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HOMOTOPICAL INTERSECTION THEORY, II:
EQUIVARIANCE

JOHN R. KLEIN AND BRUCE WILLIAMS

ABSTRACT. This paper is a sequel to [KW]. We develop here
an intersection theory for manifolds equipped with an action of a
finite group. As in [KW], our approach will be homotopy theoretic,
enabling us to circumvent the specter of equivariant transversality.

We give applications of our theory to embedding problems, equi-
variant fixed point problems and the study of periodic points of self
maps.
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1. INTRODUCTION

Intersection problems. Suppose N is a compact smooth manifold
equipped with a closed submanifold ) C N. An intersection problem
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for (N, Q) consists of a map f: P — N, where P is a closed manifold.
A solution to the problem consists of a homotopy of f to a map g
satisfying g(P) N @ = (). We depict the situation by

N—-Q

|

pP——N,
in which we seek to find the dotted arrow making the diagram homo-
topy commute. One also has a version of the above when P has a
boundary whose image under f is disjoint from ). We then require
the deformation of f to hold the boundary fixed. Let ig: @ C N be
the inclusion. We will often denote the data by (f,ig).

In [KW], we produced an obstruction x(f) living in a certain bor-
dism group whose vanishing is necessary for the existence of a solution.
Furthermore, the obstruction was shown to be sufficient in the range
p < 2n —2g — 3, where dim N = n,dim ) = ¢ and dim P = p. We also
gave a version of the obstruction for families.

Here, we will consider equivariant intersection problems. Suppose
G is a finite group and the above manifolds are equipped with smooth
G-actions.

In the equivariant setting, ig: @ C N is a G-submanifold and
f: P — N is an equivariant map. We now seek a deformation of
f through G-maps to an equivariant map whose image is disjoint from
Q.

The partial answers we will give to such questions are phrased in
terms of isotropy data. If X is a G-space, we let

7(G; X)

denote the conjugacy classes of subgroups of G which appear as stabi-
lizer groups of points of X.

Indexing functions. An indezing function ¢, on a G-space X assigns
to a subgroup H C G a locally constant function ¢y with domain
X" the fixed point set of H acting on X, and codomain given by
the extended integers Z U 4co. It is also required to be conjugation
invariant: if K = gHg™! and h: X — X¥ is the homeomorphism
x +— gx, then ¢y = ¢ o h.

If 1), is another indexing function on X, and H C G is a subgroup,
we write

o < Yy
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if o (x) < g(x) for all z € XH. If ¢y < opy for all H, then we write
P < Vs

Here are some examples:

Dimension. If M is a locally smooth G-manifold, then for any subgroup
H C G the components of the fixed point set M are manifolds [B)
Ch. 4]. The dimensions of the components can vary. If z € M* then
the dimension of the component containing x defines a locally constant
function m*. The collection m® := {m*} ¢ is called the dimension
function of M. If M¥ is empty, our convention is to set m = —oo.

Codimension. Let ig: () C N be as above. Let

cda(iq)
be the indexing function on @ in which cdy(ig)(x) is the dimension

of the normal space to the embedding Q¥ C N¥ at x € Q7 (if Q is
empty but N isn’t, our convention is to set cdy(ig) = +00).

Pullback. Suppose f: X — Y is a G-map. Given an indexing function
e On Y, we obtain an indexing function f*a, on X which is given by

fran(z) = ag(f(x)).

Pushforward. Given f: X — Y asabove, let 3, be an indexing function
on X. Fory € Y we let [y] denote the associated path component. Let
I, be the set of those [z] for which [f(z)] = [y]. That is, Iy, is the
inverse image of f.: mo(X) — mo(Y) at [y].

Define an indexing function f,3, on Y by the rule

inf x if I+, is nonempty,
flﬂH(?J) — Ifyy ﬂH( ) f,y . p y
00 otherwise.

Note fif*ae > a,, with equality holding when f, is a surjection,
whereas f*fi8, < (o with equality holding when f, is an injection.

Stable intersections. Just as in the unequivariant case, equivariant
intersections can be removed when the codimension is sufficiently large.
The equivariant intersection problem (f,ig) is said to be stable if

P < fig)edn(iq) — 1
for every (H) € Z(G; P) (Roughly, this means the dimension of the
transverse intersection of f(P¥) and Q¥ is negative).
If the intersection problem is stable, one can use elementary equi-
variant obstruction theory to show f equivariantly deforms off of @),
yielding a solution.
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A “cohomological” result. Our first main result gives a complete
obstruction to solving equivariant intersection problems in the equi-
variant metastable range. The obstruction lies in the cohomology of P
with coefficients in a certain parametrized equivariant spectrum over N.
A reader who is not familiar with this technology should consult §3]

Theorem A. To an equivariant intersection problem (f,iq), there is
a naiwe parametrized G-spectrum E(ig) over N, which is constructed
from the inclusion ig: Q C N, and an obstruction

ec(f) € He(P; E(iq))
which vanishes when the intersection problem has a solution.
Conversely, if eq(f) =0 and

p" < 2f"(ig)reduliq) — 3
for all (H) € Z(G; P), then the intersection problem has a solution.

Remark. Theorem [Alis an equivariant version of [KW], Cor. 3.5]. The
word naive is used here indicate that the parametrized spectrum is
indexed over a trivial universe; the equivariant cohomology theory of
the theorem is therefore of “Bredon type.”

The inequalities of Theorem [A] define the equivariant metastable
range. When G is the trivial group, one has the sole inequality 2p <
2n—2g—3, which is just the unequivariant metastable range (cf. [KW]).

Homotopical equivariant bordism. Since naive equivariant coho-
mology theories are not indexed over representations, they are not fully
“stable.” From our viewpoint, a crucial deficiency of naive theories is
their lack of Poincaré duality.

To get around this, we impose additional conditions to get a more
tractible invariant residing in a theory which does possess Poincaré du-
ality. We will map the equivariant cohomology theory of Theorem [A]
into a similarly defined RO(G)-graded one. The additional constraints
will insure the map is injective. Applying duality to our pushed-forward
invariant, we obtain another invariant living in RO(G)-graded homol-
ogy. We then identify the homology theory with the homotopical G-
bordism groups of a certain G-space.

To a G-space X equipped with real G-vector bundle £, one has an
associated equivartant Thom spectrum

x¢
whose spaces X‘g, are indexed by representations V' ranging over a com-

plete G-universe U (compare [M, Chap. XV]). Here, X5 denotes the
Thom space of ¢ ® V. Equivalently, X¢ is the equivariant suspension

Y
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spectrum of the Thom space of £. More generally, X¢ is defined when-
ever ¢ is an wirtual G-bundle over X (see [LMS, Ch. 9] for details).

For a virtual G-representation a = V — W, the homotopical G-
bordism group of (X, &) in degree « is given by

Q(X:€) = colim[S"*Y, Xfy, ]

where [SVTY, X§V Lu]¢ denotes the homotopy classes of based G-maps

SVHU . X§, Lu (in which SV*Y is the one point compactification of
the direct sum of V' and U), and the colimit is indexed over the finite
dimensional subrepresentations U of U using the partial ordering de-
fined by inclusion. Actually, we will only need consider the case when
a = 0 is the trivial representation of rank zero.

Remarks. (1). There is a related object, N9 (X €), called the geometric
bordism group of (X,€). It is generated by G-manifolds M equipped
with G-map u: M — X and a stable G-bundle isomorphism

u*f@TM@EW = €y ,

where €y denotes the G-bundle whose total space is X x V.
The Pontryagin-Thom construction defines a homomorphism

NZ(X;€) — Q5(X;¢€).

In constrast with the unequivariant case, this map can fail to be an
isomorphism because of the lack of equivariant transversality (see [P],
[CW], M, p. 156]).

(2). When ¢ is a G-vector bundle (not virtual), then X¢ is the equivari-
ant suspension spectrum of the Thom space of £. In particular, when
€ is trivial of rank zero, we get X% (X ), the equivariant suspension
spectrum of X II x. In this case, the map from the equivariant geo-
metric bordism group to the homotopical one is an isomorphism [Hal,
[Ko]. The k-th homotopy group of ¥ (X, ) coincides with Q™ (X),
the k-dimensional equivariant framed bordism group of X.

(3). When G = e is the trivial group, and ¢ has virtual rank n,
Q6(X;€) = Qo(X;€) is the bordism group generated by maps a: M —
X, with M a compact n-manifold, together with a (stable) isomorphism
a*& with the stable normal bundle of M. Note the indexing convention
used here is different from the one of [KW] (the latter implicitly ignored
the rank of £ but indicated the dimension of the manifolds in the degree
of the bordism group; thus the group €2, (X; &) of [KW] coincides with
the current Q(X;¢)).
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We now specialize to the equivariant bordism groups arising from in-
tersection problems. Given an equivariant intersection problem (f,ig),
define

E(f7 ZQ)
to be the homotopy fiber product (a.k.a. homotopy pullback) of f and
ig. A point in E(f,ig) is a triple (x, A,y) in which z € P, y € @ and
A:[0,1] — N is a path such that A\(0) = f(z) and A(1) = y. There is
an evident action of G on E(f,iq).

There are forgetful maps jp: E(f,ig) — P and jo: E(f,ig) — @,
both equivariant. There is also an equivariant map jy: E(f,ig) — N
given by (z,\,y) — A(1/2). Using these, we obtain an equivariant
virtual bundle over E(f,ig) by

§ = Jn — o — it
If @ C N is held fixed, then £ is completely determined by f: P — N.

A “homological” result.

Theorem B. Given an equivariant intersection problem (f,ig), there
18 an invariant

xa(f) € QG (E(f.iq);€)
which vanishes when f is equivariantly homotopic to a map whose im-
age is disjoint from Q).
Conversely, assume xq(f) =0 and
e for each (H) € Z(G; P), we have
pt < 2f*(ig)iedp(iq) — 2;
e for each (H) € Z(G; P) and each proper subgroup K C H, we
have
p" < flig) cdr (i) — 2.

Then f s equivariantly homotopic to a map whose image is disjoint

from Q.

Remarks. (1). The assignment f +— xq(f) is a global section of a locally
constant sheaf over the equivariant mapping space map(P, N)¢. The
stalk of this sheaf at f is QF(E(f,ig);€). This explains the sense
in which yg(f) is an invariant: an equivariant homotopy from f to
another map f’: P — N gives rise to an isomorphism of stalks over f
and f’, and the isomorphism transfers yq(f) to xa(f’)-

(2). The second set of inequalities of Theorem [Bl can be regarded as a
gap condition.
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(3). An advantage that Theorem [B] enjoys over Theorem [Al is that
the obstruction group appearing in the former is is defined directly in
terms of the maps f: P — N and Q — N. It turns out that obstruction
group of Theorem [Al is defined in terms of f the map N — @Q — N,
which is not as easy to identify in terms of the input data. Furthermore,
the equivariant bordism group appearing in Theorem [B] arises from a
Thom spectrum indexed over a complete universe, so more machinery
is at hand for the purpose of making calculations (see [M]).

Boundary conditions. There is also a version of Theorem [Bl when N
is compact, possibly with boundary, and P is compact with boundary
OP # 0 satisfying f(OP) N @ = (. In this instance one seeks an
equivariant deformation of f, fixed on P, to a new map whose image
is disjoint from Q).

Addendum C. Theorem [Bl also holds when P and N are compact
manifolds with boundary, where it is assumed f(OP)NQ =0 and Q is
embedded in the interior of N.

Sparse isotropy. When the action of G on P has few isotropy types,
the inequalities in Theorem [B] unravel somewhat.

Free actions. Suppose the action of G on P is free. Then the trivial
group is the only isotropy group and the inequalities of Theorem [Bl
reduce to a single inequality

p<2(n—q)—3=2n-—2q—3.

Furthermore, the equivariant bordism group of Theorem [Bl is isomor-
phic to the unequivariant bordism group

Qo(EG Xa E(f, ’iQ); ldEG XGg) ,

where EG x¢ E(f,ig) is the Borel construction. This bordism group
is generated by maps u: M — EG x¢g E(f,ig) together with a stable
isomorphism vy, = u*(idgg Xg€), where M has dimension p + ¢ — n
and vy, denotes the stable normal bundle. The identification of these
groups is obtained using a transfer construction (we omit the details).

Trivial actions. 1f P has a trivial G-action, then the only isotropy group
is G. In this instance, P has image in N¢ and the intersection problem
becomes an unequivariant one, involving the map f: P — N¢ and the
submanifold Q¢ C N¢. Assume for simplicity that N¢ and Q¢ are
connected. Then by [KW], the intersection problem admits a solution
when x(f) € Qo(E(f,ige);€) is trivial and p < 2n% — 2¢% — 3.
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Prime order groups. Let G be a cyclic group of prime order. By the
above, we can assume both the trivial group and G appear as stabilizer
groups. Then () # P¢ C P.

For simplicity, assume Q¢ and N are connected. Then the first set
of inequalities of Theorem [Bl becomes

p<2n-2¢—-3, p%<2m—2¢" -3,
and the second set amounts to the single inequality
p¥<n—q-2.

Local intersection theory. Suppose an equivariant intersection prob-
lem (f,ig) has been partially solved in the following sense: there is
G-subspace U C P such that f(U) is disjoint from ). One can then
ask whether the solution extends to a larger subspace of P. A local
equivariant intersection problem amounts to these data. A systematic

approach to such questions provided by the isotropy stratification of
P.

The isotropy stratification. The relation of subconjugacy describes a
partial ordering Z(G; P): we will write

(H) < (K)

if K is properly subconjugate to H. We then choose a total ordering
which is compatible with the partial ordering. Let

(Hy) < (Hp) <--- < (Hy)

be the maximal chain coming from the total ordering of Z(G; P).
Let P, C P be the set of points x having stabilizer group G, in
which (G,) < (H;). Then we have a filtration of G-spaces

0\=PhCPCPRC---CP=P,

where each inclusion P, C P, possesses the equivariant homotopy
extension property (cf. [D], [I]).

The local obstruction. Suppose (f,ig) is an equivariant intersection
problem with f(P,_1) NQ = 0 for some i > 1. We seek a deformation
of f relative to P;_; to a new map f’ such that f'(P,) N @Q = (. The
map [’ is then a solution to the local problem.

Let H be a representative of (H;) and let fy: Py — N denote the
restriction of f to Py. The Weyl group W(H) = N(H)/H acts on P¥
and freely on Py. Let y& be the virtual W (H)-bundle over E(fy,ig)
defined by

INTN =TT — diy T
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Theorem D. There is an invariant

Xa(f) € (B (fa.iq); ne))

which is trivial when the local problem at P; relative to P;_1 can be
solved.
Conversely, assume x%(f) =0 and

P < 2f* (i) edn(iq) — 3
for (H) = (H;). Then the local problem admits a solution.

Descent. The global invariant xq(f) is an assemblage of all the local
invariants. Although the local invariants may contain more informa-
tion, they can fail to provide a solution to the global question. To
address this point, we will give criteria for deciding when the vanishing
of the global invariants implies the vanishing of the local ones. In com-
bination with Theorem [D] the criteria yield a kind of descent theory for
equivariant intersection problems.

Let H € Z(G; P) be and consider the inclusion
Py C PY.

The corresponding inclusion E(Py, Q) C E(PY,Q) by ty. The map
fH: P — N will denote the restriction of f to P¥. Define a virtual
W (H)-bundle ¢ over E(f",ig) by jiTn — JoTQ — jpuTpu. Since the
pullback of #¢ along tz is g€, we get an induced homomorphism

(trn)e: Q0" B (fa i) w€) — Qo (E(f7,iq) ")
Theorem E (“Global-to-Local”). Assume

o f(P_1)NQ =0 for somei>1 (soxL(f) is defined).
o (tg). is injective for (H) = (H;).

Then xa(f) = 0 implies x5 (f) = 0.

Corollary F (“Descent”). Let (f,ig) be an equivariant intersection
problem. Assume

* xa(f) =0,
o (ty). is injective,

[ pH < 2f*(’LQ)| CdH(’iQ) - 3,
for every (H) € Z(G; P). Then there is an equivariant deformation of
f to a map whose image is disjoint from Q).

Applications.
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Embeddings. Suppose f: P — N is a smooth immersion. Equipping
P with a Riemannian metric, we identify the total space of the unit
tangent disk bundle of P with a compact tubular neighborhood of
the diagonal Ap C P x P. With respect to this identification, the
involution of P x P corresponds to the one on the tangent bundle that
maps a tangent vector to its negative. Let S(2) be the total space of
the unit spherical tangent bundle of P, and let P(2) be the effect of
deleting the interior of the tubular neighborhood from P x P. Then
(P(2),5(2)) is a free Zo-manifold with boundary.

If we rescale the metric, then fx f determines an equivariant map

(F2), F@)s): (P(2), S(2)) — (N2, N*2 = Ay),

which yields relative Zs-equivariant intersection problem with free do-
main. The fiber product E(f(2),ia, ) in this case coincides with the
space of triples (x, v, y) with z, y € P(2) and y a path from f(z) to f(y).
The involution is given by (z,v,y) — (y,7, ), where 3(t) := ~v(1 — t).
We set El(fa f) = E(f(2)a iAN)'

Applying Addendum [Bl and observing the action is free, we have an
obstruction

1(f) € Qo(EZy Xz, E'(f, f);id x2,6)

whose vanishing suffices for finding an equivariant deformation of f(2),
fixed on S(2), to a map whose image is disjoint from Ay, provided
3p+ 3 < 2n.

By a theorem of Haefliger [H], f is regularly homotopic to an em-
bedding in the metastable range 3p + 3 < 2n if and only if the above
equivariant intersection problem admits a solution. Consequently,

Corollary G (compare [HQ, th. 2.3]). If f is reqularly homotopic to
an embedding, then p(f) is trivial.

Conversely, in the metastable range, the vanishing of u(f) implies
f is reqularly homotopic to an embedding.

Equivariant fized point theory. Let M be a closed smooth manifold
equipped a smooth action of a finite group G. Let

map’ (M, M)%
denote the space of fixed point free G-maps from M to itself. Equi-
variant fixed point theory studies the extent to which the inclusion
map’(M, M)“ — map(M, M)“
is a surjection on path components.
For an equivariant self map f: M — M, let

LM
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be the space of paths A: [0, 1] — M satisfying the constraint f(A(0)) =
A(l). Then G acts on LyM pointwise. Let (LyM), be the effect of
adding a disjoint basepoint to LM, and finally, let

Q5" (Ly M)
be the G-equivariant framed bordism of L;M in dimension zero.

Theorem H. There is an invariant
la(f) € Q6 (LyM)

which vanishes when f is equivariantly homotopic to a fized point free
map.
Conversely, assume lg(f) = 0. If
o mf >3 forall (H) € Z(G; M).
e mfl < m& — 2 for proper inclusions K C H with K,H €
I(G; M),
then f s equivariantly homotopic to a fixed point free map.

Remarks. (1). The above can be regarded as an equivariant analog of
a classical theorem of Wecken [We].

(2). A formula of tom Dieck splits Q5" (L ;M) into a direct sum of un-
equivariant framed bordism groups indexed over the conjugacy classes
of subgroups of G. The summand corresponding to a conjugacy class
(H) is
QU (EW (H) xwmy Ln M),

where EW (H) xw gy L yr M is the Borel construction of the Weyl group
W (H) acting on Lyz M (see [tD], [M]). Consequently, {c(f) decom-
poses as a sum of invariants indexed in the same way. We conjecture
the Nielsen number N(f) can be computed from the projection of
l(f) onto the displayed summand.

(3). Our result bears close similarity to a theorem of Fadell and Wong
[FW] (see also [F],[W]). Their result uses the Nielsen numbers N (f*)
with (H) € Z(G; M) in place of our {g(f).

Periodic Points. A fundamental problem in discrete dynamics is to
enumerate the periodic orbits of a self map f: M — M, where M is a
closed manifold.

Let n > 2 be an integer. A point x € M is said to be n-periodic if
x is a fixed point of the n-th iterate of f, i.e., f"(z) = z. The set of
n-periodic points of f is denoted

Pa(f) -
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The cyclic group Z, acts on P,(f): if t € Z, is a generator, then the
action is defined by t - x := f(x).
The homotopy n-periodic point set of f is the Z,-space

hoP,(f)

consisting of n-tuples
(A1, Agy s An) s

in which A;: [0,1] — M is a path and the data are subject to the
constraints
Here we interpret the subscript ¢ as being taken modulo n. The action
of Z,, on hoP,(f) is given by cyclic permutation of factors.

There is a map P,(f) — hoP,(f) given by sending an n-periodic
point z to the n-tuple

(Cm, Cf(x)) Cr2(z)y -+ Cfnfl(m))
in which ¢, denotes the constant path with value x.

For a self map f: M — M, as above, let
Q" (hoPu(f))

be the Z,-equivariant framed bordism group of hoP,(f) in dimension
0.

Theorem I. There is a homotopy theoretically defined invariant
(a(f) € Q™" (hoPo(f))

which is an obstruction to deforming f to an n-periodic point free self
map.

Remarks. At the time of writing, we do not know the extent to which
(,(f) is the complete obstruction to making f n-periodic point free.
When dim M > 3, Jezierski [J] has shown the vanishing of the Nielsen
numbers N(f*) for all divisors k|n implies f is homotopic to an n-
periodic point free map (here f* denotes the k-fold composition of f
with itself). We conjecture that £,,(f) determines N(f%).

Periodic points and the fundamental group. Let m be a group equipped
with endomorphism p: m — 7. Consider the equivalence relation on 7
generated by the elementary relations

-1

x ~ gzp"(g)— and z ~ p(x)

for x,g € m. Let
Ton
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be the set of equivalence classes. Let
Aurey

denote the free abelian group with basis 7, .

Let f: M — M be a self map of a connected closed manifold M.
Fix a basepoint * € M. Choose a homotopy class of path [a] from x
to f(x). Then [a] defines an isomorphism

mi(M,*) = (M, f(x)).

Furthermore, f and [a] together define a homomorphism

p (M, ) 2o (M, £()) = (M, 5).
Let m = m (M, *).

Theorem J. The data consisting of the self map f: M — M, the
choice of basepoint * € M and the homotopy class of path [a] from *
to f(x) determine an isomorphism of abelian groups

Q" (hoPu(f)) = €D Zlmpul -

k|n

With respect to this isomorphism, there is a decomposition

G(f) = @ L(f),

k|n

in which ((f) € Zlm,x).

2. PRELIMINARIES

G-Universes. The G-representations of this paper are assumed to
come equipped with a G-invariant inner product. A G-universe U is a
countably infinite dimensional real representation of G which contains
the trivial representation and which contains infinitely many copies of
each of its finite dimensional subrepresentations.

We will be interested in two kinds of universes. A complete universe
is one that contains infinitely many copies of representatives for the
irreducible representations of G' (in this instance one can take U to
be the countable direct sum of the regular representation). A trivial
universe contains only trivial representations.
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Spaces. We work in the category of compactly generated topological
spaces. The empty space is (—2)-connected and every non-empty space
is (—1)-connected. A map A — B of spaces (with B nonempty) is
r-connected if for any choice of basepoint in B, the homotopy fiber
with respect to this choice of basepoint is an (r—1)-connected space
In particular, any map A — B is (—1)-connected. A weak homotopy
equivalence is an oco-connected map.

G-spaces. Let GG be a finite group. A G-space is a space X equipped
with a left action of G. A map of G-spaces is a G-equivariant map.
Let T be a transitive G-set. The T'-cell of dimension j is the G-space

T x D7,
where G acts diagonally with trivial action on D7.

Remark 2.1. If a choice of basepoint t € T is given, then one has
a preferred isomorphism G/H = T, where H = G, is the stabilizer
of t. Given another choice of basepoint t’, the stabilizer group Gy is
conjugate to H. We will call the conjugacy class (H) the type of T
Two transitive G-sets are isomorphic if and only if they have the same

type.
Given a G-map f: T x S~ — Y, one may form
Y Uy (T x DY).

This is called an T'-cell attachment. If j = 0, we interpret the above as
a disjoint union.

A relative G-cell complex (X,Y) is a pair in which X is obtained
from Y by iterated equivariant cell attachments (where we allow T
to vary over different transitive G-sets; the collection of attached cells
is allowed to be a class). The order of attachment defines a partial
ordering on the collection of cells. If this order is dimension preserving
(i.e., no cell of dimension j is attached after a cell of dimension j" when
j < j"), then (X,Y) is a relative G-CW complex. When the collection
of such attachments is finite, one says (X,Y) is finite. When Y is
the empty space, X is a G-cell complex and when the attachments are
self-indexing, X is a G-CW complex.

The cellular dimension function d, for (X,Y") is the indexing func-
tion whose value at H is the maximal dimension of the cells of type
(H) appearing in the collection of attached cells. We set dy = —o0 if
(X,Y) has no cells of type (H).
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Remark 2.2. Let M be a closed smooth G-manifold with dimension
function m®. A result of Illman [I] shows that M possesses an equi-
variant triangulation. If d, is the cellular dimension function of this
triangulation, then dy = m® for all H € Z(G; M).

Quillen model structure. Let T(G) be the category of G-spaces.
A morphism f: X — Y is a weak equivalence if for every subgroup
H C G the induced map of fixed points

fH:XH—>YH

is a weak homotopy equivalence. Similarly, a morphism f is a fibration
if f# is a Serre fibration for every H. A morphism f: X — Y is a
cofibration if there is a relative G-cell complex (Z, X) such that YV is a
retract of Z relative to X.

Let R(G) be the category of based G-spaces. A morphism X — Y
of R(G) is a weak equivalence, cofibration or fibration if and only if it
is so when considered as a morphism of T'(G).

Proposition 2.3 (|[DK]|, [M, Ch. VI §5]). With respect to the above
structure, both T(G) and R(G) are Quillen model categories.

Connectivity. One says an indexing function r, is a connectivity func-
tion for a G-space Y if Y is ry-connected for H C G a subgroup (if
Y is empty, we set ry = —2). If f: Y — Z is a morphism of T(G),
then a connectivity function for f is an indexing function r, such that
f2:YH" — ZH is an ry-connected map of spaces (one can always
assume 7y > —1 since every map of spaces is at least (—1)-connected).

Lemma 2.4. Let Y — Z be a fibration of T(G) with connectivity
function ro. Suppose (X, A) is a relative G-cell complex with cellular
dimension function do. Assume dyg < rg for all subgroups H C G.
Then given a factorization problem of the form

A—Y

X— 7
we can find an equivariant lift X — 'Y such that the diagram commutes.

Remark 2.5. The condition dy < ry is automatically satisfied if no
cells of type (H) occur in (X, A).

Proof of Lemma [2-]]. The proof proceeds by induction on the equivari-
ant cells which are attached to A to form X. The inductive step is



16 JOHN R. KLEIN AND BRUCE WILLIAMS

reduced to solving an equivariant lifting problem of the kind

G/H x S77' —— Yy

G/H x D) —— 7,

where the horizontal maps are allowed to vary in their equivariant
homotopy class.

Now, a G-map G/H xU — Z when U has a trivial action is the same
thing as specifying a map U — ZH. This means the lifting problem
reduces to an unequivariant one of the form

STt ——yH

DI SN ZH
The latter lift exists because f¥ is ry-connected and j < rg. O

Corollary 2.6. Consider the lifting problem

A—Y

X—7
of G-spaces in which
o Y — 7 is a map with connectivity function r,,
o Y is cofibrant,

o (X, A) is a relative G-cell complex with dimension function d,,
o dy < rg for each subgroup H C G.

Then there is a G-map X — Y making the top triangle of the diagram
commute and the bottom triangle homotopy commute.

Proof. Factorize the map Y — Z as
Y ->Y‘ > Z

in which the map Y — Y is a cofibration and a weak equivalence and
the map Y¢ — Z is a fibration. Apply Lemma 2.4l to the diagram with
Y ¢ in place of Y. To get a map X — Y making the diagram commute.

Since every object is fibrant, the acyclic cofibration ¥ — Y° is a
retract; let r: Y° — Y be a retraction. Let f: X — Y be the map
X — Y¢ followed by the retraction. Then f satisfies the conclusion
stated in the corollary. O
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Fiberwise G-spaces. Fix a G-space B. A G-space over B is a G-space
X equipped with G-map X — B, usually denoted px. A morphism
X — Y of G-spaces over B is a G-map which commutes with the
structure maps px and py. Let

T(B;G)

be the category of G-spaces over B.
We also have a “retractive” version of this category, denoted

R(B;G).

An object of the latter consists of a G-space X and maps px: X — B,
sx: B — X such that pxsx = idg. A morphism X — Y is an
equivariant map compatible with both structure maps.

In either of these categories, a morphism X — Y is said to be a
weak equivalence/cofibration/fibration if it is so when considered as a
morphism of 7'(G) by means of the forgetful functor. With respect to
these definitions, T'(B; G) and R(B;G) are Quillen model categories.

An object X in either of these categories is said to be ro-connected
if the structure map X — B is (re + 1)-connected. A morphism is said
to be re-connected if the underlying map of T'(G) is.

The category R(B;G) has internal smash products, constructed as
follows: let X, Y € R(B;G) be objects. Then

X AY € R(B;G)
is the object given by the pushout of the diagram
B +— XUgY —“= X xpY

where X XY is the fiber product of X and Y.
Since R(B;G) is a model category, one can form homotopy classes
of morphisms. If X|Y € R(B;G), we let

[Xv Y]R(B§G)

denote the set of homotopy classes of morphisms. Recall the definition
requires us to replace X by its cofibrant approximation and Y by its
fibrant approximation.

3. THE PROOF OF THEOREM [A]

Unreduced fiberwise suspension. Let £ € T(B;G) be an object.
The unreduced fiberwise suspension of E over B is the object SpFE €
T(B;G) given by the double mapping cylinder

SpE:=Bx0UEX[0,1]UB x 1.
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The two evident inclusions s_, s, : B — SpFE are morphisms of T'(B; G).
Using s_, we will consider SpE as an object of R(B;G).

Obstruction to sectioning. Let
B+

denote B II B considered as an object of R(B;G) using the left sum-
mand to define a section. Then

s:=s_Is,: Bt - SpF
is a morphism of R(B;G). We consider the associated homotopy class
[s] € [BT, SpE]rs:c) -

The following proposition is an equivariant version of results of Lar-
more (Ll th. 4.2-4.3]; see also [KW], prop. 3.1]).

Proposition 3.1. Assume E € T(B;G) is fibrant. If E — B admits
an equivariant section, then [s] is trivial.
Conwversely, assume
o [s] is trivial,
e B is a G-cell complex with dimension function b,,
e the object E € T(B; Q) is re-connected, and
o by <2ry+ 1.

Then E — B admits an equivariant section.

Proof. Let 0: B — FE be a section. Apply the functor Sg and note
SpB = B x [0,1]. We then get a map

SBO'I B x [0,1] —>SBE

which gives a homotopy from s_ to s, through morphisms of T'(B; G).
This is the same thing as establishing the triviality of [s].
Conversely, the diagram

—— B
I
T>SBE

is preferred homotopy commutative in the category T'(B;G). As a
diagram of G-spaces it is a homotopy pushout. Let H C G be a
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subgroup. Taking H-fixed points, we obtain a homotopy pushout

BT —— B"

|l

BH 7 SBHEH

in the category R(B¥;e) where e is the trivial group. Since F is an
ro-connected object, the map EFff — B is (ry + 1)-connected.

By the Blakers-Massey theorem (see e.g., |Gl p. 309]), the second
diagram is (2ry+1)-cartesian. Consequently, the first diagram is (2r,+
1)-cartesian. Let P denote the homotopy inverse limit of the diagram

Bs—7>SBE<S—+B.

Then we conclude the map E — P is (2r, + 1)-cartesian. If we assume
[s] = 0, then the map P — B admits a section up to homotopy (using
the universal property of the homotopy pullback). By the assumptions
on B and Corollary 2.6, the G-map F — B admits a section up to
homotopy. Since F is fibrant, this homotopy section can be converted
into a strict section. 0

Naive stabilization. The reduced fiberwise suspension g E of an ob-
ject E € R(B;@G) is given by considering E as an object of T'(B; G),
taking its unreduced fiberwise suspension SgFE and taking the pushout
of the diagram

B« SgB — SpFE
where SpB — SpF arises by applying Sp to the structure map B — E.
A naiwe parametrized G-spectrum £ is a collection of objects
&, € R(B;G)
equipped with maps ¥Xg&, — E,11.

Ezample 3.2. Let Y € R(B;(G) be an object. Its naive parametrized
suspension spectrum X%'Y has n-th object X1Y, the n-th iterated fiber-
wise suspension of Y.

Definition 3.3. Let X € T'(B;G) be an object. The zeroth cohomol-
ogy of X with coefficients in £ is the abelian group given by

HE(X;E) = colim[SHX T, Eresi0)

n—oo

where X = XTIB and the maps in the colimit arise from the structure
maps of &.
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Remark 3.4. Assuming the maps &£, — B are fibrations, one can take
the pullbacks f*&, — X. These form a naive G-spectrum over X, and
an unraveling of the definitions gives

Hg(X; f7€) = Hg(X;€).

Definition 3.5. Let X, E € T(B;G) be objects with F fibrant and X
cofibrant. Let f: X — B be the structure map. Let

e(f,E) € HY(X; X% SpE)
be the class defined by the map
x+ L pr =, .

Proposition 3.6. Let X, E and f be as above. If E — B admits an
equivariant section along f, then e(f, E) is trivial.
Conwversely, assume
e ¢(f, E) is trivial,
o X is a G-cell complex with dimension function k,,
o £ € T(B;G) is re-connected, and
o ko <21y + 1.

Then E — B admits an equivariant section along f.
Proof. By Proposition 3], it will be enough to prove the maps
Sp: [E5X T, B5SsErmie) — B8 X, Z5 SpElrsic)

are isomorphisms in the stated range. We will do this when n = 0.
The case n > 0 is similar.
We have a map

E — QBEBE

which is adjoint to the identity. By Corollary 2.6, it will be enough to
show this morphism is 2r, + 1-connected. Let H C G be a subgroup
and consider the map

EH — QBH EBH EH
of R(BH;e). If b € B is any point, we have an induced map of fibers
Ef — QyEl.

Since Ef is ry-connected, the Freudenthal suspension implies the last
map is (2ry + 1)-connected. We infer that the map E# — QpXpEH?
is (2ry + 1)-connected, which is what we needed to show. O
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Proof of Theorem [Al
Lemma 3.7. The map (N — Q) — N is (ig)icdu(ig) — 1)-connected.

Proof. Let H C G be a subgroup. Then (N — Q)7 = N# — Q" and
we need to compute the connectivity of the inclusion

NI _QH — N7

This will be done using transversality.
Consider a map of pairs

i (K, A) — (N7 NP = Q1)

(K,A) = (D?,S77 ) or (S7,0). We can assume 7 is transverse to Q7. If
y € v(K)N QY then it must be the case j > cdy(ig)m(y). Therefore,
v(K) is disjoint from Q¥ whenever j < cdg(ig)u(y) for all y € Q.
This is equivalent to requiring j < (ig)icdu(ig), so the conclusion
follows. O

Let
(N-Q) = E—N

be the effect of factorizing N—() — N as an acyclic cofibration followed
by a fibration. By Lemma 37 E € T(N;G) is an (ig) cdy(ig) — 2)-
connected object.

Since N — (@ is cofibrant, it will suffice to show £ — N admits a
section along f.

We set £(ig) equal to the naive fiberwise suspension spectrum

YNSNE
and
ea(f) = e(f, E) € HH(P;E(iq)) .
By the first part of Proposition 3], if £ admits a section along f, then

ec(f) is trivial.
Conversely, assume eg(f) is trivial. Then

e(idp, f'E) € Hg(P; f*E(iq))

is also trivial. One easily checks f*E is an (f*(ig): cde(ig)—2)-connected
object. By the second part of Proposition 3.1 the fibration f*E — P
admits a section when

De S 2f*(’LQ)l Cd.(’iQ) - 3.

This completes the proof of Theorem [Al
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4. NAIVE VERSUS EQUIVARIANT STABILIZATION

The unfibered case. If Y € R(G) = R(x;G) is a cofibrant object,
we define

QcY = colim QVsVy

where V' ranges over the finite dimensional subrepresentations of a
complete G-universe U partially ordered with respect to inclusion, and
QV¥VY is the space of unequivariant based maps SV — SV AY, where
SV is the one point compactification of V. This is a G-space by conju-
gating maps by group elements.

Consider the natural G-map

QY — QgY .

Proposition 4.1. Assume Y has connectivity function ro. Then the
map QY — QgY is s.-connected, where

SH = inf TK .

KCH
Proof. Let H C G be a subgroup. We must show the map of fixed
points
QY™) = (QY)" — (QeY)".
is sy-connected. By the tom Dieck splitting ([M) p. 203, Th. 1.3}, [tD,
th. 7.7]),
(QcY)" =~ || QEW(K)1 Awu) Y,

(K)
where (K') varies over the conjugacy classes of subgroups of H and
W (K) denotes the Weyl group. The factor corresponding to (K) = (H)
gives the inclusion Q(Y7) — (QcY)". As QEW (K): Aw )Y is rg-
connected, it follows the inclusion is (inf xc g 7x)-connected. O

Equivariant stabilization. Let V' be a finite dimensional G-representation
equipped with invariant inner product. We let D(V') be its unit disk
and S(V) its unit sphere.

Let X € T(B;G) be an object. The unreduced V -suspension of X
over B is the object S} X given by

S(V) x B US(V)XE D(V) xY.

Note the case of the trivial representation V' = R recovers SpX.
If Y € R(B;G) is an object, then a reduced version of the construc-
tion is given by
YRY = BUpuyxs SpY .
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The fiberwise V -loops of Y € R(B; G) is the object
QLE

given by the space of pairs (b, ) in which b € B and X\: SV — p~1(b)
is a based map. The action of g € G on (b, \) is given by (gb, g\).
Then (X%, Q%) is an adjoint functor pair.

Definition 4.2. For an object Y € R(B;G), define

Q%Y = coxl/im QEYRY
where the colimit is indexed over the finite dimensional subrepresenta-
tions of a complete G-universe U.

Proposition 4.3. Assume Y € R(B;G) is fibrant and cofibrant, with
connectivity function ro. Then

QpY — QFY
18 Se-conmnected, where

sy = inf rg.

H = g TK

Proof. Let H C G be a subgroup. Then the H-fixed points of QgY is
QprrY™. Consider the evident map

QprY — (QEV)™.

Let b € B¥ be a point. Then the associated map of homotopy fibers
at b is identified with

Q}/E)H - (QG%)H7

where Y} is the fiber of Y — B at b. By Proposition EI], the map
of homotopy fibers is sy-connected. We conclude QpY ! — (Q%Y)H
is also spg-connected. O

5. PARAMETRIZED (G-SPECTRA OVER A COMPLETE UNIVERSE

Let U be a complete G-universe. A (parametrized) G-spectrum £
over B indexed on U is a collection of objects

Ey € R(B, G)

indexed over the finite dimensional subrepresentations V' of U together
with maps
Zng\/ — gW

for V. W, where V* is the orthogonal complement of V in W.
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Ezample 5.1. Let X € R(B;G) be an object. The fiberwise equivariant
suspension spectrum of X, denoted Z?’GX has V-th space

Qp(XpX).

These give rise to unreduced RO(G)-graded cohomology theories
on T(B;G). In order to get the details of the construction right, it is
helpful to know a Quillen model structure is lurking in the background.
For this exposition, it will suffice to explain what the weak equivalences,
fibrant and cofibrant objects are in this model structure. The reference
for this material is the book [MS].

One says & is fibrant if each of the adjoint maps &y — QW Evew is a
weak equivalence of R(B;G) and moreover, each of the maps &y — B
is a fibration of R(B;G). Any object £ can be converted into a fibrant
object &' by a natural construction, called fibrant approximation.

A map £ — &' is given by compatible maps & — £y, A map is a
weak equivalence if after applying fibrant approximation, it becomes an
equivalence at each V. An object £ is cofibrant if it is the retract of an
object which is obtained from the zero object by attaching cells. Any
& can be functorially replaced by a cofibrant object within its weak
homotopy type; this is called cofibrant approximation.

Cohomology and homology. Let £ be as above, and assume it is
both fibrant and cofibrant. Let X € T'(B; G) be a cofibrant object. The
equivariant cohomology of X with coefficients in £ is the RO(G)-graded
theory on T'(B; G), denoted

he(X;€),
and defined as follows: if « =V — W is a virtual representation, we set
h&(X;8) =[S AN XY, EvIrpio)
Similarly, the homology of X with coefficients in £, denoted
he(X;€),
is defined by
R (X E) = colljim[SVJ’U, (Ew+v As XT)/Blrea)
where (Ew v Ap XT)/B is the effect of taking the mapping cone of the
section B — Ew .,y Ap XT.
Using fibrant and cofibrant approximation, the above extends in a

straightforward way to the case of all objects X and all £ a G-spectrum
over B (we omit the details).
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Remark 5.2. Here is an alternative approach to the above, based on
[Hu]. A map of G-spaces f : X — Y induces a pullback functor

f* R(Y;G) — R(X;G)
given by Z — Z xy X, with evident structure map.
The functor f* has a right adjoint f, given by

T @Y(X - T) ’
where sec, (X — T') has total space
{(y,5)|y € Y>S: Xy - Ty}

Here, X, denotes the fiber of X — Y at y, T}, is the fiber of the
composite ' — X — Y at y and s: X, — T}, is a based (unequivariant)
map.

The functor f* also admits a left adjoint, denoted f;, which is defined
by

T—TUxY.

Let Sp(Y'; G) be the category of G-spectra over Y. If we make these

constructions levelwise, we obtain functors

fes fa: Sp(X;G) — Sp(Y;G).

Now take f: X — * to be the constant map to a point, and replace
these functors by their derived versions (using the Quillen model struc-
ture). Let £ be a fibred G-spectrum over B. If X € T(B;G) is an ob-
ject with structure morphism px: X — B, we can take the (derived)
pullback p% &, which is a G-spectrum over X. Then the RO(G)-graded
homotopy groups of the G-spectra

firx€ and - fipx€

yield the above cohomology and homology theories.

6. POINCARE DUALITY

The orientation bundle. Let M be a G-manifold and T'M its tan-
gent bundle. Let ST € R(M;G) defined by taking the fiberwise one
point compactification of TM — M (the section M — ST is given by
the zero section of T'M).

Define S™7 to be the fiberwise functional dual of S7. Alternatively,
one can define an unstable version of S™7 as follows: equivariantly
embed M in a G-representation V' and let v denote its normal bundle.
Its fiberwise one point compactification S” then represents S~ up to
a degree shift by V| i.e.,

ST~ VTV
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We call S77 the orientation bundle of M.
If £ is a fibrant and cofibrant G-spectrum over M, we set

E = ST AME.

Using the diagonal action, this is a fibred G-spectrum over M, called
the twist of £ by the orientation bundle.

Remark 6.1. The reader may object to this construction since we haven’t
defined internal smash products of parametrized G-spectra. An ad
hoc way to define ~7€ is to use the normal bundle v. Let “€ be the
parametrized G-spectrum given by “Ey = SY Ay Ew, where we are us-
ing the fiberwise smash product in R(M;G). Then ~7€ can be defined
as the parametrized G-spectrum whose W-th space is QY€

Alternatively, the reader is referred to [MS|, Ch. 13] for the construc-
tion of the internal smash product.

Poincaré duality. The following is a special case of [Hul th. 4.9] and
also a special case of [MS| th. 19.6.1].

Theorem 6.2 (“Fiberwise Poincaré duality”). Let £ be a G-spectrum
over a closed smooth G-manifold M. Then there is an isomorphism

hS(M; 7€) =2 h&(M;E).

Remarks 6.3. (1). Here it is essential that £ be indexed over a complete
G-universe.

(2). Here is how to recover Theorem from [Hu, th. 4.9]. Take
f: M — % to be the constant map to a point. Then, using the notation
of Remark [5.2] we have an equivalence of G-spectra

where C’;l is the orientation bundle S~7. Hence,

£ ~ fE.

Now take the equivariant homotopy groups of both sides and use Re-
mark 5.2 to obtain Theorem 6.2

(3). Here is how to recover Theorem from [MS] th. 19.6.1]. Using
their notation, take M = E = B and J = ~7&. Then one has an
equivalence of equivariant fibred G-spectra over M

J o~ SPD(J/\M PMST)

After applying homology hS'(M; —) to both sides, the left side becomes,
in our notation, h¢ (M; ~"&), whereas the right side, after some unrav-
eling of definitions and rewriting, becomes hg,(M;E).
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7. THE EQUIVARIANT COMPLEMENT FORMULA

As in the introduction, let N be a G-manifold and let i: ) C N be
a closed G-submanifold. Then N — @ — N is an object of T'(N; G).
Let

Sv(N = Q) € T(N; G)
denote its fiberwise suspension. This has the equivariant homotopy
type, of the complement of @ in N x [0, 1].

Let v denote the normal bundle of @ in N. We let D(v) be its unit
disk bundle and S(v) its unit sphere bundle.

Lemma 7.1. There is an equivariant weak equivalence
D(V) Usw) N ~ SN(N — Q) .

Proof. Identify D(v) with a closed equivariant tubular neighborhood
of (). Then we have an equivariant pushout

S(v) —— N —int D(v)

| |

D(v) ——— N,

where int D(v) is identified with the interior of the tubular neighbor-
hood and the inclusion N — @ C N —int D(v) is an equivariant equiv-
alence.

So we have an equivariant homeomorphism

D(v) Usw) N =2 N Un_int D) N

and the right side has the equivariant homotopy type of Sy(N — @),
considered as an object of R(N;G). O

The object D(v) Ug(,) N is called the fiberwise equivariant Thom
space of v over N. We denote it by

TN(I/) .
More generally, for £ a virtual G-bundle over @), one has a fiberwise
equivariant Thom spectrum Ty (§) over N.
The virtual G-vector bundle over () defined by ¢*7y — 7. is repre-

sented unstably by v. Substituting this and taking fiberwise suspension
spectra of the right side of Lemma [7.I, we obtain

Corollary 7.2 (“Complement Formula”). There is an weak equiva-
lence of G-spectra over N

Tn(i*ty —10) ~ LX9SN(N — Q).
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Note the left side of Corollary depends only on the underlying
homotopy class of the map 7:  — N.

8. THE PROOF OF THEOREM [Bl AND ADDENDUM

Proof of Theorem|[B. Consider the equivariant intersection problem

N—-Q

|

PN,

from §1. Recall E — N is the effect of converting N — () — N into a
fibration.

Consider

elidp, *E) € HY(P; f*E(iq))

An unraveling of definitions shows f*£(ig) is weak equivalent to the
naive fiberwise suspension spectrum of Spf*E.

Since the object Spf*E'is (f*(ig)i cde(ig)—1)-connected (cf. Lemma
B.1), by Proposition the map

QrSpf*E — QSSpf*E
is se-connected, where
Sy = éré%f*(zQ); cdg(ig) — 1.
Using Corollary 2.6] we infer that the evident homomorphism
HY(P; E(iq)) = HY(P; SESpf* B) — hy(P; 5%, GpSpf'E)
from the naive theory to the complete one is injective when
p* < So.
In this range, it follows the image of e(idp, f*E) in h%(P; 2% f*E) is
trivial if and only if e(idp, f*E) was trivial to begin with.
The next step is to identify hg(P; ZOPO’GSpf*E). Using Lemma [7.1],
there is a weak equivalence of objects
Sy(N = Q) =~ Ty(v) € R(N;G)
where v is the normal bundle of ) in N. Consequently, there is an
isomorphism
hg (PS5 CSpf E) = hg(P; S5 f'Ty(v)) .
By Theorem the group on the right is naturally isomorphic to
he (P; PS¢ fTn(v)).
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An unraveling of the construction shows the latter coincides with the
equivariant homotopy groups of the equivariant Thom spectrum of the
virtual bundle £ over E(f,ig) appearing in the introduction. In par-
ticular,

QG(B(fi); €) = h§ (P5 ™ S3C T (v).
With respect to these identifications, we define the equivariant stable
homotopy Fuler characteristic

xa(f) € QG (E(f.i0);€)
to be the unique element that corresponds to e(idp, f*F). By the above
and Theorem [A] xg(f) fulfills the statement of Theorem [Bl O

Proof of Addendum[d. When N has a boundary and P is closed, the
above proof extends without modification. When P has a boundary,
one only needs to replace Poincaré duality (6.2) in the closed case with
a version of Poincaré duality for manifolds with boundary.

To formulate this, let (M, M) is a compact smooth manifold with
boundary. Then duality in this case gives an isomorphism

RS (M;~™&) = he(M,0M;E).

The right side is defined as follows: for « =V — W and & fibrant and
cofibrant, define

he(M,OM;E) = [Sy(MJOM), Ev]rora)
where M JOM is the double
M Uy M € R(M;G)
(the section M — M JOM is defined using the left summand). O

9. THE PROOF OF THEOREMS [D] AND [E]

Proof of Theorem[Dl Recall the factorization (N — @) — E — N in
which (V — Q) — E is an acyclic cofibration and £ — N is a fibration
of T(N; G).
By construction we have an isomorphism
He(X;SXSNE) = [X7, QnSvElrse)
and an isomorphism
ho(X; SN CSvE) =2 [XT, QY SNElrs0)
for any object X € T'(B;G).
With respect to these identifications, the homomorphism Hg(X; S¥SyE) —
h,(X; X3Sy E) arises from the map

QNSNE - Q%SNE
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by applying homotopy classes [X*, —|g(B.c).-
Consider the commutative diagram of abelian groups
(1)
1 Ky
[P/} Pic1, Qu SN Elrviay = [P, Qn S Elrivicy —— [Py, QuSn Bl rivic)

| I -

[Pif) Fic1, QRSN Elrvicy —— [P QRSN Elrvicy — [P, QR Sy Elrvic)

J2

with exact rows, where the object P;//P;_; is given by P, Up,_, N.
Definition 9.1. Let f;: P, — N be the restriction of f to P;. Let
e (f) € [Pif) Pim1, QN SN Elrv.c)

be the class determined by the composite

P, fi J SyE

together with the observation that its restriction to P;_; has a preferred
homotopy over N to the composite

P, I N L SE.

By essentially the same argument which proves Theorem[A] the map
fi is equivariantly homotopic to a map whose image is disjoint from @,
relative to P;,_, provided

e c.(f)=0 and
o p < 2f*(ig)cdy(ig) — 3 for all (H) € Z(G; P).

If this is indeed the case, the equivariant homotopy extension property
can be used to obtain a new G-map f’, coinciding with f on P;_;, and
satisfying f'(P;) N Q = 0.

In order to complete the proof of Theorem [Dl we will apply a version
of Poincaré duality. Set H = H; and P¥ = PH — Py. Then the
inclusion of pairs

(G-PH.G- PPy — (P, P_y)

is a relative G-homeomorphism. Recall the Weyl group W (H) acts on
PH and restricts to a free action on Py. The following result follows
from the existence of equivariant tubular neigbhorhoods.

Lemma 9.2 ([D| §IV]). The open W (H)-manifold Py is the interior
of a compact free W (H)-manifold Py with corners. Furthermore, the
inclusion Py C Py is an equivariant weak equivalence.
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Consider the left square of diagram [I By Lemma[0.2] and “change
of groups” it maps to the square

-/

(2) [Py /0Py, QnSNE)r(v.w ) S [(PH)*, QNSNE] piv.w )

a |

[Py )P, Q5 Sn Bl rinvsw (1)) — [(PHYT, QS SNE rivw (1)) -

2

The proof of Theorem [Dlis completed in two steps.

Step 1. The homomorphism ¢ is an isomorphism, since W (H) acts
freely on Py /0Py in the “based” sense. This can be proved by an
induction argument using an equivariant cell decomposition, together
with the observation that the map QnSyE — QS Sy E is a weak ho-
motopy equivalence of underlying topological spaces.

Step 2. There is a relative W (H)-homeomorphism
(P, 0Py) = (P", PT)
which, together with change of groups, gives an isomorphism
[Py | OPu, QnSnElrivw )y = [Piff P-1, QnSNElrvia) -
We will consider ef;(f) to be an element of the left hand side. Then
Vi (et (f)) can be regarded as an element of relative cohomology group
Wy ) (Pr, 0P SO Sy E) .

Define 2&;( f) to be its Poincaré dual. Using the equivariant equivalence
Py ~ Py, we can regard i (f) as living in the homology group

he ™ (Po; (S5 Spy f1 E)) -

As in the proof of Theorem [B] this homology group is isomorphic to
the equivariant bordism group

O (E(fuiq); ).
]

Proof of Theorem[E. The proof uses diagrams (Il) and (2)). The homo-
morphism (¢g). is identified with the Poincaré dual of the homomor-
phism j} of diagram (2]). Therefore (ty). is injective if and only if j}
is. Let

(: HY(P;S%SNE) — WY (P; 23Sy E)
be the canonical homomorphism. Recall x&(f) is the Poincaré dual of

tec(f))-
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The class j;(e(f)) is the one associated with the composition

(Pytcpt Lo N = SyE,
i.e., the restriction of eg(f) to P. By hypothesis, xg(f) is trivial, so
0451 (e5(f)) must also be trivial since the latter is the restriction to P¥
of the trivial class {(eq(f)).
Hence
Joli(eg(f)) = tyji(ec(f) = 0.

Furthermore, since j} is identified with (t¢g)., and the latter is by hy-
pothesis injective, the vanishing of j5¢} (el (f)) implies ¢;(e5(f)) = 0.
Hence, x4 (f) vanishes too, as it is the Poincaré dual of ¢} (e, (f)). The
result is now concluded by induction on ¢ and Theorem U

10. THE PROOF OF THEOREM [H]

Given a closed smooth G-manifold M, we have a commutative square
of equivariant mapping spaces

(3) end’ (M) end(M)“

o

map(M, M x M — A)Y —— map(M,

~

x M)¢
where
e A=Ay C M x M is the diagonal,
e M x M is given the diagonal G-action,
e end (M) is the space of equivariant self maps of M,
. endb(M )¢ is the subspace of fixed point free equivariant self
maps, and
e the vertical maps of the square are given by taking graphs and
the horizontal ones are inclusions.

Lemma 10.1. The square [3) is co-cartesian, i.e., it is a homotopy
pullback.

Proof. The following idea is used in the proof. Suppose X — Y is a
map of fibrations over B. Let X, be the fiber of X — B at b € B and
similarly let Y, be the fiber of Y — B. Then the diagram

Xy —> Y,
X—Y

18 oco-cartesian.
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We claim the first factor projection map
(4) MxM—-A—M

is a fibration of T'(G). For, let H C G be a subgroup. Taking the
induced map of fixed point spaces yields the projection map

(5) M2 s MP — Ayn — MY

Since M*! is a manifold, the map (F) is a Serre fibration of spaces. It
follows that the map (4) is a fibration of T'(G).
Applying the functor map(M, —)¢ to the projection map, we infer

map(M, M x M — A)% — map(M, M)°

is a fibration whose fiber at the identity map of M is map’(M)C.

Similarly, the first factor projection M x M — M is an equivariant
fibration, so the induced map

map(M, M x M) — map(M, M)“

is a fibration whose fiber at the identity is map(M, M)®.
It now follows easily from the first paragraph of the proof that the
square (3]) is co-cartesian. O

From Lemma [I0.1] the obstruction to deforming an equivariant self
map
f:M—M
to a fixed point free map coincides with equivariantly deforming its
graph I'y: M — M x M off of the diagonal.

Consequently, we are reduced to the equivariant intersection prob-
lem

MxM-—-A

T l

M = M x M.

We will prove Theorem [Hl using Corollary [Fl We will need to com-
pute the codimension function the diagonal.

Lemma 10.2. Let in: A C M x M be the inclusion. For (H) €
Z(M;G), we have

cdp(in) = m?
Proof. If x € A = M is a point then the codimension of the diagonal
inclusion Mg) C Mg) X Mg) is clearly m (x). O
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By Lemma [I0.2 the inequality of Corollary [F] amounts to the con-
dition
mf < 2(Tp)*(ia)m" — 3.
By a straightforward argument which we omit, (I's)*(ia)im
with mf, so the inequality becomes

mf >3

H coincides

for (H) € I(M; G).
We now turn to the problem of deciding when the homomorphisms

(tg). are injective. What is special about the fixed point case is that
the virtual W (H)-bundle #¢, which sits over the space

M xy LM,
is represented by an actual vector bundle. This vector bundle is just
the pullback of the normal bundle of the embedding M C M along
the (projection) map M x; Ly M — M*#. Henceforth, we identify ¢
with this vector bundle.

Therefore (tg). is identified with the homomorphism of equivariant
framed bordism groups

(6) 90" (M xar LM €) — QO (MY x oy LM )
induced by the inclusion

tg: My xar LM — M"Y < Ly M,
where both &5 and £ are W (H )-vector bundles and the pullback ¢5,&%
is isomorphic to £g.

Hence, (ty). arises by taking the W (H)-fixed spectra of the map of
equivariant suspension spectra

(7) S5 oy (Mg X Ly M) — 555 0y (MM x g Ly M)

and then applying 7.

The inclusion My C M* is 1-connected, since by hypothesis M ¥ :=
M — My has codimension at least two in M. Consequently, the in-
clusion My Xy LiM — MH X ar LM is also 1-connected. Furthermore,
My xp LyM is W (H )-free.

If we apply the tom Dieck splitting to the W (H )-fixed points of the
map ([7), we obtain maps of summands of the form

o o H
(8) X*((Mpg xu LfM)Hg)}[L{W’(K) — DX ((MT %y Ly M) 5)}IL{W’(K)>

where (K') ranges through the conjugacy classes of subgroups of W (H),
W'(K) denotes the Weyl group of K in W(H) and the subscript
“awr(k)” is an abbreviation for the Borel construction (in the notation
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above, we are first Thomifying, then taking fixed points and thereafter
taking the Borel construction).

If K is not the trivial group, then the freeness of the action implies
the domain of () is contractible, and therefore this map induces an
injection on my. If K is trivial, then the map takes the form

H,
5% (Mpg s LM)jiis oy — S Xar LMy

which is evidentally 1-connected. Assemblying these injections, one
sees the homomorphism (@) is also injective. Therefore, the homomor-
phism (tg). appearing in the statement of Corollary [ is injective for
every (H) € Z(M; G).

The proof of Theorem [Hlis now completed by applying Corollary [EL

11. THE PROOF OF THEOREMS [Il AND [J]

Let f: M — M be a self map of a closed smooth manifold M. The
Fuller map of f is the Z,-equivariant self map of M*" given by

(@1, 0o ) = (f(@n), f(21), f(22),o0s f(2n1))

(compare Fuller [Fu]). Here n > 2 and Z, acts by cyclic permutation
of factors. The assignment x — (z, f(x),..., f"}(x)) defines a Z,-
equivariant bijective correspondence between the n-periodic point set
of f and the fixed point set of ®,(f). In particular, f is n-periodic
point free if and only if ®,(f) is fixed point free. We wish to know
whether this statement is true up to homotopy.

Let end(M) be the space of self maps of M, and end(M*™)%" the
space of Z,-equivariant self maps of M*". The Fuller transform

®,,: end(M) — end(M*™)%n
is defined by f — @, (f).
Let
end’ (M) C end(M)
be the subspace of self maps having no n-periodic points. Let
end’ (M>*™)%" C end(M*™)%n
be the subspace of equivariant self maps of M*™ which are fixed point

free.
Then there is a commutative diagram of spaces

(9) end (M) —— end(M)

| |

endb(MX")Z" — end (M *™)Zn
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where the vertical maps are given by the Fuller transform and the
horizontal ones are inclusions. The square is cartesian, i.e., it is a
pullback. We wish to understand the extent to which it is a homotopy
pullback.

Question. Is the above square 0-cartesian?

That is, is the map from endb”(M ) to the corresponding homotopy
pullback a surjection on components? If yes, it would reduce the prob-
lem of studying the n-periodic points of f to the Z,-equivariant fixed
point theory of ®,(f). At the time of writing we do not know this
to be the case. Nevertheless, we can still use the diagram to get an
invariant of self maps which is trivial when the self map is homotopic
to an n-periodic point free one.

Definition 11.1. Set
Ua(f) = Lz, (Pn(f)) -

By a straightforward calculation we omit, ¢,(f) lives in the group
Q™" (hoPy(f))

appearing in the statement of Theorem [Il Tt is clear that ¢,,(f) vanishes
when f is homotopic to an n-periodic point free map. If we apply
Theorem [H to @, (f) we obtain

Corollary 11.2. Assume dim M > 3 and £,(f) = 0. Then ®,(f) is
equivariantly homotopic to a fixed point free map.

As mentioned in §1, a result of Jezierski [J] asserts f is homotopic
to an n-periodic point free map if dim M > 3 and the Nielsen numbers
N(f*) vanish for each k a divisor of n. Conjecturally, the invariant
(,(f) contains at least as much information as these Nielsen numbers
(additional evidence for this is provided below in Theorem [Jl). If one
assumes this to be the case, then Jezierski’s theorem tends to suggest
that the square (@) is O-cartesian. However, we do not see any homo-
topy theoretic reason why that should be true.

Proof of Theorem[] The tom Dieck splitting yields a decomposition of
Q2" (hoP,(f)) into summands of the form

OF (EZy xz, hoPy(f))

for k a divisor of n, where we are using the fact hoP,(f)% = hoP.(f).

Since the zeroth framed bordism of a space is the free abelian group
on its path components, it will suffice to show my(EZg Xz, hoPy(f)) is
isomorphic to 7, ;. We first compute the set of components of hoP;(f).
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Recall from §1 that a point of hoPy(f) is given by a k-tuple of paths
(AL, e M)

subject to the constraint f(A\;11(0)) = A;(1) where 7 is taken modulo
k. Two points (A, ..., \x) and (71, ..., V) are in the same component if
and only if there are paths «; having initial point A;(0) and terminal
point 7;(0) such that the concatenated paths

flag) * Aipr and  yiq1 % i

are homotopic relative to their endpoints, for i = 1,2, ..., k.

Since M is connected, each component of hoPy(f) has a point of
the form (A1, Ag, ..., \) satisfying A\;(0) = % and \;(1) = f(*). Let 7y
denote the set of homotopy classes of paths in M joining the basepoint
* to the point f(*). A choice of element [a] of 7 determines an iso-
morphism with 7. Using this isomorphism the set of path components
of hoPy(f) is a quotient of the k-fold cartesian product

TX e XT

with respect to the equivalence relation

(21,9, ..y ) ~ (1r1p(g2) ™", g2xap(gs) ™"y - oo grrrp(gr) ™)

for z;, g; € m. Using this relation, the k-tuple (z1,...x}) is equivalent
to the k-tuple

(y,1,...1)

where y = z1p(x2)p*(23) - - - p*~!(x1,). Furthermore, any two elements
of the form (y,1,...,1) and (z,1,...,1) are related precisely when
z = gyp¥(g)~! for some element g € 7. Summarizing thus far, we have
shown my(hoPy(f)) is the quotient of 7 with respect to the equivalence
relation
ki \—1
y ~ gyp"(9)

for g,y € m.

To complete the proof of Theorem [J| one notes the set of path
components of the Borel construction coincides with the coinvariants
of Zy acting on mo(hoPy(f)). With respect to the k-tuple description
of mo(hoPy(f)), the action is induced by cyclic permutation of factors:
(x1,22,...,2) — (Tg,x1,...,25_1). If we identify this element with
(y,1,...1) with y as above, then the result of acting by a generator
of the cyclic group results in an element equivalent to (p(y),1,...1).
Consequently, mo(EZy xz, hoPy(f)) is obtained from mo(hoPy(f)) by
imposing the additional relation y ~ p(y). Hence, the set of path
components of the Borel construction is isomorphic to 7, . U
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Conjecture 11.3. Let N, (f) be the number of non-zero terms in (5 (f)
expressed as a linear combination of the basis elements of Z[r, ). Then
Ni(f) equals the Nielsen number of f*.
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