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Abstract. A Riemann-Roch theorem asserts that some algebraically defined wrong–

way map in K-theory agrees with a topologically defined one [BFM]. Bismut and Lott
[BiLo] proved a Riemann–Roch theorem for smooth fiber bundles in which the topo-

logically defined wrong–way map is the homotopy transfer of Becker–Gottlieb and

Dold. We generalize their theorem, refine it, and prove a converse stating that an ap-
propriate Riemann–Roch equation holds for a compact topological manifold bundle

if and only if up to fiber homotopy the bundle has a fiberwise smooth structure. We

obtain a similar characterization of fibrations which are fibre homotopy equivalent to
compact smooth manifold bundles. In the process, we prove a family index theorem

for fiber bundles with compact topological manifold fibers, a theorem in which the

relevant index equation involves algebraic K-theory.

0. Introduction

The classical setting. Suppose that p : E → B is a smooth fiber bundle with
compact fiber F ; in other words F is a smooth manifold (possibly with boundary)
and the structure group of p is the topological group of diffeomorphisms of F . Let
V be a complex vector bundle on E with discrete structure group (flat complex
vector bundle for short), and Vi the complex vector bundle on B whose fiber over
b ∈ B is the local–coefficient homology group Hi(p−1(b);V ). Denote by K(Ct) the
K-theory space of the topological ring C, so that K(Ct) ≃ Z×BU and for a space
X the group of homotopy classes [X,K(Ct)] is the topological complex K-theory
of X . The vector bundles V , Vi give classes [V ] ∈ [E,K(Ct)], [Vi] ∈ [B,K(Ct)],
and the Atiyah–Singer index theorem for families leads to the equation [BecSch]

(0–1) tr∗[V ] =
∑

(−1)i[Vi] ∈ [B,K(Ct)] .

Here tr is the homotopy transfer of Becker–Gottlieb and Dold, which is a stable
map from B to E determined by p, and tr∗[V ] is the image of [V ] under the map
on topological K-theory induced by tr.
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The Bismut–Lott theorem. Let K(C) be the K-theory space of the discrete ring
C, in other words, the space whose homotopy groups are the algebraic K-groups
of C. Like K(Ct), K(C) represents a cohomology theory, and the natural ring
homomorphism from C with the discrete topology to C with the ordinary topology
induces a map K(C) → K(Ct). Since the vector bundles V and Vi above are
flat, the elements [V ] and [Vi] lift back to similarly denoted elements in [E,K(C)]
and [B,K(C)] respectively. It is natural to ask whether equation (0–1) holds in
[B,K(C)].

Bismut and Lott have given strong evidence that this is the case. There are
certain characteristic classes for flat bundles, constructed by Kamber and Tondeur,
which for odd k yield homomorphisms ck : [B,K(C)]→ Hk(B; R). The Riemann–
Roch theorem of Bismut and Lott [BiLo] then states that equation (0–1) holds in
[B,K(C)] after the homomorphisms ck are applied:

(0– 2) ck (tr∗[V ]) =
∑

(−1)ick[Vi] ∈ Hk(B; R) .

To prove this Bismut and Lott use Bismut’s local version of the Atiyah–Singer
theorem for families. (They also assume that the fibers of p are closed manifolds,
but we have been told that this was mostly to simplify the presentation.) Lott
issued the challenge to topologists to find a more topological proof.

An improvement. We do find a topological proof, of what is in fact a more general
result. Let R be an arbitrary ring with associated K-theory space K(R). Suppose
that V is a bundle of finitely generated projective left R–modules on E. As above,
V determines an element [V ] ∈ [E,K(R)]. Each fiber Fb = p−1(b) of p has local–
coefficient homology groups Hi(Fb;V ), and for fixed i these homology groups form
a bundle Vi of left R–modules on B. We assume that the fibers of Vi are again
projective, in which case they are also finitely generated. Each Vi determines an
element [Vi] ∈ [B,K(R)]. In §9 we prove

(0–3) tr∗[V ] =
∑

(−1)i[Vi] ∈ [B,K(R)] .

Smoothness is an essential hypothesis; in another paper we shall show that (0–2) and
hence (0–3) can fail for a fiber bundle whose fibers are closed topological manifolds.

Further improvement, and a converse. There is something striking about (0–3),
namely, both sides of the equation are homotopy theoretic in nature. In other words,
the equation (true or false) makes sense if we merely suppose that p : E → B is a
fibration in which the fibers have appropriate finiteness properties. It is tempting
to look for a geometric characterization of those fibrations p : E → B for which
(0–3) is valid, with the expectation that a simple characterization will exist only if
parameters such as R and V are chosen in some universal way. It turns out that
there is such a characterization, and that it amounts to a converse for the result
above: equation (0–3) holds in the universal case if and only if the fibration p is
fiber homotopy equivalent to a smooth bundle with compact smooth manifold fibers.
Formulating this more precisely requires identifying the appropriate universal case.
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Suppose to begin with that F is a finite complex and that B is a point, so that
F = E. Temporarily ignore questions of path connectivity and basepoint. Let R
and V be as above (so that V is a module over Z[π1X ]) and consider the maps

K(S0[ΩF ]) −→ K(Z[π1F ]) −→ K(R) .

Here ΩF is the loop space of F , considered as a topological or simplicial group, and
S0[ΩF ] (introduced by Waldhausen) is the group ring of the loop space over the
sphere spectrum S0. The first map is induced by the homomorphism S0[ΩF ] →
π0S0[ΩF ] = Z[π1F ], and the second by tensoring over Z[π1F ] with V . The group
ΩF acts on the path space PF in such a way that the unreduced suspension spec-
trum S0 ∧ PF+ becomes the appropriate analogue of a finite projective chain
complex over S0[ΩF ]; one way to see this is to filter PF by inverse images of
the skeleta of F and observe that the filtration quotients suspend to finitely gen-
erated free modules over S0[ΩF ]. Let [S0 ∧ PF+] ∈ π0K(S0[ΩF ]) denote the
K-theory class that corresponds to this “chain complex”; this is our candidate for
the universal right-hand side of (0–3). It can actually be defined as long as F is
finitely dominated. Under the above K-theory maps, [S0 ∧ PF+] is carried first
to the class [C∗(F̃ ; Z)] ∈ π0K(Z[π1X ]) which projects in K0(Z[π1X ])/K0Z to the
Wall finiteness obstruction of F . In fact this identifies [S0 ∧ PF+], since the map
π0K(S0[ΩF ]) −→ π0K(Z[π1F ]) is an isomorphism. The further image in π0K(R)
is the class represented by the finite projective chain complex C∗(F ;V ), or equiva-
lently, by the sum

∑
(−1)i[Vi].

The universal left-hand side of (0–3) for B = ∗ is the homotopy class

tr : ∗ → Q(F+) = Q(BΩF+)

provided by the transfer. The target of this map is the zero space in the spectrum
S0 ∧ F+, that is, the space whose homotopy groups are the unreduced stable ho-
motopy of F . In particular π0Q(F+) ∼= Z, and it is a classical result that the image
of the map tr lies in the component given by the Euler characteristic of F .

Waldhausen describes a map ı : Q(BΩF )+ → K(S0[ΩF ]) which can be inter-
preted as arising from the inclusion of a certain monomial or permutation matrix
subgroup of GL(S0[ΩF ]). On components, ı is the map Z = K0(Z)→ K0(Z[π1F ]),
and its image is the subgroup of K0(Z[π1F ]) generated by free modules. The uni-
versal case of (0–3) in the case B = ∗ is the equation (ı) · (tr) = [S0 ∧PF+], which
the reader may by now recognize as expressing the fact that the Wall finiteness
obstruction of F vanishes. The theorem, due to Wall, is that this equality holds if
and only if F is homotopy equivalent to a compact smooth manifold (possibly with
boundary).

For a general fibration p : E → B with finitely dominated fiber F , we construct
fibrations ∪bQ(Fb)+ → B and ∪bK(S0[ΩFb])→ B by fiberwise application to p of
stable-homotopy and K-theory functors respectively. The transfer gives a section tr
of the first fibration, and the map b 7→ [S0 ∧ (PFb)+] (suitably rigidified) a section
χ of the second. There is a map ı over B from one fibration to the other, and the
universal case of (0–3) is the equation (ı) · (tr) ≃ χ, where “≃” denotes homotopy
between sections. The theorem is that this equation holds if and only if p is fiber
homotopy equivalent to a compact smooth manifold bundle.
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Of course there are details to handle. For instance K(S0[ΩFb]) has to be con-
structed in a way which doesn’t depend upon choice of a basepoint in F ; Wald-
hausen has done this with the functor A(F ). The description of [S0 ∧ PF+] in
this setting is particularly appealing. We also start with the assumption that the
fiber F is homotopy equivalent to a finite complex; this simplifies the exposition,
although it conceals the significance of the theory if B is a point.

An interpretation of the results. We offer the following conceptual interpretation
of what the homotopy theoretic results in this paper mean. Let p : E → B be
a fibration with fiber F , F a finite complex. We view the section χ above as
capturing the cellular monodromy of the fibration p. If p is equivalent to a compact
smooth manifold bundle, then χ lifts back to a section of a fibration whose fiber
Q(BΩF )+ is built from permutation matrices: diffeomorphisms permute the cells.
If p is equivalent to a compact topological manifold bundle, χ lifts back to a section
of a fibration with fiber Ω∞(F+ ∧ A(∗)) (see below): homeomorphisms shift the
cells and lay them on top of one another with coefficients from A(∗). In general
χ is simply a section of a fibration with fiber K(S0[ΩF ]) = A(F ): self-homotopy
equivalences can entangle the cells in an arbitrary, nonlocal way (nonlocal, in that
A(F ) is not a homological functor of F ).

Strategy of the proof: the index theorem. Recall that Atiyah–Singer [AtS,
§4] deduce the Hirzebruch–Riemann– Roch theorem from their index theorem. We
adopt a similar strategy. The appropriate index theorem for us is a generalization
of the Hopf–Pontryagin (HP) index theorem stating that e(τM )∩ [M, ∂M ] = χ(M).
Here M is a compact manifold with fundamental class [M, ∂M ], and e(τM ) is the
(relative) Euler class of the tangent bundle. Roughly speaking, we identify the
section “χ” above as an Euler characteristic and the section “tr” as the fiberwise
Poincaré dual of an Euler class; the equality between them is the generalization of
the HP index theorem. In formulating this generalization, we adopt the language of
index theory: symbols, topological index, analytic index, and so on. However, our
proof does not use operators, and in fact involves compact topological manifolds
instead of smooth ones. We begin by updating the main ingredients in the HP
theorem: Euler classes and Euler characteristics.

Euler classes, classical. For a space X and an n–dimensional real vector bundle
ξ on X , the Euler class e(ξ) lives in Hn(X ; Zt), the cohomology of X with possibly
twisted integral coefficients. When X is a closed smooth n–manifold, and ξ is its
tangent bundle, then the Poincaré dual of e(ξ) lives in H0(X ; Z). Notice that we
are now in homology with untwisted integer coefficients, even though X might be
non–orientable. More generally, X could be a compact smooth n–manifold with
boundary, and ξ its tangent bundle ; then e(ξ) ∈ Hn(X, ∂X ; Zt) and the Poincaré
dual again lives in H0(X ; Z).

Euler classes of vector bundles as obstructions. Suppose that X is a space
equipped with a Riemannian vector bundle ξ of fiber dimension n. Let εk be the
trivial k–dimensional vector bundle on X , for some k ≫ 0. Taking automorphisms
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fiberwise produces an inclusion of bundles on X :

O(εk+1)/O(εk) −−→ O(ξ ⊕ εk+1)/O(ξ ⊕ εk)
ց ւ

X

The fibers of the bundle on the left are homeomorphic to Sk, and the fibers of the
bundle on the right are homeomorphic to Sn+k. Taking adjoints fiberwise produces
another inclusion of bundles on X ,

S0 ×X −−→ Ωk
X

(
O(ξ ⊕ εk+1)/O(ξ ⊕ εk)

)

ց ւ
X

which we interpret as two sections of the new right–hand bundle with fibers home-
omorphic to ΩkSn+k. One of these is the zero section, the other is the Euler section
esm(ξ) (and its homotopy class is the Euler class). Letting k tend to infinity, one
can interpret the Euler class as an element in the n–th cohomology of X with
twisted coefficients in the sphere spectrum. This construction is equivalent to one
given by Becker [Be]. Becker gives the following application. If X is a CW–space
of dimension ≤ 2n− 1, then the structure group of ξ can be reduced from O(n) to
O(n− 1) if and only if the class of e(ξ) is zero.

If X is a compact smooth n–manifold, with tangent bundle ξ, then the Poincaré
dual of the Euler class is in the zero–th homology of X with untwisted coefficients
in the sphere spectrum. Actually, there is no compelling reason for passing to
homotopy classes. The Poincaré dual of the Euler section of the tangent bundle of
X is sufficiently well defined as a point in Ω∞(X+ ∧ S0).

Euler classes of euclidean bundles as obstructions. Suppose that X is a
space equipped with a fiber bundle ξ whose fibers are homeomorphic Rn for some n
(a euclidean bundle for short). Proceeding as above, we get an inclusion of bundles

O(εk+1)/O(εk) −−→ TOP(ξ ⊕ εk+1)/TOP(ξ ⊕ εk)
ց ւ

X

and taking adjoints fiberwise we have

S0 ×X −−→ Ωk
X

(
TOP(ξ ⊕ εk+1)/TOP(ξ ⊕ εk)

)

ց ւ
X .

The corresponding sections of the right–hand bundle are zero section and Euler
section etp(ξ). The Euler section defines a class in the n–th cohomology of X
with twisted coefficients in a spectrum A(∗) whose i–th term is the space TOP(i+
1)/TOP(i). (Note the similarity with the sphere spectrum, whose i–th term is
O(i+ 1)/O(i).) Warning : the twist is not easy to identify.

If X is a CW–space of dimension ≤ (4n − 5)/3, and n > 5, then the structure
group of ξ can be reduced from TOP(n) to TOP(n− 1) if and only if the class of
e(ξ) is zero. See lemma 8.1.
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If X is a compact topological n–manifold, and ξ is its tangent bundle, then the
Poincaré dual of the Euler section is a point in Ω∞(X+ ∧A(∗)). As the warning
just above suggests, this is harder to prove than the corresponding statement for
vector bundles. See 7.3.

It is known that the inclusion of spectra S0 → A(∗) splits up to homotopy.
Therefore etp(ξ) determines esm(ξ) if ξ is a vector bundle .

Euler characteristics. We adopt the Waldhausen point of view right from the
start. Accordingly, an Euler characteristic can be associated to any object in a cat-
egory with cofibrations and weak equivalences C. Such a category has a zero object,
and in addition there are notions of short exact sequence (unofficial terminology)
and weak equivalence. Let K0(C) be the abelian group with one generator [C] for
each object C of C, and with relations

• [C2] = [C1] + [C3] if there exists a short exact sequence C1 → C2 → C3 ;
• [C1] = [C2] if there exists a weak equivalence from C1 to C2.

For example, C might be the category of pointed spaces homotopy equivalent to
compact CW–spaces. Then K0(C) ∼= Z. Each space Y homotopy equivalent to a
compact CW–space (but without base point) determines an element [Y+] in K0(C),
where the subscript + denotes an added disjoint base point. This element is the
Euler characteristic of Y .

Waldhausen [Wald3] noted that the defining relations for K0(C) could also be
used, with more care, as defining relations for a space K(C) with an addition law.
The addition law is not strictly commutative, but it does have the properties needed
to make K(C) into an infinite loop space. In the case where C = C∗ is the category
of pointed spaces homotopy equivalent to compact CW–spaces, and Y is a space
homotopy equivalent to a compact CW–space, we can define the Euler characteristic
of Y as [Y+] ∈ K(C∗) (not a component, but a point).

For a further refinement, let CY be the category of retractive spaces over Y
(subject to certain finiteness conditions). This is a category with cofibrations and
weak equivalences. We (re–)define the Euler characteristic as

[Y ∐ Y ] ∈ K(CY ) .

(In the body of the paper, this will be denoted by 〈Y 〉, not χ(Y ), to avoid ambigu-
ity.) Obviously this definition of Euler characteristic lifts the preceding one, in the
sense that the map from Y to a point ∗ induces a functor CY → C∗ and ultimately
a map K(CY )→ K(C∗) which takes the last definition to the preceding definition.

Waldhausen’s notation is K(CY ) = A(Y ), and we denote the corresponding
spectrum by A(Y ). This notation is in apparent conflict with our earlier definition
of A(∗) as a spectrum with i–th term TOP(i + 1)/TOP(i). It is a deep theorem
of Waldhausen that the two definitions are homotopy equivalent (by a specific
homotopy equivalence).

Assembly. Suppose that F is a homotopy invariant functor from compact CW–
spaces to spectra. More generally, F (Y ) might be defined for any Y homotopy
equivalent to a compact CW–space. Then there exists an essentially unique assem-
bly transformation

αY : Y+ ∧ F (∗) −→ F (Y )
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which is the obvious isomorphism when Y is a point. (Strictly speaking, the domain
of the assembly transformation is not exactly what is written ; it is naturally homo-
topy equivalent to what is written.) See [WWAs] for details. In modern treatments
of index theory, assembly often appears as the vehicle by which one passes from
the space in which the symbols live to the space in which the analytic indices live.

0.1. Theorem (Index Theorem). Let M be a compact topological manifold with
boundary. The assembly

αM : Ω∞(M+ ∧A(∗)) −→ A(M)

carries the Poincaré dual D(e(τM )) of e(τM ) to the Euler characteristic 〈M〉 of M ,
in the sense that there is a canonical path in A(M) between α(D(e(τM ))) and 〈M〉.
This statement is also true for families (bundles of compact topological manifolds).

In the family version, the index theorem implies the Riemann–Roch formula
(0–3), as follows. The assumptions on p : E → B are as in (0–3). There is a
commutative diagram In the lefthand column of the diagram, the unions are taken
over all fibers F of p : E → B. There is some topology involved, so that for example⋃
A(F ) is the total space of a fibration on B with fibers of the form A(F ). The

arrows labeled 〈p〉 and D(e(τ)) are obtained by taking Euler characteristic and
Poincaré dual of Euler class of the tangent bundle fiberwise, respectively. Maps
labeled ı are induced by the unit map from the sphere spectrum to the ring spectrum
A(∗). Maps labeled α are assembly maps or fiberwise assembly maps. The map
from A(E) to K(R) is obtained by associating to a retractive space Y over E its
relative singular chain complex C(Y,E;V ) (coefficients in V , pulled back from E
to Y by means of the retraction).

The lower chain in the diagram, from B to K(R), represents the righthand
side

∑
(−1)i[Vi] of the Riemann–Roch formula (0–3). The upper diagonal arrow

labeled D(e(τ)) followed by the top horizontal arrow is the homotopy transfer of
Becker–Gottlieb and Dold, from B to Ω∞Σ∞(E+). See Appendix A. The arrow
from Ω∞Σ∞(E+) to K(R) is determined by the other arrows in the diagram ; it is
a map of infinite loop spaces, so it is enough to know its restriction to E. This is
easily seen to be the map [V ]. �

The map B →
⋃

Ω∞(F+ ∧ S0) :=
⋃
Q(F+) is a mild refinement of the Becker–

Gottlieb/Dold transfer B → Q(E+) which can still be defined in homotopy invariant
terms. That is, it can be defined for any fibration p : E → B where the fibers are
homotopy equivalent to compact CW–spaces and the base is a CW–space. As such
we still denote it by tr. It should be clear from the sketch proof above that the
following is on the one hand a corollary of the index theorem above, and on the
other hand, a refinement of the Riemann–Roch formula (0–3).

0.2. Corollary (The A-theory Riemann–Roch formula). Suppose that p :
E → B is a smooth bundle with compact fibers F . The fiberwise Euler characteristic
χ : B →

⋃
A(F ) is homotopic (by a canonical homotopy) to the composition

B tr−→
⋃
Q(F+) ı−→

⋃
A(F ) .
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This last version of Riemann–Roch has a converse. Suppose again that p : E → B
is merely a fibration where the fibers are homotopy equivalent to compact CW–
spaces. By a structure on p, we mean a fiber homotopy equivalence E′ → E, where
E′ is the total space of a bundle on B with smooth compact fibers. We can make
a “moduli space” of such structures, Ssm(p). We can make another space, Lsm(p),
which is the homotopy pullback of

B
〈p〉
−−→

⋃
A(F ) ı←−

⋃
Q(F+) .

From the A–theory Riemann–Roch formula, or directly from the index theorem,
we get a map Ssm(p)→ Lsm(p).

0.3. Theorem. The map Ssm(p)→ Lsm(p) is a homotopy equivalence.

The structure space Ssm(p) has a topological analog Stp(p) (replace all smooth
compact manifolds in sight by topological compact manifolds). From the index
theorem, we get a map Stp(p)→ Ltp(p) where Ltp(p) is the homotopy pullback of

B
〈p〉
−−→

⋃
A(F ) α←−

⋃
Ω∞(F+ ∧A(∗)) .

0.4. Theorem. The map Stp(p)→ Ltp(p) is a homotopy equivalence.

0.5. Remark (on Reidemeister torsion). Suppose that p : E → B is a fibration
with fibers Fb homotopy equivalent to compact CW–spaces. Suppose also that for
each b ∈ B and each i ≥ 0 the homology group Hi(Fb;V ) is zero. Equivalently,
the singular chain complexes of the fibers, with coefficients in V , are contractible.
Then the image of the Euler characteristic 〈Fb〉 under the composition

A(Fb)
⊂−→ A(E) λV−−→ K(R)

is “trivialized”, in other words: we have lifted 〈Fb〉 to

(0–5) hofiber [A(Fb)→ · · · → K(R)]

where hofiber means homotopy fiber. We call this lift the homotopy Reidemeister
torsion of Fb. Varying b, we have the parameterized homotopy Reidemeister torsion,
a refinement of 〈p〉 in (0–4). It is a section of a certain fibration on B whose fiber
over b ∈ B is the space (0–5), for each b. If in addition p : E → B is a smooth fiber
bundle with compact fibers, then by theorem 0.1 or diagram (0–4) we have a more
subtle refinement of 〈p〉: a section of a fibration on B whose fiber over b ∈ B is

hofiber [Q((Fb)+) ı−→ · · · → K(R)]

for each b. This would be called the parameterized smooth Reidemeister torsion of
the smooth bundle p. Note that it depends on V .

Earlier, Igusa and Klein [IgK] used parameterized generalized Morse functions
to define the parameterized Reidemeister torsion of a smooth fiber bundle. Theirs



PARAMETERIZED INDEX THEOREM 9

belongs to exactly the same section space as ours. Our philosophy is much closer
to that of [BiLo], in fact identical to it. However, it is not clear to us at this
stage whether the parameterized Reidemeister torsions produced by [BiLo] are in
agreement with ours. Put differently, we don’t know whether the explicit homotopy
they produce to establish (0–2) (given by the differential form T∗ in [BiLo, Thm.0.2])
is always in agreement with the one we produce. It certainly is in agreement if the
base space of the fiber bundle is a point ; this is the theorem of Cheeger and
Müller, [Che], [Mü]. Put differently again, our theorem 0.1 and [BiLo] together
make it possible to state a family version of the Cheeger–Müller theorem, and we
would like to know whether this is in fact true.

∗ ∗ ∗

Why is this paper so long ? One of the biggest challenges for a topologist who wants
to use algebraic K-theory is the need to pass from continuously varying geometric
information (moduli) to the type of discrete information that the algebraicK-theory
functor “as is” can process. The question is: Should geometry be made discrete,
or should algebraic K-theory be made continuous ? Our instincts may tell us that
the second option is better, but experience and tradition and the sheer nastiness of
algebraic K-theory have decided in favor of the first option.

The good news is that geometry can sometimes be made discrete. Suppose for
example that M is a closed topological manifold. Let TOP(M) be the topological
group of homeomorphisms from M to M , and let TOPδ(M) be the underlying
discrete group. A theorem due to McDuff–Mather–Thurston–Segal [McD] states
that the inclusion of classifying spaces

|TOPδ(M)| −→ |TOP(M)|

is a homology equivalence. This result and some variations of it are central to the
present paper, and they explain why topological manifolds appear in the proof of
a result about smooth manifolds, such as (0–3).

Acknowledgment. It is a pleasure to thank John Klein for telling us about his
results and ideas regarding Reidemeister torsion, and for pointing out actual and
conjectural relationships between homotopy transfers and A–theory Euler charac-
teristics.
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Section abstracts

Abstract of §1. Let |G| be the classifying space for fibrations p : E → B where B
is a CW–space, the fibers are homotopy equivalent to compact CW–spaces, and E
is equipped with a microbundle γ. Let |Tn| be the classifying space for fiber bundles
p : E → B where the fibers are compact topological n–manifolds, and let |T| be
the direct limit of the |Tn| under stabilization, i.e. product with [0, 1]. A compact
manifold Mn determines a fibration M → ∗, which is classified by a map ∗ → |G|.
Hence M determines a point in |G|. What is the homotopy fiber of the inclusion
|T| →֒ |G| over this point ? Answer: it is homotopy equivalent to Ω WhTOP(M),
the stabilized h–cobordism space of M .

Abstract of §2. Part 2.1 explains how Euler characteristics (as defined above)
can be extracted from a family of spaces which are homotopy equivalent to finite
CW–spaces. Here family refers to the set of fibers of a fibration p : E → B.

Part 2.2 explains why this family–wise Euler characteristic sometimes looks like
the righthand side of the Riemann–Roch formula (0–3).

Part 2.3 explains what assembly is about, and introduces a more refined Euler
characteristic, called microcharacteristic, for compact euclidean neighborhood re-
tracts (ENR’s). This lives in the domain of an assembly map, and assembly takes
it to the ordinary Euler characteristic. The microcharacteristic can be extracted
family–wise when the family is the set of fibers of a bundle ; this uses the McDuff
et al. theorem.

The microcharacteristic concept makes it possible to state an index theorem
which is stronger than theorem 0.1. Namely, the Poincaré dual of the Euler section
of a compact topological manifold lives in the same space as the microcharacteristic
of the manifold, and the two are connected by a canonical path. We refer to this
as the micro–index theorem. It is also valid for families. We prove it in §§3–7.

Part 2.4 uses §1 and 2.3 to give a direct construction of the map in theorem 0.4
which does not use the index theorem. The map is then shown to be a homotopy
equivalence. In this sense, theorem 0.4 is proved in §2 and should therefore be
regarded as much easier than theorem 0.3.

Abstract of §3. This gives a geometric description of Poincaré duality, or rather
inverse Poincaré duality, for a compact manifold. The description is geometric in
the sense that it uses local properties of the manifold.

Abstract of §4. Let M be an n–manifold, let C be the (discrete) set of embeddings
Rn →M , and let D be the discrete monoid of embeddings Rn → Rn. Then D acts
on C. The map C→ ∗ induces a map of homotopy orbit spaces (Borel constructions)

ChD −→ ∗hD = |D| .
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We identify this map, up to homotopy equivalence, with the map M → BTOP(n)
which classifies the tangent microbundle. The identification |D| ≃ BTOP(n) is
due to McDuff and Segal.

Abstract of §5. We show that microcharacteristics can also be defined for non-
compact ENR’s. In particular, euclidean space Rn has a microcharacteristic. The
micro–index theorem (see abstract of §2) can now be stated for non–compact man-
ifolds.

Abstract of §6. We reduce the proof of the micro–index theorem for topological
manifolds with trivial ends to the case of euclidean space. (A manifold has trivial
ends if it can be obtained from a compact manifold by deleting some components of
the boundary.) We obtain this reduction, not by embedding all manifolds in sight
in a euclidean space, but by embedding euclidean spaces in the manifolds.

Abstract of §7. Here we prove the micro–index theorem for euclidean space and
euclidean upper half space. We have to do this for families of euclidean spaces
and euclidean half–spaces, so that the theorem to be proved turns into a statement
about equality of certain characteristic classes (better: characteristic sections) for
euclidean bundles. Technically, this is the hardest part of the paper.

Using §6, we then have the micro–index theorem for manifolds with trivial ends
and therefore the index theorem 0.1 for compact manifolds. Using §1 and §2.4, we
also complete the proof of 0.4. The A–theory Riemann–Roch formula (Corollary
0.2) is proved in §7.3.

Abstract of §8. This uses smoothing theory to deduce theorem 0.3 from theorem
0.4 and Corollary 0.2.

Abstract of §9. Using the results of §2.2, we explain in more detail how the A–
theory Riemann–Roch formula (Corollary 0.2) implies theK-theory Riemann–Roch
formula (0–3).

Abstract of Appendix A–C. Appendix A is a collection of folklore related to
the homotopy transfer of Becker–Gottlieb–Dold. Appendix B and Appendix C are
background to §7.

1. Fibrations and Fiber Bundles

1.1. Notation. We introduce several topological categories. Each of these has
a discrete class of objects. The morphism spaces should be regarded as simplicial
sets. The categories are quite large, so that their geometric realizations tend to be
very large objects to which we nevertheless refer informally as spaces.

• The category Tn has as objects the compact n–manifolds M . The space
(simplicial set) of morphisms from M to M ′ in Tn is the space of homeo-
morphisms M → M ′. An i–simplex in mor(M,M ′) is therefore a homeo-
morphism ∆i×M → ∆i×M ′ respecting the projections to ∆i.

• The category En has the same objects as Tn, but the space of morphisms
fromM toM ′ in En is the space of invertible embeddings fromM toM ′. An
embedding (=injective continuous map) e : M → M ′ is invertible if there
exists another embedding f : M ′ →M such that fe and ef are isotopic to
the identity embeddings of M and M ′, respectively.
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• The category Gn has as objects the compact ENR’s equipped with an n–
microbundle γ. The space of morphisms from (F, γ) to (F ′, γ′) is the space
of homotopy equivalences F → F ′ covered by microbundle maps γ → γ′.

1.2. More notation and some motivation. Note that Tn ⊂ En ⊂ Gn where
the second “inclusion” is defined by M 7→ (M, τM). Product with the identity from
I to I gives compatible stabilization functors from Tn to Tn+1, from En to En+1,
and from Gn to Gn+1. Let

T,E,G

be the resulting stabilized categories. (For example, an object in G is a triple
(m,F, γ) where m ≥ 0 and (F, γ) is an object in Gm. A morphism in G from
(m,F, γ) to (n, F ′, γ′) is a morphism in Gn from (F×In−m, γ×εn−m) to (F ′, γ′)
provided n ≥ m, and if n < m there is no morphism.) Then

|T| ≃ hocolim
n

|Tn| ,

|E| ≃ hocolim
n

|En| ,

|G| ≃ hocolim
n

|Gn|

by inspection or by [Tho1]. Here the vertical bars denote geometric realizations
alias classifying spaces. (The prefix B for classifying spaces will not be used unless
tradition absolutely requires it.)

Note that |Tn| classifies (up to isomorphism) fiber bundles whose fibers are
compact n–manifolds. |Gn| classifies (up to fiber homotopy equivalence) fibrations
p : E → B where the fibers are homotopy equivalent to compact CW–spaces and
where E is equipped with an n–microbundle γ. If p : E → B is such a fibration,
classified by c : B → |Gn|, then the homotopy pullback of

(1–1) B c−→ |Gn| ←− |Tn|

can be regarded as a space of structures on p and γ. We denote it by Stp
n (p, γ).

When γ is the trivial bundle, we write Stp
n (p).

There are similar but more stable interpretations for |T| and |G|. Loosely speak-
ing, |T| classifies fiber bundles with compact manifold fibers, and |G| classifies fibra-
tions p : E → B where the fibers are homotopy equivalent to compact CW–spaces
and where E is equipped with a stable microbundle γ. If p : E → B is such a
fibration, classified by c : B → |G|, then the homotopy pullback of

(1–2) B c−→ |G| ←− |T|

can be regarded as a space of stabilized structures on p and γ. We denote it by
Stp(p, γ). When γ is the trivial bundle, we write Stp(p). An easy disk bundle
stabilization argument shows that Stp(p, γ) ≃ Stp(p) for any γ.

1.3. Proposition. The inclusion |E| → |G| is a homotopy equivalence.

1.4. Proposition. The homotopy fiber of |Tn| →֒ |En| over an object Mn is
homotopy equivalent to the h–cobordism space |H(∂M)|.
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1.5. Corollary. The homotopy fiber of |T| →֒ |E| over an object Mn is homotopy
equivalent to the stabilized h–cobordism space

hocolim
k

|H(M×Ik)| = Ω WhTOP(M)

where H(M) is the topological category of h–cobordisms over M .

1.6. Remarks. (i) Strictly speaking we define H(∂M) in 1.4 as the topological
category of invertible cobordisms on ∂M . By definition, a cobordism (W ; ∂M,L) is
invertible if there exist cobordisms (V1;L, ∂M) and (V2;L, ∂M) such that W ∐L V1
and V2 ∐∂M W are product cobordisms. Invertible cobordisms are h–cobordisms
[Stal, Thm.2]. We do not know whether the converse is true, but we do know that
any counterexample to the three–dimensional Poincaré conjecture gives rise to a
non–invertible h–cobordism with base S2 (delete two small open disks from the
fake 3–sphere).

(ii) Invertible cobordisms arise in the proof of 1.4 as follows: Let e : M → M ′

be an invertible embedding, and suppose that e(M) is contained in the interior of
M (both M and M ′ are compact). Then the closure of M ′ r e(M) is an invertible
cobordism from ∂M to ∂M ′. The proof uses some isotopy extension theory as in
[Ce] or [EdKi]. We are indebted to Bill Browder for pointing this out to us.

(iii) Let (W ;K,L) be an invertible cobordism (K and L closed). The space of
embeddings of W in K×[0, 1) extending the inclusion of K ∼= K×{0} in K×[0, 1)
is contractible. (Use invertibility and the uniqueness of collars, [Bro]).

1.8. Remark. The topological categories Tn and T are clearly topological groupoids.
Also, En, E, Gn and G are groupoid–like, that is, they become groupoids when all
morphism spaces in sight are replaced by their π0.

Proof of 1.3. Let (F, γ) be an object of G. Let M,M ′ be objects of En, for some
large n, such that both M and M ′ are in the same component of G as (F, γ). Then
M×Ik and M ′×Ik are tangentially homotopy equivalent for large k, and it follows
easily that there exists an invertible embedding of M×Ik in M ′×Ik. (Compare
[Maz] ; use topological immersion theory [Gau] and a general position argument.)
Hence the inclusion |E| →֒ |G| is a bijection on components, and we may restrict
attention to the component of |E| containing a particular object Mn, say, and to
the image component in |G|. Since E and G are groupoid–like, these components are
homotopy equivalent to the classifying spaces | endE(M)| and | endG(M)|. Again,
topological immersion theory and a general position argument show that the inclu-
sion | endE(M)| →֒ | endG(M)| is a homotopy equivalence. Hence the inclusion of
classifying spaces is also a homotopy equivalence. �

Remark. The classifying space | endE(M)| is homotopy equivalent to the classifying
space of the group of stabilized homeomorphisms int(M) → int(M). Taking this
into account, we can say that 1.3 is a variant on the open fiber smoothing theorem
of Casson and Gottlieb [CaGo].

Proof of 1.4. We shall use Quillen’s Theorem B [Qui], or rather Waldhausen’s
simplicial version of it [Wald2, §4], with the “addendum”. We need the following
special case: Let Z : C → D be a simplicial functor between simplicial categories.
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Suppose that the simplicial sets ob(C) and ob(D) are discrete. For an object D in
D[0], let Z/D be the simplicial category whose objects in degree n are pairs (C, f)
where C is an object of C[0] and f : Z(C) → D is a morphism in D[n] (that is,
a morphism from the n–fold degeneracy of Z(C) to the n–fold degeneracy of D).
The morphisms in Z/D are commutative triangles. Suppose that, for any morphism
e : D → D′ in D[0], the transition functor

e∗ : Z/D → Z/D′ ; (C, f) 7→ (C, ef)

induces a homotopy equivalence of the classifying spaces, |(Z/D)| ≃ |(Z/D′)|. Then
the square

|Z/D| forget−−−−→ |C|
yZ·

yZ

| idD /D|
forget−−−−→ |D|

is a homotopy pullback square (and, of course, the lower left–hand term is con-
tractible).

We apply all this with C = Tn, D = En, and D = Mn, and Z equal to
the inclusion functor. Let F1 be the homotopy functor represented by the space
|(Z/M)|. Then for any CW–space X , an element in F1(X) is represented by a pair
(q : E → X, β) where q is a fiber bundle over X with compact n–manifold fibers,
and β is a map from E to M such that β restricted to any fiber of p is an invert-
ible embedding. Two such pairs (q0, β0) and (q1, β1) are equivalent if there exists
a bundle isomorphism ι : E0 → E1 such that β1ι is isotopic to β0. In particular,
every element in F1(X) has a representative (q, β) such that im(β) ∩ ∂M = ∅. We
call such a representative regular.

Let F2 be the homotopy functor represented by |H(∂M)|. For any CW–space
X , an element in F1(X) is represented by an h-cobordism bundle, i.e. a fiber bundle
η : H → X such that η contains as a subbundle the product bundle X×∂M → X
and such that each fiber of η is an (invertible) h-cobordism with base the copy of
∂M in that fiber. Another such bundle η1 represents the same element if there exists
a bundle isomorphism η → η1 extending the identity on the common subbundles
X×∂M → X .

Define a natural transformation ψ : F1 ∼= F2 as follows. Send an element in
F1(X) with regular representative (q : E → X, β) to the class of the h–cobordism
bundle on X whose total space is the closure of the complement of the image of

(q, β) : E −→ X×M .

The fibers of this so–called h–cobordism bundle are indeed invertible h–cobordisms,
by remark 1.6, item (ii). It follows from 1.6, item (iii), that ψ is a natural bijection,
so that

|(Z/M)| ≃ |H(∂M)| .

Now we can easily verify that the hypothesis of Quillen’s Theorem B is satisfied.
Let e : M →M ′ be a morphism in En. The homotopy class of the transition map

e∗ : |(Z/M)| ≃ |H(∂M)| −→ |(Z/M ′)| ≃ |H(∂M ′)|
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will only depend on the connected component of e, so we may assume that e is
regular. The closure of the complement of im(e) is then an h–cobordism W from
∂M to ∂M ′, and e∗ is simply concatenation with this h–cobordism, as a map
from |H(∂M)| to |H(∂M ′)|. Since W is invertible, e∗ is a homotopy equivalence.
Applying Theorem B now, we find that the homotopy fiber in 1.4 is homotopy
equivalent to the classifying space of the categorical fiber, which is |(Z/M)| ≃
|H(∂M)|. �

Remark. By the remark following the proof of 1.3, the component of |En| containing
the object Mn classifies fiber bundles with fibers homeomorphic to int(M). The
corresponding component of |Tn| classifies fiber bundles with fibers homeomorphic
to M . This shows that 1.4 becomes the Kuiper–Lashof theorem [KuiLa1], [KuiLa2]
when M = Dn. See also [Cm].

Proof and explanation of 1.5. The space Ω WhTOP(M) may be defined as the ho-
motopy colimit of the spaces |H(M×Ik)|, for k →∞, under the upper stabilization
maps

|H(M×Ik)| −→ |H(M×Ik+1)|

described in [Wald2]. It turns out that Ω WhTOP(M) is a homotopy invariant
functor in the variable M . For more precision and details, see [BuLa], [Wald2] and
[Wald3]. From 1.4, we see that the homotopy fiber Φ in 1.5 can be described as the
homotopy colimit (here telescope) of a diagram

|H(∂M)| → |H(∂(M×I))| → |H(∂(M×I2))| → |H(∂(M×I3))| → · · ·

where the maps are given as follows. Go from |H(∂(M×Ik))| to |H(∂(M×Ik)×I)|
by upper stabilization ; then go from there to |H(∂(M ×Ik+1))| using the map
induced by the inclusion

∂(M×Ik)×I ⊂ ∂(M×Ik+1) .

Since upper stabilization commutes with inclusion–induced maps, we conclude that

Φ ≃ hocolim
k

hocolim
j

|H(∂(M×Ik)×Ij)| = hocolim
k

Ω WhTOP(∂(M×Ik)) .

Since Ω WhTOP is a homotopy functor, and commutes up to homotopy equivalence
with the special homotopy colimits that we are using (telescopes), we find

Φ ≃ Ω WhTOP(hocolim
k

(∂(M×Ik))) ≃ Ω WhTOP(M) . �

2. Euler Characteristics and Microcharacteristics

Our goal in this section is to prove Theorem 0.4 in an easier formulation. See the
section abstracts. The reader should have an intuitive understanding of homotopy
direct and homotopy inverse limits [BK], [HoVo]. See also [WWAs]. Our notation
is: holim for homotopy inverse limits alias homotopy projective limits, and hocolim
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for homotopy direct limits. Another fundamental concept that we use freely is the
K-theory of a category with cofibrations and weak equivalences, [Wald3].

Terminology: In this section, space means a space homotopy equivalent to a
CW–space. A space is homotopy finite if it is homotopy equivalent to a compact
CW–space. A retractive space over a space X consists of a space Y and maps
s : X → Y , r : Y → X such that rs = idX and s is a closed embedding having the
homotopy extension property. A map over X and relative to X between retractive
spaces over X is a cofibration if the underlying map of spaces is a closed embedding
having the homotopy extension property. It is a weak equivalence if the underlying
map of spaces is a homotopy equivalence. With these notions of cofibration and
weak equivalence, the category of retractive spaces over X is indeed a category
with cofibrations and weak equivalences, in the sense of [Wald 3]. This follows
from [Str]. A retractive space over X is homotopy finite if it is the codomain
of a weak equivalence from another retractive space over X which is a CW– space
relative to X , with finitely many cells. Define A(X) as the K-theory of the category
of homotopy finite retractive spaces over X . This must be regarded as a simplicial
class, since we have made no effort to downsize the category of homotopy finite
retractive spaces over X . Even so, a small effort is required to make A(X) into a
functor of the variableX . For example: Fix two large (at least uncountable) disjoint
sets U1 and U2. Define A(X) only when the set X is a subset of U1, and in that case
insist on retractive spaces Y ⇄ X for which the section X → Y is an inclusion, and
Y rX is a subset of U2. Given a map f : X → X ′, where X,X ′ ⊂ U1 as sets, and a
retractive space Y ⇄ X , as above, define a new retractive space f∗Y ⇄ X ′ where
f∗Y = (Y rX)∪X ′, with the obvious retraction and section. Then f∗ is a functor
from retractive spaces over X to retractive spaces over X ′. Most important: the
rule f 7→ f∗ respects composition, so that g∗f∗ = (gf)∗.

2.1. Euler characteristics

Let Y be a homotopy finite space. Any homotopy finite retractive space over Y
determines a point in A(Y ); specifically, the retractive space

S0 × Y
r
−→←−
s
Y

where r is the projection and s identifies Y with {1} × Y , determines a point

〈Y 〉 ∈ A(Y ).

2.1.1. Definition. We call 〈Y 〉 the Euler characteristic of Y . (Note that we are
interested in the point 〈Y 〉, not just in its connected component.)

A homotopy equivalence f : X −→ Y between homotopy finite spaces induces
another homotopy equivalence f∗ : A(X) −→ A(Y ). It also determines a path 〈f〉
in A(Y ) from f∗〈X〉 to 〈Y 〉. Namely, f∗〈X〉 is the point in A(Y ) corresponding to
the retractive space

{−1} ×X ∪ {1} × Y ⇄ Y
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where the retraction is equal to f on {−1} ×X . Now f gives a weak equivalence
from this retractive space to

S0 × Y ⇄ Y.

The weak equivalence determines a path in A(Y ).

We can continue in this manner, looking e.g. at composable sequences of ho-
motopy equivalences. Perhaps the best way to express the naturality properties of
Euler characteristics is to use homotopy inverse limits. Let p be a covariant functor
from a small category C to homotopy finite spaces. Suppose p takes all morphisms
in C to homotopy equivalences. For each c in C, we have a functor from the “over”
category C ↓ c to the category of retractive spaces over p(c) which takes b → c to
the retractive space p(b) ∐ p(c). Since this functor takes all morphisms in C ↓ c to
weak equivalences, it induces a map

(2–1) |C↓c| −→ A(p(c)) .

Note that c 7→ A(p(c)) is another functor taking all morphisms in C to homotopy
equivalences. We can regard (2–1) as a natural transformation between functors
in the variable c. By definition, such a natural transformation is a point in the
homotopy inverse limit

holim
c in C

A(p(c)) .

By inspection, our point projects to 〈p(c)〉 ∈ A(p(c)), for each c in C. We refer to
this type of naturality as lax naturality. The Euler characteristic 〈Y 〉 is lax natural
with respect to homotopy equivalences.

We like to think of points in the homotopy inverse limit above as “sections” of
a certain “fibration”. This is explained in the next construction.

2.1.2. Construction. Let C be a small category. Let v(c) = |C↓ c| for each c in
C. Suppose that q is a covariant functor from C to spaces taking all morphisms to
homotopy equivalences. Form the commutative square

hocolim q×v −−−−→ hocolim q
yv∗q

yq

hocolim v v−−−−→ hocolim ∗
(all homotopy colimits over C, and v and q are the obvious projections). This is
a pullback square where the horizontal arrows are homotopy equivalences and the
vertical arrows are quasifibrations in the sense of [DoTho]. A point in the homotopy
inverse limit holim q is a natural transformation t : v → q, giving rise to another
natural transformation (t, id) : v → q×v, and this induces a section t∗ of the
quasifibration on the left. Thus we have maps

holim q −→ Γ(v∗q) ≃←− Γ(q)

where Γ denotes the section spaces of the associated fibrations. Exercise: The
left–hand map, from holim q to Γ(v∗q), is also a homotopy equivalence (spectral
sequence argument ; use the skeleton filtration of |C|). In this way, holim q is an
acceptable model or substitute for Γ(q).
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2.1.3. Remark. Again let p from C to spaces be a covariant functor taking all
morphisms to homotopy equivalences. Since the projection p : hocolim p → |C|
is a quasifibration in the sense of Dold–Thom, we can convert it into a fibration
using the Serre construction, without changing the homotopy types of the fibers.
To increase the usefulness of this observation we add another: essentially every
fibration arises in this way. Indeed, suppose that p : E → B is a fibration (where
E and B are homotopy equivalent to CW–spaces, according to our conventions).
Let simp(B) be the category of singular simplices of B. An object of simp(B) is a
map f : ∆j → B for some j ≥ 0, and a morphism from f : ∆j → B to g : ∆k → B
is a monotone map v from {1, . . . , j} to {1, . . . , k} such that gv∗ = f . Define p and
w from simp(B) to spaces by p(f) = f∗E for f : ∆j → B, and w(f) = ∆j . There
is a commutative diagram

hocolim p =←−−−− hocolim p −−−−→ E
yproj.

y
yp

hocolim ∗ proj.←−−−− hocolim w eval.−−−−→ B

where middle arrow is induced by the projections f∗E → ∆j for f : ∆j → B,
and “eval.” is induced by the evaluation transformation from w to the constant
functor with value B. (All homotopy colimits are over simp(B).) Both squares in
the diagram are homotopy pullback squares, and the maps in the lower row are
homotopy equivalences [Se2].

2.1.4. Example. Let p be a functor from C to spaces taking all morphisms to
homotopy equivalences, and such that each p(c) is homotopy finite. Then c 7→
A(p(c)) is another functor taking all morphisms to homotopy equivalences. Now
write

B = |C|, E := hocolim p, AB(E) := hocolimA · p .

Let p : E → B be the projection and write 〈p〉 for the distinguished element in
holimA · p that we get from (2–1). We call 〈p〉 the Euler section of p. Informally, it
is a section B → AB(E) of the projection AB(E)→ B. Note that AB(E) is what
we called

⋃
A(F ) in the introduction, for example in theorem 0.3.

We can write E = colim p×v (notation of 2.1.2), which explains the second arrow
in

(2– 2) hocolimA · p ≃←− hocolimA · p −→ A(E) .

Informally, (2–2) is a map from AB(E) to A(E). We mention it here because the
composition

B
〈p〉
−−→ AB(E) −→ A(E)

appears implicitly on the right–hand side of [BiLo, Thm. 0.1]. More details are
given below in subsection 2.2 and in section 9.
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2.2. Linearized Euler characteristics

Keep the notation of 2.1.4. Suppose in addition that E is equipped with a bundle
V of finitely generated projective left R–modules, where R is some (discrete) ring.
We want to take a closer look at the composition

〈p〉V : B
〈p〉
−−→ AB(E) −→ A(E) λ−→ K(R)

where the last map, from A(E) to K(R), is induced by a functor λ between cat-
egories with cofibrations and weak equivalences. For a homotopy finite retractive
space

X
r
−→←−
s
E

let λ(X ⇆ E) be the singular chain complex of the pair (X,E) with (twisted)
coefficients in the bundle of modules r∗(V ). Note that λ(X ⇆ E) is a chain
complex of projective R–modules, homotopy equivalent to a finitely generated one.
Such chain complexes form a category with cofibrations and weak equivalences, and
its K-theory is K(R). More details can be found below.

Remark. John Klein points out that the functor λ is not an exact functor. It
respects cofibrations and weak equivalences, but it does not respect cobase change.
For example, suppose that X → Y is a cofibration (and also an inclusion) in
the domain category of λ. Then there is a canonical map from λ(X)/λ(Y ) to
λ(X/Y ), but the map is rarely an isomorphism. Fortunately however, it is a chain
homotopy equivalence. This suggests the remedy: Instead of using Waldhausen’s
S• construction to define the K-theory of a category with cofibrations and weak
equivalences, use the variation due to Thomason, given at the end of [Wald3, §1.3].
This is natural with respect to functors which are slightly less than exact. In
particular, λ qualifies.

Now for the alternative description of the composite map 〈p〉V : For each vertex
c in B (=object c in C), we have p(c) ⊂ E as the fiber over c. Let pV (c) be the
singular chain complex of p(c) ⊂ E with (twisted) coefficients in V . Now pV is
a functor from C to certain chain complexes taking all morphisms to homotopy
equivalences. Hence it leads to a map 〈pV 〉 from |C| = B to K(R). The following
is true by construction.

2.2.1. Proposition. 〈p〉V ≃ 〈pV 〉.

Assuming that each Hi(pV (c)) has a finite length resolution by f.g. projective
left R–modules, we shall give a homology theoretic description of 〈pV 〉. Here is
some K-theory background.

Recall that an exact category is determined by an embedding of an additive
category as a full subcategory of an abelian category A where M is closed under
extensions in A. See [Qui, p.16] and [Tho2, App.A]. A map f in M is an admissible
monomorphism if it is a monomorphism in A and the cokernel is isomorphic to
an object in M. Dually, a map f in M is an admissible epimorphism if it is an
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epimorphism in A and the kernel is isomorphic to an object in M. The two main
examples for us are

M = PA ,

the category of projective objects in the abelian category A ; and

M = NPA ,

consisting of those objects in the abelian category A which have finite length reso-
lutions by objects in PA. The letter N can be read as nearly. If A is the category
of finitely generated left modules over a ring R, then we write PR and NPR instead
of PA and NPA.

Notice that any morphism in PA which is epi in A is admissible. A morphism
in PA which is mono in A is admissible iff it splits. However, all morphisms in
NPA which are epi/mono in A are admissible. See [Bass, I.6.2]. Quillen’s Q–
construction associates to an exact category M an infinite loop space K(M). See
[Qui]. Quillen’s resolution theorem [Qui] implies that the inclusion K(PA) −→
K(NPA) is a homotopy equivalence.

For any category D with cofibrations cof D and weak equivalences wD, Wald-
hausen [Wald3] has constructed an infinite loop space Ω|wS•(D)| which we shall
denote by K(D). If M is an exact category, we can make M into a category with
cofibrations and weak equivalences, by letting cof M be the admissible monomor-
phisms in M and by letting wM be the isomorphisms in M. Then there is natural
equivalence from K(M) in the sense of Quillen to K(M) in the sense of Waldhausen
[Wald3, 1.9], [G, 9.3].

For geometric applications we want to have a chain complex theoretic descrip-
tion of K(M). Let ch(M) be the category of chain complexes in M which are
graded over Z and bounded above and below. Homology is defined by first map-
ping the chain complex into the abelian category A. We make ch(M) into a cat-
egory with cofibrations and weak equivalences by letting cof ch(M) be the chain
maps which are degreewise admissible monomorphisms, and by letting w ch(M)
be the quasi-isomorphisms, i.e. chain maps which induce isomorphisms in homol-
ogy. The chain complexes concentrated in degree zero form a full subcategory
which we identify with M. In many cases the inclusion of Waldhausen K-theories,
K(M)→ K(ch(M)), is a homotopy equivalence.

2.2.2. Example. The commutative square of inclusion maps

K(PA) −−−−→ K(ch(PA))
y

y

K(NPA) −−−−→ K(ch(NPA))

consists entirely of homotopy equivalences.

Proof. The upper horizontal arrow is a homotopy equivalence by [Wald3, 1.7.1] and
the approximation theorem [Wald3, 1.6.7]. See [Tho2]. The right–hand vertical
arrow is a homotopy equivalence by the approximation theorem, and the left–hand
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vertical arrow is a homotopy equivalence by Quillen’s resolution theorem, mentioned
earlier. �

Remark. Let A be the category of finitely generated left R–modules. Replacing
ch(PA) by the larger category of chain complexes of left projective R–modules
which are homotopy equivalent to objects in ch(PA) does not change the homotopy
type of the K-theory space. This follows directly from the approximation theorem.

For any category D with cofibrations and weak equivalences Waldhausen has
constructed an injective map ψ : |wD| → K(D), depending functorially on D.
Suppose for illustration that D = PR for some ring R, and that V is an object in
D. Then K(D) =: K(R), and the composition

| aut(V )| ⊂−→ |wD| ψ−→ K(D)

induces a homomorphism on π1, which is the classical one from aut(D) to K1(R).
Returning to an arbitrary exact category M ⊂ A, we introduce certain full

subcategories of ch(M). Let tch(M) consist of the trivial chain complexes (with
trivial differential), and let sch(M) consist of the very special chain complexes C
whose homology groups HiC belong to M for all i. Thus

tch(M) ⊂ sch(M) ⊂ ch(M)

and we define w tch(M) := tch(M) ∩ wM, w sch(M) := sch(M) ∩ wM. Note: it is
irrelevant to us whether sch(M) is an exact subcategory of ch(M) or not.

In the proposition just below, we regard the homology functor H∗ as a functor
from sch(M) to tch(M). We also use a restricted product Π′ of pointed spaces. It
consists of those points (xi) in the honest product for which xi 6= ∗ for only finitely
many i.

2.2.3. Proposition. The following diagram commutes up to homotopy:

|w sch(M)| H∗−−−−→ |w tch(M)|
∼=−−−−→

∏

i∈Z

′|wM|
yψ

yψ
yQ′ ψ

K(ch(M)) =−−−−→ K(ch(M)) altern. sum←−−−−−−−
∏

i∈Z

′K(ch(M)) .

Proof. Given a chain complex C in sch(M), let PkC be the k–the Postnikov ap-
proximation to C. Thus (PkC)i = Ci for i ≤ k, (PkC)k+1 = im(∂ : Ck+1 → Ck),
and (PkC)i = 0 for i > k + 1. Let QkC be the kernel of the canonical projection
from PkC to Pk−1C. Then

QkC −→ PkC −→ Pk−1C

is a functorial cofibration sequence in sch(M). The projection

QkC −→ H∗(QkC)
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is a weak equivalence in sch(M), and of course H∗(QkC) is concentrated in degree
k and equal to HkC there. Using this and an observation [Wald3, 1.3.3] related to
the additivity theorem, one finds that the left–hand square in 2.2.3 commutes up
to homotopy. Commutativity of the right–hand square is a consequence of [Wald3,
1.6.2] �

We note that 2.2.3 remains valid in the case M = PR if the chain complexes in
sch(PR) and ch(R) are allowed to be chain complexes of projective left R–modules
which are homotopy equivalent to finitely generated ones.

We return to p, p, E, B and V of 2.1.4 and 2.2.1. Let Hi(p(c);V ) be the i–th
homology of p(c) with twisted coefficients in V . Combining 2.2.3 with 2.2.1, we get
the following result.

2.2.4. Proposition. Suppose that each Hi(p(c);V ) has a finite length resolution
by f.g. projective R–modules. Then the composition

B
〈p〉
−−→ AB(E) −→ A(E) λ−→ K(R)

is homotopic to the alternating sum Σ(−1)i . . . of the maps

B
k(i)
−−→ | iso(NPR)| ψ−→ K(R) (i ≥ 0)

where NPR consists of all left R–modules having a finite resolution by finitely
generated projective ones, and k(i) is induced by c 7→ Hi(p(c);V ). (Remember
B = |C|.) �

2.3. Assembly

A functor F from spaces to CW–spectra is homotopy invariant if it takes homo-
topy equivalences to homotopy equivalences. A homotopy invariant F is excisive if
F (∅) is contractible and if F preserves homotopy pushout squares (alias homotopy
cocartesian squares, see [Go1], [Go2]). The excision condition implies that F pre-
serves finite coproducts, up to homotopy equivalence. Call F strongly excisive if it
preserves arbitrary coproducts, up to homotopy equivalence.

2.3.1. Theorem [WWAs]. For any homotopy invariant F from spaces to CW–
spectra, there exist a strongly excisive (and homotopy invariant) F % from spaces
to CW–spectra and a natural transformation

α = αF : F % −→ F ,

called “assembly”, such that α : F %(∗) → F (∗) is a homotopy equivalence. More-
over, F % and αF can be made to depend functorially on F , and

F %(X) ≃ X+ ∧ F (∗)

by a chain of natural homotopy equivalences.
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2.3.2. Observation. If F is already excisive, then

α : F %(Y ) −→ F (Y )

is a homotopy equivalence for all finite Y , and if F is strongly excisive, then α is
a homotopy equivalence for all Y .

Proof. By arguments going back to Eilenberg and Steenrod it is sufficient to verify
that α is a homotopy equivalence for Y = point. �

We want to show that α = αF is the “universal” approximation (from the left)
of F by a strongly excisive homotopy invariant functor. Suppose therefore that

β : E −→ F

is another natural transformation with strongly excisive and homotopy invariant
E. The commutative square

E% αE−−−−→ E
yβ%

yβ

F % αF−−−−→ F
in which the upper horizontal arrow is a homotopy equivalence by 2.7, shows that
β essentially factors through αF .

Following [AnCoFePe] and [CaPe], [CaPeVo] we introduce control in order to get
explicit models for assembly maps in A–theory. A control space is a pair consisting
of a locally compact Hausdorff space Ē and an open dense subset E of Ē. Let
p : X1 → E and q : X2 → E be proper spaces over E (which means that X1, X2
are locally compact, and p, q are proper). A continuous proper map f : X1 → X2
is a controlled map if it satisfies the following condition: Given z ∈ Ē r E, and a
neighborhood U of z in Ē, there exists a smaller neighborhood U0 of z in Ē such that
p(x) ∈ U0 implies q(f(x)) ∈ U , and q(f(x)) ∈ U0 implies p(x) ∈ U , for all x ∈ X1.
It is straightforward to define controlled (proper) homotopies between controlled
maps, and then controlled (proper) homotopy equivalences between proper spaces
over E. Denote the homotopy category of proper spaces and controlled maps over
E by H(E ⊳ Ē).

We form the category of proper retractive ENR’s over E, where the morphisms
are maps over E and relative to E. Such a morphism is a cofibration if it is injective.
Let A(E⊳Ē) be the K-theory spectrum of this category with cofibrations, allowing
as weak equivalences all those morphisms which become invertible in H(E ⊳ Ē).

We shall also need germs near Ē r E of proper spaces over E. Such a germ is
represented by a proper space over W , where W ⊂ E is such that E rW is closed
in Ē. Germs of controlled maps and germs of controlled homotopies are defined in
the most obvious way. Hence there is a category H(E ⊳ Ē)∞ of germs near Ē rE
of proper spaces over E and controlled homotopy classes of controlled map germs.

We form the category of germs near Ē r E of proper retractive ENR’s over E,
where the morphisms are germs of maps over E and relative to E. Such a morphism
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is a cofibration if it is the germ of an injection. Let A(E ⊳ Ē)∞ be the K-theory
spectrum of this category with cofibrations, allowing as weak equivalences all those
morphisms which become invertible in H(E⊳Ē)∞. The following is a reformulation
of a special case of the main theorem of [Vo2]; see also [PeWei], [AnCoFePe], [Vo3],
[Vo4]. Notation: Y is a compact ENR which we sometimes identify with Y × {0}.

2.3.3. Theorem [Vo2], [Vo4], [CaPeVo]. The functor Y 7→ A(Y×[0, 1)⊳Y×[0, 1])∞
is homotopy invariant and excisive.

2.3.4. Theorem [CaPeVo]. The commutative square of inclusion maps

A(Y ) ∼= A(Y ×{0}) ⊂−−−−→ A(Y ×[0, 1) ⊳ Y ×[0, 1])
y

yforget

∗ −−−−→ A(Y ×[0, 1) ⊳ Y ×[0, 1])∞

is a homotopy pullback square. If Y = ∗, its upper right–hand vertex is contractible.

Comments. Contractibility of A([0, 1)⊳ [0, 1]) is proved using an Eilenberg swindle.
The same Eilenberg swindle shows that A(Y×[0, 1) ⊳ Y×[0, 1]) is connected (but it
is not always contractible). See the remark following 2.3.5 below. We mention this
because Carlsson, Pedersen and Vogell use slightly bigger categories of retractive
spaces than we do, with a view to “idempotent completeness”. Consequently they
obtain versions of A–theory with a potentially bigger π0 than we do. However, when
Y = ∗ there is no disagreement anywhere. Therefore 2.3.4 is correct when Y = ∗,
and we can conclude that A([0, 1) ⊳ [0, 1])∞ is homotopy equivalent to S1 ∧A(∗).
(Note that this is the coefficient spectrum in 2.3.3.) Using 2.3.3 now, and assuming
without loss of generality that Y is connected, we conclude that the maps

A(Y )→ A(∗)
A(Y ×[0, 1) ⊳ Y ×[0, 1]) −→ A([0, 1) ⊳ [0, 1])

A(Y ×[0, 1) ⊳ Y ×[0, 1])∞ −→ A([0, 1) ⊳ [0, 1])∞

induced by Y → ∗ are 1–connected, 1–connected and 2–connected, respectively.
Hence 2.3.4 is correct for arbitrary Y , despite the missing components.

The category of proper retractive ENR’s over Y × [0, 1) has an endomorphism t
induced by the shift map

Y × [0, 1)→ Y × [0, 1) ; (y, 1− u) 7→ (y, 1− u/2) .

Using t we can manufacture other endomorphisms such as
∑

i≥0

kiti

where k0, k2, k3, . . . can be any sequence of positive integers and kiti is short for a
ki–fold coproduct, and the sum sign also denotes a coproduct. A retractive map f
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between proper retractive ENR’s over Y×[0, 1) is a microequivalence if
(∑

i kit
i)(f)

is invertible in H(Y ×[0, 1) ⊳ Y ×[0, 1]) for arbitrary positive integers k0, k1, k2, . . . .
For example, any isomorphism between proper retractive ENR’s over Y ×[0, 1) is a
microequivalence. Write P (Y ) for the K-theory spectrum of the category of proper
retractive ENR’s over Y×[0, 1), where cofibrations are defined as usual and the weak
equivalences are the microequivalences. Then

P (Y ) ⊂ A(Y ×[0, 1) ⊳ Y ×[0, 1]) .

In the following lemma, Y is still compact.

2.3.5. Lemma. The spectrum P (Y ) is contractible.

Remark. Notice that P (∗) is all of A([0, 1)⊳ [0, 1]), so 2.3.5 implies contractibility of
A([0, 1)⊳[0, 1]). For arbitrary Y , the inclusion P (Y ) ⊂ A(Y×[0, 1)⊳Y×[0, 1]) induces
a surjection on π0 because the underlying inclusion of categories is a bijection on
objects. Therefore 2.3.5 implies that A(Y ×[0, 1) ⊳ Y ×[0, 1]) is connected.

Proof of 2.3.5. It is convenient to replace [0, 1] by [0,∞] via the homeomorphism
s 7→ ln(1 − s)/ ln(1/2). Then t is the endomorphism induced by the shift map
(y, s) 7→ (y, s+ 1) from Y × [0,∞) to itself.

Let u :=
∑

ti where the sum is taken over all i ≥ 0. The endofunctors t
and u take microequivalences to microequivalences and respect cofibrations. They
therefore induce self–maps of P (Y ). Write [t] and [u] for their homotopy classes.
There exists another endofunctor t′ respecting cofibrations and microequivalences,
and there exist natural microequivalences

t(X) →֒ t′(X) ←֓ X

where X is any retractive ENR over Y . (Details: t′(X) = g∗([0, 1]×X) where X
is a retractive space over Y × [0,∞), so that [0, 1]×X is a retractive space over
[0, 1]×Y ×[0,∞), and g : [0, 1]×Y ×[0,∞) −→ Y ×[0, 1) takes (s, y, t) to (y, s+ t).
Note that X ∼= g∗({0}×X) and t(X) ∼= g∗({1}×X).) Therefore

[id] = [t] = [u]− [tu] = [u]− [t][u] = [u]− [u] = [∗]. �

We are now ready for the microcharacteristic. Our model for A%(Y ) will be the
homotopy pullback of the diagram

A(Y )
y⊂

P (Y ) ⊂−−−−→ A(Y ×[0, 1) ⊳ Y ×[0, 1]) .

By 2.3.3, 2.3.4 and 2.3.5 this is indeed a homotopy invariant and excisive functor
of the variable Y , and it comes with a projection to A(Y ) which is a homotopy
equivalence when Y = ∗. Hence, by the uniqueness result 2.3.2 and sequel, our
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notation A%(Y ) is fully justified. We write A%(Y ) for the corresponding infinite
loop space ; that, is A%(Y ) is the homotopy pullback of

A(Y )
y⊂

P (Y ) ⊂−−−−→ A(Y ×[0, 1) ⊳ Y ×[0, 1]) .

Observe now that the Euler characteristic 〈Y 〉 ∈ A(Y ) actually lives in the subspace
A(Y ) ∩ P (Y ) of A(Y ×[0, 1) ⊳ Y ×[0, 1]). Therefore it lives in A%(Y ). As such we
denote it by 〈〈Y 〉〉.

2.3.6. Variation. It follows from 2.3.4 that the homotopy fiber of

P (Y ) −→ A(Y ×[0, 1) ⊳ Y ×[0, 1])∞

is another possible model for A%(Y ). The preceding model maps to it (forgetfully)
by a homotopy equivalence. With the new model, the microcharacteristic 〈〈Y 〉〉 is
particularly easy to describe, as a point in P (Y ) which goes to the base point in
A(Y × [0, 1) ⊳ Y × [0, 1])∞. Drawback of this construction: The relationship with
A(Y ) and 〈Y 〉 ∈ A(Y ) is less direct.

In the following we write 〈Y 〉 ∈ A(Y ) and 〈〈Y 〉〉 ∈ A%(Y ), suppressing any
information about the specific models of A(Y ) and A%(Y ) that we had to use to
make it all work. — It is easy to verify that 〈〈Y 〉〉 is lax natural for homeomorphisms.
Although it is easy, it depends crucially on the fact that isomorphisms between
compact retractive ENR’s over Y ∼= Y ×{0} can be regarded as microequivalences
between proper retractive ENR’s over Y ×[0, 1). In fact, the same argument shows
that 〈〈Y 〉〉 is lax natural for cell–like maps [La1], [La2], [La3] between ENR’s.

2.3.7. Remark. We can now state the micro–index theorem (see section abstracts)
in a very informal way. Suppose that Mn is a compact topological manifold. The
microcharacteristic 〈〈M〉〉 lives in A%(Y ), which we take the liberty to identify with
Ω∞(M+ ∧A(∗)). The Euler section of τM , as defined in the introduction, is trivi-
alized near the boundary of M . It represents an element in the n–th cohomology of
the pair (M, ∂M) with twisted coefficients in A(∗). Modulo an identification of the
twist, which we will do in §7, we can conclude that the Poincaré dual of the Euler
section of τM lives in Ω∞(M+ ∧A(∗)), just like 〈〈M〉〉. The micro–index theorem
states that Poincaré dual of Euler section and microcharacteristic are connected by
a canonical path.

We need this statement for families. In the next subsection, 2.4, we will see
among other things how microcharacteristics can be extracted from families.

2.4. Classification of topological bundle structures

As in [WW1] let TOP(M) be the topological group of homeomorphisms M →
M which agree with the identity near ∂M . A difficult theorem due to [McD1]
(see also [Se], [Math1], [Math2], [Thu]) asserts that the inclusion of |TOPδ(M)|
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in |TOP(M)| is a homology equivalence for M , where TOPδ(M) is the under-
lying discrete group and the vertical bars are for classifying spaces. (A map
f : X → Y of connected spaces is a homology equivalence if it induces isomor-
phisms f∗ : H∗(X ; J) → H∗(Y ; J) for any π1(Y )–module J .) Also, the inclusion
of |TOPδ(M, ∂M)| in |TOP(M, ∂M)| is a homology equivalence ; TOP(M, ∂M) is
the simplicial group of all topological automorphisms of M .]

We now give a direct construction of the map Stp(p) → Ltp(p) in theorem 0.4,
without using any index theorem. Actually we will construct a map Stp(p, γ) →
Ltp(p), where γ can be any microbundle on the total space of p. See (1–2).

We can simplify the task and avoid all questions of naturality by concentrating
on certain universal examples. In the first example, take B to be |Gn|. See §1. Let
p be the tautological quasifibration on B whose fiber over the point corresponding
to an object (F, γ) in Gn is F (something canonically homeomorphic to F , to be
quite honest). In the second example, take B to be |Tn|. See again §1. Let p be
the tautological fiber bundle on B with compact n–manifold fibers.

First universal example. Let Gδn be the discrete category underlying Gn. The in-
clusion of |Gδn| in |Gn| is a homotopy equivalence (compare [DwKa], [Fie]). Hence
we may take B = |Gδn| instead of B = |Gn|. Define p, q, q% from Gδn to spaces by

p(F, γ) = F , q(F, γ) = A(F ) , q%(F, γ) = A%(F ) .

Let p, q, q% be the corresponding quasifibrations. Euler characteristics F 7→ 〈F 〉
determine an element 〈p〉 of holim q ≃ Γ(q).

We can also try the stable version |Gδ| instead of |Gδn|. Then we still have q and
q% on Gδ, given by (m,F, γ) 7→ A(F ) and (m,F, γ) 7→ A%(F ). (These are functors
because a morphism g : (m,F, γ)→ (n, F ′, γ′) in G induces

A(F ) ×In−m

−−−−→ A(F×In−m) g∗−→ A(F ′)

A%(F ) ×In−m

−−−−→ A%(F×In−m) g∗−→ A%(F ′) ,

where ×In−m is regarded as an exact functor from retractive spaces over F to
retractive spaces over F×In−m. Slight problems are caused by the fact that products
in the category of sets are not strictly associative, but given any “category of sets”
one can easily construct an equivalent category with an explicit and associative
product.) We still have quasifibrations q, q% on |Gδ| and a distinguished 〈p〉 in
holim q ≃ Γ(q).

Second universal example. Let Tδn be the discrete category underlying Tn. The in-
clusion |Tδn| →֒ |Tn| is a homology equivalence, by the McDuff–Mather–Thurston
theorem mentioned earlier. It does not follow immediately that we may substi-
tute |Tδn| for |Tn|, but we will do so now and justify later. Define p, q, q% from
Tδn as before, restricting from Gδn. Write p, q, q% for the corresponding quasifibra-
tions on |Tδn|. Euler characteristics F 7→ 〈F 〉 determine 〈p〉 in holim q ≃ Γ(q),
and microcharacteristics F 7→ 〈〈F 〉〉 determine 〈〈p〉〉 in holim q% ≃ Γ(q%). Since
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microcharacteristics lift Euler characteristics, we have α · 〈〈p〉〉 = 〈p〉, where α is the
assembly (from A%–theory to A–theory).

Again, we may try the stable version |Tδ| instead of |Tδn|. We can then still
regard q and q% as functors on Tδ, and we get distinguished elements 〈p〉 ∈ holim q
and 〈〈p〉〉 ∈ holim q%.

Justification. Concentrating on the stable case, we use the commutative square

|Tδ| ⊂−−−−→ |Gδ|

⊂
y ⊂

y≃

|T| ⊂−−−−→ |G| .

We constructed two quasifibrations q, one on |Tδ| and another on |Gδ|. However,
one of these is the restriction of the other, so there is no serious ambiguity. We also
constructed two quasifibrations q%, one on |Tδ| and another on |Gδ|. But again,
one of these is the restriction of the other.

Since the inclusion of simplicial sets |Gδ| →֒ |G| is a homotopy equivalence, the
quasifibration q on |Gδ| extends to a quasifibration on |G| which we still denote by
q. (Construct the extension by induction over the relative skeleta.) In the same
way, q% extends to a quasifibration on |G|, which we still denote by q%. Moreover,
if we construct the extension of q% carefully, then the morphism of quasifibrations
α : q% → q defined over |Gδ| extends to one defined over |G|. These extensions (of
q, q% and the morphism from q% to q) are unique up to contractible choice ; details
omitted.

Now we have a commutative diagram of spaces of sections

(2–3)

Γ(q%, |Tδ|) −−−−→ Γ(q, |Tδ|) res←−−−− Γ(q, |Gδ|)
xres

xres
xres

Γ(q%, |T|) −−−−→ Γ(q, |T|) res←−−−− Γ(q, |G|)

where Γ(q%, |T|) denotes a space of sections over |T|, for example, and all arrows
labeled res are restriction maps. The unlabeled arrows are induced by the mor-
phism q% → q. We know already that one of the vertical arrows is a homotopy
equivalence ; we shall see that the other two are also homotopy equivalences. (This
will complete the justification, because all we ever wanted was a point in the holim
of the lower row of (2–1), and what we have constructed so far is a point in the
holim of the upper row of (2–1).)

Suppose therefore that f : X → Y is a homology equivalence between CW–
spaces, and that r is a fibration on Y with nilpotent fibers [HMR]. Then Postnikov
technology implies that the pullback map from the section space Γ(r) to Γ(f∗r) is
a homotopy equivalence. Example: f can be the inclusion of |Tδ| in |T|, and r can
be q or q% restricted to |T|. In this case the fibers are nilpotent because they are
infinite loop spaces. �

Remark. Note that all restriction maps in (2–1) are fibrations. Together with the
preceding argument, this shows that the sections 〈〈p〉〉 and 〈p〉 of q% and q, defined
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over |Tδ| and |Gδ|, respectively, can be extended compatibly to |T| and |G|, respec-
tively. As usual, any choices made are contractible ; and we still use the symbols
〈〈p〉〉 and 〈p〉 to denote these extended sections.

We have now constructed a map Stp(p, γ) → Ltp(p) by reduction to universal
examples (remember the definition of Stp(p, γ) given in 1.2, display (1–1)). It
remains to show that the map is a homotopy equivalence. Again this can be done
at the “universal level”, and the task is then to show that

(2–4)

|T|
〈〈p〉〉
−−−−→ E(q%)

y⊂
yα

|G|
〈p〉
−−−−→ E(q)

is a homotopy pullback square (where E(q) and E(q%) are the total spaces of the
quasifibrations q% and q). Now every component of |G| contains a point correspond-
ing to an object of the form (n,Mn, τM) where M is a compact n–manifold. The
map of vertical homotopy fibers in (2–4), over such a point and its image point in
E(q), takes the form

(2–5) Ω WhTOP(M) −→ hofiber〈M〉[A%(M)→ A(M)] ,
by 1.5. The subscript 〈M〉 means that the homotopy fiber (of the assembly map)
must be taken over the point 〈M〉. (Note, however, that α from A%(M) to A(M)
is a morphism of infinite loop spaces, so that all its homotopy fibers are canonically
homotopy equivalent to that over the zero element.) We see that domain and
codomain of (2–5) are “abstractly” homotopy equivalent by Waldhausen’s theorem.
But so far we do not know how the homotopy equivalence due to Waldhausen is
related to the map (2–5). Moreover, before we can explore the relationship, we
need a description of the Waldhausen map.

Fix Mn, with boundary ∂M . Recall from Corollary 1.5 the topological category
of h–cobordisms H(∂M). Also, let H?(∂M) be the topological category whose
objects are pairs (X, γ) where X is a compact ENR containing ∂M , in such a
way that the inclusion ∂M → X is a homotopy equivalence, and where γ is an n–
microbundle on X extending the restriction of τM to ∂M . A morphism in H?(∂M),
say from (X1, γ1) to (X2, γ2), is a mapX1 → X2 relative to ∂M , covered by a bundle
map γ1 → γ2 relative to τM . Then |H?(∂M)| is contractible.

To an object (X, γ) in H?(∂M) we can associate its relative Euler characteristic:
the point in A(X) corresponding to the retractive space X ∐∂M X over X . This
is lax natural (perhaps not in a continuous way, but we know how to handle such
problems). To an h–cobordism (W ; ∂M,N) we can associate its relative microchar-
acteristic: the point in A%(W ) corresponding to the retractive space W ∐∂M W .
Playing the same game as before, we obtain a diagram similar to (2–4):

(2–6)

|H(∂M)| −−−−→ E(q%
1 )

y⊂
yα

|H?(∂M)| −−−−→ E(q1)
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where q%
1 and q1 are the (quasi–)fibrations on |H?(∂M)| determined by the functors

(X, γ) 7→ A%(X) and (X, γ) 7→ A(X), respectively. The horizontal maps in (2–6)
are essentially the sections determined by relative microcharacteristics and Euler
characteristics, respectively, but again we have to use the McDuff–Mather–Thurston
theorem to construct these. The map of vertical homotopy fibers in (2–6) takes the
form

(2–7) |H(∂M)| → hofiber[A%(∂M)→ A(∂M)]

and it is the Waldhausen map, by definition (see Appendix D for more details). As
it stands, it is not a homotopy equivalence in general, but it turns into a homotopy
equivalence under stabilization.

Now we are in a position to “relate”, and we do it by introducing certain maps,
from |H?(∂M)| to |G|, and from |H(∂M)| to |T|. The first of these, say ι, is induced
by the functor

(X, γ) 7→ (n,X ∐∂M M, γ ∪ τM ) .
The second is the restriction of the first. Now consider the map from left–hand
vertical homotopy fiber to right–hand vertical homotopy fiber in the commutative
diagram

|H(∂M)| −−−−→ |T|
〈〈p〉〉
−−−−→ E(q%)

y⊂
y⊂

yα

|H?(∂M)| ι−−−−→ |G|
〈p〉
−−−−→ E(q)

which becomes

(2–8) |H(∂M)| −→ hofiber〈M〉[A%(M)→ A(M)] .

Inspection and the additivity theorem in [Wald3] show that

|H(∂M)|
(2–8)
−−−−→ hofiber〈M〉[A%(M)→ A(M)]

y(2–7)
x+〈〈M〉〉

hofiber[A%(∂M)→ A(∂M)] ⊂−−−−→ hofiber[A%(M)→ A(M)]

commutes up to homotopy. Under stabilization (replacing M by M×Ik for large
k), the upper horizontal arrow turns into (2–5), and the remaining arrows turn into
homotopy equivalences if they are not homotopy equivalences already. It follows
that (2–5) is a homotopy equivalence. �

3. Poincaré Duality by Scanning

Let Mn be a closed topological manifold. For y ∈ M we write My to mean the
cofiber of the inclusion M r {y} →֒M . Let X be any spectrum, and let Γ(M ; X)
be the section space of the fibration on M whose fiber over y ∈M is Ω∞((My)∧X).
For any y ∈M we have the inclusion y : Ω∞(M+ ∧X) →֒ Ω∞((My) ∧X), which
we use to define

(3–1)
℘ : Ω∞(M+ ∧X) −→ Γ(M ; X)

z 7→
(
y 7→ y(z)

)
.
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3.1. Proposition. The map (3–1) is a homotopy equivalence.

Sketch Proof. The statement has a generalization to manifolds with countable basis
(without boundary, but possibly noncompact): just replace Γ(M ; X) by a space
Γc(M ; X) of sections with compact support. The generalized version is easier to
prove. First use a direct limit argument to reduce to the case where M can be
covered by finitely many charts. Then use excision properties of Ω∞((—)+ ∧X)
and Γc(— ; X) to reduce to the case where M is open in Rn. Triangulate M and
use excision properties once more to reduce to the case where M = Rn. Then use
inspection. �

We would like to call ℘ a Poincaré duality map (from homology to cohomology).
A Poincaré duality map should however admit a description in homotopy theoretic
terms, and it is not clear that this one does. (Try to define (3–1) assuming merely
that M is a Poincaré duality space.)

Let νk be a normal bundle for M , with Thom space thom(ν) and collapse map
ρ from Sn+k to thom(ν). Recall that Milnor–Poincaré duality is the homotopy
equivalence

µ : map(thom(ν) , Σn+kX) −→ Ω∞(M+ ∧X)

which to a (pointed) map g : thom(ν)→ Σn+kX associates the composition

Sn+k ρ−→ thom(ν) diag.−−−−→M+ ∧ thom(ν) id ∧g−−−→M+ ∧ Σn+kX .

(To be quite precise here: Ω∞ of a spectrum is the space of maps from S0 to that
spectrum, and Σn+k is the shift operator in the category of spectra.) We shall
construct a homotopy from

(3–2) ℘µ : map(thom(ν) , Σn+kX) −→ Γ(M ; X)

to a map which has a description in homotopy theoretic terms. The homotopy is
essentially contained in the following lemma.

3.2. Lemma. For every y ∈M , the composition

Sn+k ρ−→ thom(ν) diag.−−−−→M+ ∧ thom(ν) id ∧g−−−→ (My) ∧ thom(ν)

is canonically homotopic to a map fy with image contained in (My)∧ thom(ν|{y}).
Moreover, fy is a homotopy equivalence from Sn+k to (My) ∧ thom(ν|{y}).

The proof is an exercise. Digression: The fiber bundle on M with fiber My
over y ∈ M is a spherical fibration with canonical section. It is obviously fiber
homotopy equivalent to the fiberwise one–point compactification of “the” tangent
bundle of M , and it is therefore not surprising that it should be Whitney inverse
to the normal bundle ν, as a spherical fibration. End of digression.

Using the lemma, and the notation of the lemma, we find that ℘µ in (3–2) is
homotopic by a canonical homotopy to the map

(3– 3) g 7→
(
y 7→ (id∧g)fy

)
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where g is any map from thom(ν) to Σn+kX, and (id∧g)fy is the composition

Sn+k fy−→ (My) ∧ thom(ν|{y}) id ∧g−−−→ (My) ∧ Σn+kX .

The description (3–3) is in homotopy theoretic terms. Indeed, suppose that M
is merely a Poincaré space with Spivak normal fibration ν̄ and with a reduction
ρ : Sn+k → thom(ν̄). Define the Spivak tangent fibration τ̄ as “the” stable inverse
of ν̄. More precisely, choose a spherical fibration τ̄ on M and a trivialization of
τ̄ ⊕ ν̄. The trivialization will consist of pointed homotopy equivalences

fy : Si → thom(τ̄|{y}) ∧ thom(ν̄|{y})

for suitable i and all y ∈ M . Use these to write down (3–3), replacing My by
thom(τ̄|{y}) throughout.

3.3. Remark. Proposition 3.1 and Lemma 3.2 can be generalized to compact
manifolds M with boundary as follows. Define My exactly as before, but note that
My is contractible for y ∈ ∂M and My ≃ Sn if y /∈ ∂M . Define Γ(M, ∂M ; X) as
the space of sections of the fibration pair with base pair (M, ∂M) whose fiber over
y ∈M is Ω∞(My ∧X). Here a fibration pair is a map of pairs

(Z1, Z2) −→ (Z3, Z4)

having the homotopy lifting property with respect to maps of pairs with codomain
(Z1, Z2). Finally

℘ : Ω∞(M+ ∧X) −→ Γ(M, ∂M ; X)

can be defined as before, by “scanning”. It is a homotopy equivalence, and it can
be described in homotopy theoretic terms. We omit the details.

3.4. Remark. There is a further generalization to noncompact manifolds M with
boundary. Of course, one such generalization is already implicit in the proof of
3.1, but we mean another which relates cohomology to locally finite homology. For
technical reasons we insist on an Ω–spectrum X. Define My and Γ(M, ∂M ; X)
literally as in 3.3. In particular, there is no “compact support” condition in the
definition of Γ(M, ∂M ; X). However, define M+ as the one–point compactification
of M . The scanning map then goes from Ω∞(M+ ∧X) to Γ(M, ∂M ; X), and it
is a homotopy equivalence. Moreover, it can be reformulated in proper homotopy
invariant terms.

We omit the details and refer the reader to [WWPro]. Note in any case that
M+ need not be homotopy equivalent to a CW–space ; however, Ω∞(M+∧X) is a
CW–space by definition (the geometric realization of the simplicial set of spectrum
maps from S0 to M+ ∧X). It is explained in [WWPro] why Ω∞(M+ ∧X) has
the “right” homotopy groups when X is an Ω–spectrum. These groups must be
thought of as the locally finite homology groups of M with coefficients in X.

Warning: The introduction to [WWPro] gives a wrong definition (line −14) of
locally finite homology with integer coefficients. To correct it, replace the inverse
limit of homology groups by the homology group of a homotopy inverse limit of
singular chain complexes.
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4. Discrete models

Fix a topological manifold Mn. Let C be the set of embeddings f : Rn → M .
For f, g ∈ C, a morphism from f to g is an embedding λ : Rn → Rn such that
f = gλ. Such a morphism from f to g is of course unique if it exists. At any rate,
C is a category, and our goal here is to prove

|C| ≃M .

For a more precise statement, we introduce an open subset E ⊂ |C|×M . We say
(x, y) ∈ E if the (open) cell of |C| containing x corresponds to a nondegenerate
simplex (diagram in C)

f0 → f1 → · · · → fk−1 → fk

such that the image of fk contains y.

4.1. Proposition. The projections |C| ←− E −→M are homotopy equivalences.

The proof is a double application of the following lemma, which is only a mild
improvement on [Se, App.].

4.2. Lemma. A microgibki map (explanation follows) with contractible fibers is a
Serre fibration.

Explanation. A map q : X → Y is microgibki if it has the homotopy micro–lifting
property of [Gro]): For every space W , every map f : W → X and every homotopy
h : W×I → Y with h(w, 0) = qf(w) for all w ∈ W , there exists a map h̄ from a
neighbourhood of W×{0} in W×I to X such that qh̄ agrees with h where defined.

Example: The projections E → |C| and E → M in 4.1 are microgibki, since
E is open in the product |C|×M . It is obvious that E → |C| has contractible
fibers. We shall verify that the fibers of the second projection, q : E →M , are also
contractible. Fix y ∈M , and consider the subspaces

|Cy| ⊂ Ey

of |C| defined as follows: |Cy| is the union of all (open) cells corresponding to
nondegenerate simplices

f0 → f1 → · · · → fk−1 → fk

where y ∈ im(f0), and Ey is the union of all cells corresponding to nondegenerate
simplices

f0 → f1 → · · · → fk−1 → fk

where y ∈ im(fk). Note the following:
(1) Ey is homeomorphic to q−1(y).
(2) |Cy| is a deformation retract of Ey (details follow).
(3) |Cy| is the classifying space of a full subcategory Cy ⊂ C. The subcategory

consists of all objects f such that y ∈ im(f).
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(For the deformation retraction in (2), suppose that x in Ey belongs to a cell
corresponding to a simplex

f0 → f1 → · · · → fk−1 → fk

with y ∈ im(fk). Let (x0, x1, . . . , xk) be the barycentric coordinates of x, all xi > 0,
and let j ≤ k be the least integer such that y ∈ im(fj). Let

h1−t(x) :=(txno + xyes)−1(tx0, tx1, . . . , txj−1, xj, . . . , xk)

xno :=
∑

i<j

xi xyes :=
∑

i≥j

xi

for t ∈ [0, 1], using barycentric coordinates in the same simplex.)
It only remains to prove that |Cy| is contractible: For any finite collection of

objects f1, f2, . . . , fk in Cy, there exists another object f0 ∈ Cy such that f0 is an
initial object in the full subcategory generated by f0, f1, . . . , fk. (Just make sure
that im(f0) ⊂ im(fi) for 1 ≤ i ≤ k.)

We conclude that the two projections in 4.1 are weak homotopy equivalences.
But open subspaces of CW–spaces are homotopy equivalent to CW–spaces [Mil2],
so that E is homotopy equivalent to a CW–space. Hence 4.2 implies 4.1. �

Proof of 4.2. Suppose throughout this proof that p : X → Y is microgibki. Then
pI : XI → Y I is also microgibki (mapping spaces with the compact–open topology).
This uses the adjunctions

mor(W×I,X) ∼= mor(W,XI) , mor(W×I, Y ) ∼= mor(W,Y I)

where mor denotes sets of continuous maps. See [MaL, VII.8]. Recall now that a
map is a Serre fibration if it has the homotopy lifting property for maps from cubes
Ik, for any k ≥ 0. Hence it is sufficient to prove the following.

(1) If the fibers of p are weakly contractible, then p has the homotopy lifting
property for maps from a point. That is, any path ω : I → Y has a lift
ω̄ : I → X, and ω̄(0) can be prescribed arbitrarily in the fiber over ω(0).

(2) If the fibers of p are weakly contractible (explanation follows), then the fibers
of pI are weakly contractible also.

A space is weakly contractible if it is nonempty, and any map from a sphere to
it is homotopic to a constant map. For the proof of (1) we need the following
observation:

(3) For continuous µ : I → X, any vertical homotopy of µ|{0} can be extended
to a vertical homotopy of µ.

(A vertical homotopy is a homotopy which turns into a constant homotopy when
composed with p : X → Y .) Note: in (3), we do not assume that the fibers are
weakly contractible. The proof of (3) is easy, so we concentrate on (1) and (2).

Assume that the fibers of p are weakly contractible. Given ω : I → Y , we can
find a subdivision

0 = t0 < t1 · · · < tk−1 < tk = 1 ,
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of I such that the restriction of ω to [ti, ti+1] has a lift to X , for 0 ≤ i < k. This
uses only the microgibki property, and the fact that the fibers of p are nonempty.
Using the weak contractibility of the fibers over the division points ti, and (3), we
can then construct a lift ω̄ : I → X of ω, with any prescribed value at t0 = 0. This
proves (1).

Let Φ be the fiber of pI : XI → Y I over some ω : I → Y . We know already that
Φ 6= ∅. For t ∈ I, we have the evaluation map

εt : Φ −→ p−1(ω(t)) ; ω̄ 7→ ω̄(t) .

Given f : Sn−1 → Φ, we must try to extend f to a map Dn → Φ. Such extensions
may be regarded as sections of another microgibki map r with target I, whose fiber
over t ∈ I is the space of extensions to Dn of εtf . The fibers of r are again weakly
contractible, and the base is I, so we know from (1) that r admits a section. �

Let D be the discrete monoid of embeddings Rn → Rn. A monoid may be
regarded as a category with one object, so D is a category. Define a functor

tan : C −→ D

by sending a morphism f → g in C to “itself”, that is, to the unique λ : Rn → Rn

such that f = gλ. The functor induces a map of spaces

(4–1) | tan | : |C| → |D|

which we may regard as the classifying map for the tangent bundle of M . Indeed,
we have verified that |C| ≃M , and [McD2, Cor.of Thm.A], [Se] show that

(4–2) |D| ≃ BTOP(Rn) .

However, we should also verify that tan is the right map. Of course, we cannot do it
without explaining to some extent why (4–2) holds. To begin, |D| is the codomain
of a canonical microgibki map with fibers homeomorphic to Rn, say Eu → |D|. The
description of Eu is similar to that of E in proposition 4.1. Namely, Eu is the space

∐

s

star(s)×Rn/
∼

where star(s) is the open star of a nondegenerate simplex s of |D|. The equivalence
relation identifies (x, v) ∈ star(s)×Rn with (x, v) ∈ star(∂is)×Rn for i < dim(s) ; if
i = dim(s), it identifies (x, si(v)) ∈ star(s)×Rn with (x, v) ∈ star(∂is)×Rn, where
si : Rn →֒ Rn is the last component of s. (Think of s as a string of i embeddings
from Rn to itself.) The projection Eu → |D| is obvious.

If f : X → |D| is any map where X is a CW–space, then f∗Eu → X is another
microgibki map with fibers homeomorphic to Rn. The projection f∗Eu → X is a
homotopy equivalence by 4.2. It has no preferred section, but if we are willing to
replace X by f∗Eu, then we have

(4–3) f∗Eu ×X f∗Eu −→ f∗Eu ; (z1, z2) 7→ z1
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which has a preferred section (the diagonal), and qualifies therefore as a microbun-
dle. This is how maps to |D| give rise to microbundles on the domain, and it is
not a very serious objection that we had to modify the domain in order to see a
microbundle on it.

Returning to (4–1), suppose that f is the geometric realization of tan : C → D.
Then f∗Eu is what we previously called E. We now have to find an isomorphism
from the microbundle (4–3) on f∗Eu = E to the pullback of τM under the projection
E →M . This is easy. �

4.3. Remark. So far we have not paid much attention to the boundary ∂M . This
is however easy to do if we assume that M is equipped with a collar, by which we
understand an embedding

∂M×[−∞,+∞) −→M

extending the identification ∂M ×{−∞} ∼= ∂M . Writing C(∂M) and C(M) as
well as D(Rn−1) and D(Rn) for better distinction, we then have a rather obvious
commutative diagram of categories and functors

(4–4)

C(∂M) ⊂−−−−→ C(M)
ytan

ytan

D(Rn−1) ⊂−−−−→ D(Rn) .

In addition, there are homotopy equivalences of pairs

(M, ∂M) ≃ (|C(M)|, |C(∂M)|)

(|TOP(Rn)|, |TOP(Rn−1)|) ≃ (|D(Rn)|, |D(Rn−1)|)

and so we may think of the diagram of nerves obtained from (4–4) as the (pairwise)
classifying map for the tangent bundle pair (τM , τ∂M).

5. Microcharacteristics for noncompact spaces

In §2, we defined A%(Y ) and 〈〈Y 〉〉 ∈ A%(Y ), assuming that Y is a compact ENR.
These definitions, specifically in the formulation 2.3.6, make perfectly good sense
for noncompact Y . In the noncompact case, however, we write A%

ℓf (Y ) instead of
A%(Y ) for reasons given in 5.1 and 5.2. In technical terms,

A%
ℓf (Y ) := hofiber

[
P (Y ) −→ A(Y ×[0,∞) ⊳ Y ×[0,∞])∞

]

and P (Y ) is contractible (by the appropriate generalization of 2.3.4). What follows
is the appropriate generalization of 2.3.3, justifying the notation.

5.1. Theorem [CaPe], [CaPeVo]. The functor

Y 7→ F (Y ) := A(Y ×[0,∞) ⊳ Y ×[0,∞])∞
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on the category of ENR’s and proper maps is homotopy invariant and pro–excisive
(details follow).

Details. The meaning of homotopy invariance in 5.1 is that F takes proper homo-
topy equivalences to homotopy equivalences. The meaning of pro–excisive in 5.1 is
as follows. Consider a commutative diagram of ENR’s and proper continuous maps

(5–1)

Y1 −−−−→ Y2
y

y

Y3 −−−−→ Y4

Let Y0 be the homotopy pushout of Y3 ←− Y1 −→ Y2. This is an ENR by [Hu].
We say that (5–1) is a proper homotopy pushout square if the map from Y0 to Y4
which it determines is a proper homotopy equivalence (=invertible up to proper
homotopies). The functor F takes proper homotopy pushout squares of the form
(5–1) to homotopy pushout squares of spectra, and it takes ∅ to a contractible
spectrum. Finally, the canonical graded homomorphism

π∗F (N) −→
∏

i∈N

π∗ [F (N r {i})→ F (N)]

is an isomorphism.

For the proof of 5.1, we urge the reader to take a look at the first chapter of
[CaPe], and especially Thm. 1.40 of [CaPe] which is the K-theory version of 5.1
above. The A–theory result can be found in [CaPeVo], but it must be pieced
together from Lemma 3.1, Thm. 2.21 and Prop. 2.18 in [CaPeVo] (and we can only
hope that the numbering is final). We suggest choosing X = ∗, F = Y ∪ ∗ (one–
point compactification) and C = point at infinity in Prop. 2.18 of [CaPeVo]. �

So far we have allowed proper maps as morphisms between our ENR’s, but we
can be more generous. Namely, any proper map Y → Y ′ gives rise to a continuous
pointed map Y ∪ ∗ → Y ′ ∪ ∗ of the one–point compactifications, but not every
continuous pointed map Y ∪ ∗ → Y ′ ∪ ∗ comes from a proper map Y → Y ′. In the
sequel we call a pointed continuous map Y ∪ ∗ → Y ′ ∪ ∗ a morphism from Y to
Y ′. Equivalently, a morphism from Y to Y ′ is a proper continuous map f from an
open subset X of Y to Y ′. In particular, the inclusion of an open subset X ⊂ Y is
a morphism from Y → X (take Y ′ = X and f = idX).

It is surprising, but easy to verify, that A%
ℓf (Y ), with the technical definition

given above, is functorial in Y for morphisms. Showing this amounts to defining a
restriction map

A%
ℓf (Y ) −→ A%

ℓf (X)

corresponding to any open subset X ⊂ Y . Now a germ near Y ×{∞} of retractive
spaces over Y×[0,∞) can be restricted to a germ near X×{∞} of retractive spaces
over X×[0,∞). Just take the appropriate inverse images, etc. etc.— it all works out.
In particular, restriction takes weak equivalences between germs of proper retractive
ENR’s to weak equivalences. Similarly, restriction takes microequivalences between
proper retractive ENR’s over Y ×[0,∞) to microequivalences.
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5.2. Proposition. Let F be any functor from ENR’s and their morphisms (!) to
CW–spectra. Suppose that F is pro–excisive. Suppose or arrange that F (∗) is an
Ω–spectrum. Then there exists a chain of natural weak homotopy equivalences

F (Y ) ≃ · · · ≃ (Y ∪ ∗) ∧ F (∗)

where Y ∪ ∗ is the one–point compactification. Informally, we call F a “locally
finite homology theory”.

Proof. See [WWPro].

5.3. Observation. The microcharacteristic is lax natural for open embeddings
X → Y of ENR’s.

(Recall: an open embedding X → Y is a morphism Y → X , which induces a
map A%

ℓf (Y )→ A%
ℓf (X).)

We proceed to the construction of characteristic classes etc. for euclidean bundles,
by taking the microcharacteristics of their fibers. Fix a space V homeomorphic to
Rn for some n. As in §4, let D = D(V ) be the discrete monoid of embeddings
V , so that |D| ≃ BTOP(V ). Note that Dop, not D, acts on A%

ℓf (V ). The action
determines a functor q from Dop to spaces, taking the unique object to A%

ℓf (V ).
Lax naturality of the microcharacteristic 〈〈V 〉〉, as in 5.3, determines a point e
in holim q ≃ Γ(q) where q : hocolim q → |Dop| is the projection (see 2.1.2 for
notation). Informally, e is a section of q. In §7 we shall see that e can be identified
with the Euler section of the universal euclidean bundle on BTOP(V ). (See the
introduction.)

5.4. Remark. For any V as above, product with R defines a map

(5–2) R× : A%
ℓf (V ) −→ A%

ℓf (R×V )

taking 〈〈Rn〉〉 to 〈〈R×V 〉〉. Do not confuse (5–2) with the map induced by a certain
inclusion V → R×V . Here are some more details: The product of R with a proper
retractive ENR over V × [0,∞) is a proper retractive ENR over R×V × [0,∞) ;
similarly for germs, weak equivalences, microequivalences, and so on.

The following facts will be quite important in the sequel:
• (5–2) commutes with the right actions of D(V ), the discrete monoid of

embeddings V → V ;
• it is equivariantly nullhomotopic, loosely speaking.

We prove the second of these—the first is obvious. Let R[ = [−∞,+∞). There is
a factorization of (5–2) of the form

A%
ℓf (V ) λ−→ A%

ℓf (R[×V ) ω−→ A%
ℓf (R×V )

where λ is product with the space R[, and ω is induced by the “morphism” from
R[×V to R×V ∼= R×V which corresponds to the inclusion

R×V →֒ R[×V .

Now 5.1, 5.2 imply that A%
ℓf (R[×V ) is contractible. �



PARAMETERIZED INDEX THEOREM 39

5.5. Lemma. Let r : R×V → R×V be the reflection at V . The following is a
homotopy pullback square:

A%
ℓf (V ) λ−−−−→ A%

ℓf (R[×V )

λ

y ω
y

A%
ℓf (R[×V ) r∗ω−−−−→ A%

ℓf (R×V ) .

Proof. Let R[ ] = [−∞,+∞]. We can factor λ as

(5–3) A%
ℓf (V ) −→ A%

ℓf (R[ ]×V ) −→ A%
ℓf (R[×V )

where the first map is given by product with the space R[ ], and the second is
induced by the “morphism” from R[ ]×V to R[×V corresponding to the inclusion
of R[×V in R[ ]×V . The first arrow in (5–3) is clearly a homotopy equivalence.
Hence it is enough to show that

(5–4)

A%
ℓf (R[ ]×V ) −−−−→ A%

ℓf (R[×V )
y ω

y

A%
ℓf (R[×V ) r∗ω−−−−→ A%

ℓf (R×V ) .

is a homotopy pullback square (all maps induced by “morphisms” corresponding
to inclusions in the opposite direction). Square (5–4) is the target of an inclusion–
induced map from another commutative square

(5–5)

A%
ℓf (V ) −−−−→ A%

ℓf ([0,∞)×V )
y ω

y

A%
ℓf ((−∞, 0]×V ) −−−−→ A%

ℓf (R×V ) .

(all maps in (5–5) induced by proper inclusions, no reversal of direction). The var-
ious maps connecting vertices of (5–4) with vertices of (5–5) are induced by proper
homotopy equivalences, so by 5.1 they are themselves homotopy equivalences. It
is therefore enough to show that (5–5) is a homotopy pullback square. But this
follows from 5.1. �

6. The micro–index theorem: Reduction to the euclidean case

The plan is to prove that microcharacteristics of manifolds (see the remark just
below) are Poincaré dual to the Euler sections e of their tangent bundles as defined
in §5. Of course, this needs to be proved for families of manifolds. We therefore
consider several cases:

(1) one manifold without boundary at a time ;
(2) a “flat” family (= fiber bundle with discrete structure group) of such man-

ifolds ;
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(3) an arbitrary family (= fiber bundle) of manifolds without boundary ;
(4) one manifold with boundary ;
(5) a “flat” family (= fiber bundle with discrete structure group) of manifolds

with boundary.
(6) an arbitrary family (= fiber bundle) of manifolds with boundary.

In cases (1) and (4), the (provisional) index theorem is essentially true by inspection.
Cases (2) and (5) follow by dint of naturality, while the McDuff–Segal–Mather–
Thurston theory is needed to make the step from (2) to (3) and from (5) to (6).

Remark on terminology. The McDuff et al. theory works for manifold with trivial
ends. A manifold has trivial ends if it can be obtained from a compact manifold
by deleting some components of the boundary. For this reason, manifold means
manifold with trivial ends in this section.

Case (1). Suppose that Mn has empty boundary, and tangent bundle τ . Define
C and D as in §4. Then |C| is a model for the homotopy type of M , and | tan | :
|C| −→ |D| is a model for the classifying map of τ . What are the appropriate
models for Euler fibration and Euler section ? We saw (sequel of 5.3) that Dop acts
on A%

ℓf (Rn) by homotopy automorphisms. The action gives a functor q from Dop

to spaces. Our model for the Euler fibration of τ is the quasifibration

hocolim(q · tan) −→ |Cop|,

and our model for the section space of the Euler fibration of τ is holim(q · tan) (see
2.1.2). Lax naturality of 〈〈Rn〉〉 gives rise to a point e(τ) in holim(q · tan). This is
our model for the Euler section of τ . What is the appropriate model for Poincaré
duality ? Of course, we take the map ℘ from (3–1) and remark 3.4. In our setup,
X = A(∗) and we may replace Ω∞(M+ ∧X) by A%

ℓf (M) as defined in §2 and §5.
We may also replace Γ(M ; X) by holim(q · tan). Then ℘ becomes the “scanning”
map

(6–1) A%
ℓf (M) −→ lim

f :Rn →֒M
A%
ℓf (Rn) ⊂ holim

f :Rn →֒M
A%
ℓf (Rn) = holim(q · tan)

induced by the various f : Rn → M , which one must remember are “morphisms”
from M to Rn in the category of ENR’s. Lax naturality of the microcharacteristic
provides a canonical path from the image of 〈〈M〉〉 under this map to e(τ) as defined
above. �

Case (2). It is enough to consider the universal situation

(6–2) p : ET ×T M −→ |T |

where T = TOPδ(M). As before, we must translate everything into categories,
nerves, and so on. In particular we need the category ET with object set T , and
exactly one morphism between any two objects. T acts on ET by left translation.
We still have C as in Case (1). Then

ET ×T C = (ET × C)/T
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is a category whose classifying space is our model for ET ×T M . Note that the
object set of ET ×T C is canonically identified with that of C, but a morphism
in ET ×T C from f : Rn → M to g : Rn → M is a pair (λ, h) where h ∈ T ,
λ : Rn → Rn is an embedding, and f = hgλ. Composition of morphisms is defined
by (λ1, h1)(λ2, h2) = (λ2λ1, h1h2). The rule (λ, h) 7→ λ is a functor from ET ×T C

to the monoid D of embeddings from Rn → Rn. We denote it by tanv to stress the
analogy with Case (1). The induced map of classifying spaces,

(6–3) |ET ×T C| −→ |D| ,

is our model for the map classifying the vertical tangent bundle τv of the manifold
bundle (6–2). As before, Dop acts on A%

ℓf (Rn) by homotopy automorphisms, which
gives rise to a functor q on Dop ; our model for the Euler fibration of τv is

hocolim(q · tanv) −→ |ET ×T C|

and our model for the Euler section is a certain point e(τv) in holim(q · tanv) which
we get from the lax naturality of 〈〈Rn〉〉. Finally our model for fiberwise Poincaré
duality is essentially still the scanning map (6–1). But now we think of it as a T–
map, or as a map between bundles on |T |, and focus on the induced map between
section spaces. Using homotopy limits as models for section spaces, this takes the
form

(A%
ℓf (M))hT −→ holim(q · tanv)

or equivalently
(A%

ℓf (M))hT −→ (holim(q · tan))hT

because the homotopy limit of a group action is a space of homotopy fixed points.
Lax naturality provides a canonical path from the image of the fiberwise microchar-
acteristic section, now denoted 〈〈p〉〉, to the Euler section e(τv). �

Case (3). Here the “vertical bars” notation for classifying spaces too confusing, so
we make an exception and use the prefix B. Keeping the notation from Case (2),
we let T ′ = TOP(M) and

p′ : ET ′×T ′M −→ BT ′ ,

with vertical tangent bundle τ ′. We construct BT ′ by thinking of T ′ as a simplicial
group. Then BT ′ is the geometric realization of a bisimplicial set, and contains
BT as its vertical 0–skeleton. Recall the McDuff–Mather–Thurston theorem to the
effect that the inclusion BT ⊂ BT ′ is a homology equivalence. Suppose for the
moment that the actions of T on A%

ℓf (M) and on holim(q · tan) can be extended in
a canonical way to T ′. Then an easy obstruction theory argument shows that the
forgetful vertical maps in the would–be square

(
A%
ℓf (M)

)hT ℘−−−−→ (holim(q · tan))hT
xφ1

xφ2

(
A%
ℓf (M)

)hT ′

(holim(q · tan))hT
′



42 W.DWYER, M.WEISS, B.WILLIAMS

are homotopy equivalences. Hence the missing lower horizontal arrow can be filled
in, and this is our definition of the fiberwise Poincaré duality map for the manifold
bundle p′. In the same spirit, we define the microcharacteristic section 〈〈p′〉〉 of p′ as
the essentially unique point in the homotopy fiber of φ1 over 〈〈p〉〉, and we define the
Euler section of the vertical tangent bundle of p′ as the essentially unique point in
the homotopy fiber of φ2 over the Euler section of the vertical tangent bundle of p.
Then by definition, fiberwise Poincaré duality takes the microcharacteristic section
〈〈p′〉〉 to the Euler section of the vertical tangent bundle of p′, up to a canonical
homotopy of sections. In short, the problem has been defined away.

It remains to be seen why the actions of T on A%
ℓf (M) and on holim(q · tan) can

be extended to T ′. As one might expect, this requires a “change of models”. The
forgetful map

mapT (T ′, A%
ℓf (M)) −→ mapT (T,A%

ℓf (M)) ∼= A%(M)

is a homotopy equivalence by obstruction theory. (Its homotopy fiber is a space
of sections of a fiber bundle with acyclic base T ′/T and nilpotent fiber A%(M) ;
moreover the action of π1 of the base on the homotopy groups of the fiber is trivial.)
The domain of this forgetful map is our new model for A%

ℓf (M), and clearly it comes
with an action of T ′. We can subject the T–space holim(q ·tan) to exactly the same
treatment. �

6.1. Notation. Suppose that (X, Y ) is a pair of spaces, and that q, ∂q are fibra-
tions or just quasifibrations on X , Y , respectively, related by a map t : ∂q → q|Y
over Y . We call (q, ∂q) a pair of quasifibrations on (X, Y ), and define the space of
sections Γ(q, ∂q) as the holim (= homotopy pullback) of

Γ(∂q) t∗−→ Γ(ı∗q)←− Γ(q)

where ı : Y → X is the inclusion. (This is in the notation of 2.1.2.) Note that the
homotopy pullback contains the strict pullback.

Case (4). Here we assume that M is compact and equipped with a collar (details
as in 4.3). Recall the categories C(M) and C(∂M) from 4.3. Our model for the
“relative” Euler fibration associated with the tangent bundle pair τ = (τM , τ∂M )
is a pair of quasifibrations (q(τ), ∂q(τ)) on the pair (|C(M)|, |C(∂M)|). Here q(τ)
is constructed from the functor

q : C(M) −→ spectra

(f : Rn →֒M) 7→ A%
ℓf (Rn)

as in Case (1), and ∂q(τ) is constructed from the functor

∂q : C(∂M) −→ spectra

(g : Rn−1 →֒ ∂M) 7→ A%
ℓf (R[×Rn−1)
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(notation of 5.4). Note: In general, despite appearances, none of these two functors
is constant—they do not take all morphisms to the identity morphism. We are
dealing with a pair of quasifibrations because there is a map t from ∂q(τ) to q(τ)
covering the inclusion of |C(∂M)| in |C(M)|. It is induced by the inclusion int(R[×
Rn−1)→ R[×Rn−1 which one must remember is a “morphism” from R[×Rn−1 to
int(R[×Rn−1) in the category of ENR’s.— Our model for the section space of the
pair (q, ∂q) is the homotopy pullback of

holim q −→ holim
C(∂M)

q←− holim ∂q .

In particular, this is where e(τ) lives. Our model for Poincaré duality is the scanning
map ℘ of 3.4, which in our present setup has domain A%(M)ℓf and codomain equal
to the homotopy pullback just mentioned. By inspection, this takes 〈〈M〉〉 to e(τ),
up to a canonical homotopy of sections. �

Case (5). This is of course very much like Case (2), but there is one little point
we must worry about. We used a collar in Case (4). How can we equip M with a
collar that is invariant under the group of homeomorphisms M →M ? The answer
is simple: We fix a closed collar

(6–6) ∂M×[−∞,+∞] →֒M

and, instead of allowing arbitrary homeomorphisms M → M , allow only those
which commute with (6–6). The classifying space of the discrete group of these
homeomorphisms still maps to to the classifying space of TOP(M) by a homology
equivalence ; hence it is good enough for our purposes, that is, good enough for
Case (6). �

Case (6). Left to the reader.

7. The micro–index theorem for euclidean space

It has already been explained in the section abstracts how the micro–index the-
orem translates into the statement that our two different ways of associating Eu-
ler sections to euclidean bundles “agree”. One crucial property of Euler sections
of euclidean bundles, say with fibers homeomorphic to Rn, is the fact that they
are nullhomotopic when the euclidean bundles in question admit a reduction from
structure group TOP(n) to structure group TOP(n − 1). For the Euler sections
e defined in the introduction, this is true by inspection. For the competing Euler
sections e, we verified it in §5. The crucial property is needed to show that the
Euler section of the tangent bundle of a manifold M with boundary is canonically
nullhomotopic over the boundary. It is a direct consequence of two more basic
properties as follows. Let γ be a Euclidean n–bundle on some space X , and form
γ′ by adding a trivial line bundle. Let q(γ) and q(γ′) be the corresponding Euler
fibrations, defined as in the introduction or as in §5.

(1) There is a map q(γ) → q(γ′) over X which takes Euler section to Euler
section.

(2) This map is fiberwise nullhomotopic.
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Actually the map in (2) is fiberwise nullhomotopic in two preferred ways, giving a
map from q(γ) to ΩXq(γ′) which happens to be a fiberwise homotopy equivalence.
This map is clearly important to us, in any situation involving stabilization of
euclidean bundles and stabilization of manifolds, such as theorem 0.4. We do not
want to lose it in the abstraction process.

Our point here is that “abstract” Euler sections tend to arise naturally and
intrinsically in connection with spaces having a coordinate free filtration. We are
thinking of spaces such as BO and B TOP.

7.1. Abstract Euler sections

7.1.1. Definitions. Let J be the category of finite dimensional real vector spaces
U, V,W, . . . with inner product (positive definite). The space of morphisms from U
to V is the Stiefel manifold of linear maps U → V respecting the inner product ; it
is empty if and only if dim(U) > dim(V ). Then J is a topological category with a
discrete class of objects. We are interested in covariant continuous functors Z from
J to spaces. Continuity of Z means that the evaluation maps mor(U, V )×Z(U)→
Z(V ) are continuous. Spaces means spaces which are homotopy equivalent to CW–
spaces.

It is a good idea to think of such functors Z as spaces with a coordinate free
filtration. Example: Z(V ) = BO(V ) ; the (filtered) space that one should think of
is BO. Or take Z(V ) = BTOP(V ) ; the filtered space that one should think of is
BTOP. See [We] for more examples.

7.1.2. Definition. Let Z be a continuous functor from J to spaces. An abstract
Euler fibration on Z consists of another continuous functor Y from J to spaces, a
natural transformation p : Y → Z, and a natural factorization

Y (V ) ı−→ Z♯(V ×R) ζ−→ Y (V ×R)

of the map Y (V )→ Y (V×R) induced by the inclusion V → V ×R. Condition: the
composition pζ from Z♯(V ×R) to Z(V ×R) is a homotopy equivalence.

Warning : V 7→ Z♯(V×R) is intended to be a continuous functor on J and nothing
else, so that Z♯(V ) is not defined in general.

An abstract Euler section for the abstract Euler fibration above is a natural
transformation e : Z → Y such that pe = idZ .

7.1.3. Example. Let Z(V ) = ∗ for all V . Let Y (V ) = TOP(R ⊕ V )/TOP(V ).
Note that Y (V ) is pointed. The map Y (V ) → Y (V ⊕ R) induced by V ⊂ V ⊕ R
has a nullhomotopy {ht}, where ht for 0 ≤ t ≤ ∞ is given by

[f ] 7→ [(f×id1)Jt]

and Jt is any linear isometry of R ⊕ V ⊕ R taking the vector (1, 0, . . . , 0) to a
suitable positive scalar multiple of (1, 0, . . . , 0, t). We may regard the nullhomotopy
as a factorization

Y (V ) −→ Z♯(V ⊕ R) −→ Y (V ⊕R)

of the usual map Y (V )→ Y (V ⊕ R), where Z♯(V ⊕ R) is the cone on Y (V ). This
defines an abstract Euler fibration on Z.
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An abstract Euler section for this abstract Euler fibration is a natural transfor-
mation e : Z(V ) → Y (V ), which is of course fully determined if we specify it for
V = 0. We do so by taking the unique point in Z(0) to the coset [− id].

7.1.4. Example. This is essentially the same as 7.1.3, but it is technically superior
(also less explicit, unfortunately). We let Z(V ) = ∗ and

Y (V ) := hofiber[BTOP(V )→ BTOP(R⊕ V )] .

For W in J, let W c be the one point compactification. It is shown in [We] that there
is a binatural and associative transformation Y (V )∧W c → Y (V ⊕W ) which is the
obvious homeomorphism when W = 0. (For W = R, it looks essentially like what
we saw in 7.1.3.) In particular, the inclusion–induced map Y (V ) → Y (V ⊕ R) is
canonically nullhomotopic. We obtain an abstract Euler fibration (and an abstract
Euler section) much as in 7.1.3. The technical advantages will be seen in 7.1.5.

7.1.5. Example. This is the stabilization of 7.1.4. Directly from 7.1.4, we see that
{Y (V⊕Ri) | i ≥ 0} is a spectrum Y (V ) for each V , and that we still have a binatural
transformation Y (V ) ∧W c → Y (V ⊕ V ) which is the obvious identification when
W = 0. In particular, the inclusion–induced map Y (V ) → Y (V ⊕ R) is naturally
nullhomotopic. If we now define sY (V ) := Ω∞Y (V ), then sY with the map sY → ∗
and the factorization of ι : sY (V )→ σ(sY )(V ) through the reduced cone on sY (V ),
for all V , constitute an abstract Euler fibration on ∗. We have a stabilization map
from Y in 7.1.4 to sY , so that sY inherits the abstract Euler section from Y .

Notation. From now on a \\ is used to denote homotopy orbit spaces (Borel con-
struction) ; thus G\\X is the homotopy orbit space of a left action of the group or
monoid G on the space X . Often G is a topological group or monoid.

7.1.6. Example. Keep the notation of 7.1.3, or that of 7.1.4. Note that the group
TOP(V ) acts on the left of each Y (V ) and Z♯(V ⊕ R), leaving base points fixed.
Let

Z̄(V ) := TOP(V )\\Z(V ) = BTOP(V )

Ȳ (V ) := TOP(V )\\Y (V )

Z̄♯(V ⊕ R) := TOP(V )\\CY (V )∐BTOP(V ) BTOP(V ⊕ R)

where CY (V ) is the reduced cone on Y (V ) and the amalgamation identifies the
subspace TOP(V )\\∗ of TOP(V )\\CY (V ) with Z̄(V ) ⊂ Z̄(V ⊕ R). Then the pro-
jection Y → Z together with the now obvious factorizations of Ȳ (V )→ Ȳ (V ⊕ R)
through Z̄♯(V ⊕R), for all V , constitute an abstract Euler fibration on Z̄. Further,
ē := TOP(V )\\e from Z̄(V ) to Ȳ (V ), for all V , defines an abstract Euler section.

7.1.7. Example. Replace Y by sY in 7.1.6 (and for the meaning of sY , see 7.1.5).

7.1.8. Example. For V in J let Z(V ) = ∗ and Y (V ) = A%
ℓf (V ). A morphism V →

W in J determines a projection W → V , and pullback with this is an exact functor
between the appropriate categories of retractive spaces which induces Y (V ) →
Y (W ). In this way Y becomes a functor.
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Warning 1: The morphism V → W also determines a proper inclusion of locally
compact spaces V → W , which in turn leads to a much more obvious mapA%(V )→
A%(W ). But this is not the map we want—explanation in a moment.

Warning 2: We must use a model of the category of sets with a canonical choice
of pullbacks such that pullbacks are associative—otherwise Y will not be a functor.
Details are given in the remark just below.

Warning 3: The functor Y is not continuous. We shall come back to this point.
Let Z♯(V ⊕ R) := A%(V ×R[). The usual map Y (V )→ Y (V ⊕ R) has a canonical
factorization through Z♯(V ⊕ R), for all V . (Use the exact functor induced by
pullback with the projection V ×R[ → V to get from Y (V ) to Z♯(V ⊕ R), and use
the restriction map associated with the open embedding V ×R →֒ V ×R[ to get
from Z♯(V ⊕R) to Y (V ⊕R).) Therefore we have all the ingredients for an abstract
Euler fibration on Z = ∗, except continuity.

To specify an abstract Euler section e : Z(V ) → Y (V ), we specify it for V =
0, by sending the unique point in Z(0) to the microcharacteristic 〈〈0〉〉 = 〈〈∗〉〉 ∈
A(∗) = Y (0). For arbitrary V , we may then call the unique point in the image
of e : Z(V ) → Y (V ) the ”microcharacteristic” of V , without contradicting earlier
definitions too shamelessly. This is the belated justification for making Y into a
functor the way we did.

About the lack of continuity: It is explained in Appendix B how continuity can
be enforced. A key observation is that the functor Y for example can be extended
from J to a larger category Jtop which has the same objects as J. A morphism
V → W in Jtop is an equivalence class of homeomorphisms h : U×V ∼= W , where
U is another object in J ; two such, say h1 : U1×V ∼= W and h2 : U2×V ∼= W ,
are equivalent if there exists a homeomorphism g : U1 → U2 such that h2(g×
id) = h1. Note that a morphism V → W in Jtop still determines a projection
W → V ; it does not determine an inclusion V → W , which makes “Warning
1” above even more appropriate.— In B.7, we replace Jtop by the equivalent full
subcategory with objects Ri for i ≥ 0, so that the set of morphisms from Ri to Rj

is TOP(Rj)/TOP(Rj−i) made discrete.

Remark. Let S be the full subcategory of the category of sets consisting of all von
Neumann ordinals [Va]. A diagram

P −−−−→ S2
y

yp

S1
f−−−−→ S3

in S is a special pullback if the two maps issuing from P induce an order preserving
bijection from P to

{(a, b) ∈ S1×S2 | f(a) = p(b)}

where S1×S2 has the lexicographic ordering determined by the orderings of S1
and S2. In this case, and only in this case, we denote the left–hand vertical arrow
in the square by f∗p. One finds that f∗p is uniquely determined by p and f
(and it exists when only p and f are given). The following properties are easily
verified: (fg)∗p = g∗(f∗p), and f∗p = p if f is an identity morphism. This is what
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we mean by “associative pullbacks”. Note that our associative pullbacks are not
commutative: the domains of f∗p and p∗f are not identical, only isomorphic.

7.1.9. Example. For V in J let D(V ) be the discrete monoid of embeddings
V → V . Then D(V ) acts on the right of the spaces Z(V ), Y (V ) and Y ♯(V ) in
example 7.1.8. We therefore obtain a new abstract Euler fibration with abstract
Euler section (in the sense of 7.1.7) by using 7.1.8 and letting

Z̄(V ) := D(V )op\\Z(V ) ∼= |D(V )|

Ȳ (V ) := D(V )op\\Y (V )

Z̄♯(V ⊕ R) := D(V )op\\Z♯(V ⊕ R)∐|D(V )| |D(V ⊕R)|
ē := D(V )op\\e .

Note that ē is essentially e from §5. Remarks about continuity or absence of conti-
nuity made in 7.1.8 apply also here.

There is a notion of morphism between two abstract Euler fibrations. If the
abstract Euler fibrations consist of p : Yi → Zi and the natural factorizations

Yi(V )→ Z♯i (V ⊕ R)→ Yi(V ⊕ R)

for i = 1, 2 and all V , then a morphism would consist of natural transformations
Z1 → Z2, Y1 → Y2, Z♯1(—×R) → Z♯2(—×R) making certain diagrams commute.
If domain and codomain of this morphism are equipped with abstract Euler sec-
tions, and the morphism respects these, then we would call it a morphism between
abstract Euler fibrations with abstract Euler section. Such a morphism is an equiv-
alence if all the maps it consists of are homotopy equivalences. Two abstract Euler
fibrations with Euler section are equivalent if they can be related by a chain of
equivalences.

7.1.10. Theorem. The abstract Euler fibrations and Euler sections given by 7.1.7
and 7.1.9 are equivalent.

Implicit in 7.1.10 is the claim that BTOP(V ) can be related to |D(V )| by a
chain of homotopy equivalences, natural in V ; but we know this already from §4.

The proof of 7.1.10 is given in the next subsection, 7.2, and appendix B and
C. One property shared by the abstract Euler fibrations 7.1.7 and 7.1.9 that will
help us establish their equivalence is stability. To define this notion, we suppose
for simplicity that Z in 7.1.2 is a (continuous) functor from J to connected pointed
spaces. Let Y0(V ) and Z♯0(V ×R) be the homotopy fibers of

p : Y (V )→ Z(V ) , pζ : Z♯0(V ×R)→ Z(V ×R) ,

respectively. Then Y0 and the factorizations of Y0(V )→ Y0(V ⊕R) through Z♯0(V×
R) constitute an abstract Euler fibration on Z0 where Z0(V ) = ∗.
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7.1.11. Definition. The abstract Euler fibration in 7.1.2 is stable if
Y0(V ) ı−−−−→ Z♯0(V ×R)

ı
y

yζ

Z♯0(V ×R) ρ∗ζ−−−−→ Y0(V ×R)
is a homotopy pullback square for every V . Here ρ : V×R→ V×R is the reflection
at the hyperplane V .

It is clear that 7.1.5 is stable ; therefore 7.1.7 is stable. We verified stability of
7.1.8 in 5.5. Therefore 7.1.9 is also stable. Examples 7.1.3, 7.1.4 and 7.1.6 are not
stable.

7.1.12. Remarks on 7.1.2. (i) Much of the fun with “concrete” Euler sections (or
Euler classes) comes from comparing the Euler sections with suitable zero sections.
But where does our abstraction 7.1.2 mention zero sections ? The truth is that
Y (V ) → Z(V ) does not have a zero section in general. However, p : Y (V ⊕ R) →
Z(V ⊕R) has something like a preferred zero section in the shape of ζ : Z♯(V ⊕R)→
Y (V ⊕R). (Remember that pζ : Y (V ⊕R)→ Z(V ⊕R) is a homotopy equivalence.)
For us, this is enough.

(ii) Why do we insist on the coordinate free aspect ? We would be happy with
less, but we do not know how to prove theorem 7.2.1 below with less.

7.2. A characterization

7.2.1. Theorem. Let Z(V ) = BTOP(V ). For an abstract Euler fibration with
abstract Euler section on Z, let cn be the connectivity of the map between vertical
homotopy fibers in the commutative square (notation of 7.1.2)

Z(V ) ı·e−−−−→ Z♯(V ×R)
y

yζ

Z(V ×R) e−−−−→ Y (V ×R) .
where dim(V ) = n. Up to equivalence relative to Z, there exists a unique stable
abstract Euler fibration with abstract Euler section such that limn→∞(cn−n) =∞.

Proof and explanation. See Appendix C for the proof. Often in an equivalence
between abstract Euler fibrations, the base functor Z is kept fixed. Such an equiva-
lence would be called relative to Z. The meaning of up to equivalence relative to Z
is: there exists a chain of equivalences . . . , relative to Z. Rather than just showing
existence, we shall specify such a chain.

We must now verify that examples 7.1.7 and 7.1.9 satisfy the connectivity as-
sumption in 7.2.1. In the case of 7.1.7, this is very easy. Modulo straightforward
identifications, the map between vertical homotopy fibers in question becomes the
stabilization map

TOP(R×V )/TOP(V ) −→ hocolim
k>0

Ωk (
TOP(R×V ×Rk)/TOP(V ×Rk)

)
.

Its connectivity is approximately (4/3) · dim(V ) by [Ig], plus Morlet smoothing
theory. See also [Wal2, §2].
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7.2.2. Lemma. Example 7.1.9 also satisfies the connectivity assumption in 7.2.1.

Preliminaries and notation. We assume V = Rn but continue to write V because
it is more convenient. Let Y ♯(V ×R) be the homotopy pushout of

Z(V ) ı·e−−−−→ Z♯(V ×R)
y

Z(V ×R)

so that we have a canonical map Y ♯(V×R)→ Y (V×R), from the diagram in 7.2.1.
Think of it as a map over Z(V ×R), and take homotopy fibers over the base point:
this gives a map

β : Y ♯
0 (V ×R)→ Y0(V ×R) .

Note that the domain of β is homotopy equivalent to the join

S0 ∗ TOP(V ×R)/TOP(V ) ,

and the codomain is homotopy equivalent to an (n + 1)–fold delooping of A(∗),
where n = dim(V ). It is enough to show that the connectivity of β exceeds n by a
quantity which goes to infinity with n.

Proof of 7.2.2. Let a(∗) be the suspension spectrum generated in degree n+ 1 by
Y ♯

0 (V×R). By Waldhausen, and by Igusa stability, we know that a(∗) is j–equivalent
to A(∗) where j = 4n/3 approximately. Let F be any compact CW–space, equipped
with the trivial euclidean bundle εn+1 with fiber V ×R. Recall from §1 the space
Stp
n+1(F, εn+1) of compact manifold structures on F . Up to homotopy equivalence

we can recast this as a simplicial set, as follows. A 0–simplex in Stp
n+1(F, εn+1)

is a compact manifold Mn+1 with a homotopy equivalence to F , covered by a
microbundle map from τM to εn+1. A 1–simplex is a “continuous family” of such
things, parameterized by ∆1, and so on.

We can now compare three maps

Stp
n+1(F, εn+1)

(1)
−−→ Ω∞(F+ ∧ a(∗))

Stp
n+1(F, εn+1)

(2)
−−→ Ω∞(F+ ∧A(∗))

Stp
n+1(F, εn+1)

(3)
−−→ Ω∞(F+ ∧A(∗)) , .

Map (2) for example goes like this: A 0–simplex in Stp
n+1(F, εn+1) is a compact

manifold Mn+1 with a homotopy equivalence to F , and so on ; we construct the
(relative) Euler section e(τ) as in Case (1) or Case (4) of §6, think of it as a map
from M/∂M to an (n + 1)–fold delooping of A(∗), and apply Poincaré duality to
land in Ω∞(M+ ∧ A(∗)) ≃ Ω∞(F+ ∧ A(∗)). Map (1) is a much more primitive
construction: Starting with the same 0–simplex in Stp

n+1(F, εn+1) corresponding to
Mn+1 with a homotopy equivalence to F , and so on, we note that near ∂M the
structure group of τM has a canonical reduction from TOP(V×R) to TOP(V ). This
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in conjunction with the trivialization of τM leads to a pointed map from M/∂M to
the join S0 ∗ (TOP(V ×R)/TOP(V )) taking the complement of a collar about ∂M
to the nontrivial point in S0. Apply Poincaré duality to land in Ω∞(M+ ∧ a(∗)) ≃
Ω∞(F+ ∧ a(∗)). Note that Poincaré duality is easy because we are dealing with
stably parallelized manifolds. Last not least, map (3) is the microcharacteristic
map that we know from §2. By the index theorem, to the extent that we have it in
§6, the maps (2) and (3) are homotopic.

Taking a look at the commutative square in 7.2.1, we find that map (2) factors
through map (1) up to homotopy. More precisely, (2) is the composition of (1) with
Ω∞ of

idF ∧β : F+ ∧ a(∗) −→ F+ ∧A(∗)

where β is the map β from the preliminaries, now regarded as a map of spectra.
We seem to know nothing about β. But try taking F = ∗. Then it is clear that

map (3) maps the unique component of Stp
n+1(F, εn+1) to the unit component of

Ω∞(F+ ∧A(∗)). Hence, by the relationship just observed, β from a(∗) to A(∗) is
surjective on π0. So we know something about β after all.

Next, take F = Sk. Choose n ≫ k. There is then an obvious inclusion of the
h–cobordism space |H(F ×Sn−k)| in Stp

n+1(F, εn+1), and the following diagram is
homotopy commutative up to addition of a constant map with constant value 〈〈F 〉〉:

H(F×Sn−k) ⊂−−−−→ Stp
n+1(F, εn+1)

yWaldhausen

y(3)

A%(F×Sn−k) −−−−→ A%(F ) ≃ Ω∞(F+ ∧A(∗)) .

(The arrow labeled Waldhausen is Waldhausen’s forgetful map, compare (2–5) and
(2–7), and the lower horizontal arrow is induced by the projection.) Furthermore,

A%(F ) = A%(Sk) ≃ Ω∞S0 × Ω∞−kS0 ×Ω∞(A(∗)/S0)× Ω∞−k(A(∗)/S0) .

It is well known [Wald2], [Ig] that the composite map, from upper left in the diagram
to lower right via lower left, and onwards to Ω∞−k(A(∗)/S0), is split onto on πi
for i < 2k approximately. Combining this with the previous observations, we see
that

β : a(∗) −→ A(∗) ≃ S0 ∨ (A(∗)/S0)

induces epimorphisms in πi for i < k approximately. Moreover, as we have noted,
πi(a(∗)) is abstractly isomorphic to πi(A(∗)) (for i < 4n/3 approximately) and
finitely generated by [Dw]. Hence β is approximately k–connected. Since k can be
arbitrary provided n is big enough, the proof is complete. �

7.3. The A–theory Riemann–Roch formula

Combining the identification of e and e = etp of §7.2 with the results of §6, we
immediately have the micro–index theorem for families of manifolds with trivial
ends. As a corollary, we also obtain the index theorem 0.1.
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7.3.1.Theorem. Let p : E → B be a fiber bundle where the fibers F are manifolds
with trivial ends, and the base B is a CW–space. Up to a canonical homotopy, the
fiberwise microcharacteristic map

B
〈〈p〉〉
−−→

⋃
A%
ℓf (F )

agrees with the map obtained by applying Poincaré duality fiberwise to the Euler
section etp(τ), where τ is the vertical tangent bundle of E.

7.3.2. Corollary. Let p : E → B be a fiber bundle with compact topological n–
manifolds F as fibers, where B is a CW–space. Up to a canonical homotopy, the
fiberwise Euler characteristic map 〈p〉 : B →

⋃
A(F ) agrees with the composition

B
D(e(τ))

−−−−−−−−→
⋃
A%(F ) α−→

⋃
A(F )

where τ is the vertical tangent bundle (on E), with Euler section e(τ) = etp(τ)
whose fiberwise Poincaré dual is D(e(τ)).

Note that
⋃
A(F ) is the same as AB(E). Note also that the identification of

the codomain of the fiberwise Poincaré duality map with
⋃
A%(F ) requires a good

understanding of the (concrete) Euler fibration of τ . This is a fibration on E whose
fibers are infinite loop spaces which as such are homotopy equivalent to Ω∞−nA(∗).
For us, the good understanding comes from 7.1.10 and 5.1 and 5.2.

In a little while, we shall need an even better understanding of the concrete Euler
fibration on E. We note therefore that it is the pullback of a similar fibration on
BTOP(n), namely, the (concrete) Euler fibration φtp(ξ) of the universal euclidean
n–bundle ξ on BTOP(n). We understand this, too, in the sense that we can specify
a fiber homotopy trivialization of Ωξφtp(ξ) as a fibration with infinite loop space
fibers. Here Ωξφtp(ξ) is the fibration on BTOP(n) whose fiber over a point x is
the space of pointed maps from the one–point compactification of ξx to φtp(ξ)x.

This raises a question which we have to answer before we can deduce the A–
theory Riemann–Roch theorem 0.2 from theorem 0.1. Restrict ξ to BO(n) ⊂
BTOP(n). The restriction is a vector bundle, which has a (concrete) Euler fibration
φsm(ξ). Its fibers are infinite loop spaces which as such are homotopy equivalent
to Ω∞−nS0. Here the twist is quite easy to identify. In other words, there is a
well- known and easy fiber homotopy trivialization of Ωξφsm(ξ) on BO(n). We
must now ask whether this trivialization is in agreement with that of Ωξφtp(ξ). Of
course, it is enough to check that the inclusion Ωξφsm(ξ)→ Ωξφtp(ξ), defined over
BO(n), takes the unit section to the unit section (up to a homotopy of sections).

We now check it. Let p : E → BO(n) be the disk bundle associated with ξ. The
Euler section esm(τ) can be regarded as a section of Ωξφsm(ξ). By inspection, it
is the unit section, if the above trivialization of Ωξφsm(ξ) is used. The topological
Euler section etp(τ) is a section of Ωξφtp(ξ) over BO(n). Using the micro–index
theorem, we see that this is also the unit section if we use the trivialization of
Ωξφtp(ξ) which we have from 7.1.10. Since the inclusion Ωξφsm(ξ) → Ωξφtp(ξ)
must take esm(τ) to etp(τ), the check is complete.
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7.3.3. Corollary. Suppose that p : E → B is a smooth bundle with compact
fibers F . The fiberwise Euler characteristic 〈p〉 : B →

⋃
A(F ) is homotopic to the

composition
B tr−→

⋃
Q(F+) ı−→

⋃
A(F ) .

Proof. Let τ be the vertical tangent bundle. By the index theorem 7.3.2, it is
enough to show that D(etp(τ)) : B →

⋃
A%(F ) agrees up to canonical homotopy

with the composition

B
D(esm(τ))
−−−−−−→

⋃
Q(F+) ı−→

⋃
A%(F )

where ı is induced by the unit map S0 → A(∗). But this is exactly what the
foregoing discussion does. �

8. Smoothing Theory and Euler Sections

Let ξ denote the universal fiber bundle with fibers ∼= Rn on BTOP(n). Write
EUtp(ξ) for the total space of the Euler fibration (introduction) associated with ξ,
with fibers homotopy equivalent to Ω∞−nA(∗). By 7.2.1 and sequel, the square

(8–1)

BTOP(n− 1) −−−−→ BTOP(n)
y⊂

yzero section

BTOP(n)
e(ξ)
−−−−→ EUtp(ξ)

is commutative up to a preferred homotopy, and as such approximately (4n/3)–
cartesian (i.e., the resulting map from BTOP(n− 1) to the homotopy pullback of
the other three terms is approximately (4n/3)–connected).

Notation: Let η be a fiber bundle with structure group G, say on a CW–space
Z. Suppose that H ⊂ G is a subgroup. We denote the space of reductions of the
structure group of η from G to H by

RG
H(η) .

It can also be described as the homotopy fiber of BHZ →֒ BGZ over c(η), the
classifying map for η.

8.1. Lemma. If F is a CW–space of dimension k, with a euclidean n–bundle η,
then the map resulting from (8–1),

R
TOP(n)
TOP(n−1)(ξ) −→ {nullhomotopies of e(ξ)} ,

is approximately ((4n/3)− k)–connected. �

Next, suppose that Mn is a compact topological manifold with boundary, where
n 6= 4, 5, and that τ = τM is equipped with a vector bundle structure υ. (The
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structure group of τ has been reduced from TOP(n) to O(n).) We want to un-
derstand the space sm(M,υ) of smooth structures on M inducing the given vector
bundle structure on τ . More precisely, there is a forgetful map from the space of
smooth structures on M to the space of vector bundle structures on τ , and we want
to analyze its homotopy fiber over the point υ. Morlet’s sliced smoothing theory
says that this homotopy fiber is contractible if ∂M = ∅ [Mor1], [KiSi], [BuLa]. In
general, sliced smoothing theory still says that everything can be expressed in terms
of bundles and reductions: the homotopy fiber in question maps by a homotopy
equivalence to the homotopy fiber of

R
O(n)
O(n−1)(τ|∂M) −→ R

TOP(n)
TOP(n−1)(τ|∂M)

over the base point. Combining this with 8.1 (and its analogue for vector bundles),
we have an approximately (n/3)–cartesian square

(8–2)

sm(M,υ) −−−−→ ∗
y

y

{nullhomotopies of esm(τ|∂M)} ⊂−−−−→ {nullhomotopies of etp(τ|∂M )}

where esm and etp are the smooth and topological Euler sections, respectively.
Finally we note that the spaces in the lower row of (8–2) can be identified with the
homotopy fibers of

(8–3)
Γin(φsm(τ)) −→ Γ(φsm(τ)) ,

Γin(φtp(τ)) −→ Γ(φtp(τ))

over esm(τ) and etp(τ), respectively. Here Γ denotes spaces of sections (with support
in the interior of M in the case of Γin), and φ denotes Euler fibrations. If M ≃ F ,
where F is a CW–space of dimension < 2n/3, then the right–hand terms in (8–3)
are still n/3–connected. Hence we may replace the lower row in (8–2) by

Γin(φsm(τ)) −→ Γin(φtp(τ))

and we have proved the following result.

8.2. Lemma. The homotopy commutative square

(8–4)

sm(M,υ) −−−−→ ∗
yesm

yetp(τ)

Γin(φsm(τ)) −−−−→ Γin(φtp(τ))

is approximately (n/3)–cartesian if M ≃ F where dim(F ) < 2n/3.

Using 7.3 we can further simplify the lower row in (8–4). Let ı from Q(M+) =
Ω∞Σ∞M+ to A%(M) be induced by the unit map S0 → A(∗).
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8.3. Lemma. The homotopy commutative square

sm(M,υ) −−−−→ ∗

Poincaré dual of esm

y
yPoincaré dual of etp(τ)

Q(M+) ı−−−−→ A%(M)

is approximately (n/3)–cartesian if M ≃ F where dim(F ) < 2n/3.

Returning now to the notation of the introduction we assume that p : E → B is
a fibration where base and fibers are homotopy equivalent to compact CW–spaces.
We also fix a vector bundle γn on E. If dim(F ) < 2n/3, then by 8.3 the diagram

(8–5)

Ssm
n (p, γ) ⊂−−−−→ Stp

n (p, γ)

Poincaré dual of esm

y
yPoincaré dual of etp

Γ
(
QB(E+)→ B

) ι·−−−−→ Γ
(
A%
B(E) −→ B

)

is approximately ((n/3)−dim(B))–cartesian. Here the vertical maps are defined as
follows: Fix x ∈ B. Each σ in Stp

n (p, γ) determines a manifold Mn and a homotopy
equivalence M → Fx where Fx is p−1(x). The Poincaré dual of the Euler section
of τM is an element in A%(M) which we push forward to A%(Fx) using M → Fx.
This element in A%(Fx) is the value on x of the section associated to σ.

We leave it to the reader to deduce from §7 that (8–5) can be stabilized with
respect to n (simultaneously, γ must be stabilized). This amounts to understanding
how the Euler section of the tangent bundle of a smooth or topological manifold
M determines the Euler section of the tangent bundle of M×[0, 1]. Both sections
should be regarded as sections which vanish near the boundary.

Since ((n/3)− dim(B)) tends to infinity with n, the stabilized version of (8–5)
is cartesian (is a homotopy pullback square). Combining this with theorem 0.4, we
have the proof of theorem 0.3. �

9. The Lott Challenge

Let p : E → B be a fibration where B is a connected polyhedron, and the fibers
are homotopy equivalent to compact CW spaces. Fix also a bundle V of finitely
generated projective left R–modules on E, where R is a ring. Assume that for each
i ≥ 0, the i–th homology group of each fiber Fx of p with coefficients in V is nearly
f. g. projective over R, which means: has a finite length resolution by f. g. projective
R–modules. This is the situation of 2.2.4, where we obtained a description of the
composite map

(9–1) B
〈p〉
−−→ AB(E) −→ A(E) λ−→ K(R).

It was found to belong to the homotopy class
∑

i

(−1)i[Vi]
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where [Vi] classifies the bundle Vi of nearly finitely generated projective R–modules
Hi(Fx;V ) on B.

Suppose now that p is a smooth fiber bundle with, with smooth compact mani-
fold fibers. (See the introduction for terminology.) Then we have another way to
understand (9–1), namely, by using the A–theory Riemann–Roch theorem 0.2 in
the introduction. This tells us that the composition

B
〈p〉
−−→ AB(E) −→ A(E)

is homotopic to the Becker–Gottlieb transfer tr : B → Q(E+) followed by the
standard map ı : Q(E+) → A(E). We now make the crucial observation that the
composite map from Q(E+) to K(R), via A(E), is a map of infinite loop spaces.
Hence it is determined up to homotopy by its restriction to E. By construction,
the restricted map E → K(R) is the map [V ] classifying the bundle V . Briefly,
(9–1) is in the homotopy class tr∗[V ].

9.1. Theorem.
tr[V ] =

∑

i

(−1)i[Vi] .

9.2. Remarks. (i) Assume R = C. There exist characteristic classes ck in
Hk(K(C); R), for odd k, with the following property. For a flat complex vector
bundle V on E, the class ck[V ] is the k–th secondary characteristic class for V
defined by Kamber and Tondeur (see [KamTon] and [Du]). Bismut and Lott [BiLo]
have used a local version of the Atiyah-Singer index theorem for families of elliptic
operators to prove that the equation in 9.1 holds after ck has been applied to both
sides. Lott’s challenge was to give a purely topological proof of their result.

To be quite precise, the left–hand side of the Bismut–Lott formula is tr∗(ck[V ]),
not ck(tr∗[V ]). Hence one needs to know that each ck is classified by an infinite
loop space map from K(C) to the appropriate rational Eilenberg–MacLane space.
This is indeed the case because the classes ck are primitive [BiLo, Prop. 1.13]

(ii) There exist fiber bundles with closed topological manifold fibers for which
the equation in 9.1 is violated. This is a consequence of Theorem 0.3. We refer to
a (short) forthcoming paper for details.

(iii) We could have been a little more generous in 9.1 at no extra cost, by allowing
V to be a bundle of nearly f.g. projective R–modules on E.

Appendix A: Becker–Gottlieb transfer for smooth fiber bundles

Here we verify that for a smooth fiber bundle p : E → B with compact fibers,
the Becker–Gottlieb transfer agrees with the fiberwise Poincaré dual of the Euler
class [esm] of the tangent bundle along the fibers.

First we must recall the Becker–Gottlieb transfer. This is defined for any fibra-
tion p : E → B where B has the homotopy type of a CW–space and each fiber
Fb = p−1(b) has the homotopy type of a compact CW–space. There is no smooth-
ness assumption anywhere, but initially we shall make another assumption which
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may appear drastic: B = ∗. Thus we are dealing with a single fiber, F . In this
case the Becker–Gottlieb transfer is defined as the composition

(A–1)

S0 η−−−−→ F+ ∧D(F+) ∆∧id−−−−→ (F+ ∧ F+) ∧D(F+)
y∼=

F+ ∧ (F+ ∧D(F+)) id ∧η∗

−−−−→ F+ ∧ S0 .

Details: D(F+) is a finite spectrum which is Spanier–Whitehead 0–dual to the
pointed space F+. Therefore it comes with a map η : S0 → F+ ∧D(F+) such that
for any finite spectrum L, slant product with [η] is an isomorphism

[S0 ∧ F+,L] −→ [S0 ∧ S0,L ∧D(F+)]

where [..., ...] denotes homotopy classes. The spectrum J := F+∧D(F+) is Spanier–
Whitehead self–dual. That is, there exists a map of bispectra

µ : S0 ∧ S0 −→ J ∧ J

such that slant product with µ is an isomorphism

[J ,L] −→ [S0 ∧ S0,L ∧ J ]

for any finite spectrum L. Namely, µ can be defined as

S0 ∧ S0 σ−→ S0 ∧ S0 η∧η−−→ J ∧ J σ′

−→ J ∧ J

where the σ′ on the right is the anti–map switching the two copies of D(F+), and
the σ on the left is the anti–map switching the two copies of S0. (We call these
maps anti because they interchange left and right suspension. Both are necessary
to ensure that the composition is an honest map of bispectra.)

Since J is self–dual, and S0 is also self–dual, the transpose η∗ of η is defined
as a map from J = F+ ∧D(F+) to S0. We emphasize that η∗ is determined up
to contractible choice, like everything else so far. To explain this, suppose that
f : U → V is a map between finite spectra. Let

κ : S0 ∧ S0 −→ U ∧D(U) , λ : S0 ∧ S0 −→ V ∧D(V )

be Spanier–Whitehead dualities. Choose the transpose f∗ together with a homo-
topy h between the two maps

S0 ∧ S0 κ−→ U ∧D(U) f∧id−−−→ V ∧D(U) ,

S0 ∧ S0 λ−→ V ∧D(V ) id ∧f∗

−−−−→ V ∧D(U) .

Then (f, h) can be interpreted as an element in the homotopy fiber of a certain
map between certain spaces of stable maps, and the homotopy fiber is easily seen
to be contractible.
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So much for the Becker-Gottlieb transfer when B is a point ; when B is not
a point, these constructions must be done “fiberwise”. Thus we start with the
construction of a fibered spectrum U on B whose fiber Ub over b ∈ B is Spanier-
Whitehead 0–dual to Fb, and equipped with explicit duality maps

η : S0 → (Fb)+ ∧U , , η∗ : (Fb)+ ∧U → S0 .

Then (A–1) gives a section of the fibration on B with fibers Q((Fb)+). This is the
Becker–Gottlieb transfer. Existence and essential uniqueness of U is established in
[BeGo] and [Cla]. (End of details.)

Back to the case of a single fiber F : if F is a compact smooth n–manifold, then
we can make “geometric” choices for D(F+), η and η∗. Embed the pair (F, ∂F ) in
some (Rk,+,Rk−1), with normal bundle ν. Here Rk,+ is the closed upper half space,
and we assume the embedding is transverse to the boundary Rk−1. Let D(F+) be
the k–fold desuspension of t(ν)/t(∂ν) where t(...) denotes Thom spaces and ∂ν is
the restriction of ν to ∂F . Let η be the k–fold desuspension of

Sk collapse−−−−−−→ t(ν)/t(∂ν) diagonal−−−−−−→ F+ ∧ (t(ν)/t(∂ν)) .

Let η∗ be the k–fold desuspension of the map

(A–2) F+ ∧ (t(ν)/t(∂ν)) −→ Dk,+/∂Dk,+ ; (x, y) 7→ (y − x)/δ .

To make sense of this formula, assume that the total space (pair) of (ν, ∂ν) is
embedded in (Rk,+,Rk+1) as a tubular neighborhood of F , in such a way that each
x ∈ F has distance > δ from the complement of the tubular neighborhood. Also,
identify the codomain of (A–2) with Sk. And finally, verify that η∗ is indeed the
transpose of η. (Remember that this amounts to specifying a certain homotopy.)

Let us now take a look at the composition (A–1), with these choices of D(F+),
η and η∗. What we get is the k–fold desuspension of

(A–3) Sk collapse−−−−−→ t(ν)/t(∂ν) ι−→ t(εk)/t(εk,−)

where τ is the tangent bundle, εk is a trivial k–dimensional vector bundle on F ,
εk,− is the corresponding trivial bundle of closed lower half spaces on ∂F , and ι is
induced by the inclusion of ν in τ ⊕ ν ∼= εk. Finally t(εk,−) is just the one point
compactification of the total space of εk,−. We have to verify that (A–3) is the
Poincaré dual of the Euler class.

cap products. Suppose that we have a pair of parameterized spectra [Be], [ClaPu]
over a space F ,

U = {ri : Ui → F, si : F → Ui, fi : ΣBUi → Ui+1}

U ′ = {r′
i : U ′

i → F, s′
i : F → U ′

i , f
′
i : ΣBU ′

i → U ′
i+1} .
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(The ri and the r′
i are fibrations.) Suppose g : F → U ′

j represents a cohomology
class [g] ∈ Hj(F ; U). Define

ḡ : Uℓ/F −→ (U ′
j ∧F Uℓ)/F

by u 7→ (g · rℓ(u), u) for u ∈ Uℓ. Suppose further that f : Sℓ+i → Uℓ/F represents
a homology class [f ] ∈ Hi(f ; U). Then [f ] ∩ [g] is represented by the composition

Sℓ+i f−→ Uℓ/F
ḡ−→ (U ′

j ∧F Uℓ)/F.

poincaré duality. Suppose ξ is a j-dimensional vector bundle over F . Let U(ξ)
be the parameterized spectrum over F where U(ξ)j+i is the fiberwise Thom space
tF (ξ⊕ εi). If Fn is a closed, smooth manifold embedded in Rk with normal bundle
ν, then the universal fundamental class of F lives inHn(F ; U(ν)) and is represented
by the collapse map c : Sk → tF (ν)/F = t(ν). The Euler class [e] = [esm(ξ)] in
Hj(F ; U(ξ)) is represented by the ”zero section” map e : F → tF (ξ). Thus the
Poincare dual of [esm(ξ)] is represented by the composition

Sk c−→ t(ν) ē−→ t(ν ⊕ ξ)

where ē is obtained from the inclusion map of vector bundles ν → ν ⊕ ξ. More
generally, if F is any compact smooth manifold, then c must be written as a map
Sk → t(ν)/t(∂ν). On the other hand, if ξ has a distinguished nonzero section over
∂F , then the Euler class [esm(ξ)] is in Hj(F, ∂F ; U(ξ)). In this case, by a mild
generalization of the arguments above, the Poincaré dual of [esm(ξ)] is represented
by a composition of the form

Sk c−→ t(ν)/t(∂ν) ē−→ t(ν ⊕ ξ) .

For ξ = τ , the tangent bundle of F , this agrees with (A–3), showing that (A–3) is
indeed the Poincaré dual of the Euler class. �

Again, for a smooth fiber bundle p : E → B with compact fibers, the above
argument goes through fiberwise, showing that the fiberwise Poincaré dual of the
fiberwise Euler class is the Becker–Gottlieb transfer. We omit the details.

Appendix B: Automatic Continuity

Let γ : C → D be a functor between small categories, and let F be a functor
from C to spaces. We ask whether F has an extension to, or factorization thru, D.
To be precise, we are willing to replace F by any other functor from C to spaces
which is related to F by a chain of natural weak homotopy equivalences.

For questions of this type one has the theory of Kan extensions, which we now
recall briefly. For D ∈ D we form the “comma” category (D ↓ γ) whose objects
are pairs (C, f) where C is in C and f : D → F (C). A morphism from (C1, f1)
to C2, f2) is a morphism from C1 to C2 making the appropriate triangle commute.
Let PD be the forgetful functor from (D↓γ) to C. Let

Kanγ F (D) = limF · PD
(inverse limit). Then Kanγ F is a functor on D. There is a natural transformation
(Kanγ F )γ → F which has a suitable universal property. Kanγ F is the right Kan
extension of F along γ.
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B.1. Variation. Let h–Kanγ F (D) = holimF · PD. (Homotopy inverse limits
will be recalled in a moment ; see [BK].) This would be the homotopy right Kan
extension of F along γ. Drawback: there is no obvious natural transformation
(h–Kanγ F )γ → F . But there are canonical natural transformations

(h–Kanγ F )γ −→ h–Kanid F ←− F
and the second of these is a natural weak homotopy equivalence.

B.2. Variation. Suppose that D above is a topological category, whereas C is dis-
crete as before. In more detail, we assume that D has a discrete set of objects, but
the morphism sets are equipped with a topology and composition of morphisms is
continuous. Then it is appropriate to replace the homotopy limits above by topolog-
ical homotopy limits. To explain this, we recall homotopy inverse limits. Namely,
the homotopy inverse limit of a functor G from A to spaces is the totalization of
the cosimplicial space

m 7→
∏

Z:[m]→A

GZ(0)

where the product is taken over the set of all contravariant functors Z from the
poset [m] := {0, 1, . . . , m} to A. (At this point we have to make clear what we
mean by spaces, since one clearly needs a convenient category of spaces which is
cartesian closed [MaL]. [BK] use simplicial sets, [HoVo] use Kelley spaces, and
we use virtual spaces as in [WW1].) When A = (D ↓ γ) and G = FPD, then
Z : [m] → A is equivalent to a pair consisting of a contravariant Y : [m] → C and
an f : D → γY (m), and our cosimplicial set becomes

m 7→
∏

Y

∏

f

FY (0) =
∏

Y :[m]→C

FY (0)mor(D,γY (m)) .

But here two interpretations of FY (0)mor(D,γY (m)) are possible: as the space of
maps from mor(D, γY (m)) with the discrete topology to FY (0), or as the space of
continuous maps from mor(D, γY (m)) to FY (0). Here we use the second interpre-
tation, totalize and get something we call th–Kanγ F (D). There is a canonical and
rather forgetful transformation

th–Kanγ F (D) −→ h–Kanγ F (D) .
B.3. Variation. Note that the set of all functors Y : [m] → C could be regarded
as a category in which the morphisms are the natural isomorphisms. The rule

Y 7→ FY (0)mor(D,γY (m))

could be regarded as a functor on that category. Hence
holim
Y :[m]→C

FY (0)mor(D,γY (m))

is defined and maps forgetfully to
∏

Y :[m]→C

FY (0)mor(D,γY (m)) .

We now define the big topological homotopy Kan extension bth–Kanγ F (D) as the
totalization of

m 7→ holim
Y :[m]→C

FY (0)mor(D,γY (m)) .
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B.4. Proposition. The forgetful map bth–Kanγ F (D) → th–Kanγ F (D) is a
homotopy equivalence.

Proof. From the definition, bth–Kanγ F (D) is the totalization of a bi–cosimplicial
set, say (m,n) 7→ Xmn. The forgetful map to th–Kanγ F (D) is the forgetful map
from the totalization of X•• to that of X•0. Hence it is sufficient to show that the
degeneracy X•i → X•0 is a homotopy equivalence for every i ≥ 0. However, this
is a map between topological homotopy limits induced by a “change of indexing
category” which happens to be an equivalence of topological categories. �

Specializing a little more now, suppose that γ : C → D is a bijection on objects
and on morphism sets, so that C is simply the discrete category underlying D. We
are looking for criteria which ensure that the forgetful map

bth–Kanγ F (D)→ bth–Kanid F (D)

is a homotopy equivalence for every object D (in D or in C, which amounts to the
same thing). Note that bth–Kanγ F is a continuous functor on D, and that there
is a canonical homotopy equivalence from F (D) to bth–Kanid F (D) for every D. It
will be enough to ensure that for each D and m, the forgetful map

holim
Y :[m]→C

FY (0)mor(D,γY (m)) → holim
Y :[m]→C

FY (0)δmor(D,γY (m))

is a homotopy equivalence, where δmor denotes the (discrete) morphism sets in C.
To understand this condition better, recall that the homotopy inverse limit of a
functor from a groupoid to spaces can be identified with the space of sections of
the projection from the homotopy direct limit to the nerve. Thus the forgetful map
under investigation takes the form

Γ






hocolim
Y :[m]→C

FY (0)mor(D,γY (m))

y

hocolim
Y :[m]→C

∗






−→ Γ






hocolim
Y :[m]→C

FY (0)δmor(D,γY (m))

y

hocolim
Y :[m]→C

∗






or equivalently

Γ






hocolim
Y :[m]→C

FY (0)×mor(D, γY (m))
yp

hocolim
Y :[m]→C

mor(D, γY (m))





→ Γ






hocolim
Y :[m]→C

FY (0)×δmor(D, γY (m))
yv∗p

hocolim
Y :[m]→C

δmor(D, γY (m))






where v : hocolimY δmor(D, γY (m)) → hocolimY mor(D, γY (m)) is obvious.

B.5. Observation. If the map v is an abelian homology equivalence (explanation
follows), if all values of F (hence the fibers of p) are nilpotent spaces, and if u∗p
is a trivial bundle for every nullhomologous u from S1 to the base space of p, then
the map Γ(p)→ Γ(v∗p) is a homotopy equivalence.

The proof is by obstruction theory. A map g : X1 → X2 between pointed con-
nected spaces is an abelian homology equivalence [McD1] if it induces isomorphisms
in homology H∗(X1; Λ)→ H∗(X2; Λ) for any module Λ over Z[H1(X2)].
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B.6. Corollary. If the conditions in B.5 are satisfied for every D and m ≥ 0,
then for every D the canonical map

th–Kanγ F (D)→ th–Kanid F (D)

is a homotopy equivalence.

Note: there is another canonical map F (D) → th–Kanid F (D) which is always
a homotopy equivalence, without any conditions. Note also that

th–Kanγ F

is a functor from D to spaces. Hence, if the conditions in B.5 are satisfied, our
functor F does have a factorization through D, up to equivalence.

B.7. Example. We shall use the abbreviations Q(i) = TOP(i), P (i) = TOPδ(i).
Let D be the topological category with objects 0, 1, 2, . . . where mor(i, j) is the
group–theoretic quotient Q(j)/Q(j − i). In other words, a morphism i → j is an
equivalence class of homeomorphisms Ri×Rj−i → Rj , two such being equivalent
if they are in the same orbit under the action of Q(j − i). Warning: A morphism
i → j does not determine an embedding Rm → Rn (because elements in Q(j − i)
are not required to preserve the origin of Rj−i), but it does determine a fiber bundle
projection Rj → Ri.

Let C be the underlying discrete category. One of the conditions in B.5 (“the
map v is an abelian homology equivalence”) does not depend on any functor, so we
can verify it right away. Fix an object i in C (we should call it D to be consistent)
and fix m ≥ 0. Each isomorphism class of contravariant functors Y : [m] → C has
a preferred representative

jm → jm−1 → · · · → j0

(a string in C) where j0 ≥ j1 ≥ · · · ≥ jm and the morphism jk → jk−1 is the
standard one (trivial coset). The automorphism group of this representative is

P (jm)×
m∏

k=1

P (jk−1 − jk) .

It acts on
mor(i, jm) = Q(jm)/Q(jm − i)

via projection to P (jm), and then translation of cosets. Therefore domain and
codomain of v in B.5 are homotopy equivalent to disjoint unions of pieces of the
form

P (jm)\\P (jm)/P (jm − i)×
m∏

k=1

BP (jk−1 − jk) ,

P (jm)\\Q(jm)/Q(jm − i)×
m∏

k=1

BP (jk−1 − jk)
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respectively, where \\ denotes a homotopy orbit construction. (Thus G\\X is the
homotopy orbit space of a left action of the group G on the space X .) Parentheses
have been deliberately omitted to suggest associativity ; this is easily justified and
we therefore obtain a commutative diagram

P (jm)\\P (jm) −−−−→ P (jm)\\Q(jm)
y

y

P (jm)\\P (jm)/P (jm − i) −−−−→ P (jm)\\Q(jm)/Q(jm − i)
y

y

BP (jm − i) −−−−→ BQ(jm − i)

where the columns are fibration sequences up to homotopy. The lower horizontal ar-
row is a homology equivalence by [McD1]. The space P (jm)\\P (jm) is contractible,
and P (jm)\\Q(jm) is acyclic, again by [McD1]. Therefore the middle horizontal
arrow is an abelian homology equivalence. Therefore v is an abelian homology
equivalence.

B.8. More of the same. With C and D as in B.7, let F from C to spaces
be the functor F (i) = A%(Ri). Induced morphisms are defined as follows: We
have seen that a morphism i → j in C determines a projection Rj → Ri, and one
uses pullback with this to define an exact functor from the category of retractive
spaces over Ri×[0, 1) to the category of retractive spaces over Rj×[0, 1). The exact
functor induces F (i)→ F (j). For us this is the “correct” map because it takes the
microcharacteristic of Ri to that of Rj .

We now check that the remaining conditions in B.5, those which depend on a
functor, are satisfied for this particular functor. Clearly all values of F are nilpotent,
since they are infinite loop spaces. Fix i and m ≥ 0 as in B.6, and recall that the
codomain of the map v discussed in B.6 is homotopy equivalent to a disjoint union
of pieces of the form

X = P (jm)\\Q(jm)/Q(jm − i)×
m∏

k=1

. . . .

Note that X comes with a canonical principal P (jm)–bundle, say ζ. This is relevant
here because the fiber bundle p under investigation (notation of B.5) is simply the
bundle with structure group P (jm) and fiber F (jm) associated to ζ. Elements
in the commutator subgroup of P (jm) act by automorphisms of F (jm) which are
homotopic to the identity. This follows easily from §5, especially 5.1 and 5.2.
Therefore all conditions are satisfied. �

B.9. Uniqueness. Suppose that F from C to spaces is of the form F̄ γ, where F̄ is
from D to spaces. In other words, the factorization problem is already solved. Then
we would like to know that the “artificial” factorization or extension th–Kanγ F
agrees with F̄ up to equivalence. In fact there is a natural transformation F̄ →
th–Kanγ F , obvious from the definition of th–Kanγ F , making the following diagram
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of natural transformations commutative:
F̄ γ −−−−→ (th–Kanγ F )γ
y=

y

F −−−−→ th–Kanid F .
In the situation of B.6, the diagram shows that F̄ (D) −→ th–Kanγ F̄ is a homotopy
equivalence for every D in D.

Appendix C: Orthogonal Calculus and abstract Euler fibrations

The goal is to prove theorem 7.2.1. A certain familiarity with [We] will be as-
sumed. J denotes the category of finite dimensional real vector spaces U, V,W, . . .
with inner product (as in 7.1, sequel of 7.1.1) and E denotes the category of contin-
uous functors from J to spaces. ”Spaces” are assumed to be homotopy equivalent
to CW–spaces ; if this raises questions, see the appendix to [We]. A morphism
F → E in E is an equivalence if F (V )→ E(V ) is a homotopy equivalence for all V
in J. Objects in E are equivalent if they can be related by a chain of equivalences.
We use letters E, F but also X, Y, Z for objects in E. Recall now [We, Def. 5.1]
which we repeat here for convenience:

C.1. Definition. An object E in E is polynomial of degree ≤ n if

ρ : E(V ) −→ holim
0 6=U⊂Rn+1

E(U×V )

is a homotopy equivalence for all V .

Beware that the indexing category for the homotopy limit is a topological cate-
gory (a partially ordered space where the order relation is closed) and the homotopy
limit is really a topological homotopy limit. Compare Appendix B, but see [We, §5]
for details. Here we need definition C.1 only when n = 0 or n = 1. A functor which
is polynomial of degree 0 is of course equivalent to a constant functor.

C.2. Definition. An object E in E is good if limn bn − n = ∞, where bn is the
connectivity of

ρ : E(V ) −→ holim
0 6=U⊂R2

E(U×V )

for n–dimensional V .

In particular, an E which is polynomial of degree ≤ 1 is good. However, goodness
is a much more “generic” property. By [We3] there is a fibration sequence up to
homotopy

E(i+1)(V ) u−→ E(V ) ρ−→ holim
0 6=U⊂Ri+1

E(U×V )

and another, from the introduction of [We],

E(i+1)(V )→ E(i)(V )→ ΩiE(i)(R×V )

and E(0) = E. In particular E(1)(V ) is the homotopy fiber of E(V ) → E(R×V ),
and E(2)(V ) is the homotopy fiber of a certain stabilization map V c → Ω(R×V )c.
Hence, if the connectivity of this stabilization map exceeds dim(V ) by a quantity
which tends to infinity with dim(V ), then E is good.
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C.3. Example. Let E(V ) = BO(V ). Then E is good. Indeed, the stabilization
map turns out to be the usual one. It is (2n − 1)–connected by Freudenthal.
Therefore bn ≥ 2n− 1.

C.4. Example. Let Z(V ) = BTOP(V ). Here, instead of Freudenthal’s theorem,
we have the estimate due to [Ig]: the connectivity of the stabilization map

TOP(R×V )/TOP(V ) −→ Ω (TOP(R×V ×R)/TOP(V ×R))

is ≥ 4 dim(V )/3− k for a (small) constant k. Therefore bn ≥ 4n/3− k in this case,
and we conclude that Z is good.

Recall further that each E in E has a “best approximation” from the right by
an object which is polynomial of degree ≤ n:

ηn : E −→ TnE .

This is the n–th Taylor approximation [We,§6]. It is functorial in E. The objects
in E which are polynomial of degree ≤ n can be characterized as those objects for
which ηn is an equivalence. This motivates [We, Def. 8.1] which we also recall,
even though we shall use it for n ≤ 1 only.

C.5. Definition. A morphism g : E → F in E is polynomial of degree ≤ n if

E g−−−−→ F
yηn

yηn

TnE
Tn(g)
−−−−→ TnF

is a homotopy pullback square.

It is not hard to see that Tn respects fibration sequences up to homotopy, so that
we have the following criterion.

C.6. Observation. Suppose that E in C.5 is a continuous functor from J to
pointed connected spaces. Then g is polynomial of degree ≤ n if and only if the
functor φ defined by

φ(V ) := hofiber [g : F (V )→ E(V )]

is polynomial of degree ≤ n.

There is a very satisfactory classification theory for objects and morphisms in E

which are polynomial of degree ≤ n, particularly when n = 1. See [We, §8,§9, §10].
Hence the following result is an important ingredient in the proof of 7.2.1.

C.7. Lemma. Let Z(V ) = B TOP(V ). If (Y, Z♯, . . . ) is an abstract Euler fibra-
tion with Euler section on Z satisfying the hypotheses in 7.2.1, then p : Y → Z is
polynomial of degree ≤ 1.

Proof. From the commutative square in 7.2.1, we see that the goodness of Z estab-
lished in C.4 implies goodness of the homotopy fiber of ζ, and hence goodness of



PARAMETERIZED INDEX THEOREM 65

φ, the homotopy fiber of p : Y → Z. On the other hand, stability of the abstract
Euler fibration gives a chain of natural homotopy equivalences

φ(V ×R) ≃ · · · ≃ Ωkφ(V ×Rk+1) .

This shows that the connectivity bn = bn(φ) in C.2 satisfies bn ≥ bn+k − k. Since
also limn bn − n =∞, we must have bn =∞ for all n. �

Using the functoriality of the construction T1, we can now reduce 7.2.1 to the
following statement. (The reduction will be explained in detail below.)

C.8. Proposition. Let Z in E be polynomial of degree ≤ 1. Up to equivalence
relative to Z, there exists a unique stable abstract Euler fibration with Euler section
on Z such that the following is a homotopy pullback square for all V in J, and Y
is polynomial of degree ≤ 1:

Z(V ) ı·e−−−−→ Z♯(V ×R)
y ζ

y

Z(V ×R) e−−−−→ Y (V ×R) .

Reduction. With Z, Y, Z♯ as in 7.2.1 let Z̄ = T1Z, Ȳ = T1Y and Z̄♯ = T1Z♯. Since
T1 respects homotopy pullback squares (also easy from the definition) we see that
Z̄, Ȳ , Z̄♯ etc. form a stable abstract Euler fibration. (It is necessary to know, and
easy to verify, that the endofunctor T1 : E → E commutes with the endofunctor
λ : E→ E given by λE(V ) = E(V ×R).) The square

Z̄(V ) ı̄·ē−−−−→ Z̄♯(V ×R)
y ζ̄

y

Z̄(V ×R) ē−−−−→ Ȳ (V ×R) .

is a homotopy pullback square because the map of vertical homotopy fibers which
it determines is obtained from the map of vertical homotopy fibers in the square
of 2.2.1 by applying T1 ; but the latter is an approximation of order 1 [We, 5.16],
so that T1 of it is an equivalence [We 5.15]. Thus the Euler fibration with Euler
section Z̄, Ȳ , Z̄♯ satisfies the hypotheses of C.8. Hence, if C.8 holds, it is unique
up to suitable equivalence.

To complete the reduction we must verify that Y , Z♯ etc. can be recovered from
(are determined by) Ȳ , Z̄♯ etc. and the morphism η1 : Z → Z̄. In fact by C.7 we
can recover Y (V ) as the homotopy pullback of

Z(V ) η1−→ Z̄(V ) p̄←− Ȳ (V )

and we can recover Z♯(V ×R) as the homotopy pullback of

Z(V ×R) η1−→ Z̄(V ×R) p̄·ζ̄←−− Z̄♯(V ×R) .



66 W.DWYER, M.WEISS, B.WILLIAMS

In the process we have recovered p and ζ as well. Recovery of e and ı from ē and ı̄
is also easy. �

Let E(1) ⊂ E be the full subcategory consisting of all objects of degree ≤ 1.
According to [We], the following category X is a good “substitute” for E(1).

An object of X is a triple (B,Θ, s) where B is a space, Θ is a parameterized
Ω–spectrum [Be], [ClaPu], with involution over B, and s is a possibly nontrivial
section of Ω∞

B (ΘhZ/2), a retractive space over B. Further details can be found
below in C.13. Morphisms in X are defined in the most obvious way. A morphism
(B,Θ, s) → (B′,Θ′, s′) is an equivalence if the underlying map f : B → B′ is a
homotopy equivalence, and the resulting map Θ→ f∗Θ′ is a homotopy equivalence
between parameterized Ω–spectra over B. Now the “substitute” statement is as
follows. There exist functors α : E(1)→ X and β : X→ E(1) such that βα and αβ
can be related to the respective identity functors by chains of natural equivalences.
We describe β only. Given (B,Θ, s) in X let β(B,Θ, s) be the functor taking V in
J to the homotopy pullback of

B zero−−−→ Ω∞
B

(
(V c
ρ ∧B Θ)hZ/2

) js←− B

where V c
ρ is the one point compactification V c equipped with the involution − id,

the (fiberwise) smash product V c
ρ ∧B Θ has the diagonal involution, and j from

Ω∞
B

(
(0c ∧B ΘhZ/2)

)
to Ω∞

B
(
(V c
ρ ∧B Θ)hZ/2

)
is the inclusion (and of course 0c ∼=

S0).

We can say that C.8 is a statement about Euler fibrations in E(1). Under the
above correspondence E(1)←→ X, Euler fibrations in E(1) correspond to what we
should call Euler fibrations in X, and we would like to spell out what these Euler
fibrations in X are. Here a crucial observation is that the functor λ : E(1) → E(1)
given by (λE)(V ) = E(V ×R) corresponds to the functor

µ : X→ X ; (B,Θ, s) 7→ (B, S1
ρ ∧B Θ, js)

where S1
ρ is S1 with the reflection involution ρ having fixed point set S0, and where

j is the usual inclusion S0 ∧B Θ → S1
ρ ∧B Θ. On S1

ρ ∧ Θ we use the diagonal
involution.

Another crucial observation is that the functor (B,Θ, s) 7→ B on X corresponds
to the functor E 7→ E(R∞) on E(1), where E(R∞ = hocolimnE(Rn). In a situation
such as C.8, all functors in sight (from J to spaces) have the same value at R∞,
up to canonical homotopy equivalences ; therefore we may keep our B fixed. We
arrive at the following.

C.9. First reformulation. An Euler fibration on an object (B,Θ, s) in X consists
of a map p : Φ → Θ of parameterized spectra with involution over B, and a
factorization

Φ ı−→ Ψ ζ−→ S1
ρ ∧B Φ

of the inclusion Φ → S1
ρ ∧B Φ. In this factorization, Ψ is another parameterized

Ω–spectrum over B with involution, and the maps respect involutions. Condition:
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(S1
ρ ∧B p)ζ from Ψ to S1

ρ ∧B Θ is a homotopy equivalence. The Euler fibration is
stable if, in addition,

Φ ı−−−−→ Ψ

ı
y ζ

y

Ψ
(ρ∧id)ζ
−−−−−→ S1 ∧B Φ

is a homotopy pullback square. Here ρ : S1 → S1 is still the usual reflection with
fixed point set S0.

Given an Euler fibration as above, not necessarily stable, an Euler section for it
is a section e : Θ→ Φ of p : Φ→ Θ, respecting the involutions.

Remark. The pair (B,Φ) can be completed in a unique way to an object (B,Φ, s′)
in X such that e : Θ → Φ together with id : B → B is a morphism in X from
(B,Θ, s) to (B,Φ, s′). Similarly (B,Ψ) can be uniquely completed to an object
(B,Ψ, s′′) such that ıe is a morphism. For this reason s′ and s′′ do not appear
explicitly in C.9, and as a result s is also redundant. This should explain how an
Euler fibration as in C.9 gives rise to an Euler fibration as in C.8.

Note that the endofunctor Θ 7→ S1
ρ ∧B Θ on the category of parameterized

spectra with involution over B has an inverse up to equivalence. By equivalence we
mean here an equivariant map which is an ordinary homotopy equivalence. This
means that the zero section ζ in C.9 can be regarded as an inverse (up to suitable
equivalence) of p : Φ → Θ. We use this to split Φ, up to equivalence, discard
the summand Θ, call the other summand Φ′, and obtain the following drastic
simplification of C.9.

C.10. Second reformulation. An Euler fibration on (B,Θ, s) consists of a pa-
rameterized Ω–spectrum Φ′ over B, with involution, and a factorization

Φ′ −→ Ψ′ −→ S1
ρ ∧B Φ′

of the inclusion Φ′ → S1 ∧B Φ′. In this factorization, Ψ′ is another parameterized
spectrum over B with involution, and the maps respect involutions. Condition: Ψ′

is contractible. The Euler fibration is stable if

Φ′ ı−−−−→ Ψ′

ı
y ζ

y

Ψ′ ρ∗ζ−−−−→ S1
ρ ∧B Φ′

is a homotopy pullback square.
Given an Euler fibration as above, not necessarily stable, an Euler section for it

is a map e′ : Θ→ Φ′ between parameterized Ω–spectra with involution over B.

Remark. Note that according to C.10, the notion Euler fibration on (B,Θ, s) does
not involve Θ any more.

Remark. It is also important to reformulate the notion of equivalence. In the setting
of C.10, it is clear what a morphism between Euler fibrations on (B,Θ, s) is ; such
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a morphism, say from e′ : Θ→ Φ′ etc. to e′′ : Θ→ Φ′′ etc., is an equivalence if the
underlying (equivariant) map from Φ′ to Φ′′ is an ordinary homotopy equivalence.
Since we are interested in a classification up to (specified) equivalence, it follows
that we lose nothing by smashing Θ and Φ′ fiberwise with EZ/2+. Then the
involutions are sufficiently free, so that the equivariant factorization through a
contractible object may be replaced by an equivariant nullhomotopy.

Remark. Note that C.10 implicitly mentions two commuting involutions on S1∧Φ′,
one that acts on both S1 and Φ′, and another which appears under the name ρ∗ in
the commutative square and only acts on the first factor.

These remarks lead to the next reformulation.

C.11. Third reformulation. A stable Euler fibration on (B,Θ, s) consists of a
parameterized Ω–spectrum Φ′ over B, with involution, and a homotopy equivalence

κ : S1 ∧B Φ′ −→ S1 ∧B Φ′

which is a Z/2×Z/2 map for the following actions. On the domain (a, b) ∈ Z/2×Z/2
acts by ρa ∧ τ b where τ is the involution on Φ′, and on the codomain (a, b) acts by
ρa+b ∧ τ b.

An Euler section for this stable Euler fibration is a map e′ : Θ → Φ′ between
parameterized Ω–spectra with involution over B

The assumptions on Φ′ in C.11 imply that Φ′ is co–induced: there exist a pa-
rameterized Ω–spectrum Λ over B, without involution, and a map f : Φ′ → Λ such
that (f, fτ) from Φ′ to Λ×B Λ is a homotopy equivalence. Prove this by thinking
of κ as a map from (S1/S0) ∧B Φ′ to itself, and then taking homotopy orbits for
the actions of the diagonal subgroup of Z/2×Z/2 ; this shows that S1 ∧B Φ′ is
co–induced, and it follows that Φ′ itself is co–induced.

Conversely, if we only have f : Φ′ → Λ with the above properties, then we can
recover κ. Consequently nothing is lost by composing e′ in C.11 with f , and so we
get our final reformulation.

C.12. Fourth and last reformulation. A stable Euler fibration with Euler
section on (B,Θ, s) is a map Θ→ Λ, where Λ is another parameterized Ω–spectrum
over B, without involution.

Recall now the extra condition in C.8, the one which requires that a certain
square be a homotopy pullback square. In the language and notation of C.12, the
corresponding requirement is that Θ→ Λ be a homotopy equivalence. The details
of this translation are left to the reader. Clearly, up to equivalence, there is only
one stable Euler fibration with section on (B,Θ, s) satisfying the extra condition.
This completes the proof of C.8, and that of 7.2.1. �

Appendix D: The Waldhausen map

In §2.4, we claimed that a certain map (2–7) agreed with one constructed by
Waldhausen, up to homotopy. Some comments are in order. For the map con-
structed by Waldhausen, we refer to [Wald2]. See also [WWG] for guidance, and
[Wald1], [Wald3–5] for background.
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Here is a brief summary of the constructions in [Wald2] that are relevant to
us. For a compact topological manifold X , and integers m, k > 0, Waldhausen
defines a simplicial set Pmk (X) of certain partitions of X×I. When m = k = 0,
this is the space of topological h–cobordisms over X . He defines a simplicial order
relation on it, thereby enhancing it to a simplicial category hPmk (X). It turns out
that approximately, i.e. up to some connectivity tending to infinity with m and
dim(X)−m,

(D–1) P0
0 (X) ⊂−→ Pmk (X) ⊂−→ hPmk (X)

is a fibration sequence up to homotopy. Approximately, Pmk (X) and hPm(X) can
be identified with A%(X) and A(X), respectively, and the inclusion of Pmk (X) in
hPmk (X) can be identified with the assembly map. This is Theorem 1 of [Wald2].
Actually Waldhausen speaks of a a homology theory rather than A%, but it is clear
from his formulation that, approximately, the inclusion Pmk (X) → hPm(X) is a
homotopy equivalence when X is a disk. Therefore, by the characterization of
assembly maps, the homology theory in question must be A%.

Note that the (approximate) identification of hPmk (X) with A(X) is the only
one that needs to be specified. The other identifications follow from it, given that
(D–1) is approximately a fibration sequence up to homotopy and given that Pmk (—)
is approximately a homology theory. In other words, if γ : hPmk (X) → A(X) is
a natural homotopy equivalence (approximately), then it has an essentially unique
completion to a morphism of fibration sequences up to homotopy (approximately)

P0
0 (X) ⊂−−−−→ Pmk (X) ⊂−−−−→ hPmk (X)
y

y
yγ

hofiber(α) −−−−→ A%(X) α−−−−→ A(X) .

This follows from the characterization of the assembly map α. For this reason, we
can identify our map (2–7) with Waldhausen’s construction by showing that it is
part of such a morphism,

P0
0 (X) ⊂−−−−→ Pmk (X) ⊂−−−−→ hPmk (X)
y(2–7)

yβ
yγ

hofiber(α) −−−−→ A%(X) α−−−−→ A(X) ,

and making sure that γ agrees with Waldhausen’s identification, up to homotopy.
This can easily be done: the definition of β in terms of microcharacteristics is clear
from §2.4, and the definition of γ in terms of Euler characteristics is clear from 2.1.
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no. 362.

[Mor3]: C.Morlet, Plongements et automorphismes de variétés, Preprint, Collège de France, Cours
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[Mü] W. Müller, Analytic torsion and R-torsion of Riemannian manifolds, Adv. in Math. 28
(1978), 233–305.

[PeWei]: E.Pedersen and C.Weibel, A nonconnective delooping of algebraic K-theory, Proc.1983

Rutgers Topology Conf., Springer Lect.Notes in Math. 1217 (1986), 306–320.

[Qui]: D. Quillen, Higher algebraic K-theory I, Higher K-theories, Springer Lect. Notes Math.

341 (1973), 85–147.

[Se]: G.B.Segal, Classifying spaces related to foliations, Topology 17 (1978), 367–382.

[Se2]: G.B.Segal, Categories and cohomology theories, Topology 13 (1974), 293–312.

[Stal]: J.Stallings, On Infinite processes . . . , pp. 245–253 in Differential and Combinatorial Topol-

ogy, Princeton Univ. Press 1965.

[Str]: A.Strom, The homotopy category is a homotopy category, Arch.Math. XXIII (1972), 435–

441.

[Tho1]: R.W.Thomason, Homotopy limits in the category of small categories, Math.Proc.Camb.

Phil.Soc. 85 (1979), 91–109.



72 W.DWYER, M.WEISS, B.WILLIAMS

[Tho2]: R.W.Thomason, Higher algebraic K-theory of schemes and of derived categories,, Groth-
endieck Festschrift, Vol III, Progress in Math. 88, Birkhauser.

[Thu]: W.Thurston, Foliations and groups of diffeomorphisms, Bull.Amer.Math.Soc. 80 (1974),

304–307.
[Va]: R.L.Vaught, Set theory, an Introduction, Birkhäuser, 1985.
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