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Abstract

The purposeof this paperwas to evaluatea frame-
work for obtainingrobust designsof complex, coupled
systems.This framework referredto asIterativeConcur-
rentSubspaceRobustDesign(ICSRD),isbaseduponthe
useof globalresponsesurfaceapproximationsof thede-
sign space. ICSRD incorporatesa robust optimization
formulation,usinga linearizationapproach.It generates
approximaterobust designsfrom artificial Neural Net-
work (NN) approximationsin an iterative fashion.Two
benchmarkproblemsare presented,one being an ana-
lytic problemwith two designvariablesand the other
a control-structuresproblem,which is characterizedby
complex disciplinecoupling. Two variationsof the lat-
ter problemare considered,one with modified bounds
for certaindesignvariablesandtheotherwith a reduced
numberof designvariableswith original bounds. It is
observedthat theNN trainingplaysa significantrole in
obtaininga good robust optimum. It is also observed
that ICSRDframework yieldsreasonablerobustdesigns
for thetestcasesimplemented.

Nomenclature

µr Meanof RandomVariabler
σr StandardDeviationof randomvariabler
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Kr Variance-CovarianceMatrix of randomvectorr
x̄ Meanor currentDesignVariables
ȳ Meanor currentStateVariables
p̄ Meanor currentParameters
f Merit Function
g Inequalityconstraint
εr Biasin randomvariabler
α Trade-Off parameter
β Confidencelimits for theapproximatesystem
β0 Confidencelimits for theactualsystem

Intr oduction

The ICSRD framework is an extensionof the Con-
currentSubspaceDesign Framework (CSD)1 that was
developedfor multidisciplinarydesignof acoupled,non-
hierarchicsystem,with thecapabilityof optimizingsys-
temscharacterizedby mixeddiscrete,block andcontin-
uousdesignvariablesandasingleperformancefunction.
The ICSRD framework incorporatesa robust optimiza-
tion formulationwhereasCSDframework doesnot.

A complex coupledsystemcanbe decomposedinto
ContributingAnalyses(CAs) whoseoutputsarethesys-
tem’s StateVariables(SVs). In a coupledsystem,CAs
exchangeinformationwith eachother, often necessitat-
ing theneedfor iterationto determinethefinal SVsfor a
givendesignpoint. Thisprocessis referredto astheSys-
tem Analysis(SA). The performancefunction andcon-
straintsarefunctionsof theSVsandtheDesignVariables
(DVs).

1
AmericanInstituteof AeronauticsandAstronautics



In the CSD framework, an initial databaseof DVs
andcorrespondingSVsis createdby performingSAsfor
aselectedsetof candidatedesigns.Thisdatabaseis used
to developneuralnetwork responsesurfaceapproxima-
tionsthat replacethe“actual” coupledCAs with uncou-
pled approximateCAs. Optimization is performedon
this approximatesystemmodel. For systemswith com-
putationallyexpensive SAs, CSD is moreefficient than
conventionaloptimization,sinceSAsin CSDareexplicit
in thesystemdesignvariablesanddesignsearchesin the
approximatedesignspaceareveryefficient. CSDalsoal-
lows subspacedesignersto suggestnew designsthatare
usedto improvetheresponsesurfacesin acyclic process.

Uncertainty in a CSDframework

The uncertaintiesin the systemdesignprocessarise
dueto uncertaintiesin designvariables,parametersand
CAs. Uncertaintiesin the continuousdesignvariables
andparameterscanbeconsideredasrandomeffects.Un-
certaintiesin theCAs canbeeithermodeledasbiases,if
it is known that theCAs alwaysunder-estimateor over-
estimatethe statevariables,or asrandomeffects2. The
useof responsesurfaceapproximationsgive rise to ad-
ditional uncertainty, which is low for high fidelity ap-
proximationsandvice-versa. Uncertaintiesareusually
assumedto benormallydistributed,which is justifiedby
the“CentralLimit Theorem”whentheuncertaintiesare
dueto interactionof many randomeffects.

In any responsesurfaceapproximation,it is verydif-
ficult to characterizethe uncertainty, dueto the errorof
approximation,whenthenatureof theactualsystembe-
havior is unknown. In neuralnetwork responsesurface
approximations,this uncertaintycanbe kept to a mini-
mum by training the neuralnetworks to tolerancesthat
will yield neuralnetworks with “optimal” architecture.
Too small a network givesa very poor approximation,
andtoo largeanetwork resultsin over-fitting andcanre-
sult in poorgeneralization.

Robust Optimization

Thetwo mainfactorstakeninto considerationin this
study are the performancefunction variation and the
probability of failure, due to violation of constraints.
Both have to be kept to a minimum. Traditionally ro-
bustdesignis doneusingDesignof Experiments,based
on OrthogonalArrays,dueto Taguchi3. Oneof thetypi-
cal robustoptimizationproblemformulations,similar to

thoseusedin References4-6, and basedon statistical
conceptsis asfollows:

Formulation 1:

Minimize µf
�
x̄ � ȳ � p̄ ��� α � σ f

�
x̄ � ȳ � p̄ �

s.t. µgi

�
x̄ � ȳ � p̄ ��� β � σgi

�
x̄ � ȳ � p̄ �
	 0

for i=1..J(no. of constraints)

xl 	 x̄ 	 xu

wherex̄, ȳ andp̄ arethecurrent(mean)designvariables,
statevariablesandparametersrespectively, f

�
x̄ � ȳ � p̄ � is

the performance(merit) function andg
�
x̄ � ȳ � p̄ � are the

constraints.µ andσ representthemeanandstandardde-
viation respectively. α is a positive weightingparame-
ter thatprovidesa trade-off betweenobtainingminimum
meanand minimum standarddeviation of the perfor-
mancefunction. It canbesetto zerowhenperformance
functionvariationis not an issue.β is a positive param-
eterthat setsconfidencelevels,of a desiredprobability,
for eachconstraintaboutits mean.Greaterthe valueof
β, the moreconservative the robust design. Onecould
avoid theuseof α, if amaximumallowableperformance
variation is specifiedby the addition of a constraintin
performancefunctionvariation. Thechoiceof β is easy
when the uncertaintyin the gis areapproximatelynor-
mally distributed. For non-normallydistributedgis the
choiceof β is not straightforward. Therearestatistical
methodsthat couldbe usedto “fit” known distributions
to aMonte-Carlosampleandβ couldbechosenfrom the
propertiesof thechosenbest“fit” distribution. It should
be notedthat, onecould obtainan upperboundon the
value of β for any distribution, for a given probability
of failure,from theChebyshev inequality7, but suchan
upperboundis veryconservativeandoftenunnecessary.

The meanand variancecan be calculatedusing ei-
thera linearizationapproximationor a MonteCarloap-
proach.Linearizationis acommonwayof estimatingun-
certaintiesin engineering.Linearizationworksverywell
for functionsandconstraintsthatarenot highly nonlin-
ear. The expressionsfor the meansandstandarddevia-
tionsof theperformancefunctionandconstraints,using
thelinearizationapproach,areasgivenbelow.

µf � f
�
x̄ � ȳ � p̄ ��� ∇ fy

Tεy� ca

µgi � gi
�
x̄ � ȳ � p̄ ��� ∇giy

Tεy� ca

σ f � 

∇ fxTKx∇ fx � ∇ fp

TKp∇ fp � ∇ fyTKy� ca∇ fy

σgi � 

∇gi x

TKx∇gi x � ∇gi p
TKp∇gi p � ∇giy

TKy� ca∇gi y
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Kx, Kp andKy� ca arethevariance-covariancematricesof
continuousdesignvariablesx, parametersp anduncer-
tainty in statevariables,dueto uncertaintyin CAsalone,
respectively. εy � ca arethevariationsin thestatevariables
dueto biasesassociatedwith theCAs.

Thederivativeswith respectto x canbeobtainedus-
ing Global Sensitivity Equations(GSEs)8 or finite dif-
ferencingor can be available in analytical forms. The
derivativeswith respectto y andp canbe obtainedus-
ing finite differencingor may be available in analyti-
cal forms. Usuallyuncertaintiesin thedesignvariables,
parametersandCAs areassumedto be independentof
eachotheror uncorrelated,in which case,the variance-
covariancematricesbecomediagonal.Theuncertaintyin
statevariables,dueto uncertaintyin CAs alone,canbe
representedwith either the biasvectoror the variance-
covariancematrix, or both. Thesecanbe calculatedus-
ing GSEsasdevelopedin Guet.al9.

Basedon the linearizationapproachonecouldmake
a“worstcase”formulationfor theconstraintsandhence,
an alternative robust optimization formulation can be
writtenas:

Formulation 2:

Min. µf
�
x̄ � ȳ � p̄ ��� α � σ f

�
x̄ � ȳ � p̄ �

s.t gi
�
x̄ � ȳ � p̄ ��� N

∑
j � 1

���� ∂gi

∂x j � β � σxj � ���� �
P

∑
j � 1

���� ∂gi

∂p j � β � σp j � ���� � M

∑
j � 1

���� ∂gi

∂y j � εy� caj � ���� 	 0 �
xl 	 x̄ 	 xu

where(β � σxj ) and(β � σp j ) arethe magnitudeof vari-
ation in the currentdesignvariablex j andparameterp j

respectively, abouttheir means,with a probabilitychar-
acterizedby thevalueof β. N, P andM arethenumberof
designvariables,parametersandstatevariablesrespec-
tively.

A Monte Carlo approach,to quantify probabilistic
characteristics,is costlybut not infeasiblewhenapplied
to responsesurfaceapproximations,sincethe response
surfaceapproximationsare computationallyvery inex-
pensive. A MonteCarloapproachhasanobviousadvan-
tageover linearizationwhendealingwith highly nonlin-
ear performancefunctionsand constraints. The disad-
vantageof a MonteCarloapproachis thattherobustop-
timization is not going to besmoothandconvergenceis
notguaranteed.

The problemformulations1 and2 treatthe variable

boundsas“soft” constraints,thatcouldbeviolateddueto
uncertainty. For cases,whenthis is not true,thevariable
boundscould be easilymodified, to accountfor sucha
case,by addingandsubtractingβσx to thelowerandup-
per boundsrespectively. In practicalengineeringprob-
lem, one could encounterboth “soft” and “hard” con-
straints(one that cannotbe violated). For “soft” con-
straints,one would have to alter the formulationsfor
thosespecific constraints,by removing the additional
weightedstandarddeviation term, βσgi . The ICSRD in
the presentform treatsvariableboundsas “soft” con-
straintsandtheconstraintsas“hard” constraints.

Theproblemformulationsgivenabovedonotinclude
the uncertaintyin the responsesurfaceapproximation.
The uncertaintyin the responsesurfaceapproximation
canbe approximatedasa normally distributed random
effect with zero meanvarying betweenplus or minus
the root meansquare(RMS) error of fit, weightedby
a factor, for a desiredprobabiltyanda statisticalunbi-
asedestimate(usually the reciprocalof the numberof
degreeof freedomsin the approximation). The disad-
vantageof this approachis that it would lead to over-
conservativedesigns,especiallyatdesignswheretheval-
uesof theconstraintsfrom theapproximateCAsarevery
smallwhencomparedto thecontribution from theRMS
errors,even thoughthey could be sufficiently closeto
thevaluesof theconstraintsof the“actual” CAs. In the
presentstudy, attemptshavebeenmadeto obtainaccept-
abledesigns,without the inclusionof theuncertaintyin
responsesurfaceapproximations.

Two kindsof uncertaintieshaveto bedealtwith when
performinga robustoptimizationusingresponsesurface
approximations,onebeingthe uncertainty(error) in the
meanvalueandtheotherbeingtheuncertainty(error)in
thestandarddeviation,dueto thestatisticalvariationsin
thedesignvariablesandparameters.Theuncertaintyin
standarddeviationsof theNN approximationsat a given
designpoint, is mainly dueto errorsin the sensitivities,
for a generalrobust optimizationformulationandonly
due to errorsin the sensitivities for a robust optimiza-
tion formulation using a linearizationapproach. Since
nosensitivity informationis usedin creatingtheresponse
surfaceapproximations,it is notpossibleto quantifythis
error.

The meanand standarddeviation uncertaintiesbe-
comeverycrucialwhentheconstraintsof therobustopti-
mizationformulation(µgi � βσgi ), obtainedfrom theap-
proximations,arenot conservative, i.e. not lower than
the actualconstraintsof the robust optimizationformu-
lation. One would needto obtain a good approxima-
tion, at least in the region of interest,to keepthis un-
certaintyto a minimum. Minor discrepanciesbetween
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theapproximateconstraintsandactualconstraints,onthe
non-conservativeside,couldbehandledbyartificially in-
creasingthevalueof β for therobustoptimizationof the
approximateSA anddeterminingthe robustnessof the
actualsystemfor afixedvalueof β (β0) thoughthis may
not necessarilyhelpwhenthestandarddeviation uncer-
taintiesarehigh. So onewould needto calculatesen-
sitivities of theactualSA asa verification,to determine
if the approximationshave to be improved further “lo-
cally”, by meansof a weightingprocedurethat will be
discussedin thenext section.

ICSRD framework

A flowchart of the ICSRD framework is shown in
Figure 1. Thepresentform of ICSRDframework is dif-
ferentfrom theCSDframework in two aspects,thefirst is
thatnosubspacedesignersarepresentin aICSRDframe-
work andthesecondis thatweightingof designsarenot
donein CSD. The currentICSRD framework doesnot
accomodatediscreteandblock designvariablesnor “bi-
ases”associatedwith the CAs, thoughthe latter canbe
accountedfor easily, sinceit affectsonly the robustop-
timization. ThecurrentICSRDframework incorporates
formulations1 and2 (formulation1 alonewasusedfor
the test problems)for the robust optimization,using a
linearizedapproach.The basicapproachof the ICSRD
framework canbesummarizedas:

SA
�

Initial Database

Build NN approx.s

Robust Optimization

cnvgd?�

N
N

 param
s

NN Robust Designs

SA
�

W
eighting

Additional Database

Baseline Designs
�

STOP
�

app.�

app.�

Figure 1. ICSRD (Iterative Concurrent Subspace Robust De-

sign)

1. GenerateInitial database(BaselineDesigns)andset
NN training parameters,optimization parameters,
weightingstrategy parametersandparametersasso-
ciatedwith problemdefinition.

2. TrainNNs andstoreNN weightsandarchitectures
3. PerformRobustOptimizationusingNN approxima-

tions.
4. PerformSA for therobustdesignobtainedfrom the

previousstepandappendto thedatabase
5. Is convergencecriteriasatisfied?,if yesSTOP, if no

proceed.
6. Determine weights for patterns from a selected

weightingcriteria.
7. Re-train NNs starting with NN architecureand

weightsfrom previousiteration,with theerror term
modifiedby the weightsdeterminedfrom previous
step

8. Go to step3.

TheICSRDframework canbedividedinto thefollowing
mainstages,thatareexplainedin detail.

Building anInitial Database: An initial databaseis cre-
atedfrom the actualSA, by eithera full factorial, frac-
tional factorial or other non-standardapproaches.The
full factorial approachis very costly when the SA is
characterizedby large numberof designvariablesand
parameters.Somefractional factorial approacheslike
CentralCompositeDesign(CCD) and OrthogonalAr-
rays (OA) are lesscostly. Two possiblenon-standard
approachesareselectionof m1 � m2 ������� mn uniformly
spaced“experiments”or theselectionof M random“ex-
periments”within theboundsof thedesignvariablesand
parameters.Theformernon-standardapproachhasbeen
usedfor one of the test problems,Barnesproblem, in
the currentpaper. The latter whenusedwith the Con-
trol AugmentedStructuresproblem,did not yield satis-
factoryresults.HenceOAs wereusedfor this problem.
TheOAs areconstructedusinga softwarewrittenby Dr.
A. Owen,Departmentof Statistics,StanfordUniversity.
The softwarecangenerateBose,Bose-Bush,Bushand
Addelman-Kempthornedesigns. One can also usean
OA augmentedwith a few random“experiments”,when
moreinformationaboutthedesignspaceis needed.This
hybrid approachhasnot beenimplementedand is cur-
rentlyunderinvestigation.

Building NN approximations:NN approximationsare
createdusinga Conjugate-Gradientbasedtrainingalgo-
rithm 10. The main featuresof the Conjugate-Gradient
trainingalgorithmaretheimplementationof a bounding
algorithm(for bracketing a minimum in weight space),
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a goldensearchroutine(for onedimensionalminimza-
tion), thePolak-RibieremethodandthePowell’s restart
strategy 11. The initial steplengthfor the boundingal-
gorithm andthe tolerancefor convergencefor a golden
searchroutineareuserselectable.The other featureis
dynamicnodecreation.A new hiddennodeis addedto
the NN whenthe numberof reinitializationsof weights
exceedsa fixed number. Weightsarereinitializedwhen
the rateof decayof the sumof squareof errors,for the
giventrainingset,becomeslessthanagiventolerance12.
During training,thebestweightsandarchitecturecorre-
spondingto the lowesterror obtainedis storedandup-
dated. When the numberof epochsexceedsa preset
number(10,000),the weightsand architecturesare as-
signedto thebestweightsandbestarchitecture.Thead-
vantageof this trainingalgorithmis that it is fasterthan
aBackPropagationor agradientdescentalgorithm.The
disadvantageof this trainingmethodis that theerrorsin
thepatternsneednot beuniform andthemaximumpat-
ternerrorcanbeon theorderof thetrainingtolerance.

All theNNs in theICSRDframework have only one
outputneuron,so the numberof NNs trainedareeither
thenumberof CAsor thenumberof merit functionsand
constraints.

RobustOptimization: Robust Optimization routines
have beenimplementedfor formulations1 and2 using
a linearizationapproach.In the currentformulationthe
robustoptimizationaccountsfor uncertaintyin parame-
tersandnot uncertaintyin CAs. RobustOptimizationis
performedon the NN approximationsof the SA but it
doesnot includethe error of approximation,which can
be quite significantin somecases.The optimizationis
donefor therobustoptimizationformulationthroughout
from thestartingpoint,andis not a two-stagerobustop-
timization.Two-stagerobustoptimizationis usefulwhen
it is known beforehandthattheoptimumdesignobtained
by constrainedoptimizationwithout robustoptimization
formulation,is nearerto theactualrobustoptimum.It is
assumedthatthereis no suchprior knowledge.

The initial startingpoint for theoptimizationfor the
first global iterationis specifiedby the user. For subse-
quentglobaliterationsthepreviousrobustdesignis used.
The disadvantageof this choiceof startingpoint is that
the robust designsobtainedduring the global iterations
neednot be nearto the actualrobust optimumandone
may endup exploring a region of the designspacefar
away from the “global robust optimum” andmay even
lead to the failure of the optimization. This is due to
the inherentrandomnatureof NN approximationsand
it alsodependson theamountof the information(num-

berof datasetsin thedatabase)andtrainingtolerancesto
which theNNsaretrained.Anotherstrategy wouldbeto
keepa fixed initial startingpoint for all iterations. The
disadvantageof this strategy is that, for large problems
theoptimizationcouldbetime-consuming,if thestarting
point is veryfarawayfrom therobustoptimum.Thefor-
merstrategy hasbeenusedin all of thetestproblemsthat
arepresentedin thelatersectionsof thispaper.

Therobustoptimizationis doneusingtheMATLAB
SequentialQuadraticProgrammingalgorithm. The NN
trainingtolerancesplayanimportantrole in thesuccess-
ful convergenceof the robust optimization. The useof
very lenient tolerances,can result in a design,which
is out of the variablebounds. This problemoften oc-
curedfor thecontrolaugmentedstructuresproblem,and
this was overcomeby training the NNs to stricter tol-
erances.This problemnever happenedwith the Barnes
problem.This is mainly becausethecontrolaugmented
structuresproblem, has 11 DVs and hencethe initial
databaseusedto build the NN approximationhad less
informationaboutthedesignspacethantheBarnesprob-
lemwhich is only a 2-DV problem.

Weightingdesignsobtainedfrom RobustOptimization:
It is desirableto weight designsin the vicinity of the
approximaterobust designobtainedfrom the previous
global iteration,so that the NN approximationobtained
by retraining would be a better approximationin the
vicinity of previous robust design. This is in tandem
with the first strategy of choosingthe starting point.
TheseweightsareusedduringNN trainingto weightthe
patternerrors correspondingto the designswithin the
vicinity of thepreviousrobustdesign.

One can proposevarious weighting strategies, but
onehasto becarefulnot to overtraintheNNs,thatwould
resultin largernetworks,which areusuallybadgeneral-
izing approximations.Weightingis doneby selectinglo-
cal designs(L-designs)in theappendeddatabase(initial
database+ actualSAs for the robust designsfrom pre-
viousiterations)within a givenuser-definedradiusfrom
thelastrobustdesign(obtainedin thepreviousglobalit-
eration). The averageNN error, i.e the averageof the
scaledpatternsquarederrors, for theseL-designsare
computed,for eachof theNN approximationsof thepre-
viousiteration.TheL-designsareequallyweightedwith
theratio of this averageNN erroranda user-defineder-
ror tolerance.Thiserrortolerancecouldbevariedduring
theiterativeprocess,whichwasdonemanuallyfor some
cases.Onecould usea higherradiusto includethe en-
tire appendeddatabase,andthenseta low tolerance,to
improve the approximations.If the approximationsare
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poor for a set of L-designsalone,one could choosea
lower radiusandstrictertolerance.

It would be preferrableto set lenient tolerancesfor
the errorsfor L-Designsduring the initial stagesof the
ICSRD andstrictertolerancesduring the final stagesof
theICSRD.Onecouldalsothink of notweightingthede-
signsduring the initial stagesandstartweightingsome-
timein themid andfinal stagesto enhancetheresolution
of theNNs,at a desiredregion in thedesignspace.

Rebuilding NN approximations: The NN approxima-
tions arerebuilt at eachglobal iteration. The appended
databaseprovides the patternsfor rebuilding the NN
approximations. Somepatternsare weighted, as de-
terminedby the weighting strategy. The architecture
andthe weightsof the NNs beforeretrainingareset to
thoseof theNNs of thepreviousiteration. TheNNs for
eachiterationaretrainedto thesameerrortolerance(for
the half of the sumof weightedpatternsquarederrors,
summedoverall patterns).

ConvergenceCriteria:To date,manualcheckshavebeen
doneto determineconvergence. One could expect the
convergenceto be obtainedwhen the relative or abso-
lute changein the designpoint is lessthana tolerance
level. Sucha convergencecriteria, doesnot take into
considerationthefeasibility androbustnessof theactual
SA. So a two-stagecheckfor feasibility androbustness
is performedin additionto theusualconvergencecriteria
check.At thefirst stagechecksaremadeto makesureif
themeanvaluesof theactualconstraintsarefeasible,if
this is infeasiblethesecondstageis unnecessary. At the
secondstagechecksaremadeto makesurethattheactual
constraints,asin therobustoptimizationformulation,are
alsofeasible,i.e. robust. This stagewould needanesti-
mateof theactualstandarddeviationsof theconstraints,
that would needeither actualsensitivities or a Monte-
Carlosimulationof theactualSA. Only thelinearization
approachhasbeentaken into accountin this paper, so
only actualsensitivitiesarerequired.Whenconvergence
in robust designsaresatisfied,but the checksfor feasi-
bility fails,onewould have to improvetheresponsesur-
facesby a suitableweighting critieria or by tightening
theNN trainingtolerances.Whenboththeconvergence
in designpoint andstageonefeasibilty aresatisfiedbut
thestagetwo robustnesscheckis not satisfied,andif the
differencein theconstraintsaresmall , onecouldartifi-
cially increasethevalueof β andperformanotheritera-
tion andcheckrobustnessfor the actualsystem,for the
original valueof β, β0.

TestProblems

Two test problems,the BarnesProblem13 and the
Control AugmentedStructures14 problemwere chosen
as test casesfor preliminary assessmentof the ICSRD
framework. Two variationsof thelatterwereconsidered.
For implementationpurposes,uncertaintiesin CAs and
parameterswere assumedto be absent. Uncertainties
wereassumedto be presentonly in the DVs andwere
taken to be normally distributed. In the test problems
considered,the probability of failure of constraintswas
morecrucial thantheperformancefunctionvariation,or
in otherwords,α wassetto a low value.

1. BarnesProblem
Barnesproblem13 is characterizedby 2 continuous

DV’s,5 SVs,1 merit function,21 parametersand3 con-
straints.The SA is not coupled.The problemformula-
tion for theBarnesproblemis givenbelow.

Min. f � a1 � a2x1 � a3y4 � a4y4x1 � a5y
2
4� a6x2 � a7y1 � a8x1y1 � a9y1y4� a10y2y4 � a11y3 � a12x2y3 � a13y
2
3 � a14

x2 � 1� a15y3y4 � a16y1y4x2� a17y1y3y4 � a18x1y3 � a19y1y3 � a20e
a21y1

s.t. g1 � y1

700 � 1  0

g2 � x2

5 � y4

252  0

g3 � �
y5 � 1� 2 � � x1

500 � 0 � 11�  0

SVs: y1 � x1x2 y2 � y1x1 y3 � x2
2

y4 � x2
1 y5 � x2

50

Bounds: 0 	 x1 	 75 0 	 x2 	 65

Figure 2 shows thecontoursof performance(merit)
function, constraintboundaries,correspondingfeasible
and infeasibleregions, and one of the local optimum,
which is themostprobableoptimum. This problemhas
morethana singleoptimum,theglobaloptimumoccurs
at [75.0, 65.0] where no constraintsare active. This
global optimum can normally be obtainedonly if the
startingpoint is nearthisoptimum.
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This problemwasimplementedwith the ICSRD,by
choosingan initial database,that was createdby per-
forming actualSAson anevenly distributedsetof 5 ! 4
designpoints.FourNNs weretrainedfor themerit func-
tion andthe threeconstraints.All theNNs weretrained
to an error tolerance(sumof squareof errorswith out-
putsscaledfrom 0.1 to 0.9) of 0.05. The startingpoint
for theoptimizationwaschosenas[10,10].α andβ were
fixed at 2.5. Uncertaintieswere assumedonly for the
DVs andwereassumedto beuncorrelatedandnormally
distributed with variances0.1 aboutthe meanof DVs,
throughouttheentiredesignspace.Therobustoptimum
obtainedwhenperformedusing the actualSA (not us-
ing theNN approximation)with thesamestartingpoint
was[47.28,18.87]andonly thesecondconstraint(of the
robustformulationwasactive).
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Figure 2. Merit function contours (dashed) and constraint

boundaries for actual SA

2. Control AugmentedStructur esProblem
ControlAugmentedStructuresproblem14 is charac-

terizedby 11continuousDV’s (10beamelementdimen-
sionsand dampingconstant),2 CAs, 1 merit function
(total structuresandcontrolsweight) and7 constraints.
The SA is coupled. Thereare43 SVs. OneCA is the
controlssubsystemandotheris thestructuressubsystem.
Theaim of this problemis to find the minimum weight
of a cantilever rectangularbeam,which is dividedinto 5
elementsof equallengthandhasa controllerattachedto
its free endandis subjectedto 3 staticloadsT1, T2 and
T3 anda dynamicload f # t $ , asillustratedin Figure 3.
The controlssubsystem,A & B, is designedas a Lin-
earQuadraticRegulator (LQR) that givesoptimal con-
trol inputs,to controlthebeamrotationalandlateraldis-
placements.Thecontroleffort dependson theeigenfre-

T T
%

T
% P=f(t)

A
&

B123

Figure 3. Control Augmented Structures

quenciesandeigenvectorsof thestructures.Thecontrols
weight is taken to be proportionalto the control effort.
Thecontrolsweight is in turn requiredto determinethe
massmatrix for thestructures,which is neededin com-
putationof the staticanddynamicproperties.The con-
straintsin thisproblemaredueto limitationsonthestatic
anddynamicdisplacements,staticanddynamicstresses
andnaturalfrequenciesfor the system. The lower and
upperboundsfor thisproblemwereinitially 3.0and36.0
respectively for the first 10 DVs and,0.01and0.06re-
spectively for the11thDV.

Theactualoptimumfor this problem,withno uncer-
tainty of any kind, is [3.0, 3.0, 3.0, 3.0, 3.0, 3.7, 7.04,
9.81, 11.99,13.84,0.06] with an optimal performance
function value of 1493.88and with the first constraint
aloneactive. It is difficult to find theactualrobustopti-
mum,dueto thefactthatanumberof theconstraintshave
discontinuousderivativeswhich in turn resultsin jumps
in thestandard-deviation calculations,at thediscontinu-
ties. Thesediscontinuityin derivativesarebecausethe
constraintsareformulatedfor maximumstatic,dynamic
displacementsandstresses,andthesecouldoccurat dif-
ferentelementsin the cantilever, at differentregionsin
designspace.A Kreisselmier-Steinhauser(KS) formu-
lation couldbeusedto get infinitely continuoussmooth
cumulativeconstraintsor onecoulduselenientfinite dif-
ferenceparametersto guaranteeconvergencebut thishas
notbeendoneto date.

Two variationsof this problem,asdescribedbelow,
havebeenconsidered.

Case1: An initial database,an OA of 3 levels with 54
points,with first 10DVs with reducedupperbounds,was
chosen.The upperboundsfor the first 10 DVs for the
actualproblemwas36.0, this wasreducedto 20.0. NN
approximationswerebuilt for thecontrolsweightand7
constraints.All theNNs wereuniformly scaledfrom 0.2
to 0.8.All thetrainingtolerancesweresetto 0.01except
for constraints2, 3 and6, for which training tolerances
of 5e-4,5e-4and1e-3werechosen.

Case2: The first 5 DVs werefixed at 3.0 and the 11th
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DV was fixed at 0.06. An initial database,a modified
CentralCompositeDesignfor theremaining5 DVs with
originalbounds,consistingof 64pointswaschosen.The
modifiedCentralCompositeDesignconsistedof 2 ! 25

points,i.e. cornersof two boxes,onethatcontainedthe
entire designspaceand the other that sharedthe same
centeras the outerbox but with its edgeshalf of those
of the outerbox. As in Case1, the NN approximations
werebuilt for the controlsweight and7 constraintsand
all theNNs wereuniformly scaledfrom 0.2 to 0.8. The
trainingtolerancesweresetto 0.01for themerit function
andconstraints3 and4, 1e-4for constraints1 and5, and
1e-3for therest.

It canbeseenthat theinitial databasefor Case2 has
more information aboutthe reduceddesignspacethan
Case1, sinceCase1 is of higherdimension.For Case
1, theupperboundswerereducedfor certainDVs solely
to capturemoretrendsin the feasibleregion with fewer
initial designs.

Resultsand Discussion

BarnesProblem
Theconvergencehistoriesfor themerit functionand

the worst constraint(for the robust optimization foru-
mation)areshown in Figure 4. The designpointsand
databaseweightingparametersareshown in Tables1 and
2. TheNN architecturesremained2-4-1 for all the8 it-
erations.

Iter No. x1 x2

1 32.31 22.52

2 42.24 18.18

3 43.41 18.40

4 42.49 18.34

5 43.16 18.02

6 43.87 17.91

7 42.97 17.82

8 43.48 17.52

Table 1. Robust Designs generated during ICSRD (Barnes

Problem)

It can be seenthat the NN estimatesare very con-
servative and the robust optimum basedupon the NN

Iter No. Err. tol. radius No.of L-Designs

2 1e-4 15 2

3 1e-4 15 3

4 1e-4 15 4

5 1e-5 10 3

6 1e-5 20 7

7 1e-5 20 8

8 1e-6 10 6

Table 2. Database weighting parameters and weights (Barnes

Problem)
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Figure 4. Convergence histories for Barnes Problem

approximationsis such that 2 constraintsare active,
whereasthe“actual” robustoptimumhasonly oneactive
constraint.Theapproximaterobustoptimumis not very
farthough,its only slightly below the“actual” robustop-
timum (obtainedfrom the robustoptimizationusingthe
actualSA) in the designspace.This slight mismatchis
mainlydueto resolutionof theNN approximations.An-
othernotablefeatureof the convergenceis that the ro-
bust designoscillatesfor the last 7 iterations. This is
mainly dueto the inherentrandomnatureandthe reso-
lution of theNN approximations.This wasa casewhere
theapproximateRobustOptimumwason theconserva-
tiveside.Thereis noreasonwhy theapproximateRobust
Optimum shouldnot be in the infeasibleregion which
washighly characteristicof the 2ndCaseof the control
augmentedstructuresproblem,which is discussedlater
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in thepaper.

ControlsAugmentedStructur esProblem

Case1: Theconvergencehistoriesfor themerit function
andtheworstcaseconstraintsof therobustoptimization
formulationareshown in Figure 5. The designpoints,
andthedatabaseweightsfor eachNN areshown in Ta-
bles 3 and 4 respectively.
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Figure 5. Convergence histories for Structure-Controls Prob-

lem, Case 1.

Thefirst five DVs remainedat 3 � 00 for all iterations.
At eachiteration,theworstcaseconstraint(i.emaximum
of µgi � βσgi ), is primarily dueto the5th constraint.The
NN approximationwashighlyunconservativeandtheac-
tualSA wasinfeasible.Thetrainingtolerancewasmade
stricter for the 5th constraint,during the 5th iteration.
Sincethisdid not improvetheapproximations,aweight-
ing criteriawith strict tolerance,andlow radiuswascho-
sento improve theapproximationlocally in thevicinity
of thegeneratedrobustdesigns.It canbeseenthatasa
result,a robust feasibledesign,for which themeanval-
uesof theapproximate5thconstraintwasconservativeas
well, wasobtained,in iteration8. Relaxingtheweighting
criteriaworsensthesituation,in iteration9, andmaking
thecriteriastringentimprovedthedesignin iteration10
andgaveanotherrobustfeasiblesolutionin iteration11.

Case2: The convergencehistoriesof the merit function
andtheworstcaseconstraintsof therobustoptimization
formulationareshown in Figure 6. The designpoints,
andthedatabaseweightsfor eachNN areshown in Ta-
bles 5 and 6 respectively.

Iter No. x6 x7 x8 x9 x10 x11

1 3 9.20 14.74 19.59 18.52 0.06

2 6.31 6.03 15.79 13.84 19.88 0.06

3 6.54 6.73 16.39 13.13 19.54 0.06

4 6.71 6.71 16.36 12.85 19.65 0.06

5 7.29 7.61 16.13 12.40 19.61 0.06

6 9.01 7.25 15.90 10.48 20.00 0.06

7 8.73 7.56 16.04 10.61 20.00 0.06

8 10.91 8.42 11.67 14.23 17.85 0.06

9 11.93 6.84 9.73 13.75 19.06 0.059

10 8.79 7.77 11.98 14.14 18.29 0.01

11 8.83 8.03 11.89 14.25 17.86 0.06

Table 3. Robust Designs generated during ICSRD (Structure-

Controls Problem, Case 1.)

Iter No. Err. tol. radius No.of L-Designs

2 1e-4 100 54

3 1e-4 100 55

4 1e-4 100 56

5 1e-4 100 57

6 1e-4 100 58

7 1e-4 100 59

8 1e-5 10 5

9 1e-5 20 11

10 1e-6 15 8

11 1e-6 15 9

Table 4. Database weighting parameters and weights

(Structure-Controls Problem, Case 1.)

At eachiteration,theworstcaseconstraint(i.e max-
imum of µgi � βσgi ), is mainly dueto the5th constraint.
The NN approximationwasunconservative andthe ac-
tual SA was infeasible,for mostof the iterations. Af-
ter iteration 6, a few combinationsof lower radii and
stricter toleranceswere tried, in an attemptto improve
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Figure 6. Convergence histories for Structure-Controls Prob-

lem, Case 2.

theapproximationlocally andto geta conservativeesti-
matefor the meanvaluesof the constraints.The value
of β was increasedfrom 2.5 to 4.0 during iteration11,
but the actualµgi � β0σgi , with β0 � 2 � 5, wasinfeasible
( ' 0), for iterations11 and12. Soβ wasrestoredto 2.5
andweightingcriteria wasmademuchstricter, for iter-
ation 13. The meanvalueof approximateconstraint5
wasstill unconservative. In iteration14,theapproximate
constraintwasconservative, in termsof meanvalue,but
theactualµgi � βσgi wasinfeasible.Thisshowedthatthe
errorsin sensitivities couldbe crucial too. For iteration
15,β wasincreasedto 3.5,andthefinal NN robustdesign
wasfeasible,with β0 � 2 � 5.

Conclusionsand Futur eWork

The ICSRD framework was successfully imple-
mentedon two testproblemsandwasshown that it was
capableof finding acceptablerobustdesigns.Weighting
selecteddesignsin thedesigndatabasewasshown to be
effective in obtaininggoodestimatesof constraints,by
improving theapproximationlocally. It wasobserved,as
in thecontrolaugmentedstructuresproblem,thatobtain-
ing improved local approximations,that influencecer-
tain crucial constraintswas important. Hence it was
unnecessaryto improve approximationsthat do not in-
fluencesuchcrucial constraintsand therebythe frame-
work could be mademore efficient by implementinga
selective weightingcriteriaby which only thoseapprox-
imations,that influencetheviolatedconstraints,areim-
provedlocally.

Iter No. x6 x7 x8 x9 x10

1 6.95 10.84 11.38 11.70 13.78

2 7.21 10.15 11.69 10.92 14.82

3 7.52 9.58 13.56 13.59 10.05

4 8.60 8.88 9.70 11.72 12.47

5 6.96 10.65 11.07 11.82 14.66

6 6.97 10.62 11.08 11.76 14.76

7 6.52 10.82 11.00 12.06 14.98

8 6.53 10.76 11.10 11.92 15.08

9 6.52 10.80 11.12 11.87 15.15

10 6.47 10.88 11.12 12.07 15.11

11 6.47 10.89 11.12 12.06 15.11

12 6.71 11.10 11.34 12.17 15.46

13 6.38 10.15 10.97 13.84 14.07

14 6.37 10.16 10.92 13.79 14.22

15 6.50 10.23 11.27 13.61 14.67

Table 5. Robust Designs generated during ICSRD (Structure-

Controls Problem, Case 2.)

The framework, in its presentform, requiresdesign
pointsthatrequire“experiments”with parametersatvar-
ious levels, to accountfor the parameteruncertainties.
The actualsensitivities due to the parametersaresuffi-
cient to accountfor parameteruncertainties,for a lin-
earizationapproach.Hencetheframework, needsmodi-
ficationto accountfor this case.Modelinguncertainties
and uncertaintiesdue to convergencein a coupledSA
haveall beenneglected,but canbecrucial,dependingon
how theconvergenceis obtained,duringtheSA. At each
iterationof theICSRD,only theresultingrobustdesign,
is usedto improve the approximations.When thereis
lessinformationaboutthesystem,i.e. lesspointsin the
database,onemayneedmoredesignsduringeachitera-
tion to avoid gettingtrappedin a localminimum.This is
similar to theconceptof SubspaceDesignersin theCSD
framework andis currentlyunderinvestigation.Finally,
goodNN trainingis verycrucialfor thesuccessof anIC-
SRDframework, andit is very crucial to train NNs to a
reasonablestrict tolerancesto assuretheconvergenceof
therobustoptimizationmodule.
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Iter No. Err. tol. radius No.of L-Designs

2 1e-4 100 64

3 1e-4 100 65

4 1e-4 100 66

5 1e-4 100 67

6 1e-4 100 68

7 1e-6 10 6

8 1e-6 10 7

9 1e-6 15 9

10 5e-7 10 9

11 5e-7 10 10

12 5e-7 10 11

13 1e-7 5 10

14 1e-7 5 12

15 1e-7 5 12

Table 6. Database weighting parameters and weights

(Structure-Controls Problem, Case 2.)
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Errata

for Paper No. AIAA-2000-4841,“An Iterative Concur-
rentSubspaceRobustDesignFramework”

1. Page2, bottom of right column

µf � f
�
x̄ � ȳ � p̄ ��� ∇y f Tεy� ca

µgi � gi
�
x̄ � ȳ � p̄ ��� ∇yg

Tεy� ca

σ f � 

∆x f TKx∆x f � ∆p f TKp∆p f � ∇y f TKy� ca∇y f

σgi � 

∆xgi

TKx∆xgi � ∆pgi
TKp∆pgi � ∇ygi

TKy� ca∇ygi

where∆x and∆p arethetotal differentialoperatorsw.r.t.
x andp respectively, whereas∇ is a partial differential
operator. In general,

∆x f � ∇x f � ∆xy∇y f

where ∆xy � ∇xy ( GSE )+* T

Similarexpressionsholdgoodfor ∆p f , ∆xgi and∆pgi .
Note: � T denotesinverseof transpose(or transposeof
inverse).
[GSE] is the Global Sensitivity Matrix obtainedfrom
the Global Sensitivity Equations. y can be divided
into k componentsy1 � y2 ���,�-�-� yk which are the outputs
of CA1 � CA2 ���,�-�,� CAk respectively .The [GSE] (which is
a function of x and p) will be a matrix of dimension
M ! M, where M is the length of y, and will consist
of variousrectangularmatricesandidentity matricesas
shown below

( GSE ) �
.//0 I � ∇y2y1 1�1�1 � ∇yky1� ∇y1y2 I 1�1�1 � ∇yky21�1�1 1�1�1 1�1�1 1�1�1� ∇y1yk � ∇y2yk 1�1�1 I

24335
2. Page3, left column, in Formulation 2

Min. µf
�
x̄ � ȳ � p̄ ��� ασ f

�
x̄ � ȳ � p̄ �

s.t µgi

�
x̄ � ȳ � p̄ ��� N

∑
j � 1

���� dgi

dx j � βσxj � ���� �

P

∑
j � 1

���� dgi

dp j � βσp j � ���� � M

∑
j � 1

���� ∂gi

∂y j � βσy� caj � ���� 	 0 �
where d 687

d 687 aretotal differentials,which arecomponents

of the∆ 697 � � definedearlier.
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