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Abstract
Genetic algorithms have been applied to

a simple demonstration problem which had
previously been used in the validation of a
multidisciplinary design optimization framework
referred to as Concurrent Subspace Design. Dis-
crete optimization in the most recent implemen-
tation of that framework was performed by simu-
lated annealing. The results obtained by applying
both genetic algorithms and simulated annealing
to the demonstration problem demonstrated that
the performance of both methods was very simi-
lar, both in terms of their ability to locate optimal
designs and the computational requirements in-
volved in doing so. It was therefore concluded that
the capabilities and computational cost of Concur-
rent Subspace Design would be similar regardless
of which discrete optimization method was incor-
porated into the framework.

I. Introduction
Recent work in the �eld of multidisciplinary

design optimization (MDO) has been inspired by
the need to e�ciently design complex, nonhierar-
chic systems. These typically involve many mu-
tually dependent disciplines that must be coordi-
nated, each of which has some impact on the sys-
tem design goals. Many engineering systems to
which MDO techniques are potentially applicable
are \mixed," in other words, contain both contin-
uous and discrete design variables. The designer
of an aircraft wing, for example, has the freedom
to choose the number of spars in the wing, their
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locations, and the material(s) from which the wing
is to be constructed. The number of spars must be
an integer and thus is a discrete design variable,
while the location of a spar is a continuous design
variable. Material selection is another example of
a discrete design variable, as a structural designer
would likely choose one of several available mate-
rials. Aircraft wing structural design is a problem
that contains both discrete and continuous design
variables, as all of this information would be re-
quired to perform the analyses involved in the de-
sign process. Problems such as this present a par-
ticular challenge because there are a limited num-
ber of methods which are both suitable for mixed
problems and robust enough to be reliable in the
context of designing a complex engineering sys-
tem. Furthermore, discrete optimization methods
are typically very expensive in terms of computa-
tional resources required.

The focus of this paper is the application of ge-
netic algorithms, a method for performing discrete
or mixed optimization, to an existing MDO frame-
work called Concurrent Subspace Design (CSD).
CSD is closely related to the Concurrent Sub-
space Optimization (CSSO) method proposed by
Sobieski [1] and modi�ed by Renaud and Gabriele
[2] and by Sellar [3]. Both CSSO and CSD in-
corporate means by which discipline-level design-
ers are provided with information regarding the
in
uence of their decisions on the system-level ob-
jective function and constraints. During design at
both the subspace and system levels in the current
implementation of CSD, that information is pro-
vided by response surface approximations in the
form of arti�cial neural networks. Previous ef-
forts have demonstrated that this framework can
be applied to the design of engineering systems
that contain both discrete and continuous design
variables [4]. This paper describes the application
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of genetic algorithms to a demonstration problem
which was used in the validation of the existing
CSD framework, in which the method of simulated
annealing was used to perform discrete optimiza-
tion. Application of both simulated annealing and
genetic algorithms to this problem are discussed
in the context of CSD. The purpose of this study
was to compare the performance of the di�erent
discrete optimization methods, and to determine
whether one or the other is better suited for incor-
poration in the CSD framework.

II. CSD Framework

The CSD framework is illustrated schemat-
ically in Figure 1. The algorithm begins with
the selection of a set of baseline designs, which
are analyzed to provide the data from which
the initial system approximation is constructed.
Feed-forward, sigmoid activation neural networks
are then trained via the Error-Backpropagation
method [5] to approximate the design space.
Given an initial approximation to the system, de-
signers in each discipline (subspace) attempt to
improve the system design based on their own spe-
cialized expertise and analysis capabilities. This
requires them to solve the system design prob-
lem using this expertise in their own discipline
and approximate analyses in all other disciplines.
Response surface approximations are used in lieu
of complete system analyses to provide informa-
tion about non-local states, which is required to
solve the system-level problem at the discipline
level. A full system analysis is then performed
on the design or designs suggested by each sub-
space designer. The appropriate information is
then added to the database and taken into ac-
count during the subsequent update of the neural
networks. The �nal step of each CSD iteration is
a system optimization based entirely on response
surface approximations. As with the subspace op-
timizations, the design provided by this step is
added to the database and the approximations up-
dated to re
ect the new information.

One advantage of CSD is that the subspace
designers have the freedom to use whatever meth-
ods and/or tools they see �t in attempting to im-
prove the design. In a previous application of the
CSD framework to the demonstration problem de-
scribed in the following section [6], this \improve-
ment" took the form of traditional optimization
algorithms. The strategy used was a hybrid tech-
nique in which the simulated annealing [7] and
generalized reduced gradient [8] methods are per-
formed sequentially. The small size of this ap-
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Figure 1: Concurrent Subspace Design Framework

plication enabled subspace design in each of the
two disciplines to use one of the two \analysis
tools" that, coupled together, comprised the full
system analysis. An important result of that ef-
fort was that, due to the high computational cost
of simulated annealing, this approach would not
be viable for larger problems. Thus, when the
CSD framework was applied to a more complex
system [4], subspace design was limited to only a
few system analyses, which were used to gain very
rudimentary, localized information about the de-
sign space. In the latter case, subspace designers
had no more than that information, intuition, and
\rules of thumb" at their disposal. The goal of the
current investigation was to determine whether
genetic algorithms would provide su�cient com-
putational savings for more rigorous optimization
methods to be possible when the problem being
considered is of realistic scope.

III. Demonstration Problem
The mixed optimization problem considered

here is an illustrative example which operates on
three design variables (x1; x2; and x3) and pro-
duces two states (y1 and y2). The formulation
of the problem is such that there is one continu-
ous (x1) and two discrete (x2; x3) design variables
or DV's. The state evaluations, or \contributing

2



analyses" (CA's), are closed-form analytic expres-
sions in the continuous design variable x1, state
variables, and additional parameters (p1; : : : ; p4).
The latter are constant over the course of a single
system analysis, but are dependent on the discrete
design variables x2 and x3. The functional form
of each CA is given below.

CA1: y1 = p2
1
+

p2

10
x2
1
+ p3y2 (1)

CA2: y2 =
p
y1 sin p4 + x1 + p2

The values of parameters p1; : : : ; p4 are dictated by
the discrete design variables according to Table 1.
The table is interpreted such that if x2 is \red",
then p1 = 10 and p2 = 1. It is essential to note
that the choice of x2 determines both p1 and p2.
For instance, while p1 = 10 when x2 is \red" and
p2 = 7 when x2 is \orange", it is not possible that
p1 = 10 and p2 = 7 simultaneously.

Table 1: Discrete Design Variables
x2 p1 p2 x3 p3 p4
red (R) 10 1 pink (Pnk) 0.1 �=6
orange (O) 2 7 white (Wht) -0.1 �=3
yellow (Y) 7 8 gray (Gry) 0 �=4
green (G) 6 9 black (Blk) -0.2 �=2
blue (B) 8 3 brown (Brn) 0.2 �
indigo (I) 3 9
violet (V) 4 5

The system analysis for this problem is the
process by which, for a �xed design vector �x, the
values of states y1 and y2 are determined. This
process consists of �rst \looking up" the values
of parameters p1; : : : ; p4 corresponding to the dis-
crete DV's, and then solving iteratively the set of
coupled, nonlinear algebraic equations ( 1).

The \merit" of each design is given by an ana-
lytic expression in design variables, related param-
eters, and states. The goal of the system optimiza-
tion problem is to minimize the merit function
while meeting constraints on the values of states
y1 and y2. The system optimization problem is
stated as

Min.: f(�x; �p; �y) = 5p3y1 +
y2

p2

+p1 sin
�p4x1

5

�
+ 130

S.T.: y1 � 60

y2 � 10 (2)

�10 � x1 � 10

This problem does not correspond to a particular
physical application, but its size makes it a con-
venient benchmark for studying di�erent mixed
optimization methods.
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Figure 2: y1 vs. x1 for x3=black

A cross-section of the design space for this
problem is illustrated in Figure 2. The �gure
depicts state y1 as a function of x1 for each of
the seven possible \colors" (values) of x2 while x3
is �xed at black. The maximum value of y1 al-
lowed by the constraint on the optimization prob-
lem (Equations 2) is indicated by the dashed hor-
izontal line on the graph. As can be seen from the
�gure, the character of y1 vs. x1, and consequently
the values of x1 (if any) for which designs are fea-
sible, depends upon which \colors" have been se-
lected for the two discrete DV's.

The global optimum for this problem was lo-
cated by performing 35 one-dimensional optimiza-
tions, during which x1 was the only active design
variable and x2 and x3 were �xed. For each pos-
sible combination of x2 and x3, the value of x1
that minimized f was determined. Considering
only the feasible solutions found (there are no fea-
sible designs for some combinations of x2 and x3),
that associated with the minimum value of f was
�x = [�4:08; yellow; black], at which point f = 64:7
and the �rst constraint is active (�y = [60:0; 11:7]).
This point is indicated by the diamond on Fig-
ure 3, which shows the dependence of f on x1 for
the seven possible values of x2 while x3 is �xed at
black. The circles on that �gure show the loca-
tions of other design points which will be referred
to as \local" optima. These points were obtained
as solutions to the one-dimensional optimization
problem for other \color combinations" (combina-
tions of x2 and x3) and have merit values that were
considered to be \competitive" (arbitrarily de�ned
here as f < 80) with that of the global optimum.
The locations of the global and local optima are
listed in Table 2. Finally, while space does not
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Table 2: Optimal Points
Glob/Loc x1 x2 x3 f

Global -4.08 yellow black 64.7
-5.40 green black 65.3
9.32 orange black 73.9

Local 9.85 violet black 74.7
5.63 green black 78.4
4.33 yellow black 79.4

permit graphical presentation of the entire design
space, it is worth noting that altering x3 a�ects
the behavior of the states and merit function in
other ways. The range of f throughout the entire
design space is approximately 0 < f < 270.

This problem has also been solved using the
Concurrent Subspace Design framework [6]. The
optimization that took place within that imple-
mentation of CSD was not purely discrete, but
rather mixed continuous/discrete. The method
used to perform this optimization was a hybrid
method in which the continuous design variables
were initially discretized with some speci�ed res-
olution and the problem solved as a fully discrete
one. Subsequently, the discrete design variables
were �xed at those values speci�ed by the dis-
crete optimizer and the �nal design obtained by
performing a gradient-based optimization, during
which only the continuous design variables were
active. This hybrid method, along with the rea-
sons for performing mixed optimization this way,
are described in more detail in [9].

IV. Genetic Algorithms

Genetic Algorithms (GA's) are stochastic
search techniques which mimic the mechanism of
natural evolution. Unlike many other search tech-
niques, GA's consider multiple designs at each
iteration. Such a set of designs is referred to
as a \population." The designs in a population
are called \chromosomes" or \individuals" and
are typically encoded into binary strings. Dur-
ing each iteration, the individuals which comprise
the population undergo three operations: selec-
tion, crossover, and mutation. These processes are
brie
y described below and illustrated in Figure 4.

Structure of Genetic Algorithms

Selection is the operation which determines
which chromosomes will be represented, and to
what extent, in the next population. It is based
on a \�tness function" which is de�ned such
that good designs have high �tness values rela-
tive to bad designs. In the context of constrained
optimization, the �tness function is usually some
metric which incorporates the objective function
plus one or more penalty terms corresponding to
the constraints. The latter are included to dis-
courage infeasible designs. A common selection
strategy is \roulette wheel" selection, in which the
probability of selecting a speci�c chromosome is
proportional to its �tness value. The sum of these
probabilities is unity. \Spinning" the roulette
wheel then amounts to generating a random num-
ber to determine which chromosome will be se-
lected; this is repeated as many times as there are
designs in each population. This generally results
in the most �t chromosomes being selected more
than once and the least �t being discarded. The
group that gets selected during this phase of the
algorithm is called the \mating pool."

Crossover takes place after selection and
occurs with a predetermined probability, the
crossover rate (Pc). During \single cut point
crossover," the simplest form of this operation, a
pair of chromosomes is selected from the mating
pool and a \cut point" is randomly determined for
that pair. All the binary digits which occur after
the cut point in one of the chromosomes are then
replaced by the digits after the cut point in the
other choromosome, and vice-versa. This proce-
dure generates two new designs, each of which pos-
sesses some characteristic(s) of previous designs
that had relatively high �tness. This is analogous
to o�spring inheriting traits of their parents. The
number of pairs of designs which undergo crossover
is dependent on the crossover rate.

4



before

after

cut point

CROSSOVER

before

after

1 1 0 0 0

1 1 0 1 0

MUTATION
0 1 0 0 0
1 1 1 0 1
1 1 0 1 0
1 0 0 1 1

NEW POPULATION

0 1 1 0 1 1
1 1 0 0 0 2
0 1 0 0 0 0
1 0 0 1 1 1

chrom.’s # times
selected

INITIAL POPULATION

0 1 1 0 1
1 1 0 0 0
1 1 0 0 0
1 0 0 1 1

MATING POOL

SELECTION

CROSSOVER
MUTATION

0 1 1 0 1
1 1 0 0 0

0 1 0 0 0
1 1 1 0 1

Figure 4: Basic Structure of a Genetic Algorithm

The last operation to take place is mutation.
This involves simply altering the value of a few
randomly selected bits throughout the popula-
tion. This occurs with a predetermined proba-
bility called the mutation rate (Pm), the value of
which in
uences how many bits will be changed.
Mutation is intended to enable GA's to explore
new regions of the design space and escape from
local optima. When it is complete, the next popu-
lation of designs is the result. From this point, the
processes of selection, crossover, and mutation are
repeated until some termination criteria are met.

Implementation of Genetic Algorithms
The demonstration problem described previ-

ously was solved using a genetic algorithm in
which roulette wheel selection, single cut point
crossover, and random mutation were imple-
mented. The design vector fx1; x2; x3g was en-
coded into an 11-bit binary string, with the bits
allocated as shown below.

0 0 1 0 1| {z }
x1

0 1 1|{z}
x2

1 0 0|{z}
x3

The continuous variable x1 was discretized into
21 values, speci�cally, the integers -10, -9, : : :,
10. Also, the discrete variables x2 and x3 have
7 and 5 possible values, respectively. Thus, some
binary strings do not represent any designs; such
strings are called \redundant." It is desirable to

maintain a 1-to-1 mapping, in which only one bi-
nary string maps to each design [10], so every new
chromosome created was checked to insure it cor-
responded to a valid design. Those chromosomes
that did not meet this criterion were replaced with
new, randomly generated ones.

A very simple termination criterion was em-
ployed for the genetic algorithms discussed herein.
The process stopped when there was no improve-
ment in the best chromosome for two successive
iterations. This method, as well as that of replac-
ing redundant chromosomes, was selected primar-
ily for ease of implementation.

Initially, the population size, crossover rate,
and mutation rate were the only control parame-
ters adjusted. During later experimentation, three
other techniques were employed in attempts to im-
prove the performance of the genetic algorithms.
These techniques are listed and brie
y described
below.

Elitism
It is possible for chromosomes with high �t-

ness to be eliminated during selection, crossover,
or mutation. Elitism is a means of retaining those
chromosomes in the next generation. As imple-
mented in this study, the single best chromosome
yet encountered replaced the worst chromosome
present in the event that the former was found to
be eliminated during selection.

Linear Scaling
Linear scaling involves adjusting all �tness

values according to the formula

F 0 = aF + b (3)

where F and F 0 are the raw and scaled �tness val-
ues, respectively, and coe�cients a and b are con-
trol parameters. The latter are used to control the
frequency with which the best chromosome gets
selected relative to that with which chromosomes
of average �tness get selected. For example, it is
possible to set a and b such that the probability
of selecting the best chromosome is double that
of selecting an average chromosome. The term
\average" in this sense refers to only designs in
the current population. In the event that some
scaled �tness values become negative, the coe�-
cients may be adjusted set such that the worst
raw �tness value is scaled to zero.

Enlarged Sampling Space
This technique increases the number of chro-

mosomes considered during selection to include
not only those that resulted from the latest
crossover (\o�spring"), but also those that existed
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immediately prior to that crossover (\parents").
In other words, the selection pool consists not only
of the current population, but of the most recent
mating pool as well.

V. Results
The results presented in this section focus on

the ability of genetic algorithms to locate optimal
designs for the demonstration problem described
previously and the computational requirements re-
quired to do so. Again, these issues are of inter-
est because they are directly related to whether it
would be bene�cial to replace simulated anneal-
ing with genetic algorithms as a method of dis-
crete optimization at the subspace design step of
the CSD algorithm. It was not necessary to im-
plement the CSD framework using genetic algo-
rithms, rather, qualitative assessments of the im-
pact they would have on CSD were made by com-
paring their performance on this demonstration
problem to that of simulated annealing. For the
sake of making that comparison, some results of
solving the same problem via simulated annealing
are also included.

With regards to both methods, constrained
optimization is performed by augmenting the ob-
jective function with penalty terms corresponding
to the constraints. Only two penalty functions
were considered during this study; a more com-
plete discussion of penalty functions is available in
[11]. The forms of the penalized merit functions,
f1 and f2, are

f1 = f +max(y1 � 60; 0)

+max(10� y2; 0) (4)

f2 = f +2max(y1 � 60; 0)

+2max(10� y2; 0) (5)

where f; y1, and y2 correspond to the objective
function and states of the demonstration problem
described earlier.

It is important to keep in mind that, as men-
tioned earlier, the optimization that takes place
within CSD is performed using a hybrid method
in which discrete and continuous optimizations oc-
cur sequentially. A consequence of this is that the
designs yielded by simulated annealing and genetic
algorithms in this study would not be the �nal re-
sults of subspace optimization in CSD, but rather
the \intermediate solutions" from which the con-
tinuous optimization begins. This is considered in
the discussion of the results that follow.
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Selection of Population Size
A considerable number of combinations

of population size (number of chromosomes),
crossover rate, and mutation rate were imple-
mented during initial experimentation with ge-
netic algorithms. While space does not permit a
description of all these results, Figure 5 shows the
impact of population size on both the ability of
genetic algorithms to locate optimal designs and
the number of system analyses (SA's) required to
do so. Each data point shown on the �gure re
ects
the average of 250 trials in which penalized merit
function f1 (Equation 4) was used, the crossover
rate was 0.9, and the mutation rate varied from
0.05 to 0.001 as the number of chromosomes in-
creased. The latter was not held constant because,
according to Goldberg [12], the performance of ge-
netic algorithms is enhanced if the mutation rate
drops as population size increases.

The dashed line in Figure 5 shows that, over
the range of population sizes considered, the rela-
tionship between the number of chromosomes and
the number of SA's required is approximately lin-
ear. The ability to locate optimal designs is re-

ected as the percentage of trials in which the ge-
netic algorithm determined that x2 = yellow and
x3 = black (their values at the global optimum) for
the demonstration problem, indicated as \%Y/B"
on the graph. The value of the continuous vari-
able x1 determined by the GA was not considered
at this point because, in the context of the mixed
optimization method used in CSD, its �nal value
is not determined by the discrete optimizer (sub-
sequent results will demonstrate that the ability to
determine the optimal values of the discrete DV's,
rather than locate the design nearest the optimum,
is the critical characteristic of a discrete optimizer
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used as part of this mixed optimization scheme).
The solid line on the graph indicates that when up
to 50 chromosomes were used, the percentage of
trials which successfully determined those values
increased much more quickly than it did after the
population size exceeded 60. Thus, 50 chromo-
somes were used in subsequent implementations
because the cost of using a larger population (more
required SA's) provided only marginally better
performance.

Purely Discrete Optimization
As stated previously, the �rst phase of the

mixed optimization method being considered is
to discretize the continuous design variables and
solve the problem as a fully discrete one. The
results of solving the demonstration problem de-
scribed earlier, having discretized x1 into the in-
tegers -10, -9, : : :, 10 using 3 di�erent methods of
discrete optimization are summarized in Table 3.
The three methods considered were simulated an-
nealing and two di�erent genetic algorithms. Of
the latter, the �rst was a \simple" GA in which
Pc=0.9 and Pm=0.01. The performance of this
genetic algorithm was altered through the use of
various combinations of the elitism, linear scaling,
and enlarged sampling space techniques. After
some experimention it was determined that im-
proved performance could be obtained by adding
elitism and linear scaling such that the probability
of selecting the best design in each population was
4 times that of selecting an average design in the
same population. For each method, the table lists
the number of trials, out of 250, in which either
the global (#G) or one of the local (#L) optima
listed in Table 2 was located. Obviously, all of
those optima lie between points in the discretized
space. The trials considered to have located the
global optimum all resulted in (-4, Y, Blk), which
in the discretized space is the closest point to the
global optimum. It is also the only point in the
discretized space within 0.5 units in the x1 direc-
tion of the global optimum; an analogous crite-
rion was used to determine which trials located
local optima. The middle two columns correspond
to penalized merit function f1 (Equation 4) while
the rightmost two columns show the same data
for function f2 (Equation 5). The improved GA
was never applied to the latter, for reasons to be
discussed later.

Table 3 suggests that the choice of penalty
function actually dictates performance to a much
larger extent than does the optimization method.
With both simulated annealing and genetic algo-
rithms, optimal points were located much more

Table 3: Discrete Optimization Results
method function f1 function f2

# G # L # G # L
Sim. Ann. 21 0 84 65
Simple GA 27 0 75 48
Improved GA 31 0 - -

often using function f2 than they were with f1.
The reason for this becomes evident if one consid-
ers the shape of the design space. Referring back
to Figure 3, moving x1 towards its lower bound
from the global optimum reduces the merit func-
tion, however, Figure 2 shows that this also results
in violating the constraint y1 � 60. The consid-
erable di�erence in performance between the two
penalty functions is due to the fact that while the
larger penalty in f2 e�ectively bounds the feasi-
ble region, infeasible designs such as (-5, Y, Blk),
(-6, Y, Blk), etc. were prevalent among results
obtained using f1.

The results in Table 3 are of limited utility in
comparing the performance of genetic algorithms
to that of simulated annealing. The former were
able to locate the global optimum slightly more
often using function f1, and both the global and
local optima slightly less often using the larger
penalty functions. The di�erences in performance,
however, re
ect a relatively small fraction of the
250 total trials performed in each case.

Mixed Optimization

The generalized reduced gradient (GRG)
method was used to perform a continuous, one-
dimensional optimization, in which x1 was the
only active design variable, starting from every
point that was obtained through the purely dis-
crete optimization methods described above. This
was done to obtain the results of the three varia-
tions of the mixed optimization scheme created by
preceeding the continuous optimization with each
of the discrete methods being considered. The re-
sults yielded by mixed optimization are summa-
rized in Table 4, which is in the same format as
Table 3. In this case, the designs obtained were
considered to be located at an optimum if they
were less than 0.01 unit in the x1 direction away
from one of the optima listed in Table 2.

By comparing the results in Tables 3 and 4,
one can determine the number of trials in which
the discrete optimizer identi�ed the desired values
of the discrete design variables (x2 = yellow and x3
= black) but did not locate the value of x1 in the
discretized space which was nearest the optimum.
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Table 4: Mixed Optimization Results
method function f1 function f2

# G # L # G # L
Sim. Ann. 233 13 121 89
Simple GA 208 20 129 67
Improved GA 222 16 - -

For example, the simple genetic algorithm alone
located (-4, Y, Blk) in only 27 of 250 trials us-
ing function f1, but when a continuous optimiza-
tion was performed from the resultant points, the
global optimum (-4.08, Y, Blk) was obtained 208
times. Thus, in 208-27=181 trials, the simple ge-
netic algorithm itself did not locate the global op-
timum, but did determine the optimal values of
the discrete design variables, x2 and x3. When the
GA was incorporated into the mixed scheme, this
was su�cient as the subsequent GRG optimization
adjusted x1 to its optimal value.

This comparison of Tables 3 and 4 indicates
that the discrete optimizers yielded designs which
were non-optimal solely due to their x1 values con-
siderably more often when function f1 was used
as opposed to f2. As mentioned previously, this
trend is attributable to the relative magnitudes of
the raw merit function f and the penalty terms,
as the penalties on f1 weren't large enough to dis-
courage infeasible designs with lower objective val-
ues than the optimum. A consequence of this is
that during mixed optimization, performance was
markedly better when merit function f1 was used.
This is in contrast to purely discrete optimiza-
tion, when function f2 resulted in optimal designs
being located much more frequently. Obviously,
this phenomenon is dependent on the fact that in
this design space, the infeasible designs that re-
sult from the smaller penalty functions are char-
acterized by the same values of the discrete de-
sign variables as the global optimum. Although
the in
uence of a speci�c form of penalty func-
tion on an optimizer's performance is certainly a
problem-dependent issue, these results do empha-
size a point that is perhaps non-intuitive. Speci�-
cally, when a discrete method is incorporated into
the mixed optimization scheme considered herein,
its most critical characteristic is not the ability
to pinpoint the optimal design, but rather to de-
termine the optimal values of the discrete design
variables.

It is obvious from Table 4 that the mixed
optimization scheme is more successful than
purely discrete optimization in locating optimal
points. The hybrid schemes consisting of simu-

lated annealing and the simple genetic algorithm
followed by GRG optimization located the global
optimum in 83% and 93%, respectively, of the tri-
als conducted using function f1. The same schema
applied to f2 only located the global optimum in
roughly half of the corresponding trials. The im-
proved GA was never applied to penalized merit
function f2 because the goal of this study was
to determine which discrete method would result
in better performance when incorporated into the

mixed scheme. Furthermore, the observed di�er-
ence in behavior between f1 and f2 was considered
to be problem-dependent and not one that could
be alleviated by the improved genetic algorithm.

As with purely discrete optimization, the rela-
tive performance of genetic algorithms versus sim-
ulated annealing depended on the penalty func-
tions used. Restricting discussion, however, to
mixed optimization using function f1 for reasons
detailed above, Table 4 indicates that simulated
annealing performed slightly better for this prob-
lem. First, optimal designs were located in a
greater number of trials, 246 as opposed to 228
and 238 with the simple and improved genetic al-
gorithms, respectively. Also, the percentage of to-
tal trials, as well as the percentage of trials which
located an optimum, which resulted in the global

optimum were both higher for simulated annealing
than for either of the genetic algorithms.

Computational Requirements

The number of analyses required by any
optimization method is an important considera-
tion in MDO. It becomes paramount in the con-
text of a framework such as CSD, in which the
optimization methods employed are invoked re-
peatedly as multiple iterations are performed. Ta-
ble 5 lists the number of system analyses required
by the methods implemented in this study. As
before, the columns in the table are grouped ac-
cording to the two penalized merit functions used.
Within each group, the column designated \D"
corresponds to purely discrete optimization and
the column designated \M" corresponds to mixed
optimization. Again, the values re
ect the average
of the 250 trials performed in each case.

Table 5: Computational Requirements
method function f1 function f2

D M D M
Sim. Ann. 171.2 179.9 121.1 130.4
Simple GA 185.9 195.3 185.3 195.1
Improved GA 168.7 177.9 - -
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A number of statements can be made re-
garding the results listed in Table 5. It can be
seen that for this problem, the number of sys-
tem analyses required for mixed optimization is
only slightly greater than the number required to
perform the corresponding discrete optimization.
This is not surprising, as discrete optimization
methods are notoriously computationally expen-
sive, while one-dimensional continuous optimiza-
tion is fairly straightforward. Of greater inter-
est are the relative requirements of the di�erent
discrete methods. There is a pronounced di�er-
ence between simulated annealing and the simple
GA seen in the cases corresponding to function
f2; whether these computational savings would be
worth the reduced performance observed by us-
ing f2 as opposed to f1 in mixed optimization,
however, is dependent on many factors which are
beyond the scope of this discussion.

While in all cases the simple genetic algo-
rithm required slightly more system analyses than
simulated annealing and the improved genetic al-
gorithm slightly less, the computational require-
ments were on the same order of magnitude for
all three methods. One conclusion that can be
drawn from this is that utilizing genetic algorithms
within CSD would not result in substantial com-
putational savings for problems of this character
and scope. Thus, if subspace designers wished
to incorporate full-�delity analysis tools for large,
complex problems during subspace design, genetic
algorithms would not provide a viable means of
performing traditional optimization at that level.

Repeatability of Results
A relatively large number of trials, 250, was

run for all the cases considered in this study. This
was done because both simulated annealing and
genetic algorithms are stochastic search methods,
and it was not known a priori how many trials
would be adequate for the results to provide a
valid comparison of the di�erent methods. Fig-
ures 6 and 7 show the number of trials which lo-
cated the global optimum and the average number
of system analyses required, respectively, versus
the total number of trials performed, with data
points shown on intervals of 50 total trials for clar-
ity. Although the �gures correspond to the case
in which mixed optimization using the improved
GA was applied to function f1, they are represen-
tative of results from other cases. Figure 6 shows
that a similar number out of each subset of 50
trials resulted in the global optimum. Also, Fig-
ure 7 indicates that the average number of system
analyses required remained between 176 and 178
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Figure 7: Required System Analyses

during the last 150 trials. This suggests that the
results obtained were representative of the meth-
ods being considered, rather than a few anomalous
trials.

VI. Summary
The method of genetic algorithms has been

applied to a simple demonstration problem con-
taining one continuous and two discrete design
variables. This problem has previously been used
to validate a multidisciplinary design optimization
framework referred to as Concurrent Subspace De-
sign, in which discrete optimization was performed
by simulated annealing. The problem was solved
both as a fully discrete one and using the mixed
optimization scheme included in the most recent
implementation of CSD, in which discrete and con-
tinuous optimizations are performed sequentially.
The purpose of this study was to compare the per-
formance of simulated annealing with that of ge-
netic algorithms for this problem, and to assess
whether genetic algorithms would signi�cantly al-
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ter the computational requirements of CSD.
Results demonstrated that for this problem,

there were no substantial performance di�erences
between the discrete optimization methods con-
sidered, neither when those methods were imple-
mented by themselves, nor when they were in-
corporated into the mixed optimization scheme.
In fact, the manner in which the constraints
were formulated as penalty functions, a problem-
dependent issue regardless of the method used,
a�ected the results of optimization to a much
greater extent. Using the speci�c penalty func-
tions which resulted in the global optimum be-
ing located in the greatest percentage of trials,
simulated annealing located the global optimum
in 233 of 250 trials. By comparison, the better-
performing of the genetic algorithms implemented
in this study located the optimum in 222 trials.
The computational requirements of the two meth-
ods were also nearly equal; an average of 179.9
system analyses were required to perform mixed
optimization using simulated annealing, compared
to 177.8 with the genetic algorithm.

From the results obtained, it was concluded
that replacing simulated annealing with genetic
algorithms as the method of discrete optimization
in CSD would not have a profound e�ect on the
performance or capabilities of the framework. A
consequence of this is that repeated use of full-
�delity analysis tools, as is required by traditional
optimization methods, at the subspace design level
is not a realistic approach for problems of signi�-
cant scope. Thus, to prevent CSD from being cost-
prohibitive for large, complex problems, subspace
design must exploit response surface approxima-
tions and/or consist of less rigorous design meth-
ods.
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