Y’/ =Y and using 4.2, wse get from the definitions

LAp(Y,Y,v,—n—1) ~ Hy(Z2; Ap(Y,Y,v,—n — 1)) = Ap(Y).

U

4.7. Remark. The notation Ap(Y,~,d) used in this section is meant to suggest

that the spherical fibration ~ (with fibers still homotopy equivalent to S?) has a
virtual dimension d , possibly different from ¢ . Taking d = ¢ gives an involution
on Ap(Y) which presumably agrees with that constructed earlier by Vogell [40]. In

Part II, we chose d = 0 for uniformity; but if Y is an m-manifold with normal
bundle ~ , then it is most reasonable to take d = —n .

The remainder of this section is about program 2 (from the introduction) and the
Sullivan—Wall-Quinn—Ranicki result. We return to the manifold M ;| assuming it
to be closed for simplicity. To facilitate the description of certain structure spaces
associated to M , we begin with a categorical notion. Let C be a A—category (a
simplicial category without degeneracy operators), and let X be a A-set. By a
functor

F:X—C

we shall mean a rule which to each simplex x in X associates an object F(z) in
C|z| , and to each pair (z, f) , where x is a simplex and f is a face operator such
that f*z is defined, a morphism

F(f): F(ffz) — f"F(x) in Cy,

where k = |f*z|. The various F(f) are to satisfy the expected rules for composi-
tion, and F'(f) must be an identity morphism if f is. (These rules for composition
are certainly satisfied if all the morphisms F'(f) are identity morphisms, in which
case F' is nothing but a A-map from X to the A-—set of objects of C .)

4.8. Definition. The bordism A-setof C is the A-—set whose k-—simplices are
the functors from AF to C.

The bordism A-set of C seems to be more useful than the nerve of C in cer-
tain geometric situations; but it might well have the same homotopy type. In the
examples which follow, C is always a A-—groupoid (all morphisms are invertible).

4.9. Prototype. Let C be the A-—category whose objects in degree k are
compact smooth manifolds modelled on A* (Part II, 3.11), and whose morphisms
in degree k are diffeomorphisms between manifolds modelled on A* . The bordism
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A-set of C is a Kan A-set whose n—th homotopy group is the bordism group of
n—dimensional smooth closed manifolds.

4.10. Examples. (i) We define the A-—category of block h —structures on M .
An object in degree k is a simple homotopy equivalence

f:M x A¥ — M x AF

such that f(M'xs) C M x s for all faces s C A* . (The n-manifold M’ is also
closed, but otherwise a variable.) A morphism in degree k , from

f:M xAF — M x AFto g: M" x A¥ — M x A*,

is a homeomorphism
h: M x AF — M" x AF

over M x A* such that h(M’ x s) = M" x s for all s. The bordism A -set is
denoted by S(M) , and is called the space of block h—structures on M .

(ii)) We define the A-—category of normal maps to M . An object in degree k
consists of

(a) a topological R?-bundle v on M x A*  for some p ;

(b) a degree one map
f:N— M xAF

between compact manifolds modelled on R™ x A* | and a face respecting
embedding
e: E(f*y) — R"™P x AF,

EXPLANATION: E(f*7) is the total space of f*v . Manifolds modelled on R™ x A*
are defined in Part II, 3.11. In (b), it is understood that f sends N(s) to M x s
for all faces s C A* | and that e embeds the portion over N(s) into R"*P x s .
Note that e is a codimension zero embedding; the effect of (b) is that f*v becomes
the normal bundle of N . The degree one condition means that

fot H(N,ON;Z(f*v)) — Ho (M x AF,0(M x A¥); Z(v))

sends the fundamental class wy to a fundamental class wjs ; we have written
Z(f*y) and Z(y) for the orientation Z-bundles of f*v and -~ .

A morphism in degree k , from (v, f,e) to (v, f’,€’), is simply a stable isomor-
phism over M x AF | where the word stable means that it is permitted to stabilize
~v,e and/or v/ €’ . The bordism A-set is denoted by L (M), and is called the
space of normal maps to M .
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(iii) Fix Y,~ as in section 3 and fix n > 0. We define the A-—category of n-—

dimensional manifold surgery problems over (Y,~) . An object in degree k consists
of

(a) a diagram
x, Lx, Ly
where f is a face-respecting map between compact manifolds modelled on
R™ x A¥ and g is any map;
(b) a map of spectra
n:S"AAL — Th (X4, f*g")
which respects faces and carries fundamental classes for both X; and X»
(cf. beginning of section 3).

A morphism in degree k is an isomorphism over Y . The bordism A —set is denoted
by
GTOP(Y7 s —TL)

It agrees for n =0 with
&1 (Y, )

from section 3. With a suitable definition of € (as the adjoint of the combinatorial
suspension functor) there is an isomorphism of pointed A —sets

STOP(Y,y,—n) = Q"6TO"(Y, 7).

(The functor € is well behaved on pointed Kan A —sets.) Replacing manifolds by
finite Poincaré spaces throughout leads to a bordism A —set

GPD(Ya Y _n) = QnGPD <Y7 7)

Now in order to construct maps between the spaces in 4.10, we have to add some
more ballast to the definitions. To simplify, we concentrate on degree zero objects.

An h-structure on M is a simple homotopy equivalence
f:M — M

where M’ is another closed manifold. Given f , choose an RP —bundle v on M
and an identification of f*y with the normal bundle of M’ in RP*" _for some p .
This is a contractible choice which can be added to the definition of an h—structure.
An h-structure on M is then also a normal map to M . This leads to a map
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Next, let (v, f,e) be a normal map to M , where f is a degree one map from
some N to M and e is an embedding of E(f*y) into RPT™ (and ~ is an
RP —bundle on M ). Choose a stable fiber homotopy equivalence

j:Sy— Sv

(covering idps ) between the spherical fibrations made from « and v =™

a homotopy h from

, and

§™ S Ty (N, £5) L Th (M, y) 25 Th (M, v)

to the usual collapsing map

S" — Th (M,v).

By the uniqueness of the Spivak normal fibration of M | this is again a contractible
(and therefore a possible) choice, which can be added to the definition of a normal
map. Then (v, f,e,j,h) forgetfully gives rise to a stable T'O P-reduction, namely:
j , of the spherical fibration Sv on M . Identifying the space of such TOP-
reductions with

map(M,G/TOP),

we have a forgetful map
1 (M) — map(M,G/TOP).

By transversality, the map is a homotopy equivalence. Furthermore, a normal map
(v, f,e,j,h) as above gives rise to a surgery problem over (M,v) :

N MM ST — Th(N, f'y),
where 7 is the composition

5™ LB T (N, £*) 25 Th (N, f*v).

This leads to a map
v:l (M) — &TOP (M, v, —n).

4.11. Record. We have indicated the construction of maps

B(M) —— 1 (M) —— &8TOP(M, v, —n)

|=

map(M,G/TOP).
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The map w in 4.11 is particularly important here because

QF(M) ~ V(M) from the introduction,
Q L (M) ~ Qmap(M, G/TOP) ~ V(rM),

and
A=—Qu: V(M) — V(M)

under these identifications. (The minus sign stands for inversion of loops; more about
A and —Qu in section 5.) So, in order to do the Sullivan—Wall-Quinn—Ranicki
analysis of N N

A V(M) — V(rM),

we only have to produce the vertical arrows in a commutative diagram of pointed
spaces

forget
—_—

Q(£SV(M7 v, —TL)%) Q(£SV(M7 v, —TL)%)

and to claim that QB3 and QFB; are homotopy equivalences, with
k =max(1,5—n) .

Take (35 to be the composition

L (M) = &"9P(M, v, —n) — Q(Lay(M,v,—n)")

where the second arrow is ng from 3.2, subjected to dimension shift. Constructing
(1 then amounts to showing that

assembly - Bou : $(M) — Ql:)sy(M, v, —n)

is nullhomotopic. Write this map differently, as a composition

$(M) — GTOP(M7 v, —TL) L) GPD(Mv v, —’I’L) - QESV(Mv v, —’I’L)

where the last arrow is (;, from 3.1. Now the map vu already factors through

~PD ~ ~PD
the Poincaré duality counterpart 8§ (M) of (M) ,and § (M) is contractible.
U
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5. Derivatives

We begin by describing derivatives of homeomorphisms and homotopy equivalences
in a homotopy theoretic way.

Let M™ be the usual topological manifold, closed for simplicity. Assume that M
is embedded in some euclidean space R"T¢ with specified normal R*-bundle v .
Choose an R?-bundle 7 on M , for some ¢, and a trivialization

o)

WiT®Y — 975,

Write Sv and ST for the spherical fibrations made from v and 7 by fiberwise
one—point compactification.

In addition to the simplicial sets
TOP(M) C  TOP(M)
N N
G(M) C G(M)
from the introduction, we need four others:
TOP(M,v>, 1) C 1/’573(]\4, v 7)
N N
G(M,Sv>,87°) c  G(M,Sv>,57).
A k-simplex in é(M, Sy 57%°) is a triple (f,S,1) where
fAFx M — AFx M
is a homotopy equivalence respecting dek x M for 0<j <k, and
§:p"Sv — p*Sry and ¢ :p*ST — p*ST

are stable fiber maps between spherical fibrations which cover f . (Here p isthe pro-
jection from AFx M to M .) The simplex (f,8,%) belongsto G(M,Sv>, ST°°)

if f respects the projection to A* : to f@?(M, v>®,7°°) if f is homeomor-
phic and &, @ are stable bundle maps respecting the sections at infinity; and

TOP(M,v>,7%) is just G(M,Sv>,S7°) NTOP(M, v, 7).



59

5.1. Proposition. The forgetful maps

G(M,Sv™,87°) — G(M) ,  TOP(M,v>,r°) — TOP(M),
G(M,Sv>,S1t%°) — G(M) ) TOP(M,v>°,7°) — TOP(M)

have preferred and compatible sections.

Proof.  These forgetful maps are Kan fibrations, so it is more than enough to
produce compatible trivializations up to homotopy. To this end, define simplicial
sets

vV c Vv
N N
W C W

as follows. A k—simplex in W isa map

pr A ASY — Th (AF x M, p*v)
sending de’_‘; AS™ to zhi(dek x M,p*v) for 0 < j <k, with the property
that
(Thom class of p*v) N [y

is a fundamental class for AF x M ~ M . If 1 respects the projection to AF |
then it belongs to W C W . If pu is a collapse map, which means that it induces
an isomorphism

(A% AS™)/u (x) — Th (A" x M,p'v),

then p belongs to V C W .Let V be the intersection V N W .

The simplicial monoid é(M, Sv*° ST°°) acts on W by composition: (f,S, )y =
(f,8)«p . Further, W has a base point: the collapse map 7 coming from the given
embedding of M in R"™™* with normal bundle v . Evaluating the action on the
base point gives

e1: G(M,Sv>®,St°) — W.

Next, let hU be the space of stable trivializations of ST @ Sv as a spherical
fibration, and let U C hU consist of the stable trivializations of 7 @& v as a fiber
bundle. The given trivialization w of 7@ v serves as base point for U and hU .
Again, G(M,Sv>=,S7°) acts on hU by composition (on the right):

z-(f,8¢)=2z-(p®8) — for z € hU.
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(In more detail, hU should be defined as a simplicial set, and z is a simplex in
hU .) Evaluating the action on the base point gives

ez : G(M, Sv>°, ST°) — hU.
Now the map
(e1,€2,?) : G(M, Sv™,S1°) — W x hU x G(M)

is a homotopy equivalence by inspection, and this trivializes the first Kan fibration
in 5.1, up to homotopy. Suitable restrictions of (e1,eq,?) trivialize the remaining
three:

G(M,Sv>®,57°) — W x hU x G(M),
TOP(M, v, 7°) =5V x U x TOP(M),
TOP(M,v>®,7°) =V x U x TOP(M).

5.2. Notation. We write the sections in 5.1 in the form

f— (f,dtf,df) for a simplex f in ITOTD(M),
f+— (f,DYf,Df) for a simplex f in é(M),

so that d'f and df are stable bundle maps covering f , while D+ f and Df
are stable fiber maps covering f .

We should certainly take a closer look at the section

TOP(M) — TOP(M,v>°,7%°) ; f+— (f,d*f,df).

5.3. Supplement. Here the tangent microbundle 7 of M (see Milnor [22]) can
be substituted for 7 , and the Newton—Leibniz—Milnor derivative df of f can be
substituted for df .

Try to disregard the fact that 7 is a microbundle and not an R™-bundle. The way
to justify 5.3 is

(i) to trivialize the microbundle 7 & v , by a trivialization w ;

(ii) to construct a nullhomotopy for the map

fr—w-(df ®d"f)
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from TOP(M) to the space of stable microbundle trivializations of 7 ® v .

We will do slightly less (in 5.4 and 5.5), but still enough from a homotopy theoretic
point of view.

Let &€ : F — M be a microbundle with fibers of dimension s, and with zero
section i: M — E . A weak trivialization of £ is a homeomorphism germ

21 (E,i(M)) — (M x R*, M x {0})

such that z(i(x)) = (x,0) for all x € M . (Being a germ, z need only be defined
in a neighbourhood of (M) C E .)

5.4. Example. Let v be the normal bundle in 5.1. Claim: The given embedding
of E(v) in R™* determines a weak trivialization of 7 @& v (but not an honest
microbundle trivialization, as one might expect from the smooth case).

Proof: Look at the embedding
M — M xE®W); y— (y,i(y))

which has two specific normal bundles: one is 7 ® v, the other is the tangent
microbundle of E(v) restricted to the zero section. The tangent microbundle of
E(v) is trivialized.

Let U be the space of stable weak trivializations of 7 ® v .

5.5. Lemma. The map from TOP(M) to U given by
fr—w(df &d*f)

is nullhomotopic.

Proof. In the proof of 5.1, we used the space V of collapse maps from S" to
Th (M, v) . Such a collapse map is always associated to a unique stable codimension

ZEero embeddlng
E(v) — R"**

(stable in the sense that taking products with R¥ on both sides is allowed). The
stable codimension zero embedding in turn determines a stable weak trivialization
of 7@ v, by 5.3. This is a point z € U , and we have therefore described a map

g:V —U.
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Let TOP(M,v>°) be the space of homeomorphisms from M to itself, covered by
stable bundle maps from v to itself. This acts on the left of V' by composition,
and evaluating the action on the base point n € V gives

e: TOP(M,v>) — V.
(Compare this with e; in the proof of 5.1.) Define
s: TOP(M) — TOP(M, ™)

by s(f) = (f,d*f). The map es is nullhomotopic by the very definition of d* .
Therefore ges is nullhomotopic. But ges is just the map in 5.4. U

This ends the justification of 5.3. Until further notice we continue to use 7 and df
as defined in 5.1, 5.2.

5.6. Example. Define é(M, St°) like é(M, Sv°, Sv>°) | deleting all refer-
ences to Sv . Let B _
G(M,7>°) Cc G(M,ST°)

be the simplicial subset consisting of the simplices (f,1) where 1 is a stable
bundle map respecting the sections at infinity. From 5.1 and 5.2, we obtain a com-
mutative square

TOP(M) ———  G(M)
lf~><f,df> lf~><f,Df)

G(M, 1) G(M, ST)

(where f denotes simplices in T/573(M ) or G(M)). The resulting map between
horizontal homotopy fibers is

A V(M) — V(M) ~ map (M, QG/TOP)),

by definition. (See the introduction.)

5.7. Example. Define G(M, Sv>®) like G(M,Sv>, S7>) | deleting all refer-
ences to ST . Let B B
G(M,v>®) — G(M, Sv™)

be the simplicial subset consisting of the simplices (f,1) where 1 is a stable

bundle map respecting the sections at infinity. Let G*(M) C G(M) be the union
of the components containing simple homotopy equivalences.
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How should the diagram

TOP(M) —— G*(M) ——s B(M)
Jf%(f,de) lf%(f,DLf) l

G(M,v>®) —— G(M, Sv°) —— map(M,G/TOP)

be completed? (The rows are fibrations up to homotopy.) Answer: Substitute u from
4.11 for the broken arrow. The resulting diagram will be sufficiently commutative.
Comparison with 5.6 shows that A in 5.6 equals —Qu .

5.8. Example. Here we make the identification 7 =7 and df = df of 5.3. Let
G(M,T) be the space of homotopy equivalences f: M — M covered by bundle
map germs from 7 to 7 (where 7 is the tangent microbundle). Let G (M, ST>°)
be the space of homotopy equivalences f : M — M covered by stable fiber maps
from ST to S7.By 5.1, 5.2, 5.3, we have a square

TOP(M) ——  G(M)
lf'—>(f7df) lf%(vaf)
GM,7) —— G(M,ST)

which commutes up to a preferred homotopy. The induced map of horizontal homo-
topy fibers is, by definition,

A: V(M) — V(1)
from the introduction.
There are bounded versions of 5.1 and 5.3. Let N be a topological manifold
equipped with a proper map
¢: N — R, for some i.

Let G®°(M) and TOP®(M) be the spaces (alias simplicial sets) of bounded ho-
motopy equivalences/bounded homeomorphisms

f:N—N

(so that ¢—cf has bounded image in R ). There are block versions G?(M) and
———b
TOP (M) as usual.

Choose a topological R®*—bundle v on N , and a bounded codimension zero em-
bedding .
j:E(v) — R x R” for suitable k
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(so that the difference between
E()—»N-R  and E) -5 R xRF — R

is a map having bounded image in R?). Choose also an R?-bundle 7 on M
inverse to v, so that 7@ v comes equipped with a trivialization

wiT®r — 5T,

5.9. Proposition. The forgetful maps
G®(N,Sv*>®,57°) — G*(N) , TOP (N,v>®,7°) — TOP (N)
G®(N,Sv™>,57°) — G*(N) , TOP*(N,v>®,7°) — TOP*(N)

have preferred and compatible sections.

The notation is self-explanatory. Again, we write these sections in the form
———b
f s (f,dtf,df) for a simplex f in TOP (N),
f+— (f,DYf,Df) for a simplex f in éb(N),
as in 5.2. Again, we take a closer look at the section

TOPY(N) — TOPY(N,v™,7%); f — (f,d" f,df).

5.10. Supplement. Here the tangent microbundle of N can be substituted for
7 , and the Newton—Milnor derivative can be substituted for df .

5.11. Notation. For a microbundle ¢ on N ,let TOP®(N,¢) be the space of
bounded homeomorphisms from N to N | covered by bundle map germs from ¢&
to & . This can be thought of as a simplicial group, or as a virtual space with group
structure (see Part I, section 0).

It is of course possible in 5.9, 5.10, 5.11 to replace
c: N — R

by a proper map
c:N—V



65

where V is some finite dimensional real vector space with inner product. The
standard choice for N is

N=MxV (M asin 5.1)

and c is the projection to V' . At this point it is natural to make V into a variable.

Let J be the category of finite dimensional real vector spaces with inner product,
with isometric linear maps as morphisms. (See Part I, 1.11 and sections 2, 3.) For
an object V in J, let

Ey(V):=TOP"(M x V),
Ey(V):=TOP*(M x V x R®, 7 x " x &°)
= lim TOP*(M x V x Ri, 7 x ¥ x &%)

v 0

where € is the tangent microbundle of V' and ¢” is the zero-dimensional mi-
crobundle on R? (and 7 is the tangent microbundle of M ). Both E;(V) and
E5(V) are continuous functors in the variable V', and

A : El(V) e EQ(V)
fr—(f,df) xid

(where id is the identity on R*° | and df is the N.-L.—M. derivative) is a natural
transformation respecting the group structure. Now apply the hyperplane test. (This
is summarized in Part I, 3.8, with a small inaccuracy: the source of ® should be
E(R*>)/E(R?) .) The result is a commutative square

E1(R®)/E1(R%) —— E3(R*®)/Ex(R?)

e o

v

QS+ Nz, F1) ————  Q(S4 Nz, F2)
where [, F, are the coordinate free spectra with involution given by
F,(V)=E(VeR)/E;(V), fori=1,2.
We know the left column from Part I. We know that it is permitted to replace
F = Q:MQZLTOP(M>

by its O—connected Postnikov cover
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at the price of replacing
E1(R*®)/E1(RY) = TOP*(M x R®)/TOP(M)
by the connected space
PSTOPY(M x R®)/TOP(M) ~ 1/’573(M)/T0P(M) o~ \~7(M)/\7(M)
(See section 4 of Part I.) Note also that

F(R*®)/Ey(R%) = TOPY(M x R*® x R, 7 x ¢ x %) /TOP*(M x R*®, 7 x £°)
~ TOP"(M x R®, 7 x £*)/TOP*(M x R*®, 7 x £°)
>~ Aut (7 x £*)/Aut (7 x €%) II something
~ V(7)/V(r) Il something else ,

which we may as well cut back to T?(T) /V(7) . Finally, write

Fy = QWhTOP (1),
The square then turns into one that was promised in the introduction:

V(M)/ V(M) — V(7)/V(7)

I I

\%

Q(Sy Nz, QWhsTOP(M))  ——  Q(SY Az, QWATOP(7)).
This raises a few questions. Firstly, is the map
v V(M) V(M) — V(1) /V(7)

compatible with its namesakes in 5.6 and 5.87 If so, we can compose the maps ®
with the projections

V(M) — V(M)/V(M) and V(1) — V(7)/V(7)

to obtain the geometric face of the cube in the introduction:

AN v

V(M) — V()
(&) l@'pr l@'pr

v

Q(Si Az QWhsTOP(M))  —T—s QST Az, QWHTOP (7))
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Secondly, is the map
V() /V(r) — QST Az QWKTO (7))
highly connected like its counterpart
® : V(M)/V(M) — Q(ST Az, QWhs"OF (M) ?

If so, we can in a stable range identify the map of vertical homotopy fibers in (&)
with
vV :V(M)— V(1)

of 5.8. These two questions are answered in 5.12, 13, 14 below. A third question:
Why should one write QH{CLTOP (1) for Fy 7 This suggests something about au-

tomorphisms of 7 and their behaviour under stabilization, a kind of concordance
theory of 7. Let E3 be the functor from J to virtual spaces with group structure
given by

Vi— Aut (t @e")
where Y is the trivial (micro-)bundle with fiber V' (on M , this time). There
are natural inclusions

E3(V) — TOP(M,7 ®e") — TOP*(M x V xR®, 7 x ¥ x &%) = Ey(V),

the second one given by taking product with the identity on V x R°® . The induced
map
F3(V) := E3(V & R)/E5(V) — Fa(V)

is a homotopy equivalence on base point components, for every V . As spectra,

therefore, F3 and F5 are homotopy equivalent. Now F3 deserves to be called
9) Y[Z @TOP(T) ]

(But it is F5 which receives an interesting map from F; .)

5.12. Proposition. The diagram

V(M) ————— V(M) ——— V(M) /V(M)

JV from 5.8 lv from 5.6 lv just constructed

V(1) ———— V(1) ——— V(1)/V(7)

commutes up to homotopy.

COMMENT AND PROOF. The three maps labelled Vv are supposed to make up one
morphism from the top row, which is a fibration up to homotopy, to the bottom
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row, which is another fibration up to homotopy. So in principle it is necessary to

produce three homotopies (as in the comment following Part I, 2.7). However, we
need not be as explicit as that. Besides, the commutativity of the subdiagram

V(M) —— V(M) —— V(M)/V(M)

<1> I

V(r) —— V(1) —— V(r)/V(7)
can be taken for granted. Compare (1) with

TOP(M) —— TOP(M) —— TOP(M)/TOP(M)

o | |

TOP(M,7) —— TOP(M,7) —— TOP(M,7>)/TOP(M,7)
where the vertical arrows are given by
fr— (f,df) as in 5.2.
(The notation is self-explanatory, we hope; there are fibrations
Aut (7) — TOP(M,7) — TOP(M),
Aut (1) — TOP(M, r°°) — TOP (M),
and Aut (7°°) denotes the group of stable automorphisms of 7 .) There is a for-

getful morphism from (1) to (2) which is a componentwise homotopy equivalence
when restricted to the terms in the right column. (The morphism sends

V(M) = hofiber (TOP(M) — G(M))
forgetfully to 1/’573(M ) , and it sends
V(7) = hofiber (Aut (7%°) — Aut (S7))

forgetfully to 1/’573(]\4, 7%°) D Aut (7%°) .) It follows that we can prove 5.12 by
supplying and identifying the missing arrow in the right column of (2) .

Now the usual bisimplicial arguments show that one can trade (2) for a homotopy
equivalent diagram
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(3)

TOP(M) . pSTOPH(M xR®)  —— PSTOPY(M x R®)/TOP(M)
POSTOPb(M % ROO,T % 50) N posTOPb(M > Roo’ T X EOO) PosTOPY (M XR™® 7xe°°)

PoSTOPY(MXR> 7 x0)

where the vertical arrows are now simplicial group homomorphisms. (They are given

by

[ (f,df),
where df is the N.-L.-M. derivative.) So the missing arrow in the right column of
(3) is easy to supply and identify. d

5.13. Proposition. If n=dim(M) is greater than four, and if the stabilization
maps

Q" (TOPy,41/TOP,) — Q" (TOP,;2/TOP, 1) — Q""2(TOP,,3/TOP,,2) — ...
are all k—connected, then

®: V(7)/V(r) — QST Az, QWATOP (7))

is componentwise k—connected. (That is, the homotopy fiber over an arbitrary point
in the target is either empty or (k — 1)—connected.)
Proof. Recall that ® in 5.13 extends to
P : E2(R™)/E2(R%) — Q(S° Az, F2)
where
E3(R®)/E5(R%) ~ V(7)/V(7) 11 something else.

So it suffices to prove that the extended @ is componentwise k—connected. The
hypothesis in 5.13 implies firstly that, for ¢ > 0, the stabilization maps

TOPTL—I—i—i—l/TOPn—i-i — Q(TOPn+i+2/T0Pn+i—|—l>

are (k + i)—connected (because TOP,11/TOP, is (r —1)—connected if r > 4 ;
see [18], Essay V §5). It implies then that the stabilization maps

Fy(RY) — QF (R — Q2F(RH2) — ...
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are componentwise (k + i) —connected. (Recall that
B (RY) = B2(R™) /B> (R').)

Now & respects filtrations. In more detail, for each ¢ > 0 there is a sufficiently
commutative diagram

Ey(RY/E3(R%)  —— QS Ay, F)
Ey(RH)/Ey(R) —2— Q(Si Az, Fz)
Fy(RY) ——— QX'Fy = hocolim QJ Fy(R*+7)
J

whose columns are fibrations up to homotopy. Assuming for induction purposes that
the top horizontal arrow is componentwise k-—connected, and using the fact that
the lower horizontal arrow is componentwise (k + i) —connected, we find that the
middle horizontal arrow is componentwise k—connected. Letting ¢ tend to infinity
completes the proof.

5.14. Remark. With k£ =1 (and n > 4) the hypothesis of 5.13 is always
fulfilled (Theorem 5.2, Essay V, §5 of [18]). Further, Morlet’s sliced smoothing theory
in [25] (see also 6.4 below) gives fibrations up to homotopy

Q"2(0,41/0,) — Q*(TOP,,1/TOP,) — C°FF(D"),

with r > 4, where C denotes concordance spaces. These are compatible with
stabilization. So, if the stabilization maps

CDIFF(Dn> _ CDIFF(Dn—l—l) SN CDIFF(Dn+2) — .
Qn—l—QSn _ Qn—|—35n—|—1 _ Qn+4sn+2 — .

are all (k — 2)—connected, then the hypothesis of 5.13 is satisfied. Therefore, with
the work of Igusa [16] and Freudenthal’s theorem in mind, we can say that & in
5.13 is highly connected.

5.15. Remark. The results of this section remain valid for a compact M with
nonempty boundary. There are almost no changes in notation. For example, it is
convenient to write TOP(M) and G(M) as before, meaning the spaces of self
homeomorphisms and self homotopy equivalences of M which are the identity near
M . Similarly G(M,7) consists of the homotopy equivalences f: M — M which
are the identity near OM , covered by bundle maps 8 : 7 — 7 which are the
identity over a neighbourhood of OM ; and so on. In 5.7, however, it is necessary
to replace map (M,G/TOP) by map (M/OM,G/TOP) . (Note that the slash /
has two different meanings here.)
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6. Concordance Theory

The goal here is to reformultate (not reprove) some of Waldhausen’s results in con-
cordance theory until they take the shape of a commutative square

QWhsTOP (M) —— QWhTOP(7)

As always, M is a compact manifold and 7 is its tangent microbundle. We do not
assume that OM = () ; see 5.15.

The first step is to show that the homotopy types of QH{CLSTQP(M) and QY[ZCLTOP(T)

only depend on the homotopy type of M . We use the disk bundle transfer of [7].
Racell that
C(M)=TOP(M x [0,1], M x {1})

and let
C'(M)=TOP(M x [0,1], M x {1} UdM x [0,1])

so that C'(M) D C(M) . For a topological disk bundle
p:M— M
with fiber D* | let C’(p) consist of all pairs
(f,f) € C'(M) x C(M)
such that pf = fp . The disk bundle transfer
p':C(M) — C(M)

is obtained by inverting two of the homotopy equivalences in the diagram

~

C(M) = C'(M) <= C'(p) — C'(M) < C(M).
As such it is well defined up to contractible indeterminacy (because inverses e’ of

homotopy equivalences e are determined up to contractible choice if chosen together
with a homotopy ¢€’e ~id ). It is functorial; that is,

(p1p2)' = php}
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for disk bundles _
pr:M— M and po: M — M.

Now remember that Q?WhTOP (M) | as an ordinary spectrum, has i-th term

Q(TOP* (M x R /TOP*(M x R")) ~ C*(M x RY).
See Part I, 1.8. The structure maps
CP(M x RY) — QC*(M x R*T1)
are compositions
CO (M x RY) Sablization, obyr o 10,1] x RY) ~ QCP(M x R,
See Part I, 1.5 and 1.12. For a disk bundle
p: M — M
as above, we have disk bundle transfers
P CO(M xRY) — C°(M xRY)  for all i >0,

by a straightforward generalization of the case i = 0 . These disk bundle transfers
commute with the stabilization maps

CP’(M x RY) — C*(M x [0,1] x R%) and C°(M x R*) — C*(M x [0,1] x R?)

because stabilization is also a disk bundle transfer (for the trivial disk bundle with
fiber [0,1] ). They commute with the Anderson-Hsiang homotopy equivalences

CP'(M x [0,1] x RY) ~ QC*(M x R,
CP(M x [0,1] x RY) ~ QCP(M x Ri*1)

by inspection, and so combine to give a map of spectra
p! . QZ WhTOP(M) _ Q2E@TOP(M>.

This map is a homotopy equivalence. By the functoriality of disk bundle transfers,
it is sufficient to prove this when the disk bundle in question is trivial (with fiber
D* ), because any disk bundle is stably invertible with respect to Whitney sum.
Using functoriality once more, we can also assume that the k& in DF is equal to
1, and then the claim is obvious.

Given homotopy equivalent manifolds M; and M, (both compact), let M; and
M, be the total spaces of the normal disk bundles of M; and M, in a high
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dimensional euclidean space. The homotopy equivalence M; >~ My can be realized
by a codimension zero embedding of M; and Mz . The complement of M, in
My is an h-—cobordism from OM; to OMs . Therefore

and the 1-connected covers WhsTOF (My) , WhsTOF (M) will also be homotopy

equivalent.

A similar argument establishes the homotopy invariance of QWhTOP (7M) | with

respect to M . The following abbreviation is useful.

6.1. Notation. For a manifold N equipped with a proper map c¢: N — R¢
and a microbundle ¢ : E — N | let

C*(N.€)
be the space of pairs (f,8) where f isa bounded homeomorphism from N x [0, 1]

to itself, and § is a bundle map germ from & x el : E xR — N x [0,1] to itself
which covers f . Two boundary conditions are understood:

(1) f and 8 aretheidentity in/over a neighbourhood of N x{0}UON %0, 1] ;
(2) over N x {1}, the germ § has the form

$1xid: € xet — Exel

for some bundle map germ §; from & to £.

Write 7 = 7™ . The spectrum Q?WhTOP(7) | as an ordinary spectrum, can be

described as having i—th term
COM xR x R®, 7 x &' x &) = lim CO(M x R x R¥, 7 x €' x £°).
Using this description it is easy to associate to a disk bundle
p:M— M
a disk bundle transfer

P XWhTOF(r) — QPWhTOP(7),

where 7 is the tangent microbundle of M . Again, the disk bundle transfer is a
homotopy equivalence.
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Continuing in this way, we can describe

as an ordinary map with ¢-th term
CO(M x RY) — C*(M x R* x R, 1 x ¢%,°)
f— (f xid, df)

where id is the identity on R*® and df is the N.—L.-M. derivative. It is not hard
to see that QV commutes with disk bundle transfers (up to a preferred homotopy).

6.2. Conclusion. For any disk bundle p: M — M , the maps

v QWhsTOP (M) — QWATOP (1)

and vV :QWhsTOP (M) — QWLTOP(7)

are homotopy equivalent.

JFrom now on, we can assume that M is smooth and framed. (If not, replace
M by the total space of its normal disk bundle in some euclidean space.) In this
situation we may compare V with its smooth version VPIFF

6.3. Proposition. The square of spectra

vDIFF

QWhsPTFF (M) s QWRPFF (1)

QYK@STOP(M) v QYKCLTOP(T)
is a homotopy pushout square (alias homotopy pullback square).

This comes out of Morlet’s sliced smoothing theory, which we now review. Write
Vect (1) for the space of vector bundle structures on the microbundle 7 . (Define
it as a simplicial set: a k—simplex is a vector bundle structure on p*7 , where p is
the projection from AF x M to M .) If M is smooth, then Vect (7) has a base
point w , and there is a map

ey : TOP(M) — Vect (1)

[ — faw.
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Its restriction to DIFF(M) is zero.

6.4. Fact. (Morlet [25]; Burghelea—Lashof [8]; Kirby-Siebenmann [18], Essay V).
The inclusion
DIFF(M) < hofiber (eps)

is a homotopy equivalence if dim (M) # 4 .

There is a relative version which we do not state. It implies comparison results for
concordance spaces, since

C(M)=TOP(M x [0,1], M x {1}) and CP"™¥ (M) = DIFF(M x [0,1], M x {1}).

PROOF OF 6.3. Note first that

QYK@DIFF(T) ~ map(M/OM,x"S%) ~ M, A S°

and  QWhATOP () ~ map(M/OM,E"A(x)) =~ My A A(*),

where %"S% and X" A(*) arfe certain spectra with 7-th term

Ontit1 /On+i and TOP, i1 /TOPn—I—i7

respectively. This is rather easy to see if M is a compact codimension zero subman-
ifold of R™ , and so by 6.2 (and a smooth version of 6.2) it is true in general. Now
the inclusion of S° in A(*) is 1-connected. (With the above geometric definition

of A(x), thisis a conseauence of Thm. 5.2 in Essay V, §5 of [18].) It follows that

the}ﬁap
QWhDIFF(T) s Q_VK}_,LTOP(T)

is 1-connected. Moreover, QWhsP™¥(M) and QWhsT©F (M) are 0-connected.

To prove 6.3, therefore, it is enough to show that
QQQ WhSDIFF(M) QQQ WhDIFF(T)

l v

QQQZVZ}:LSTOP(M) SN QQQZVZQTOP(T>

is a homotopy pullback square. But this is the limit over ¢ of commutative squares

CPWF (M x D) ——s CPWED(M x DI x R, 7 x £ x £9)

| |

C(M x D) -2 (M x D' x R®, 1 x &t x £°).
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For i+ n > 4, these squares are homotopy pullback squares: The relative version
of 6.4 describes one of the vertical homotopy fibers (the one on the left), and the
other one is obvious. Note that

CO'(M x D' x R®) ~ s« ~ CPFFP(Af % DP x R®).

6.5. Digression. Another useful consequence of 6.4 is that

VDIFF vPIFE - DIFF
(M) —— V2 (7)

| |

v

VM) —— V(1)

is a homotopy pullback square if dim (M) # 4. Again, 6.4 describes one of the
vertical homotopy fibers, and the other one is obvious.

6.6. Proposition. The map

VDIFF . QWhSDIFF<M) N QWhDIFF(T)

is nullhomotopic.

SKETCH PROOF (extracted from the work of Goodwillie [13]). We can assume that
M is a codimension zero compact submanifold of R™ . We shall in fact prove that

QVDIFF . QZ WhDIFF(M) N QZ WhDIFF(T)

is nullhomotopic. (Note the disappearance of the decoration s.) Think of
Q*WhPIFE(M) as a spectrum with i—th term

CDIFF,b(M X R’L)

and think of

as having 7—th term ‘
map (M/OM, QS" ).

Here it is convenient to interpret QS"*¢ as the space of paths in S™* with
endpoints distinct from (0,0,...,—1) . Then on i-th terms, QVPIFF is the map

z; : CPTFEP (M« RY) — map (M /OM, QS" )
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whose adjoint . .
CPFED (M x RY) x M x [0,1] — S™ T

sends (f,x,t) to
f'(@,0,0)/11f'(=,0, )]

where ' '
/M xR x[0,]] —R"xR'xR

is the derivative of f in the [0, 1]—direction.

Let P be the space of all pairs (t1,t2) in [0,1]> such that #; > t5 . Identify
[0,1] with a subspace of P by

t— (t,1)

and let GP C P consist of all pairs (t1,t3) with ¢t = 1 or to = 0. Let
QS™*" be the space of maps from P to S™* whose restriction to BP avoids
(0,0,...,0,—1) . This is contractibel and comes with a forgetful map

Q8™ — Q8™ g gio]
restriction of maps to [0,1] C P ). The map z; above has a lift
(
CPFEL (AL x RY) — map (M /M, QST

whose adjoint . .
CPFP(M X RY) x M x P — §™F

sends (f7 €z, (tlv t2>) to

{ (f(z,0,t1) = f(x,0,t2)) /|| f(2,0,t1) — f(z,0,%2)]] if 1 > 19

f'(2,0,t0) /| f'(, 0, )] if t1 =ts.
It follows that z; is nullhomotopic for all ¢ > 0 . We leave it to the reader to check
that the nullhomotopies are compatible. 0

We apologize for the unsystematic use of the labels Vv and QV . Our policy is to
use just one label, such as V , for all maps generated by a particular idea, but in
the proofs of 6.3 and 6.6 we did not stick to it.

Now the time has come to quote directly from Waldhausen. This is not easy! The
master sometimes makes a sport of hiding his best results, for example in [41]. Other
useful references are [42] and [43].

Fix a smooth compact M as in 6.3 and 6.6. We need the assembly map

My A és(*) — ils(M)
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and the composition
My AS® % My A As(x) =0, Ag(M)

where w is induced by the unit map from S° to As(x) . (The unit map embeds
the K —theory of finite sets in the K —theory of finite C'W —spectra.) Disregarding

earlier conventions, we write

AsOD/(M4 A As(x) and As(M)/ (M 1 5°)

for the cofibers.

6.7. Theorem (Waldhausen, expecially [41]).  The forgetful map
Q(As(M)/(My A S°)) — Q(As(M) /(M A As(x)))

is homotopy equivalent to the forget map

QWhsPYE (M) — QWhsTOP (M).

6.8. Theorem (Waldhausen [41], [43]; see also Vogell [40]).  The connecting map
Q(As(M)/(My A S")) — My A S
is nullhomotopic.

Implicit in 6.7 is the claim that the change from decoration h to decoration s
causes no problems (since Waldhausen uses h ). This was mentioned in Part II; a
proof in Part IIT was promised. But as we are in Part III now, it seems wiser to put
it off to Part V. With the fibration theorem 1.6.4 in [42], it is an exercise (hint due
to R. Thomason).

We establish our reformulation by comparing two commutative squares:

v

QW hsPFF(M) —— QWhPIFF(7)
(1) Jforget lforget

from 6.3, and

@ I o
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where the horizontal maps are connecting maps. The two diagrams obtained from
(1) and (2) by deleting the lower right corners are homotopy equivalent, by 6.6,
6.8 and 6.7. But now both (1) and (2) are homotopy pullback squares (the first
by 6.3), so they will still be homotopy equivalent if the lower right corners are kept.
In particular, the bottom rows of (1) and (2) are homotopy equivalent. In the
shorthand notation used in the introduction, the bottom row of (2) becomes

As(M)g, 2 As(M)”.
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