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Abstract

The purposeof this paperwasto evaluatea frame-
work for obtainingrobust designsof comple, coupled
systemsThis framework referredto aslterative Concur
rentSubspac®ohustDesign(ICSRD),is basediponthe
useof globalresponsaurfaceapproximation®f thede-
sign space. ICSRD incorporatesa robust optimization
formulation,usinga linearizationapproachlit generates
approximaterobust designsfrom artificial Neural Net-
work (NN) approximationsn aniterative fashion. Two
benchmarkproblemsare presentedpne being an ana-
lytic problemwith two designvariablesand the other
a control-structureproblem,which is characterizedy
comple discipline coupling. Two variationsof the lat-
ter problemare consideredpne with modified bounds
for certaindesignvariablesandthe otherwith areduced
numberof designvariableswith original bounds. It is
obsenedthatthe NN training playsa significantrole in
obtaininga good robust optimum. It is also obsened
thatICSRD framework yieldsreasonableobustdesigns
for thetestcasesmplemented.
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Intr oduction

The ICSRD framework is an extensionof the Con-
current SubspaceDesign Framavork (CSD) that was
developedor multidisciplinarydesignof acouplednon-
hierarchicsystemwith the capabilityof optimizing sys-
temscharacterizedy mixed discrete block andcontin-
uousdesignvariablesanda singleperformancdunction.
The ICSRD framawvork incorporatesa robust optimiza-
tion formulationwherea<CSD framevork doesnot.

A complex coupledsystemcanbe decomposedhto
Contributing Analyses(CAs) whoseoutputsarethe sys-
tem’s StateVariables(SVs). In a coupledsystem,CAs
exchangeinformationwith eachother, often necessitat-
ing the needfor iterationto determinethefinal SVsfor a
givendesignpoint. This processs referredto asthe Sys-
tem Analysis (SA). The performancédunction and con-
straintsarefunctionsof theSVsandtheDesignVariables
(DVs).
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In the CSD framework, an initial databaseof DVs
andcorrespondingVsis createdy performingSAsfor
aselectedsetof candidatedesigns This databasés used
to develop neuralnetwork responsesurfaceapproxima-
tionsthatreplacethe “actual” coupledCAs with uncou-
pled approximateCAs. Optimizationis performedon
this approximatesystemmodel. For systemswith com-
putationallyexpensve SAs, CSD is more efficient than
conventionaloptimization,sinceSAsin CSDareexplicit
in the systemdesignvariablesanddesignsearchei the
approximatalesignspacereveryefficient. CSDalsoal-
lows subspacelesignerdo suggeshew designghatare
usedto improvetheresponssurfacesn acyclic process.

Uncertainty in a CSD framework

The uncertaintiesn the systemdesignprocessarise
dueto uncertaintiesn designvariables parameterand
CAs. Uncertaintiesin the continuousdesignvariables
andparametersanbeconsideredsrandomeffects.Un-
certaintiesn the CAs canbe eithermodeledasbiasesif
it is known thatthe CAs alwaysunderestimateor over-
estimatethe statevariables,or asrandomeffects’. The
useof responsesurfaceapproximationgive rise to ad-
ditional uncertainty which is low for high fidelity ap-
proximationsand vice-versa. Uncertaintiesare usually
assumedo be normallydistributed,whichis justified by
the“CentralLimit Theorem”whenthe uncertaintiesare
dueto interactionof mary randomeffects.

In ary responseurfaceapproximationit is very dif-
ficult to characterizeéhe uncertainty dueto the error of
approximationwhenthe natureof the actualsystembe-
havior is unknown. In neuralnetwork responsesurface
approximationsthis uncertaintycan be keptto a mini-
mum by training the neuralnetworks to toleranceghat
will yield neuralnetworks with “optimal” architecture.
Too small a network givesa very poor approximation,
andtoo largeanetwork resultsin overfitting andcanre-
sultin poorgeneralization.

Robust Optimization

Thetwo mainfactorstakeninto considerationn this
study are the performancefunction variation and the

probability of failure, due to violation of constraints.

Both have to be keptto a minimum. Traditionally ro-
bustdesignis doneusingDesignof Experimentspased
on OrthogonalArrays,dueto Taguch?. Oneof thetypi-
cal robustoptimizationproblemformulations,similar to

thoseusedin Referencest-6, and basedon statistical
conceptss asfollows:

Formulation 1:

Minimize p¢(X,Y,p) + o x 0t (X,Y,P)
s.t. Hg (X,Y,p) +B*0g (X,y,p) <0
for i=1..J(no. of constraints)
x| <X < Xy

whereX, y andp arethecurrent(mean)designvariables,
statevariablesand parametersespectiely, f (x,y,p) is
the performancemerit) function andg(x,y,p) arethe
constraintsp ando representhe meanandstandardie-
viation respectrely. a is a positive weighting parame-
terthatprovidesa trade-of betweerobtainingminimum
mean and minimum standarddeviation of the perfor
mancefunction. It canbe setto zerowhenperformance
functionvariationis not anissue.p is a positive param-
eterthat setsconfidencdevels, of a desiredprobability,
for eachconstraintaboutits mean. Greaterthe value of
B, the more consenative the robust design. One could
avoid theuseof a, if amaximumallowableperformance
variationis specifiedby the addition of a constraintin
performancdunctionvariation. The choiceof B is easy
whenthe uncertaintyin the gjs are approximatelynor-
mally distributed. For non-normallydistributed g;s the
choiceof B is not straightforvard. Thereare statistical
methodsthat could be usedto “fit” known distributions
to aMonte-Carlosampleand couldbechoserfrom the
propertiesof the choserbest“fit” distribution. It should
be notedthat, one could obtain an upperboundon the
value of 3 for ary distribution, for a given probability
of failure, from the Chebyshe inequality’, but suchan
upperboundis very conserative andoftenunnecessary
The meanand variancecan be calculatedusing ei-
thera linearizationapproximationor a Monte Carlo ap-
proach.Linearization's acommonway of estimatingun-
certaintiesn engineeringLinearizationworksvery well
for functionsand constraintghat are not highly nonlin-
ear The expressiondor the meansand standarddevia-
tions of the performancdunctionandconstraintsusing
thelinearizationapproachareasgivenbelow.

ue = f(X,y,p)+ nyTay,ca
Mg = Gi (X,,P) + Ogiy " €yca
of = \/D fXT KXD fX + I:l pr Kpl:l fp + D fyT Ky’caD fy

0y = \/ Ogiy ™ KxOgiy + 01" Kplgi p + iy ™Ky callgiy
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Kx, Kp andKy 5 arethe variance-cwariancematricesof
continuousdesignvariablesx, parameterg anduncer
tainty in statevariablesdueto uncertaintyin CAs alone,
respectiely. gy c; arethevariationsin the statevariables
dueto biasesassociatedvith the CAs.

Thedervativeswith respecto x canbe obtainedus-
ing Global Sensitvity Equations(GSEs)? or finite dif-
ferencingor can be availablein analyticalforms. The
derivativeswith respecto y and p canbe obtainedus-
ing finite differencingor may be available in analyti-
cal forms. Usually uncertaintiesn the designvariables,
parametersand CAs are assumedo be independenbf
eachotheror uncorrelatedin which case the variance-
covariancematricedbecomediagonal. Theuncertaintyin
statevariables,dueto uncertaintyin CAs alone,canbe
representedavith eitherthe biasvectoror the variance-
covariancematrix, or both. Thesecanbe calculatedus-
ing GSEsasdevelopedin Gu et.al®.

Basedon the linearizationapproactone could make
a“worstcase"formulationfor theconstraintandhence,
an alternatve robust optimization formulation can be
written as:

Formulation 2:

Min. s (X,Y,p) +ax0s (X,Y,p)
__ Jg
st g%y, a—xf(B*GXJ) +
P agl
3 l5p (v ‘ oy ()| <0

where(B*0x;) and (B op;) arethe magnitudeof vari-
ationin the currentdesignvariablex; andparamete;
respectiely, abouttheir meanswith a probability char
acterizedy thevalueof 3. N, P andM arethenumberof
designvariables,parameterand statevariablesrespec-
tively.

A Monte Carlo approach,to quantify probabilistic
characteristicss costly but not infeasiblewhenapplied
to responsesurface approximationssincethe response
surface approximationsare computationallyvery inex-
pensve. A Monte Carloapproacthasanobviousadwan-
tageover linearizationwhendealingwith highly nonlin-
ear performancefunctionsand constraints. The disad-
vantageof a Monte Carloapproachs thattherobustop-
timizationis not going to be smoothandcorvergenceis
notguaranteed.

The problemformulations1 and?2 treatthe variable

3

boundsas“soft” constraintsthatcouldbeviolateddueto
uncertainty For caseswhenthisis nottrue,thevariable
boundscould be easily modified, to accountfor sucha
casepy addingandsubtracting3oy to thelowerandup-
per boundsrespectiely. In practicalengineeringprob-
lem, one could encounterboth “soft” and “hard” con-
straints(one that cannotbe violated). For “soft” con-
straints, one would have to alter the formulationsfor
those specific constraints,by removing the additional
weightedstandarddeviation term, Bog. ThelCSRDin
the presentform treatsvariable boundsas “soft” con-
straintsandthe constraintsas“hard” constraints.

Theproblemformulationsgivenabovedonotinclude
the uncertaintyin the responsesurface approximation.
The uncertaintyin the responsesurface approximation
canbe approximatedas a normally distributed random
effect with zero meanvarying betweenplus or minus
the root meansquare(RMS) error of fit, weightedby
a factor, for a desiredprobabilty and a statisticalunbi-
asedestimate(usually the reciprocalof the numberof
degreeof freedomsin the approximation). The disad-
vantageof this approachis that it would leadto over
consenrativedesignsespeciallyatdesignsvheretheval-
uesof theconstraint§rom theapproximateCAsarevery
smallwhencomparedo the contribution from the RMS
errors, even thoughthey could be suficiently closeto
the valuesof the constraintf the “actual” CAs. In the
presenstudy attemptshave beenmadeto obtainaccept-
abledesignswithout the inclusionof the uncertaintyin
responseurfaceapproximations.

Two kindsof uncertaintiehave to bedealtwith when
performinga robustoptimizationusingresponseurface
approximationspnebeingthe uncertainty(error) in the
meanvalueandthe otherbeingthe uncertainty(error)in
the standardieviation, dueto the statisticalvariationsin
the designvariablesand parametersThe uncertaintyin
standardieviationsof the NN approximationsta given
designpoint, is mainly dueto errorsin the sensitvities,
for a generalrobust optimizationformulation and only
dueto errorsin the sensitvities for a robust optimiza-
tion formulation using a linearizationapproach. Since
nosensitvity informationis usedn creatingtheresponse
surfaceapproximationsit is not possibleto quantifythis
error.

The meanand standarddeviation uncertaintiesbe-
comeverycrucialwhentheconstraint®f therobustopti-
mizationformulation(lg + Bag;), obtainedrom the ap-
proximations,are not conserative, i.e. not lower than
the actualconstraintsof the robust optimizationformu-
lation. One would needto obtain a good approxima-
tion, at leastin the region of interest,to keepthis un-
certaintyto a minimum. Minor discrepanciebetween
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theapproximateonstraint@ndactualconstraintspnthe
non-conserativeside,couldbehandlecdby artificially in-
creasinghevalueof (3 for therobustoptimizationof the
approximateSA and determiningthe robustnessof the
actualsystemfor afixedvalueof (3 (Bo) thoughthis may
not necessariljhelp whenthe standarddeviation uncer
taintiesare high. So onewould needto calculatesen-
sitivities of the actualSA asa verification,to determine
if the approximationshave to be improved further “lo-
cally”, by meansof a weighting procedurethat will be
discussedn the next section.

ICSRD framework

A flowchart of the ICSRD framework is shown in
Figure 1. Thepresenform of ICSRDframework is dif-
ferentfrom theCSDframeaworkin two aspectsthefirstis
thatnosubspacedesignersrepresentn alCSRDframe-
work andthe seconds thatweightingof designsarenot
donein CSD. The currentlICSRD framework doesnot
accomodateliscreteandblock designvariablesnor “bi-
ases”associatedvith the CAs, thoughthe latter canbe
accountedor easily sinceit affectsonly the robustop-
timization. The currentiICSRD framawvork incorporates
formulationsl and2 (formulation1 alonewas usedfor
the test problems)for the robust optimization, using a
linearizedapproach.The basicapproachof the ICSRD
framawvork canbe summarizeds:

Baseline Designs

SA

Additional Databaseg

Initial Database

Build NN approx.s

sweted NN

Robust Optimization

.
NN Robust Designs 47
STOP

Figure 1. ICSRD (lterative Concurrent Subspace Robust De-

sign)

4

. Generatdnitial databas¢BaselineDesignslandset
NN training parametersoptimization parameters,
weightingstratgly parametersindparametergisso-
ciatedwith problemdefinition.

. TrainNNs andstoreNN weightsandarchitectures

. PerformRokustOptimizationusingNN approxima-
tions.

. PerformSA for the robustdesignobtainedfrom the
previousstepandappendo thedatabase

. Is corvergencecriteriasatisfied?if yesSTOR, if no
proceed.

. Determine weights for patternsfrom a selected
weightingcriteria.

. Re-train NNs starting with NN architecureand

weightsfrom previousiteration,with the errorterm

modified by the weightsdeterminedrom previous
step

Goto step3.

N

8.

ThelCSRDframework canbedividedinto thefollowing
mainstagesthatareexplainedin detail.

Building anlnitial Database An initial databasés cre-
atedfrom the actualSA, by eithera full factorial,frac-
tional factorial or other non-standaragapproaches.The
full factorial approachis very costly when the SA is
characterizedy large numberof designvariablesand
parameters. Somefractional factorial approachedike
Central CompositeDesign (CCD) and OrthogonalAr-
rays (OA) arelesscostly Two possiblenon-standard
approachesre selectionof my x mp x ---my uniformly
spacedexperimentsor the selectionof M random“ex-
periments’'within theboundsof the designvariablesand
parametersTheformernon-standarépproacthasbeen
usedfor one of the test problems,Barnesproblem,in
the currentpaper The latter when usedwith the Con-
trol AugmentedStructuresproblem,did not yield satis-
factoryresults. HenceOAs wereusedfor this problem.
The OAs areconstructedisinga softwarewritten by Dr.
A. Owen,Departmenbf Statistics StanfordUniversity.
The software can generateBose,Bose-BushBushand
Addelman-kempthornedesigns. One can also use an
OA augmenteavith afew random-“experiments” when
moreinformationaboutthe designspaces neededThis
hybrid approachhasnot beenimplementedandis cur-
rently underinvestigation.

Building NN approximations:NN approximationsare
createdusinga Conjugate-Gradierttasedraining algo-
rithm 19, The main featuresof the Conjugate-Gradient
trainingalgorithmaretheimplementatiorof abounding
algorithm (for bracketing a minimum in weight space),
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a goldensearchroutine (for one dimensionalminimza-
tion), the Polak-Ribieremethodandthe Pavell’'s restart
stratgy 1. Theinitial steplengthfor the boundingal-
gorithm andthe tolerancefor corvergencefor a golden
searchroutine are userselectable.The otherfeatureis
dynamicnodecreation. A new hiddennodeis addedto
the NN whenthe numberof reinitializationsof weights
exceedsa fixed number Weightsarereinitializedwhen
the rate of decayof the sumof squareof errors,for the
giventrainingset,becomesessthanagiventolerancé?.
During training, the bestweightsandarchitecturecorre-
spondingto the lowesterror obtainedis storedand up-
dated. When the numberof epochsexceedsa preset
number(10,000),the weightsand architecturesare as-
signedto the bestweightsandbestarchitecture The ad-
vantageof this training algorithmis thatit is fasterthan
aBackPropagatioror agradientdescenglgorithm. The
disadantageof this training methodis thatthe errorsin
the patternsneednot be uniform andthe maximumpat-
ternerrorcanbeonthe orderof thetrainingtolerance.

All the NNs in the ICSRD framework have only one
outputneuron,so the numberof NNs trainedare either
thenumberof CAs or the numberof meritfunctionsand
constraints.

RolustOptimization: Rokust Optimization routines
have beenimplementedor formulations1 and?2 using
a linearizationapproach.In the currentformulationthe
robust optimizationaccountdor uncertaintyin parame-
tersandnot uncertaintyin CAs. Robust Optimizationis
performedon the NN approximationof the SA but it
doesnot includethe error of approximationwhich can
be quite significantin somecases.The optimizationis
donefor the robustoptimizationformulationthroughout
from the startingpoint, andis not a two-stagerobustop-
timization. Two-stagaobustoptimizationis usefulwhen
it is known beforehandhatthe optimumdesignobtained
by constrainedptimizationwithout robustoptimization
formulation,is nearerto the actualrobustoptimum. It is
assumedhatthereis no suchprior knowledge.

Theinitial startingpoint for the optimizationfor the
first globaliterationis specifiedby the user For subse-
quentglobaliterationsthe previousrobustdesignis used.
The disadwantageof this choiceof startingpoint is that
the robust designsobtainedduring the global iterations
neednot be nearto the actualrobust optimumand one
may end up exploring a region of the designspacefar
away from the “global robust optimum” and may even
lead to the failure of the optimization. This is dueto
the inherentrandomnatureof NN approximationsand
it alsodependon the amountof the information (num-

5

berof datasetin the databasejndtrainingtoleranceso

whichtheNNs aretrained.Anotherstrategyy would beto

keepa fixed initial startingpoint for all iterations. The
disadantageof this stratey is that, for large problems
theoptimizationcouldbetime-consumingif thestarting
pointis veryfaraway from therobustoptimum. Thefor-

merstratgy hasbeenusedin all of thetestproblemshat
arepresentedn thelatersectionsof this paper

Therobustoptimizationis doneusingthe MATLAB
SequentiaQuadraticProgrammingalgorithm. The NN
trainingtoleranceglay animportantrole in thesuccess-
ful corvergenceof the robust optimization. The useof
very lenient tolerances,can result in a design, which
is out of the variablebounds. This problemoften oc-
curedfor the controlaugmentedtructuregproblem,and
this was overcomeby training the NNs to stricter tol-
erances.This problemnever happenedvith the Barnes
problem. This is mainly becausehe controlaugmented
structuresproblem, has 11 DVs and hencethe initial
databaseusedto build the NN approximationhad less
informationaboutthedesignspacehantheBarnegrob-
lemwhichis only a2-DV problem.

Weightingdesignsobtainedrom RolustOptimization:
It is desirableto weight designsin the vicinity of the
approximaterobust designobtainedfrom the previous
globaliteration,sothatthe NN approximationobtained
by retrainingwould be a better approximationin the
vicinity of previous robust design. This is in tandem
with the first stratgyy of choosingthe starting point.
TheseweightsareusedduringNN trainingto weightthe
patternerrors correspondingo the designswithin the
vicinity of the previousrobustdesign.

One can proposevarious weighting strateies, but
onehasto becarefulnotto overtraintheNNs, thatwould
resultin largernetworks,which areusuallybadgeneral-
izing approximationsWeightingis doneby selectingo-
cal designgL-designs)in theappendediatabaséinitial
databaser actualSAs for the robust designsfrom pre-
viousiterations)within a givenuserdefinedradiusfrom
thelastrobustdesign(obtainedn the previousglobalit-
eration). The averageNN error, i.e the averageof the
scaledpatternsquarederrors, for theselL-designsare
computedfor eachof theNN approximation®f thepre-
viousiteration. The L-designsareequallyweightedwith
theratio of this averageNN erroranda userdefineder-
ror tolerance This errortolerancecouldbevariedduring
theiterative processwhich wasdonemanuallyfor some
cases.One could usea higherradiusto include the en-
tire appendediatabaseandthenseta low toleranceto
improve the approximations.If the approximationsare
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poor for a setof L-designsalone, one could choosea
lower radiusandstrictertolerance.

It would be preferrableto setlenienttolerancedor
the errorsfor L-Designsduring the initial stagesof the
ICSRD andstrictertolerancesiuring the final stagesf
thelCSRD.Onecouldalsothink of notweightingthede-
signsduringtheinitial stagesandstartweightingsome-
timein themid andfinal stagego enhanceheresolution
of theNNs, ata desiredregionin thedesignspace.

Reluilding NN approximations: The NN approxima-
tions arerehuilt at eachglobaliteration. The appended
databaseprovides the patternsfor reluilding the NN
approximations. Some patternsare weighted, as de-
terminedby the weighting stratgy. The architecture
andthe weightsof the NNs beforeretrainingare setto
thoseof the NNs of the previousiteration. The NNs for
eachiterationaretrainedto the sameerrortolerancefor
the half of the sum of weightedpatternsquarederrors,
summedover all patterns).

ConvergenceCriteria: To date,manualcheckshave been
doneto determineconvergence. One could expectthe
convergenceto be obtainedwhen the relative or abso-
lute changein the designpoint is lessthan a tolerance
level. Sucha corvergencecriteria, doesnot take into
consideratiorthe feasibility androbustnes®f theactual
SA. So a two-stagecheckfor feasibility androbustness
is performedn additionto theusualconvergencecriteria
check.At thefirst stagechecksaremadeto make sureif
the meanvaluesof the actualconstraintsarefeasible,if
thisis infeasiblethe secondstageis unnecessaryAt the
secondtagechecksaremadeto make surethattheactual
constraintsasin therobustoptimizationformulation,are
alsofeasible,i.e. robust. This stagewould needan esti-
mateof the actualstandardieviationsof the constraints,
that would needeither actual sensitvities or a Monte-
Carlosimulationof theactualSA. Only thelinearization
approachhasbeentaken into accountin this paper so
only actualsensitvities arerequired.Whencornvergence
in robust designsare satisfied,but the checksfor feasi-
bility fails, onewould have to improve the responseur
facesby a suitableweighting critieria or by tightening
the NN trainingtolerances Whenboththe corvergence
in designpoint and stageonefeasibilty are satisfiedbut
the stagetwo robustnessheckis not satisfied andif the
differencein the constraintsaresmall, one could artifi-
cially increasehe valueof 3 andperformanotheritera-
tion and checkrobustnesdor the actualsystem for the
original valueof 3, Bo.

TestProblems

Two test problems,the BarnesProblem?® and the
Control AugmentedStructure$* problemwere chosen
astestcasesfor preliminary assessmertf the ICSRD
frameawork. Two variationsof thelatterwereconsidered.
For implementatiorpurposesuncertaintiesn CAs and
parametersvere assumedo be absent. Uncertainties
were assumedo be presentonly in the DVs andwere
taken to be normally distributed. In the test problems
consideredthe probability of failure of constraintavas
morecrucialthanthe performancdunctionvariation,or
in otherwords,a wassetto alow value.

1. BarnesProblem

Barnesproblem?3 is characterizedy 2 continuous
DV’s,5 SVs, 1 meritfunction, 21 parameterand3 con-
straints. The SA is not coupled. The problemformula-
tion for the Barnesproblemis givenbelow.

Min. f = aj 4 axXy + agys + adysx1 + asy;
+ agX2 + ary1 + asX1y1 + agy1ya
a
+ aigy2Ys + a11y3 + aroXoyz + alSY% + 2
Xo+1
+ ais5y3ys + aigY1yaxXe
+ a17y1Yyaya + a1gXys + aioy1ys + apoe™!
Y1
1. ==-——-1>0
St Oi=3507"2
X2 Ya

=2_X 5y

g2 5 252 Z

2 X1

=(ys—1)°— (= —0.11) >

g3 =(ys—1) (500 0 11) >0

SVs: y1 = X1x2 Y2 = Yy1X1 Y3 = X%
y = X2 y = E
4= ®~ 50
Bounds: 0<x1 <75 0<x <65

Figure 2 shows the contoursof performancgmerit)
function, constraintboundariescorrespondindgeasible
and infeasibleregions, and one of the local optimum,
which is the mostprobableoptimum. This problemhas
morethana singleoptimum,the global optimumoccurs
at [75.0, 65.0] where no constraintsare active. This
global optimum can normally be obtainedonly if the
startingpoint is nearthis optimum.

6
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This problemwasimplementedvith the ICSRD, by
choosingan initial databasethat was createdby per
forming actualSAson anevenly distributedsetof 5 x 4
designpoints. Four NNs weretrainedfor the merit func-
tion andthe threeconstraints.All the NNs weretrained
to an error tolerance(sum of squareof errorswith out-
putsscaledfrom 0.1to 0.9) of 0.05. The startingpoint
for the optimizationwaschoseras[10,10]. a andf3 were
fixed at 2.5. Uncertaintieswere assumecnly for the
DVs andwereassumedo be uncorrelatecandnormally
distributed with variances0.1 aboutthe meanof DVs,
throughouthe entiredesignspace.Therobustoptimum
obtainedwhen performedusing the actual SA (not us-
ing the NN approximation)with the samestartingpoint
was[47.28,18.87fandonly the secondconstraint(of the
robustformulationwasactive).

i
i

[

o [
1

| Ipfedsible’ |
AR i
1
I

Figure 2. Merit function contours (dashed) and constraint
boundaries for actual SA

2. Control AugmentedStructur esProblem

Control AugmentedStructuregproblem?# is charac-
terizedby 11 continuousDV’s (10 beamelemendimen-
sionsand dampingconstant),2 CAs, 1 merit function

(total structuresand controlsweight) and 7 constraints.

The SA is coupled. Thereare 43 SVs. One CA is the

controlssubsystenandotheris the structuresubsystem.

The aim of this problemis to find the minimum weight
of a cantilever rectangulabeam which is dividedinto 5
elementof equallengthandhasa controllerattachedo
its free endandis subjectedo 3 staticloadsTs, T, and
T3 anda dynamicload f (t), asillustratedin Figure 3.
The controlssubsystemA & B, is designedasa Lin-
ear QuadraticRegulator (LQR) that gives optimal con-
trol inputs,to controlthe beamrotationalandlateraldis-
placementsThe control effort depend®on the eigenfre-

7

Figure 3. Control Augmented Structures

guenciesandeigervectorsof the structuresThecontrols
weightis taken to be proportionalto the control effort.
The controlsweightis in turn requiredto determinethe
massmatrix for the structureswhich is neededn com-
putationof the staticanddynamicproperties.The con-
straintsin this problemaredueto limitationsonthestatic
anddynamicdisplacementsstaticanddynamicstresses
and naturalfrequenciedor the system. The lower and
upperbounddgor this problemwereinitially 3.0and36.0
respectiely for the first 10 DVs and,0.01and0.06 re-
spectvely for the 11thDV.

The actualoptimumfor this problem,withno uncer
tainty of ary kind, is [3.0, 3.0, 3.0, 3.0, 3.0, 3.7, 7.04,
9.81,11.99,13.84,0.06] with an optimal performance
function value of 1493.88and with the first constraint
aloneactive. It is difficult to find the actualrobust opti-
mum,dueto thefactthatanumberof theconstrainthave
discontinuousderivativeswhich in turn resultsin jumps
in the standard-deéation calculationsat the discontinu-
ties. Thesediscontinuityin derivativesare becausdhe
constraintsaareformulatedfor maximumstatic,dynamic
displacementandstressesandthesecould occurat dif-
ferentelementdn the cantilever, at differentregionsin
designspace. A KreisselmierSteinhause(KS) formu-
lation could be usedto getinfinitely continuoussmooth
cumulative constraint®r onecould uselenientfinite dif-
ferenceparameterto guaranteeorvergencebut this has
notbeendoneto date.

Two variationsof this problem,as describedbelow,
have beenconsidered.

Casel: An initial databasean OA of 3 levels with 54
points,with first 10 DVs with reducedipperboundswas
chosen. The upperboundsfor the first 10 DVs for the
actualproblemwas 36.0, this wasreducedo 20.0. NN
approximationsvere built for the controlsweightand7
constraintsAll the NNs wereuniformly scaledirom 0.2
t0 0.8. All thetrainingtolerancesveresetto 0.01except
for constraint®2, 3 and6, for which training tolerances
of 5e-4,5e-4and1e-3werechosen.

Case2: Thefirst 5 DVs werefixed at 3.0 andthe 11th
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DV wasfixed at 0.06. An initial databasea modified
CentralCompositeDesignfor theremaining5 DVs with
originalboundsconsistingof 64 pointswaschosenThe
modified CentralCompositeDesignconsistedf 2 x 2°
points,i.e. cornersof two boxes,onethatcontainedthe
entire designspaceand the other that sharedthe same
centerasthe outerbox but with its edgeshalf of those
of the outerbox. As in Casel, the NN approximations
werebuilt for the controlsweightand7 constraintsand
all the NNs wereuniformly scaledfrom 0.2to 0.8. The
trainingtolerancesveresetto 0.01for themeritfunction
andconstraints3 and4, 1e-4for constraintsl and5, and
le-3for therest.

It canbeseenthattheinitial databaséor Case2 has
more information aboutthe reduceddesignspacethan
Casel, sinceCasel is of higherdimension. For Case
1, theupperboundswerereducedor certainDVs solely
to capturemoretrendsin the feasibleregion with fewer
initial designs.

Resultsand Discussion

BarnesProblem

The corvergencehistoriesfor the merit functionand
the worst constraint(for the robust optimization foru-
mation)are shovn in Figure 4. The designpointsand
databasveightingparameterareshavnin Tablesl and
2. The NN architecturesemained?-4-1for all the 8 it-
erations.

Iter No. X1 X2

32.31
42.24
43.41
42.49
43.16
43.87
42.97
43.48

22.52
18.18
18.40
18.34
18.02
17.91
17.82
17.52

N~Njo|loa bW [IN]|PF

Table 1.
Problem)

Robust Designs generated during ICSRD (Barnes

It canbe seenthat the NN estimatesare very con-
senative and the robust optimum basedupon the NN

8

Iter No. | Err. tol. | radius| No.of L-Designs
2 le-4 15 2
3 le-4 15 3
4 le-4 15 4
5 le-5 10 3
6 le-5 20 7
7 le-5 20 8
8 le-6 10 6

Table 2. Database weighting parameters and weights (Barnes
Problem)
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Figure 4. Convergence histories for Barnes Problem

approximationsis such that 2 constraintsare actie,
whereaghe“actual” robustoptimumhasonly oneactive
constraint.The approximateobustoptimumis not very
farthough,its only slightly below the“actual” robustop-
timum (obtainedfrom the robust optimizationusingthe
actualSA) in the designspace.This slight mismatchis
mainly dueto resolutionof the NN approximationsAn-
other notablefeatureof the corvergenceis that the ro-
bust designoscillatesfor the last 7 iterations. This is
mainly dueto the inherentrandomnatureandthe reso-
lution of the NN approximationsThis wasa casewhere
the approximateRohust Optimumwason the consera-
tiveside.Thereis noreasorwhy theapproximatdrohust
Optimum shouldnot be in the infeasibleregion which
washighly characteristiof the 2nd Caseof the control
augmentedstructuresproblem,which is discussedater
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in the paper

Controls AugmentedStructur esProblem

Casel: The corvergencehistoriesfor the merit function
andtheworstcaseconstraintof therobustoptimization
formulationareshavn in Figure 5. The designpoints,
andthe databaseveightsfor eachNN areshowvn in Ta-
bles 3 and 4 respectiely.
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o
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[
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1

Iteration #
Figure 5. Convergence histories for Structure-Controls Prob-
lem, Case 1.

Thefirst five DVs remainedat 3.00 for all iterations.
At eachiteration,theworstcaseconstrain{(i.e maximum
of yg + Bag), is primarily dueto the 5th constraint.The
NN approximatiorwashighly unconserativeandtheac-
tual SA wasinfeasible.Thetrainingtolerancevasmade
stricter for the 5th constraint,during the 5th iteration.
Sincethis did notimprovetheapproximationsaweight-
ing criteriawith stricttoleranceandlow radiuswascho-
sento improve the approximatioriocally in the vicinity
of the generatedobustdesigns.It canbe seenthatasa
result,a robustfeasibledesign,for which the meanval-
uesof theapproximatesth constraintvasconserativeas
well, wasobtainedjn iteration8. Relaxingtheweighting
criteriaworsenghe situation,in iteration9, andmaking
the criteria stringentimprovedthe designin iteration10
andgave anotherobustfeasiblesolutionin iteration11.

Case2: The corvergencehistoriesof the merit function
andtheworstcaseconstraintof the robustoptimization
formulationareshavn in Figure 6. The designpoints,
andthe databaseveightsfor eachNN areshowvn in Ta-
bles 5and 6 respectiely.

9

IlterNo.| Xg

3 |920
6.31| 6.03
6.54| 6.73
6.71| 6.71
7.29| 7.61
9.01| 7.25
8.73| 7.56
10.91] 8.42
11.93 6.84
8.79| 7.77
8.83| 8.03

X7 X8 X9 X11

0.06
0.06
0.06
0.06
0.06
0.06
0.06
0.06
0.059
0.01

0.06

X10
18.52
19.88
19.54
19.65
19.61
20.00
20.00
17.85
19.06
18.29
17.86

14.74
15.79
16.39
16.36
16.13
15.90
16.04
11.67
9.73

11.98
11.89

19.59
13.84
13.13
12.85
12.40
10.48
10.61
14.23
13.75
14.14
14.25

|l N 0| AW |IN|EF

Table 3. Robust Designs generated during ICSRD (Structure-
Controls Problem, Case 1.)

Iter No. | Err. tol. | radius| No.of L-Designs
2 le-4 100 54
3 le-4 100 55
4 le-4 100 56
5 le-4 100 57
6 le-4 100 58
7 le-4 100 59
8 le-5 10 5
9 le-5 20 11
10 le-6 15 8
11 le-6 15 9

Table 4. Database weighting parameters and weights
(Structure-Controls Problem, Case 1.)

At eachiteration,the worst caseconstraint(i.e max-
imum of pg, 4 Bog), is mainly dueto the 5th constraint.
The NN approximationwas unconserative andthe ac-
tual SA wasinfeasible,for mostof the iterations. Af-
ter iteration 6, a few combinationsof lower radii and
stricter tolerancesweretried, in an attemptto improve
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Figure 6. Convergence histories for Structure-Controls Prob-
lem, Case 2.

theapproximatioriocally andto geta consenrative esti-
matefor the meanvaluesof the constraints. The value
of B wasincreasedrom 2.5 to 4.0 during iteration 11,
but the actualpy, 4+ Boog, with Bp = 2.5, wasinfeasible
(> 0), for iterations11 and12. So3 wasrestoredo 2.5
andweighting criteriawas mademuchstricter, for iter-
ation 13. The meanvalue of approximateconstraints
wasstill unconserative. In iteration14, theapproximate
constrainwasconsenrative, in termsof meanvalue,but
theactualyy + Bog wasinfeasible.Thisshavedthatthe
errorsin sensitvities could be crucial too. For iteration
15, wasincreasedo 3.5,andthefinal NN robustdesign
wasfeasiblewith g = 2.5.

Conclusionsand Futur e Work

The ICSRD framework was successfullyimple-
mentedon two testproblemsandwasshown thatit was
capableof finding acceptableobustdesigns.Weighting
selecteddesigngn the designdatabasevasshavn to be
effective in obtaininggood estimatesof constraints by
improving theapproximatioriocally. It wasobsened,as
in thecontrolaugmentedtructuregproblem thatobtain-
ing improved local approximationsthat influencecer
tain crucial constraintswas important. Henceit was
unnecessaryo improve approximationghat do not in-
fluencesuchcrucial constraintsand therebythe frame-
work could be mademore efficient by implementinga
selectve weightingcriteriaby which only thoseapprox-
imations,thatinfluencethe violated constraintsareim-
provedlocally.

Iter No.| Xg X7 Xs X9 X10
1 6.95| 10.84| 11.38| 11.70| 13.78
2 7.21] 10.15 11.69| 10.92| 14.82
3 7.52| 9.58| 13.56| 13.59| 10.05
4 8.60| 8.88| 9.70| 11.72| 12.47
5 6.96| 10.65 11.07| 11.82| 14.66
6 6.97| 10.62 11.08| 11.76| 14.76
7 6.52| 10.82 11.00| 12.06| 14.98
8 6.53| 10.76| 11.10| 11.92| 15.08
9 6.52| 10.80 11.12| 11.87| 15.15
10 | 6.47| 10.88| 11.12| 12.07| 15.11
11 | 6.47| 10.89| 11.12| 12.06| 15.11
12 | 6.71) 11.10| 11.34] 12.17| 15.46
13 | 6.38| 10.15| 10.97| 13.84| 14.07
14 | 6.37| 10.16| 10.92| 13.79 14.22
15 | 6.50| 10.23| 11.27| 13.61] 14.67

Table 5. Robust Designs generated during ICSRD (Structure-
Controls Problem, Case 2.)

The framawork, in its presentform, requiresdesign
pointsthatrequire“experiments'with parametersatvar
ious levels, to accountfor the parametemuncertainties.
The actualsensitvities due to the parametersre suffi-
cientto accountfor parametemuncertaintiesfor a lin-
earizationapproach Hencethe framework, needamodi-
ficationto accountfor this case.Modelinguncertainties
and uncertaintiedue to corvergencein a coupledSA
have all beenneglected pbut canbecrucial,dependingn
how the corvergences obtainedduringthe SA. At each
iterationof the ICSRD, only the resultingrobustdesign,
is usedto improve the approximations. Whenthereis
lessinformationaboutthe system|.e. lesspointsin the
databasepnemayneedmoredesignsduring eachitera-
tion to avoid gettingtrappedn alocal minimum. Thisis
similarto the concepibf Subspac®esignersn theCSD
frameawork andis currentlyunderinvestigation.Finally,
goodNN trainingis very crucialfor thesuccessf anlIC-
SRD framework, andit is very crucialto train NNs to a
reasonabletrict tolerancedo assurehe corvergenceof
therobustoptimizationmodule.
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Iter No. | Err. tol. | radius | No.of L-Designs
2 le-4 100 64
3 le-4 100 65
4 le-4 100 66
5 le-4 100 67
6 le-4 100 68
7 le-6 10 6
8 le-6 10 7
9 le-6 15 9
10 5e-7 10 9
11 5e-7 10 10
12 5e-7 10 11
13 le-7 5 10
14 le-7 5 12
15 le-7 5 12
Table 6. Database weighting parameters and weights

(Structure-Controls Problem, Case 2.)
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Errata

for Paper No. AIAA-2000-4841;An Iterative Concur
rentSubspac&®ohustDesignFramevork”

1. Page2, bottom of right column

we = f(5Y,p)+Oyf 'eyea
Hg = 9i (X,y,p) + |:lyg-r“‘ly,ca
0t = /D TR + AT Koo f + Oy Ky call

Og = \/AxgiT KxAxgi + ApgiT Kplpgi + DygiT Ky,cally0i

whereAy andAp, arethetotal differentialoperatorsw.r.t.
x andp respectiely, wheread is a partial differential
operator In general,

Axf = Dxf +Axy[|yf
where Ay = Oxy[GE] T

Similar expressiongold goodfor Ap f, Axgi andApg.
Note: —T denotednverseof transposéor transposef
inverse).

[GSE] is the Global Sensitvity Matrix obtainedfrom
the Global Sensitvity Equations. y can be divided
into k componentsys,yo,...,yk wWhich are the outputs
of CA1,CAy, ...,CAy respectiely .The [GSE] (which is
a function of x and p) will be a matrix of dimension
M x M, where M is the length of y, and will consist
of variousrectangulamatricesandidentity matricesas
shavn below

SRR
[GE] — —Dyl)’Z I Tt —Dyk)’Z

_DV1YK _DV2YK I

2. Page3, left column, in Formulation 2

Min.  pe(X,Y,p) + oot (X,Y,p)

N
st g Ky + Y
=1

12

d()

0
of theA () definedearlier

where 3= aretotal differentials,which are components
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