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We describe a family of coherent states and an associated resolution of the identity
for a quantum particle whose classical configuration space iglttlienensional
sphereS®. The coherent states are labeled by points in the associated phase space
T*(S%. These coherent states aet of Perelomov type but rather are constructed

as the eigenvectors of suitably defined annihilation operators. We describe as well
the Segal-Bargmann representation for the system, the associated unitary Segal—
Bargmann transform, and a natural inversion formula. Although many of these
results are in principle special cases of the results of Hall and Stenzel, we give here
a substantially different description based on ideas of Thiemann and of Kowalski
and Rembieliski. All of these results can be generalized to a system whose con-
figuration space is an arbitrary compact symmetric space. We focus on the sphere
case in order to carry out the calculations in a self-contained and explicit
way. © 2002 American Institute of Physic§DOI: 10.1063/1.1446664

I. INTRODUCTION

In Ref. 1, Hall introduced a family of coherent states for a system whose classical configu-
ration space is the group manifold of a compact Lie gr@uprhese coherent states are labeled by
points in the associated phase space, namely the cotangent Bif{@@. The coherent states
themselves were originally defined in terms of theat kernelon G, although we will give a
different perspective here. One may iderftify* (G) with the complexified grou., where, for
example, ifG=SU(2) thenG.=SL(2;C). The paperestablishes a resolution of the identity for
these coherent states, and equivalently, a unitary Segal-Bargmann transform. The Segal—
Bargmann representation of this system is a certain Hilbert space of holomorphic functions over
the complex grouf.. Additional results may be found in Refs. 2—4 and the survey paper.

The coherent states fd@B (in the form of the associated Segal-Bargmann transfdrave
been applied to quantum gravity in Ref. 6, with proposed generalizations due to Thiéivane.
recently the coherent states themselves have been used by Thiemann and c8-auhatempt
to determine the classical limit of the quantum gravity theory proposed by Thiemann in Ref. 9. In
particular, the second entry in Ref. 8 establishes good phase space localization prdjperties
several different sensefor the coherent states associated to the configuration spacgU(2).

In another direction, Wretf, using a method proposed by Landsntamas shown that the
coherent states fd& arise naturally in the canonical quantization of{1)-dimensional Yang—

Mills theory on a space—time cylinder. He@is the structure group of the theory and plays the

role of the reduced configuration space, that is, the space of connections modulo based gauge
transformation over the spatial circle. Wren considers first the ordinary canonical coherent states
for the unreducedinfinite-dimensional system. He then shows that after “projecting” them into

the gauge-invariant subspaggsing a suitable regularization procedutikese become precisely

the generalized coherent states @&y as originally defined in Ref. 1. Driver and Hlelaborate
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on the results of Wren, using a different regularization scheme. They show in particular how the
resolution of the identity for the generalized coherent states can be obtained by projection from the
resolution of the identity for the canonical coherent states. See also Ref. 13 for an appearance of
the generalized Segal-Bargmann transform in the setting of two-dimensional Euclidean Yang—
Mills theory.

Finally, the papéf' shows that the generalized Segal-Bargmann transfornGfaan be
obtained by means of geometric quantizatisee also Ref. 5, Sec. 3.ZThis means that the
associated coherent states @rare of “Rawnsley type™ and are thus in the spirit of Berezin’s
approach to quantization.

We emphasize that the coherent statesGoare not of Perelomov typ¥ Instead they are
realized as the eigenvectors of certain non-self-adjoint “annihilation operators,” as will be de-
scribed in detail in the present papésee Sec. X for further comments.

The coherent states and the resolution of the identityGoidescend” in a straightforward
way to the case of a system whose configuration space is a compact symmetriX djfafe 1,

Sec. 1}. Compact symmetric spaces are manifolds of the f@&f, whereG is a compact Lie
group andK is a special sort of subgroup, namely, the fixed-point subgroup of an involution.
Examples include the spher&@=SO(d+1)/SO() and the complex projective spacé€®?
=SU(d+1)/suU(). Compact Lie groups themselves can be thought of as symmetric spaces by
identifying G with (GX G)/A(G) whereA(G) is the “diagonal” copy ofG inside GX G.

We emphasize that in the ca¥e=S? the 2-sphere is playing the role of tlenfiguration
spaceand thus the coherent states discussed here are completely different from the spin coherent
states in which the 2-sphere plays the role of the phase space. Whereas the spin coherent states are
labeled by points irS? itself, our coherent states are labeled by points in the cotangent bundle
T*(S?).

Although the case of compact symmetric spaces can be treated by descent from the group, it
is preferable to give a direct treatment, and such a treatment was given by $fdnzarticular
Stenzel gives a much better description, in the symmetric space case, of the measure that one uses
to construct the resolution of the identityee also Ref. 5, Sec. 3.Although Stenzel formulates
things in terms of a unitary Segal-Bargmann transform and does not explicitty mention the
coherent states, only a notational change is needed to re-express his results as a resolution of the
identity for the associated coherent states.

More recently, the coherent states for the 2-spl88revere independently discovered, from a
substantially different point of view, by Kowalski and Rembiski'® (Reference 18 builds on
earlier work of Kowalski, Rembieliski, and Papaloucdbon theS' case) These authors were
unaware at the time of the work of Hall and Stenzel. Reference 20 then describes the resolution of
the identity for the coherent states on the 2-sphere, showing in a different and more explicit way
that the result of Ref. 17, Theorem 3 holds in this caSee Sec. VIl of Ref. 20 for comments on
the relation of their work to that of Stenzel.

The purpose of this paper is to describe the coherent states for a compact symmetric space
using the points of view advocated by Thiemann and by Kowalski and Rensielfor the sake
of concreteness we concentrate in this paper on the Xas#'. In Refs. 1 and 17 the coherent
states are defined in terms of the heat kernel on the configuration space, which takes the place of
the Gaussian that enters into the description of the canonical coherent states. Here by contrast the
coherent states are defined to be the eigenvectors of suitable annihilation operators, and only
afterwards does one discover the role of the heat kernel, in the position wave function of the
coherent states and in the reproducing kernel. The annihilation operators, meanwhile, are defined
by (a special case pthe “complexifier” method proposed by Thiemann, which we will show is
equivalent tola generalization ¢fthe polar decomposition method of Kowalski and Rembskin
We emphasize, though, that the approach described in this paper gives ultimately the same results
as the heat kernel approach of Hall and Stenzel.
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II. MAIN RESULTS

In this section we briefly summarize the main results of the paper. All results are explained in
greater detail in the subsequent sections. Briefly, our strategy is this. First, we construct complex-
valued functions,...,a4.1 0N the classical phase space that serve to define a complex structure
on phase space. Second, we construct the quantum counterparts of these functions, operators
Ai,...,Aq; 1 that we regard as the annihilation operators. Third, we construct simultaneous eigen-
vectors for the annihilation operators, which we regard as the coherent states. Fourth, we construct
a resolution of the identity for these coherent states.

We consider a system whose classical configuration space @-dirmensional spherg&® of
radiusr. We consider also the corresponding phase space, the cotangent Bti(@f, which we
describe as

T* (S ={(x,p) e RITIXRITL|x?=r2 x-p=0},

wherep is thelinear momentum.

In Sec. Il we consider the classical component of Thiemann’s method. To apply this method
we must choose a constantwith units of frequency. The classical “complexifier” is then defined
to bekinetic energy function divided hy, which can be expressed as

kinetic energy  j?

T 2mor?’

complexifier=

wherej? is the total angular momenturfThiemann’s method allows other complexifiers; see Sec.
Ill.) We construct complex-valued functiors,,...,a4., by taking the position functions
X1,.--Xq+1 and applying repeated Poisson brackets with the complexifier. Specifically,

1

_ i{-,complexifier} . _ — ... 20 2y L, 52
ar,—e Xp= Xk s s s s .
k k ,,Zo <2mwr2) n!i i) ij ’ ! } 1)

n

If we let a=(a4,...,84+1) then the calculations in Sec. Il will give the following explicit for-
mula:

o p. @

. 2 .
J e J
a:COS|'{m—z X+|j—S|n W

These complex-valued functions satisfy+---+a3, ;=r? and{ay,a}=0. In the casel=2 this
agrees with Eq(6.1) of Ref. 18.

In Sec. IV we consider the quantum component of Thiemann's method. We consider the
guantum counterpart of the classical complexifier, namely,

kinetic energy ~ J
"~ 2mer?’

complexifier=

whereJ? is the total angular momentum operator. TheXf ..., X4, ; denote the position opera-
tors we define, by analogy witfl),

o2} n 1
A= vi[-,complexiﬁer]/iﬁX — ( ) X, J21.T%). e J? .
k=€ k ,,20 2mor’h] n! [ X 1’ )l (3)
This may also be written as
Ak: e—JZImerthkeJ2/2mmr2h_ (4)
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Equation(30) in Sec. IV gives the quantum counterpart(f; it is slightly more complicated than
(2) because of quantum corrections. The annihilation operators sdtfsiFy--JrAﬁﬂzrz and
[Ac,A]=0. Applying the same procedure in tRé case produces the usual complex coordinates
on phase space and the usual annihilation operégws. VIII).

One can easily deduce frod) a “polar decomposition” for the annihilation operator, given
in (33) in Sec. IV. In the casd=2 this is essentially the same as what Kowalski and Remisiglin
take as the definition of the annihilation operators. This shows that Thiemann’s complexifier
approach is equivalent to the polar decomposition approach of Kowalski and ResHiiedimmi-
larly, the polar form of the annihilation operators in tthe 1 case is essentially the same as what
Kowalski, Rembieliski, and Papaloucas take as the definition of the annihilation operator in Ref.
19.

In Sec. V we consider the coherent states, defined to be the simultaneous eigenvectors of the
annihilation operators. Usin@g) we may immediately write down some eigenvectors forAR's,
namely, the vectors of the form,

| dla> — e*JZ/mer2h| 53)! (5)

where| §,) is a simultaneous eigenvector for the position operators corresponding to apoint

s, A key result of Sec. V is that one can perform an analytic continuation with respect to the
parameter, thereby obtaining coherent states,) corresponding to any poirin the complexi-

fied sphere Si={ae (9" a®=r?}. These vector$y,) are normalizable and satisfy

Addd=als), aeSl.

Equation(5) shows that the coherent states are expressible in terms of the heat kernel on the
sphere, thus demonstrating that Thiemann’s definition of the coherent states is equivalent to the
definition in Refs. 1, 17 in terms of the heat kernel. The reproducing kernel for these coherent
states is also expressed in terms of the heat kernel on the sphere.

In Sec. VI we describe a resolution of the identity for these coherent states. In a suitable
coordinate system this takes the form

= sinh2p)\ !
=[] Jatsdnanan| TR2] 2vpax o

wherea is a function ofx andp as in(2). Herev is the heat kernel fod-dimensional hyperbolic
space and is the dimensionless quantity given by-%/mwr?2. Explicit formulas forv are found

in Sec. VI. The resolution of the identity for the coherent states is obtained by a continuous
deformation of the resolution of the identity for the position eigenvectors.

In Sec. VIl we discuss the Segal-Bargmann representation for this system, namely, the space
of holomorphic functions on the complexified sphere that are square-integrable with respect to the
density in(6). We think of the Segal-Bargmann representation as giving a sghase space
wave functiorfor any state. There is an inversion formula stating the position wave function can
be obtained from the phase space wave function by integrating out the momentum variables,
specifically,

sinhp)dl
d
D p

<5x| )= fp-x0< ‘pa(x,p)| d)v(7,p)

for any statg ¢). Note that whereas the resolution of the identity involvé2r,2p), the inversion
formula involvesy(r,p).

In Sec. VIII we show that the complexifier method, when applied tolthease, yields the
usual canonical coherent states and their resolution of the identity. In Sec. IX we summarize some
of the relevant representation theory for the Euclidean group. Finally, in Sec. X we compare our
construction to other constructions of coherent states on spheres.
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Although all of the results here generalize to arbitrary compact symmetric spaces
concentrate for the sake of explicitness on the ¢&se&”. We will describe the general case in a
forthcoming paper.

Ill. COMPLEX COORDINATES ON PHASE SPACE

In this section we define Poisson-commuting complex-valued functgns., a4, on the
classical phase space. In Sec. IV we will introduce the quantum counterparts of these functions,
commuting non-self-adjoint operatofs ,...,A4. 1 Which we regard as the annihilation operators
for this system. In Sec. V we will consider the coherent states, that is, the simultaneous eigenvec-
tors of the annihilation operators.

Consider thed-dimensional sphere of radiusin R4**, namely,

SU={xe R YxZ+ - +x5,,=r?},

regarded as theonfiguration spacdor a classical systemd&=1). Then consider the associated
phase space, the cotangent buritif¢S®), which we think of as

T (S ={(x,p) e R¥" IX R Yx?=r2, x-p=0}.

Herep is thelinear momentum, which must be tangent$, i.e., perpendicular ta.
We also have thangular momentum functionsj,,, 1<k,I<d+1, given by

J k= PiX; — PiX - (7)

We may think ofj as a function onT*(S") taking values in the space ofif1)x (d+1)
skew-symmetric matrices, that is, in the Lie algebradsel). Thinking ofj as a matrix we may
rewrite (7) as

J(X,p)=p®X—X®P,

where® denotes the outer produ¢@hat is, @®b),,=ayb, .]

For a particle constrained to the sphere it is possible and convenient to express everything in
terms ofx andj instead ofx andp. We may alternatively describe* (S%) as the set of pairs«(j)
in which x is a vector inR9*?, j is a (d+1)x (d+ 1) skew-symmetric matrix, arxlandj satisfy

x2=r? (8
and

F21 k0= kXXt — Xkl imXm 9

(sum convention This last condition says that if weefinep to ber ~2jx, thenj=p&x—x&p.
Equation(9) reflects the constraint to the sphere and does not hold for a general parfit4&lin
On T*(SY) we have the relations

jx=r?p,
jp=—p. o

Recall thaf is a matrix; thugx is the vector obtained by applying the matyito the vectoix, and
similarly for jp.

In the cased=2 (S? sitting insideR®) a standard vector identity shows that for any vector
ve R, jv=(xXxp)Xxv, where X is the cross-product ardx p is the usual angular momentum
vectorl. So in theR® casejv =IxXv.

The symplectic structure of* (S%) may be characterized by the Poisson bracket relations,
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Uk dmnt = Sknlim+ Simikn™ Skmd 1n— SinJ km
X Jimb = SkiXm— SkmXi (11
{Xk ,X|}: 0.

These are the commutation relations for the Euclidean Lie algebra, which is the semidirect product
e(d+1)=sod+1)xRI*L,

Poisson bracket relations involving should be derived from(11) using the relationp
=r2jx. Since the constraint to the sphere alters the dynamics and hence the Poisson bracket
relations, we will not get the same formulas asiifi" 1. For example, we have

XX|

X Pt = Sa— r (12

The complex coordinates on phase space will be constructed from the position fumgtipns
means of repeated Poisson brackets with a multiple of the kinetic energy function. In the sphere
case it is convenient to express the kinetic energy in terms of the total angular moméntum
given by

=2 (> (13

k<l

The total angular momentum satisfigs=r2p?, and the kinetic energy ig%/2m=j?/2mr2.

We now choose a constadtwith units of a frequency. The significance of this constant is that
M has the units of momentum divided by position. Thustogether withm) allows us to put
position and momentum onto the same scale, which is necessary in order to define complex-valued
functions that involve botlt andp. Ultimately, me will control the ratio of the width in position
space of the coherent states to the radius of the sphere.

Kowalski and Rembieliski do not have a parameter comparable to @uthe only dimen-
sional parameters in Ref. 18 amg r, and#. This affects the interpretation of their E@.1) for
the complex coordinates on phase spadeat we calla). Equation(6.1) involves cosh and sinH,
wherel is the classical angular momentum. The argument of cosh and sinh should be dimension-
less, and the only way to makedimensionless using oniy, r, and# is to dividel by #. Thus
in Eq. (6.1) of Ref. 18,1 implicitly meansl/#. In our view it is unnatural in &lassicalformula
to insist that the angular momentum be measured in units of Planck’s constant. In our approach
[see(18) below], angular momentum is measured in unitsnebr2. Although nothing prevents
one from choosing so thatmer?=+7, it seems artificial to us to insist on this. After all, £§.1)
concerns a classical construction that ought to be independent of the value of Planck’s constant.

We are now ready to apply the “complexifier” method of Thiemdnie take as our classical
complexifier the kinetic energy function divided ly

kinetic energy  j?

19 T 2mor?’

complexifier= (14

We then define complex-valued functioas, ..., a4, on T*(S%) by

ay(x,p) =exp

l.[ ;- 2])xk:§( i2)",117§---{{xk,12},12},---,12}- (15)

*2mor

n

Note that thea,’'s are obtained from thg,'s by means of the classical time-evolution generated
by the kinetic energy function, evaluated at theaginarytime i/w. The calculations below will
show that the serie@5) converges for alk andp.
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In Ref. 7, Thiemann allowany function C on the phase space to be the complexifier, pro-
vided that expf-,C})x, converges(Thiemann also allows any cotangent bundle to be the phase
space. The condition of convergence, however, imposes severe restrictions on the ch@ice of
even whenC is quadratic in the momenta. We consider in this paper only the complefifigr

To compute the functiona, explicitly, we first compute usingll) and (13) that, in vector
notation,

j2 1 1
% omer?] T mer2® T me ™ (16

On the other hand, it is easily verified thgi, ,j2} =0, which means that if we compute further
Poisson brackets witf?, the matrixj gets ignored and we get

] P s
2mwr? SRR L A\ mor? Jx

n

Herej"x means the matrix appliedn times to the vectok.
We obtain, then, the following “polar coordinates” expression & (a;,...,84+1)

a(x,p) =@/l PImorty. (17)
[Compare Eq(3.37) in the first entry of Ref. §.Using (10) we can compute this explicitly as

r

B p P j NS
a(x,p)—cosl{m) X+i Bani-(m)p—cosI{ mwrz) X+i J.—sml‘( mwrz)p' (18

We may at this point check the uniggfmwr = j/mwr? is dimensionless and the whole expression
has units of position. Note also thafx, —p)=a(x,p).

With d=2 (andr=mw=1) (18) agrees with Eq(6.1) of Ref. 18.[See also Eq(3.6) in the
second entry of Ref. 8In any dimension18) agrees with the “adapted complex structure” on
T*(S% as defined by Lempert and $&8* and Guillemin and Stenzéf, which for the special
case of rank one symmetric spaces was constructed earlier by Morimoto and Nagaeo.for
example, p. 410 of Ref. 24.

It is instructive to consider how this works out in the caseSbf R?. In that case we have
only a single component of angular momentunmy= p1X,— p,X;, SO thatj=|j;,. Since both
terms in(18) are even functions of, we may replacg by j;, there. Then letd be the usual
angular coordinate and let=—j;,/mwr?, so thatp is (up to a constantthe canonically conju-
gate momentum t@. Our phase space is the set of poirks,k,,p1,p,) With x2+x3=r? and
P1X1+ PoX,=0. On this set we have the easily verified idenfity(x,,—x;) =r?(p;,p,). Upon
using this identity anck=r(cosé,sin6), (18) becomes

a=r(coshp cosé—i sinhp sin é,coshp sin#+i sinhp cosd)=r(cog O+ip),sin(0+ip)).

This result facilitates comparison with the analysis of $hease in Ref. 19 and should be thought
of as the “complexification” of the identitik=r(cosé,sing).

As is well known, the Poisson bracket satisfies a Leibniz-type product {dilef,f3}
={f,,f}fs+f,{f;,f3}, and the analogous formula for Poisson brackef$; {f,,f3}}
={{fq,fo}.fa}+{f>,{f1,f3}}. (This last expression is equivalent to the Jacobi idehtBuppose
then that we define the “complexificatiorfi: of any functionf to be

f{~= ei { ,complexifie}f
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whenever the power series for the exponential converges. Then by a standard power series argu-
ment we have

(f1f2)e=(F)(f2)e (20

and

{1 fale=1{(f) e ()} (21

Equation(20) shows that if we “complexify” any polynomial in the variables,... X4, 1 we will
get simply the same polynomial &, ,...,a4, 1. Furthermore, sincéx,,x}=0, (21) shows that

{ax,a}=0, (22

which implies thafa, ,a;} =0. The formula fofa, ,a;}, however, is complicated and we will not
compute it here.
Equation(20) also shows that

a’(x,p)=r? (23

for all x,p, which is also evident fron§18). Thus the mapX,p) —a(x,p) defines a map of the
cotangent bundl@* (S to the complexified sphere

Sl={ae (¥ YaZ+---+a3,,=r?}. (24)

It is not hard to see that this map is invertible, indeed a diffeomorphisif ¢67) with S?

IV. THE ANNIHILATION OPERATORS

We now consider the quantum counterpart of the constructions in the previous section. This
means that the functiorjg, andx, should be replaced by self-adjoint operatdgsand X, acting
on (suitable domains insome separable complex Hilbert space. These should sdtisfy—Jy,
and the quantum counterpart of the Poisson-bracket relatidnsnamely,

1
E[Jkl Jmnl = 6kndim+ imIkn— Skmdin— dinJkm.
1
E[Xk Jim] = Sk Xm— SkmXi (25

1
E[XK,XJIO.

We recognize this as a representation of the Euclidean Lie algglral)=so(d+ 1)xRI*2,
We assume that this representatiore@d + 1) comes from an irreducible unitary representation of
the associated connected, simply connected Lie gré&fd+1). Here E(d+1)=Spind
+1)X R4t for d=2 andE(2)=Rx R?, where X denotes a semidirect product with the normal
factor on the right.

The irreducible unitary representationskfd+ 1) may be classified by the Wigner—Mackey
method. One first chooses an orbit of Spir(1) on R%"1, namely, a sphere of some radius
=0. Since the case=0 is presumably unphysicéhough mathematically permittgdve assume
from now on that >0. Next one selects any one point in the sphere of radiausd considers the
“little group,” that is, the stabilizer in Spin{+ 1) of the point. For >0 the little group is simply
Spin(d). The irreducible representationsi&fd+ 1) are then labeled by the value ofind by an
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irreducible unitary representation of the little group. In this paper we will consider only the case
in which the representation of the little group is trivial. Nevertheless the definitions of the anni-
hilation operators and of the coherent states make sense in general. Concretely, the representations
in which the little group acts trivially may be realized in the Hilbert spaé¢s”), with the
position operators acting as multiplication operators and the angular momentum operators acting
as the differential operators given (62) below.

Choosing a sphere of radiusamounts to requiring that the operators(2b) satisfy

X?=r2, (26)

We will shortly impose an additional condition among s andJ’s that forces the representa-
tion of the little group to be trivial. For now, however, we will assume onlyeb@+ 1) relations
(25 and the conditior(26).

We define the total angular momentuthas in the classical case by

‘]22k2| J2. (27)

As in the classical case we define

kinetic energy ~ J
- 2mor?’

complexifier

We then define the annihilation operators by repladingomplexifief in (15) with its quan-
tum counterpart, (1%)[ -,complexifief,

i
Ak: eXF{ E

By a standard formula from Lie group theory this may be written as

J2

- 1 1
" 2mor? )Xk: 2 mm[m[[xk,ﬁ].f]w J7]. (28)

n=0

_ 12 2 2 2
Ak:e Jél2mor ﬁxkeJ 2mar h. (29)

In the general form of Thiemann’s methd@9) would be exptC/#)X, expC/%), whereC is the
gquantum operator corresponding to the classical complexifier

For determining the eigenvectors of the annihilation operdias the coherent state$29)
is the most useful expression for thg’s. Nevertheless we will give two other formulas, a polar
decomposition and an “explicit” formula in terms of the position and momentum operators. The
Ay’s are unbounded operators and so something must be said about their domains; see the discus-
sion at the end of this section. The annihilation operators sdiisfgnalogy to(22) and (23))

[A,A]=0, (30
A%=r2 (31)
(since[ Xy, X,;]=0 andX?=r?).
To computeA we first compute using25) and(27) that
1 2 . .
E[Xkl‘] 1= 30X+ X 3= 23 X F 17 (63X = 6 Xy ) = 239 X —id X .
Here we have chosen to order things with the to the left of theX’s and we use the sum
convention. Thus in vector notation we have

JZ
"2maor?

1
in

B 1 3 iﬁdx 32
T mer2lY 2 7 (32
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Here the term involving#d/2 is a “quantum correction;” compar€l6).

Since[Jy,J?]=0, further brackets will give just another factor of the matrix operaktor
—ifnd/2. Thus the polar coordinates decompositionfohas just a single quantum correction,
namely,

A=ex W X (33)

iJ+ﬁd/2]
In the cased=2, a formula very similar to this is taken in Ref. 18 as the definition of the
annihilation operators. The only difference is that Kowalski and Remisidliormulate things in
terms of 2<2 matrix operators, whereas in the cade 2, (33) is in terms of 3x3 matrix
operators. Nevertheless, our expression is equivalent to that of Kowalski and Réskiielee
below and Eq(5.9) of Ref. 20. The analog df33) for the group case is given in E(B.44) of the
first entry in Ref. 8 and in Eq3.13 of the second entry in Ref. 8.

Note that the definitiori28) makes sense in any irreducible representatiok (@f+ 1) (with
X?=r?>0, and that the formuld33) is valid in this generality. However, to compuge more
explicitly than this we need to further specify the irreducible representati@{af 1). We limit
ourselves to the case in which the representation of the little group @pis(trivial. This
corresponds to a quantum particle on the sphere with no internal degrees of freedom. In the case
of S?, this corresponds to taking the “twistin the notation of Kowalski and Rembiétiki) to be
zero. We show in Sec. IX that the little group acts trivially if and only if the following relation
holds:

X234 = JkmX X = JimX X - (34

This is the quantum counterpart of the classical constr&int
In computingA it is convenient to introduce “momentum” operatoPg given by

JX
K= r2

These operators aneot self-adjoint and we have chosen to put thie to the left of theX'’s
[because we have patto the left ofX in (32) and(33)]. We may rewritg(34) in terms of theP’s
as

‘]k|: PkX|_ P|Xk. (35)
The position and momentum operators satisfy

1 X, X
E[Xk1pl]:5kll iy (36)

[compare(12)]. We may also compute usin@5) the quantum counterpart ofp=0, which is
really two relations on the quantum side,

X-P=i#dl.
We now write down the formulas that allow us to comp#tén terms ofX andP,
IX=r2P,

(37
JP=—P?X+i#i(d—1)P.

Downloaded 12 Nov 2003 to 129.74.252.171. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jmp/jmpcr.jsp



J. Math. Phys., Vol. 43, No. 3, March 2002 Coherent states on spheres 1221

The first line is simply the definition d®. The second line comes fro(84) or (35) and is essential
to the explicit calculation of the annihilation operators in term&andP. Note that there is an
additional quantum correction here. To verify the second lin€8@f, write J in terms ofP using
(35) and then usé36).

We now treat] as a 2< 2 matrix acting on the “basisX andP, as given in(37). Since all the
entries of this 2 2 matrix commute, we can just treBf as a scalar and compute an ordinary
2X2 matrix exponential. So effectively we have

12 s
= r2 in(d-1))

One can then compute the exponential of this matrix either by hand or using a computer algebra
program. A calculation shows th&2=r~2J2 as in the classical case. It is convenient to express
things in terms of the scalar operator,

J:=+J?+h4(d—1)%/4.

Then after exponentiating, (33) becomes

A(d—1 J
X + eft/zmor? ( )sini-< 5
Mar

2 J
A= efi/Zma)r cos
Maor? 2J

. 21 J
X+ieh2mer” _gin 5| P
J Mmwr
(38)

Equation(398) is similar to the corresponding classical expressits), with only the follow-
ing differences:(1) there is an overall factor of exp@mer?); (2) the quantityj in (18) is
replaced by J%+7#2(d—1)%/4)Y% and(3) there is an extra sinh term in the coefficientothat
does not occur in the classical formula. Note that the above expression formally coincides with the
classical one in the limit — 0. In the casa&l=2 withr =mw=%=1, (38) agrees with Eq(4.16
in Ref. 18. In the case=3 [identifying S* with SU(2) and adjusting for minor differences of
normalization (38) agrees with Eq(3.132 in the last entry in Ref. 8. In the casle=1 we get an
expression identical to the classical expresgib® except for an overall factor of explnwr?)
[compare Eqs(3.3) and(3.4) of Ref. 19.

It is clear from (38) that theA,’s are unbounded operators, as expected sinceytiseare
unbounded functions. This means that &és cannot be defined on the whole Hilbert space, but
only on some dense subspace, which should be specified. We take the exp(2Ssias our
definition of the annihilation operators. We first define A& on what we will call the “minimal
domain,” namely, the space of finite linear combinations of spherical harm¢hiasis, of eigen-
vectors forJ?). Expression(29) makes sense on the minimal domain, since each of the three
factors making upA, preserve this space. We consider also a “maximal domain” forAfs,
defined as follows. Given any vectpp) in the Hilbert space, we expand) in a series expansion
in terms of spherical harmonics. Then we applyterm-by-term, that is, by formally interchang-
ing A with the sum. The result will then be a formal series of spherical harmonics. If this formal
series converges in the Hilbert space then we say|#has in the maximal domain o, and that
the value ofA,| ¢) is the sum of this serie$lt can be shown that the productxf and a spherical
harmonic of degrea is the sum of a spherical harmonic of degreel and a spherical harmonic
of degreen—1. It follows that the degreé term in the expansion of,|¢) involves only the
degreen—1 and degre@+ 1 terms of|¢). So each term in the formal series fag| ¢) can be
computed by means of a finite sym.

It can be shown that if one starts with the opera&gron its minimal domain and then takes
its closure(in the functional analytic senséhe result is the operatdk, on its maximal domain.
Thus if we wantA, to be a closed operator there is only one reasonable choice for its domain. The
coherent states will not be finite linear combinations of spherical harmonics but will be in the
maximal domain of all thé\,’s.
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V. THE COHERENT STATES

We are now ready to introduce the coherent states, which we define to be the simultaneous
eigenvectors of the annihilation operators. These coherent state®taoé Perelomov typeAl-
though we have described the quantum Hilbert space as an irreducible representdfi@h of
+1), the coherent states are not obtained from one fixed vector by the acfid #f1). Indeed
the only elements dE(d+ 1) that preserve the set of coherent states are the rotations. See Sec. X
for a comparison of these coherent states to the generalized Perelomov-type coherent states for
E(d+1), as constructed either by De ‘Bie or by Isham and Klauder.

The coherent states will be simultaneous eigenvectors of the annihilation opekgtoasd
thus can be thought of as the quantum counterparts of a classical state with definite values for the
complex coordinatea,.. On the quantum side, howevex] does not commute with,, and thus
although the coherent states sati#fy /)= a,| /) they donot satisfy Al| ) =ay| ).

We use formulg29) for the annihilation operators. If we introduce the dimensionless form of
the total angular momentum,

~ 1
V= B2,
then this may be expressed as
A=e- 732/2Xe732’2, (39

where 7 is the dimensionless quantity given by

The parameter is a new feature of the sphere case; no such dimensionless quantity arises in
the RY case. The significance effor the coherent states is that it controls the ratio of the spatial
width of the coherent states to the radius of the sphere. Specifically, we expect the approximate
spatial widthA X of a coherent state to bé:/2me, at least if this quantity is small compared to
r. In that case

AX  hl2me \ﬁ
r r N2
So if 7<1 we expect the coherent states to be concentrated in a small portion of the sphere, and
to look, in appropriate coordinates, approximately Gaussian. This has been%imvitre case of
S=sSU(2).

Kowalski and Rembieliski implicitly take 7=1 in their treatment of thel=2 case, since
they choose units wittm=r=#A=1, and since they do not have the parameter(See our
comments in Sec. Ill about the parametey To us this seems a needless loss of generality, even
though it is easy to insert in the appropriate places in their formulas.

We now proceed with the construction of the coherent states. Foragadhe real sphereS?,
let|8,) be the(generalizeflposition eigenfunction witiX,| 5,) = a,| 5,). Since we assume that the
little group acts trivially these position eigenfunctions & eacha) unique up to a constant and
we may normalize them so that the action of the rotation group thk@sto |Sr.), Re SO
+1). If we let

= 725, (40)

then it follows immediately from(39) that |,) is a simultaneous eigenvector for eath with
eigenvaluea,. Although |8, is non-normalizable, the smoothing nature of the operator
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exp(—7J%2) guarantees thay,) is normalizable for alae S”. A key result of this section is the
following proposition, which asserts that we can analytically continue the coherent [stgies
with respect toa so as to obtain states labeled by poiats the complexspheresﬂ

Proposition 1: There exists a unique family of stalt¢)g) parameterized byae Sf’ such that
(1) the states depend holomorphically anand (2) for ac S°, they agree with the states {@0).
These are normalizable states and satisfy

Addd=als), aeSl.

We call these states theherent statesNote that we have then one coherent state for each
point in SY, that is, one coherent state for each point in the classical phase space. It can be shown
that these aréup to a constantthe only simultaneous eigenvectors of the annihilation operators.
These coherent states aret normalized to be unit vectors. The proof of Proposition 1 is at the
end of this section.

Note that since the operatdf commutes with rotations, the action of the rotation subgroup
SOd+1) of E(d+ 1) will take | i,) to | gy for anyRe SO+ 1). On sufficiently regular states
we can analytically continue the action of S 1) to an action of SQ{+ 1;C), which will take
|4a) 10 | hra) for anyRe SO(d+ 1;C). Then any coherent state can be obtained from any other by
the action of SOd+1;C). Since, however, the action of S@¢ 1;C) is neither unitary nor
irreducible, this observation still does not bring the coherent states into the Perelomov framework.
We can give an explicit formula for the coherent states in the position representation in terms
of the heat kernelon S%. The heat kernel is the function o8'xS? given by p,(x,y)

=(5,le” & ’2|5> It can be shown(see Ref. 1 or the formulas belpvthat the p, extends
(uniquely to a holomorphic function oB2x S, also denoteg,. In terms of the analytically
continued heat kernel the coherent states are given by

(3Ju=pAax, aecS! xeS. (41)

Meanwhile, explicit formulas for the heat kernel may be found, for example, in Refs. 25 and
26. Forx andy in the real spherey,(X,y) depends only on the angkebetweenx andy, where
6=cos (x-y/r?). This remains true fop.(a,x), with ac S%, except nowd=cos Y(a-x/r?) is
complex-valued. Of course the inverse cosine function is multiple-valued, but because the heat
kernel is an even, &-periodic function ofé, it does not matter which value éfwe use, provided
that cosg=a-x/r2.

We now record the formulas, Writingjj to indicate the dependence on the dimension. For
d=1,2,3 we have

oo

Pi(a,x) =(277) —1/2 2 e—(0—27rn)2/2’r,
n=—oo

piax=(2mr) 'e™

\/_f m E (—1)"(p—2mn)e ($-2m%2r gy

21N (60— 277n) /27'
s|n0n—20c (6—2mnje-

plax)=(2mwr) ¥e —
In the formula forp? we may without loss of generality takiwith 0<Re 6=, in which case the
integral is to be interpreted as a contour integral in the stefR@¢$=<. The relatively simple
formula for the heat kernel 08%=SU(2) allows for detailed calculations for the coherent states
in this case, as carried out in Ref. 8. To find the formula in higher dimensions we use the inductive
formula,
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d

J5PH@X).

d+2
Pr 2msing do

(a,x) - _ edT/Z

There is also an expression for the heat kernel in terms of spherical harmonics. For example,
whend=2 we have

p3(ax)=>, e "(+D2 31+ 1P (cosh), (42)
=0

where theP, is the Legendre polynomial of degree[ Compare Eq(5.3) of Ref. 18] The earlier
expression fomi is a sort of Poisson-summed version(d®) (see Ref. 2B
We also consider the reproducing kernel, defined by

R.(a,b)=(p| ), abeS. (43
In terms of the analytically continued heat kernel the reproducing kernel is given by
R.(a,0)=p,(ab), abeS!.

Note thatR,(a,b) depends holomorphically om and antiholomorphically oi.

In the case oS'=U(1) andS®=SU(2), Thiemann and Winkler have proved in the second
and third entries of Ref. 8 that the coherent states defined here satisfy good phase space localiza-
tion properties and that the Ehrenfest theorem holds infinitesimally. We fully expect that these
results hold for ald. This expectation is based on the idea that the heat kerriéLjrwill behave
for small 7 like ¢ exp(— ¢%/27), even for complex values @ Thiemann and Winkler have verified
this in the casesl=1,3 and a similar analysis should be possible in general, using the explicit
formulas for smalld and the inductive formula fop*? in terms ofp¢.

Proof of Proposition 1There are two ways to prove this proposition. The simplest way is to
use the expression fak, in terms of the heat kernel. and the explicit formulas above for, . It
is easily seen thap, extends to an entire holomorphic function 6f Thus the expression
(8,0 =p.(a,X) makes sense for aryin S, with cosé and thus als@ taking complex values.

It is not hard to see that thies,), so defined, is in thémaxima) domain of the annihilation
operators and that it depends holomorphicallymsﬂ. Since A ) =a,|y,) for acS?, an
analytic continuation argument will show that this equation remains true f(araasg. Alterna-
tively we may use the expansion of the coherent states in terms of spherical harmoni¢42xs in
and show that this expression can be analytically continued term-by-tearm(@ompare Sec. IV
of Ref. 1) O

VI. THE RESOLUTION OF THE IDENTITY

We now choose a coordinate system in whichl andm= 1. This amounts to using the
normalized positiorx/r and normalized momentupmer. Since these choices set our position
and momentum scales we cannot also td@kel. Note that the dimensionless parameter
=#h/mwr? equalst in such a coordinate system. We now WHitl ) for | axp))-

Theorem 2: The coherent states have a resolution of the identity of the,form

sinh 2p
2p

d-1
) 29dp dx, (44)

= fxe§fp.x—o| l’llxrp><'/lx,p| v(271,2p)

wherer(s,R) is the solution to the differential equatipn

v coshR v

dv(S,R)_l 1
e DGR R

ds 2
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subject to the initial condition

lim chf(R) v(s,R)(sinhR)4"*dR=f(0)
s|0 0

for all continuous functions f op0,) with at most exponential growth at infinity. Here & the
surface area measure orf Sris the dimensionless quantity=%/mwr?, and g, is the volume of
the unit sphere k9.

The operator on the right-hand side of the equation/fisrjust the radial part of the Laplacian
for d-dimensional hyperbolic spad®ef. 27, Sec. 5)7 This means that(s,R) is the heat kernel
for hyperbolic space, that is, the fundamental solution of the heat equation. Hyperbolic space is the
noncompact, negatively curved “dual” of the compact, positively curved symmetric space
Note that the function is evaluated at “time” 2- and radius p. The inversion formula for the
Segal-Bargmann transform, described in Sec. VII, involves the funetevaluated at time and
radiusp.

The resolution of the identity for the coherent states will be obtained by continuously varying
the dimensionless parameterWhen r=0 the coherent states are simply the position eigenvec-
tors, which have a resolution of the identity because the position operators are self-adjoint. We will
show that the function satisfies the correct differential equation to make the resolution of the
identity remain true as we move to nonzeto

Theorem 2 is a special case of Theorem 3 of Ref. 17, written out more explicitly and restated
in terms of coherent states instead of the Segal-Bargmann transform. However we give below a
self-contained and elementary proof. The cdse2 is also describedwith a different proof in
Ref. 20. Sinces®>=SU(2), thed=3 case belongs to the group case, which is found in Ref. 1. See
also Sec. IV D of the second entry in Ref. 8 for another proof in th€25thase.

We report here the formulas for the functiois,R), which may be found, for example, in
Ref. 27 Sec. 5.7 or Ref. 26 EB.73. Writing v4(s,R) to make explicit the dependence on the
dimension we have

Vl(S, R)= (277.5) -12 e RZ/ZS,

-p 2125

\/_j COShp coshR)l’de’

vy(s,R)=(2ms) e 58

R
va(S,R) = (2mS) "~ 312 SlzsmhRe RZIZS,

and the recursion relation

e—ds/2 J

~ 27sinhR JR GRVI(SR).

vg+2(S,R)=

Estimates on the behavior &—o of » may be found in Ref. 27, Sec. 5.7 and in Ref. 28. Note
the similarities between the formulas forand the formulas for the heat kernel on the sphere.

Some care must be taken in the interpretation of the intdg#l Even in theRY case this
integral is not absolutely convergent in the operator norm sense. Rather the appropriate sense of
convergence is the weak sense. This means that for all vegiots, in the Hilbert space we have

sinh 2p| 91
<¢l|¢2>:fXESdJ'p‘X_O<¢l|‘/’x,p)(‘ﬂx,p|¢2> V(2T,2|0)< 7p ) 2%dp dx, (45)
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where the integral45) is an absolutely convergent complex-valued integral. This of course is
formally equivalent tq44). We will prove Theorem 2 at first without worrying about convergence
or other similar technicalities. Then at the end we will explain how such matters can be dealt with.
Proof of Theorem 2We now write the coherent states|ag) to emphasize the dependence on
the dimensionless quantity=%/maor2. We regard the coherent statgg) as living in some fixed
(~independentHilbert spacefor example,L?(S%)] and given heuristically by

lyh=e7"5,), aeSi, (46)

where| §,) is a position eigenvector. Our strategy is essentially the one proposed by Thiemann in
a more general setting in Ref. 7, Sec. 2.3. We begin with two lemmas that allow us to carry out this
strategy explicitly in this situation. The proofs of these lemmas are given at the end of the proof
of Theorem 2.

Lemma 3: The measure

sinh 2p
2p

d-1
) 29dp dx

is invariant under the action c80(d+ 1;C) on S{ET*(S").
Lemma 4: Let § and Jf;denote the differential operators orﬂ §iven by

] a\?
V=-2 la——ar—]| ,
a |<§<:| 'oa,  “Moa
9 a\2
a kz| '&ak k&a|

Let ¢ be a smooth, even, real-valued functionlérand consider the function onﬁ&given by
#(2p),
where p is regarded as a function afby means of (18). Then
B p(2p)=32p(2p) = a2¢+ d—1 coshR 5¢
2 (2p)=J50(2p)=— “R? (d— )m(?_R R:2p.
Assuming for now the two lemmas, we proceed with the proof of the resolution of the identity.
Because the coherent states depend holomorphicallythey satisfy

3w =0.

Furthermore, it follows from the definition of the coherent states that
d N 1J2 T
E_| ‘//a>_ E a| ¢a>

The proof of this is essentially the standard calculation of the actiaif @fi the position repre-
sentation. It then follows that the projection operdipf)( 7| satisfies the operator-valued differ-
ential equation,

J 7 7] 1 2 2 7 T
E_|l//a><¢a| = E(Ja+‘J§)|¢a><'pa|-

Now we let
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sinh2p|9-1

2p

(47)

ﬁun=2{

Since by Lemma 3 the measup{p) dp dx is invariant under the action of S@¢ 1;C) the
operators.]?1 andJ% are self-adjoint ir1_2(Sd; ,B(p) dp dx). Thus differentiating under the integral
sign and using the self-adjointness gives

d o
d_rJXESJp.X=O|%><¢'a| v(27,2p) B(p) dp dx

B fXEsdfx.p=o|w;><¢;|

Lemma 4 and the differential equation satisfiedu§g,R) tell us that the last integral is zero.
Thus the operator on the right-hand sidg4d) is independent of. On the other hand, the initial
conditions forv imply that asr tends to zero the measuré2 ,2p) 8(p) dp dx “collapses” to the
Lebesgue measumx on the real sphere, i.e., the set where0. Furthermore, if we consider
coherent statelsy ,) with p=0, these become simply,) in the 7|0 limit. Thus

Jd 1 2 2
5. T 5(Jat3)v(27.2p) | B(p) dp dx.

im [ [ i) v2nzse dpax= [ Jaya) ax-1.

7|0

Since the value of the first integral is independentrahis shows that the integral equals the
identity for all . O

It remains now to prove Lemmas 3 and 4. We begin with the second lemma.

Proof of Lemma 4Note that expressions such &a, do not make sense when applied to a
function that is defined only on the complex sph@ﬂe So the operataa, 9/ da,— aydl da, (and its
complex conjugateshould be interpreted as follows. Given a smooth funcfiam Sd extendf
smoothly to a neighborhood &, then applya,d/da,—axd/da;, and then restrict again @
Since @,d/da,— a,dl 9a)a®>=0 the derivatives are all in directions tangentsl?p. This means
that the value of the operator 65‘(1 is independent of the choice of the extension. It is in this way
that J2 andJ% are to be interpreted as operators&

Now let R=2p and leta=|al?=3|a,]?. Then(18) (with r=mw=1) tells us that
a:=|a|?=coslf p+ sini? p=cosh 2.

So,R=2p=cosh ! a. We now need to applgﬁ to a function of the formp(R), which we do by
using the chain rule

d¢ d¢ dR da

Jda, dRda day’

Calculation shows thaffor k#1),

a i—a K 2¢(R)= (aga —aja)? f92_¢>_ (Jal?+a|?) (Ja*— 1) +|al*(aa —ajay)? ¢
Loa, “Xoa la]*~1  gR? (la]*—1)%72 IR’
(48)

We now note that
2 o1 2 o1 2 2 2
k§<:| (lawl“+]ay] ):Eg‘ (1— 6w (lawl*+]ay] )=§[2(d+1)|a| —2[a*]=d[al*. (49

We use also the easily verified identity
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gl (a@—aay)?=—(la*~a??)=—(|a]*~ 1), (50)

where the first equality is valid everywhere and the second equality is valid on the complex sphere
Si={a’=1}.
Using (49) and (50) we get, upon summin@8) overk<I,

9 \? PP la> 9
2 B o~ Mg ¢<R>——W—<d—1>—ha|4_lﬁ.

Recalling thata|?= coshR, so that\[a]*—1=sinhR, we get the claimed formula. This completes
the proof of the second lemmaith the same argument for the conjugated ¢ase O

Proof of Lemma 3Our proof is indirect and uses Lemma 4. We regafdas the quotient
SO+ 1;C)/s0O(d;C). Since both SO{+1;C) and SO(;C) are unimodular, general principles
(Ref. 29 Theorem. 8.3@ell us that there is a smooth S®O{ 1;C)-invariant measure oﬁﬂ and
that it is unique up to a constant. This measure must be in particulad -SOf-invariant, which
means that it must be of the forp(p) dp dx, sincedp dx is also SO@+ 1)-invariant. Now the
operator‘li1 must be self-adjoint with respect to the SI3(1;C)-invariant measure. In particular,
Jﬁ must be self-adjoint when restricted to the space of &) -invariant functions, which can
all be written in the formf(a)= ¢(2p), as in Lemma 4.

Meanwhile, according to Lemma 4, on S 1)-invariant functions]?1 is just the hyperbolic
Laplacian, rescaled by a factor of 2. This operator is therefore self-afi@ir8O@d+ 1)-invariant
functiong with respect to the measug{p) dp dx, which is just hyperbolic volume measure with
the same rescaling.

We conclude, then, that on S@¢ 1)-invariant functions,]?1 is self-adjoint with respect to
both the measureg(p) dp dx andB(p) dp dx. From this it follows that

9% 41 coshR dg o -
4 VR, O ®)

R=2p

whereg(p) = y(p)/ B(p). But since bothy and 8 are smooth, SQ{+ 1)-invariant functions o1s?
we must havelg/JdR|g-o=0. Solving(51) gives dg/dIR=c exd —(d—1)fcothS dg, so we have

99
JR

1
=c lim ex;{(d—l)j cothS d‘%=0,

R=0 e—0

which can occur only it=0, i.e., if g is constant. Thug is a constant multiple oB, which is
what we want to show. O

We conclude this section with a few remarks about technicalities in the proof of the resolution
of the identity. We have already said that the integral in Theorem 2 is to be interpreted in the weak
sense, as ii45). We first establist{45) in the case wherép,) and|¢,) are finite linear combi-
nations of spherical harmonics. In that case it can be shown that the integdqm;’p)
X( z/;;’p| ¢») grows only exponentially witfp. Sincev has a faster-than-exponential de¢agmely,
Gaussianthe integral(45) is convergent. In this case there is not much difficulty in justifying the
formal manipulations we have made, such as interchanging derivatives with the integral and
integrating by parts. Then on¢45) is established for such “nice” vectors, a simple passage to the
limit will establish it for all| 1) and|¢,) in the Hilbert space. See Refs. 1 or 17 for more details
on these technicalities.

VII. THE SEGAL-BARGMANN REPRESENTATION

As shown in Sec. IX, any two irreducible unitary representationg(@f+ 1) satisfying(26)
and (34) are equivalent. The simplest concrete realization of such representations is the position
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representation, in which the Hilbert spacd & S"), the position operators act by multiplication,
and the angular momentum operators act as differential operators given by

. (52

, d 9
Jk|——|h(x|a—xk—xkﬁ—xl
The resolution of the identity for the coherent states can be used to give another realization,
the (generalizefl Segal-Bargmann representation. In the Segal-Bargmann representation the Hil-
bert space is the space of holomorphic functionssﬁymhat are square-integrable with respect to
the density occurring in the resolution of the identity. In this representation the action of the
position operatorsX, is somewhat complicated, but the action of the creation operdtoes
adjoints of the annihilation operatgrisecomes simply multiplication bg, . The resolution of the
identity can be reinterpreted as the unitary intertwining map between these two representations,
that is, the generalized Segal-Bargmann transform.
Specifically, given any functiofi in L2(S") we define the Segal-Bargmann transfd®rh of
f by

Cf(a)=(yf). (53

Then for anyf, Cf(a) is a holomorphic function ofe S‘f Note that in the interests of consis-
tency with Refs. 1, 17 we have put a complex conjugate oratime(53), so that the dependence

of Cf onae Sf is holomorphic rather than antiholomorphic. The Segal-Bargmann transform can
be computed as

Cf(a)= Lde(a,x)f(x)dx, aeSt. (54)

Herep.(a,x) is the heat kernel 068, with thea variable extended by analytic continuation from
Sto st

Theorem 5 (Segal-Bargmann transform): The map C defined by (53) or (54) is a unitary
map of 12(S9,dx) onto HL2(§,V), whereHLZ(S‘%,v) denotes the space of holomorphic func-
tions F on & for which

) sinh ao)d—l ) )
fXESdfp-x=o|F(a(X,p))| V(ZT,Zp)( 2p 2 dp dx< .

The isometricity of the mafC as a map fromL?(SY) into LZ(ch,v) is equivalent to the
resolution of the identitycompare(45)]. ThatC maps into the holomorphic subspace 8tS?, v)
follows from the holomorphic dependence of the coherent states lbnemains only to show that
the image ofC is all of HL2(S?,v). The proof of this is a fairly straightforward density argument
using spherical harmonics, which we oniigee Sec. IV of Ref. 17 and Sec. VIII of Ref) 1.

In the Segal-Bargmann spatéLz(Sd;,v) the angular momentum operators act by the holo-
morphic analog of52), namely,

J J
a— —ag—
Yoa, “€oa

\]k|:_iﬁ

Meanwhile, thecreationoperators, defined as the adjoints of the annihilation operators, are given
by

AlF(a)=a,F(a).
The annihilation operators can be described@splitz operatorsThis means that

AF=P(acF),
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where P is the orthogonal projection from the full?-spaceL?(S%,») onto the holomorphic
subspacésee Ref. 38 In the Segal-Bargmann representation the action of the position operators
is more complicated.

Another important feature of the Segal-Bargmann representation is the reproducing kernel
identity. Recall from Sec. V that the reproducing kerRe(a,b) = { .| 1) is holomorphic ina and
antiholomorphic inb. We then have the following result, which follows easily from general
principles.(See, for example, Sec. IX of Ref.)1.

Proposition 6 (Reproducing kernel identity): For anyePHL2(S!,») we have

d-1

sinh 2p 24dp dx.

2p

Fa-| fp_x_oRxa,b)F(b(x,p»v(zr,zp)(

Here R (a,b)=p,(a,b) is the reproducing kernel, and the integral is absolutely convergent

The Segal-Bargmann representation can be thought of as defipingse space wave func-
tion for a quantum particle on the sphere, which is related to the position wave function by the
Segal-Bargmann transform. This phase space wave function can then be turneghiase apace
probability densityin the usual way: iff is a unit vector inL?(S?) then the associated probability
density is

d-1
nth) 24, (55)

s
2

ICf(a(x,p))| v(27,2p)( T
This is a manifestly non-negative function on the phase space that integrates to oneRRfh the
case® the expression corresponds to tHasimi functionof f.

If one takes the probability densitp5) and integrates out the momentum variables one will
not get the standard position probability dendityx)|? (even in theRY cas@. That is, with this
definition, the position probability density cannot be obtained from the phase space probability
density by integrating out the momentum variables. On the other hand, there is a nice inversion
formula for the generalized Segal-Bargmann transform that can be stated roughly as follows: the
positionwave functiorcan be obtained from the phase spa@we functiorby integrating out the
momentum variables.

Theorem 7 (Inversion Formula): Given any function f in £(S"), let F=Cf be the Segal
Bargmann transform of.fThen f may be recovered from F by the formula

sinhp)| 91
dp. (56)

f00= [ Fapmr)
p-x=0 p

This result is a special case of Ref. 17; the group analog of this inversion formula was given
in Ref. 3. An analog of this formula holds also in th& case(Ref. 4, Sec. 1V, but does not seem
to be well known. Note that whereas the resolution of the identity invol{@s-,2p), the inver-
sion formula involvesy(r,p).

This statement of the inversion formula is a bit imprecise, because we have glossed over the
question of the convergence of the integral(€). The integral cannot always be convergent,
since a general functiohin L?(S) can have singularities. As shown in Theorems 1 and 2 of Ref.
17, we have the following two precise statements. First; i sufficiently smooth, then the
integral in (56) is absolutely convergent for alk and is equal tof(x). Second, for anyf
eL?(S%) we have

_ sinhp|9-!
()= lim fp.xzoF(amp))v(r,p)( ) dp,

R— p<R p

where the limit is in the topology af?(S%).
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We will describe the proof of Theorem 7 in greater detail in the setting of general compact
symmetric spaces. Here we give only the barest outline. The Cauchy—Riemann equatfyns on
imply that, when applied to holomorphic functions, the hyperbolic Laplacian in the momentum
variables is the negative of the spherical Laplacian in the position variables, just as for holomor-
phic functions onC we haved?F/dy?>= — 9°F/dx?. For this result to hold, we must omit the
rescaling of the momentum variables that is present in the resolution of the identity; hence the
inversion formula involvesy(7,p) rather thanv(27,2p). The integration in(56) against the
hyperbolic heat kernel is computing the forward heat equation in the momentum variables, which
for holomorphic functions is then the same as the backward heat equation in the position variables.
Since the Segal-Bargmann transform may be computed in terms of the forward heat equation in
the position variableg56) is inverting the Segal-Bargmann transform. Although this is the basic
idea of the proof, the convergence questions are more subtle.

Note that there are, besid€s6), many other inversion formulas for the Segal-Bargmann
transform. The “overcompleteness” of the coherent states means that there is a lot of redundant
information in the Segal-Bargmann transform, and therefore many different ways that one can
recoverf from Cf. To look at it another way, it is possible to have many different integrals that
all give the same value when applied to holomorphic functions, as in the Cauchy integral formula.
Of particular importance is the inversion formula,

- sinh2p\9-1
f(X')=dePT(a,X')F(a(X,IO))V(ZT,ZIO)( Zpao) 2%p dx,

where p, is the analytical continuation of the heat kernel & This formula is obtained by
noting thatC is isometric, and therefore its inverse is its adjoint. One can apply the above integral
to any functionF in LZ(S‘ﬂ,v) (not necessarily holomorpbhicin which case we havd

=C 'PF, where PF is the orthogonal projection oF onto the holomorphic subspace of
L?(S%,v). See Ref. 1, Sec. IX and Ref. 20, H§.13.

VIIl. THE RY CASE

We verify in this section that the methods in this paper, when applied t%lase, do indeed
reproduce the canonical coherent states. Our “complexifier” is files the kinetic energy
function, namelyp?/2mw. (In the RY case the kinetic energy cannot be expressed in terms of the
angular momentum.Then we define

7] . n
ak=€i{‘ ,complexiﬁer}xk: E ( ! )
neo0 \2mo

1
m{...{{xk 2P pth.

s

n

Since{x,p?} =2py and{{x,,p?},p?} =0 we obtain
. Pk
ak—Xk"r‘l E
This is, up to an overall constant, the standard complex coordinate on phase space. More generally

one can apply the same method to any function ofxif& and one will obtain the corresponding
function ofa, . For example, it is easily verified by induction that

_ o P "
i{-,complexifie} /Ny _ +ij—
e () (xk Imw>

for all positive integers.
Similarly on the quantum side if we define the complexifier toFfé2me and
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o

) o 1
— @il -,complexifier]ifiyy r... 2 27... p2?
Ak € xk I']ZO (meﬁ)n n! [ [[Xk:P ]1P ] 1P ]

we get simply
A XK
k= Ak Imw'

This is, up to an overall constant, the usual annihilation operator. Applying the same procedure to
any function of theX,’s will give the corresponding function of th&,’s.

Following the same normalization procedure as in the sphere case we obtain coherent states
given by

|lpa>=e*P2/2mwﬁ| 5,

at first forae RY and then by analytic continuation for ame €Y. In the RY case we have the
formula

|y =P o).

This normalization coincides with what Hedhtalls type | coherent states. In the position rep-
resentation we have

_a\2
(84 )= (2mhImw) 92 exr{ - (2);/;1)

With this normalization of the coherent states the resolution of the identity takes the form

= | Jpatsdvada
c

whereda is 2d-dimensional Lebesgue measure and whgeie the density

wh ) —dr F{ (Ima)?
ex

me ~ hime

y(a)=

The associated Segal-Bargmann space is the space of holomorphic functiofistiwat are
square-integrable with respect to the densityrhis normalization of the Segal-Bargmann space
is different from that of Seg#l and Bargmanri? because of the different normalization of the
coherent states. See Ref. 33, Sec. VI for comparisons with the conventions of Segal and of
Bargmann.

To compare this to what we have in the sphere case;¥et/mw and consider the Euclidean
heat kernel in the imaginary directions, given by

(Ima)?
20

V(O',a)=(2770')_dlzexr{ -

Then y(a)=2%(20,2a), similar to what we have in the sphere case. Note that in the Euclidean
casev(2o0,2a) is the same, up to an overall constant,{&/2,a). Thus it is hard to see the
“correct” scaling of the space and time variables from the Euclidean case.

An inversion formula similar to Theorem 7 holds in thé case; see Ref. 4, Sec. IV.
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IX. REPRESENTATION THEORY OF THE EUCLIDEAN GROUP

We consider representations by self-adjoint operators of the commutation rel@&pfer the
Lie algebrae(d+1). We further assume that these operators are the Lie algebra representation
associated to a representation of the corresponding connected, simply connected Li&(group
+1). It is known that all the irreducible unitary representation&€6d+ 1) can be realized in
spaces of sections of smooth vector bundles with the Lie algebra acting by smooth differential
operators. The action of the Lie algebra then extends to an action on distributional sections,
including the generalized eigenvectors of the position operators. With this discussion in mind we
will make free use of position eigenvectors in what follows.

We apply the Wigner—Mackey method and consider an orbit of $giri() in R9"1, namely,
a sphere of radius. We consider only the cage>0, in which case the little group is Sput).
Fixing a value forr amounts to assuming that the operathpssatisfyzx%rz.

The purpose of this section is to show that the little group acts trivially if and if the following
relation holds for alk andl,

X211 = JkmXmX) = JimXmXk (57)
(sum convention This is equivalent to the relation
= PiX =P X, (59

where by definitionP,=r 23X, .
Note that(57) is the quantum counterpart of the constraint to the spk@rend therefore

representations df(d+ 1) satisfying it are closest to the classical motion on a sphere. Neverthe-
less, other representations are of interest, and describe a quantum particle on a sphere with internal
degrees of freedom. We will consider the general case in a future work.

Suppose now thab7) holds. We wish to show that this implies that the representation of the
little group is trivial. So we consider the space of generalized eigenvectors for the opetators
satisfying

X )=0, k=1,...d

Xgr1l)y=r. (59)

This is the space on which the little group acts, where the Lie algebra of the little group is given
by the operatord,, with 1<k,I=<d. But now if (57) holds then fork,I<d we have

r2dul¢)=0

since in that cas¥,| )= X,|)=0. This showgfor r >0) that if (57) holds, then the little group
acts trivially.
Consider now the quantity,

Wit :=X2Ji1 = kXX + XX (60)

which satisfiesV,,= —W,,. Condition(57) is equivalent toW,;=0. Consider also the quantity

C:= kZI W2, (61)

As we will show below,C is a Casimir, that is, an element of the universal enveloping algebra of
e(d+1). This implies thatC acts ascl in each irreducible representatiofThe value of the
constantc is r* times the value of the quadratic Casimir for the little group in each generalized
eigenspace for the position operatprs.
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Let us now assume that the little group acts trivially and determine the valuéndahis case.
We may compute by applyingC to a position eigenvector as {89). That the little group acts
trivially means thatl | ) =0 for k<l<d+1. Since alsoX,|#)=X|#)=0 for k<I<d+1 we
get

Cly)=cly)=20 (X¥Iara=JarkmXar 1+ Jas LmXeXid % ).
But sinceX,|#)=0 unless anan=d+1 (and sincely14.1=0) we get that

(X23 g+ 1= JknXmXas 1+ Jar 1nXmXi) | ) = (X2 g 1= g+ 1XG: 1+ 0) | 4)
=(r®ggs1— 1% q+)|¥)=0.

This means that if the representation of the little group is trivial then the constamist be
zero, which means the elemdadtmust be zero in that representation. A calculation shows that for
eachk<l, W, is self-adjoint. Thu<C is a sum of squares of self-adjoint operators, and the only
way the sum can be zero is if each term is zero, that i&7f holds. So if the little group acts
trivially, (57) must hold, which is what we want to prove.

In the cased=2 (considered in Ref. 18t is possible to verify that

C=X3(L-X)?, (62

where L is the angular momenturwector, related to our angular momentumatrix by L
=(J32,Jd13,J12). One can easily check that at least this relation holds in each irreducible repre-
sentation(which is all that is really relevapgs follows. Both sides are Casimirs and so it suffices
to check(62) on the generalized eigenspace(fi®9). But for | ) in this space we calculate that

Clyp)=X3(L-X)2|gp)=X*22,| 4,

and indeed62) holds. From(62) we see that takin@ =0 is equivalent in thel=2 case to taking
L-X=0 as in Ref. 18.

It remains only to show that the eleme®tin (61) is a Casimir. To do this we first compute
the commutation relations &, with the J’s and theX’s. These come out to be

1
7 [X:Wim] =0, (63)

1
E[Jkl yWinnl = 6 Wim+ 8imWikn— SkmWin — 61nWim - (64)

Equation(64) is what we expect for a matrix operator—compare this to the formulpX}grJ,,n]-
Equation(63) implies immediately tha€ commutes with eacl,, and Eq.(64) implies, after a
short calculation, tha€ commutes with eacli, .

X. CONCLUDING REMARKS

We end this paper by discussing how the coherent states described here compare to other
coherent states that have been proposed for systems whose configuration space is @isphere
homogeneous spacé\s we have explained in detail above, the coherent states introduced in Ref.
18 are equivalent to those in Refs. 1, 17, but were discovered independently and from a different
point of view.

Meanwhile, there are several other generalized Segal-Bargmann transforms for spheres that
have been considered. These are similar but not identical to each other and were introduced by
Bargmann and Todora, Rawnsley® li,3® Wada®’ Thomas and Wasseff,and Villegas-Blas? In
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most cases the transform is unitary, and this unitarity can be reformulated as a resolution of the
identity for the associated coherent states. These constructions all have in common that the co-
herent states are labeled by points in the cotangent bumifies the zero sectiofi.e., with the

points of zero momentum removedn these papers the cotangent bundle minus the zero section

is identified with the null quadridae C9**[a?=0}. This is to be contrasted with the present
paper, in which the full cotangent bundle of the sphere is identified with the qyadricr 2} with

r>0. Thus these constructions are inequivalent to the one considered in this paper. Furthermore
these constructions do not generalize to higher-rank symmetric sffaces.

Besides these, there have been to our knowledge two other proposed constructions of coherent
states on spheréand other homogeneous spacdhese constructions, inequivalent to Refs. 1, 17
and to each other, are those of De B&* and of Isham and Klaudéf.Both Refs. 41 and 42 are
based on extensions of the Perelomov approach, in that their coherent states are all obtained from
one fixed vectory, by the action of the Euclidean group. As explained in those papers, the
ordinary Perelomov approach is not applicable in this case, because the irreducible representations
of the Euclidean group are not square-integrable. Non-square-integrability means that the usual
Perelomov-type integral, which should be a multiple of the identity operator, is in this case
divergent.

De Bievre's approach to this problem is to apply to the fiducial vegtgronly a part of the
Euclidean group. We describe just the simplest case of RefT#is special case was worked out
independently in a more elementary way by Torreé3nBpecifically, if we work inL?(S") then
start with a basic coherent stagg such that(a) ¢, is invariant under rotations about the north
pole n and (b) ¢ is supported in the northern half-sphere with a certain rate of decay at the
equator. One may think af, being concentrated near the north pole and approximating a state
whose position is at the north pole and whose momentum is zero. The other coherent states are
then of the form,

explik-x) (R x),

where we consider only pairk(R) satisfyingk- Rn=0. This last restriction is crucial. Sinaf,
is invariant under rotations about the north pole, the coherent states are determined by the values
of k andRn and are thus labeled by points in the cotangent bund®'ofThe resolution of the
identity for these coherent states follows from the general procedure in Ref. 41 but can also be
proved in this case by an elementary application of the Plancherel formula. The conditigr that
be supported in the northern half-sphere is crucial to the proof.

It is clear that the coherent states considered in this paper are quite different from those in Ref.
41. First, De Biere’s coherent states do not depend holomorphically on the parameters. Second,
each coherent state must be supported in a half-sphere, hence cannot be real-analytic in the space
variable. Third, there does not seem to be any preferred choiag,for Ref. 41, whereas for the
coherent states considered here the only choice one has to make is the value of the parameter

Meanwhile, Isham and Klauder use a different method of working around the nonsquare-
integrability of the irreducible representations Bfd+1). They use reducible representations,
corresponding to integration over some small rajrge+ ¢ ] of radii. This allows for a family of
coherent states invariant under the full Euclidean group and allows a more general basic coherent
state sy, without any support conditions. On the other hand it seems natural to get back to an
irreducible representation by lettirgtend to zero, so that the particle is constrained to a sphere
with one fixed radius. Unfortunately, although the representation itself does behave well under this
limit (becoming irreduciblethe coherent states themselves do not have a limittaads to zero.
(See the remarks at the bottom of the first column on p. 609 in Ref.T4fls seems to be a
drawback of this approach.

Finally, we mention that in the group case, the coherent states described in this paper can be
obtained by means of geometric quantization, as shown in Ref. 14. This means that in the group
case the coherent states are of “Rawnsley typeHowever, this result does not carry over to the
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case of general compact symmetric spaces. In particular the results of Ref. 14 apply only to those
spheres that are also groups, namsh= U(1) and S°=SU(2).
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