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ABSTRACT

An approach to develop response surface approx-
imations based upon artificial neural networks trained
using both state and sensitivity information is described
in this paper. Compared to previous approaches,
this approach does not require weighting the resid-
uals of the targets and gradients and is able to ap-
proximate gradient-consistent response surfaces with
a relatively compact network architecture. Numeri-
cal simulation on selected problems is used to eval-
uate the approach that is implemented with the effi-
cient Levenberg-Marquardt neural network training al-
gorithm. The results show that this gradient-enhanced
neural network training approach possesses the capa-
bility to develop improved response surface approxi-
mations compared to the non-gradient neural network
training approach.

NOMENCLATURE

b biases of neural networks (NNs)
b1 biases at the hidden layer
b2 biases at the output layer
e errors
êmax global maximum error
êrms global root-mean-square error
êavg global average error
f merit function
fa actual merit function
fn NN simulation of merit function
g gradient vector
H Hessian matrix
I number of NN input nodes
J number of NN hidden nodes
J Jacobian matrix
K number of output nodes
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M number of training data points
MSE mean sum-squared error
N number of NN weights
Nh number of NN hidden nodes
SSE sum-squared error
t target value
w neural network weights
w neural network weight vector
w1 ji weights at the hidden layer
w2k j weights at the output layer
x design variable, and neural network input
y state variable, or NN hidden layer output
z neural network output

I. INTRODUCTION

Artificial neural networks (ANNs) have been used
to develop parametric response surface (RS) approxi-
mations in a number of Multidisciplinary Design Op-
timization (MDO) procedures1;2;3;4. Improving the
accuracy of these approximations while reducing the
amount of design space information required to de-
velop the ANNs are areas of current interest. By incor-
porating gradient information into the neural network
approximations the number of times that the entire sys-
tem must be analyzed in order to represent these trends
can be reduced. Moreover, the benefit of incorporat-
ing gradient information also includes improved accu-
racy of response surface approximations. The gradient
information can often be obtained through techniques
such as automatic differentiation5 or the Global Sensi-
tivity Equations (GSEs)6 such that only one complete
system analysis is required to yield the gradient infor-
mation at a single design point.

An approach to develop response surface approx-
imations based upon artificial neural networks trained
using both state and sensitivity information is described
in this paper. Compared to previous approaches7,
this approach does not require weighting the resid-
uals of the targets and gradients and is able to ap-
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proximate gradient-consistent response surfaces with
a relatively compact network architecture. Numeri-
cal simulation on selected problems is used to eval-
uate this approach that is implemented with the effi-
cient Levenberg-Marquardt neural network training al-
gorithm.

II. OVERVIEW OF PREVIOUS WORK

The neural networks considered in this study are
based upon the two-layer sigmoid activation feedfor-
ward model shown in Figure 1. Using this same class
of ANNs, Sellar7 presented three approaches to include
gradient information in neural network training for re-
sponse surface approximations.
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Figure 1: A Feedforward Neural Network Model

The first approach, Multi-point Database Augmen-
tation, assumed a linear relationship in the neighbor-
hood of the original training data points and added ap-
proximate state information to the training database.
These additional training data were computed from a
first order Taylor series approximation using available
local sensitivity information around the original train-
ing data. An obvious difficulty with this approach is the
rapid growth of the training data set and corresponding
increase in network training time as the dimension of
the design space increases.

The second approach, treated each gradient as an
additional, unique output of the neural network. Al-
though the size of the training database remains fixed,
this approach can lead to unconsistency between target
outputs and gradient outputs that are related to each
other through the actual function. This can occur since
the weights connecting the hidden nodes to each output
of a neural network are unique and the outputs have no
specific relationship to each other.

The third approach, Nonlinear Residual-
Minimization Gradient Approximation, reduced
simultaneously the residuals of the targets and gradi-
ents in the least-squares sense. In order to maintain
the consistency between target outputs and gradient
outputs, the gradients of the network outputs with
respect to the network inputs were explicitly expressed
using the activation functions of the network, which
for the two-layer sigmoid activation feedforward
neural network are expressed as7

∂zk

∂xi
= zk(1�zk)

J

∑
q=1

w1qiw2kqyq(1�yq); (1)

wherew1 andw2 are the network’s weights which have
to be adjusted to map the target and gradient informa-
tion in neural network training. The error function se-
lected for minimization during the algorithm was the
vector of residuals of the targets and gradients. This
also required that the residuals be weighted such that
the product of the targets and corresponding factors,
and of the gradients and associated weighting factors,
are of the same order. Unfortunately the determination
of the appropriate weighting scheme for the residuals
was actually a trial-and-error process. Since it is im-
practical to use a trial-and-error process for response
surface approximations in actual engineering applica-
tions, alternative approaches need to be considered.

This paper presents a method for Gradient-
Enhanced Neural Network Training (GeNNT) that is
an extension of the third approach, but can avoid the
disadvantages of residual weighting. This approach in-
troduces a new error function, which does not have to
weight the residual vector but still can effectively ex-
press the combination of difference of targets and gra-
dients between the actual function and the neural net-
work approximation.

III. THE GENNT ALGORITHM

This section briefly presents the derivation of
the GeNNT approach that is implemented with the
Levenberg-Marquardt algorithm (GeNNT-LM). The
complete derivation procedure is detailed in Liu8. In
order to describe this approach, assume that the ac-
tual function fa, and the approximate functionfn from
the neural network are both functions of a single inde-
pendent variablex shown in Figure 2. The purpose of
GeNNT is to make these two response surfaces as close
as possible,i.e., the differences between these two re-
sponse surfaces not only at the design points which are
indicated as “X” but also in the neighborhood of the
design points are hoped to be reduced. This can be
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achieved by minimizing the mean squared error MSE.
At any design point, MSE is expressed as

MSE=
1
3
(e2

l +e2
c +e2

r ); (2)

where the left errorel , the central errorec and the right
errorer are respectively

el = tl �zl ; ec = tc�zc; er = tr �zr :

Here tc and zc are target and network output respec-
tively at the design point,zl andzr , tl andtr , are respec-
tively the approximate values of targets and network
outputs near the design point that are computed by a
first order Taylor Series approximation.

X
xx-∆x x+∆x

ƒ

ƒ

x

Z

l

r

l

lz

zr

r

xz

a

n

e
e

e
t

t t

c

c

c

Figure 2: Actual Functionfa and Approximate Func-
tion fn

Formulation of the Error Function

In a general situation withK functions in anI -
dimensional design space

t1 = fa1(x1;x2; :::;xI ); t2 = fa2(x1;x2; :::;xI );

::::::; tK = faK(x1;x2; :::;xI );

one could develop a two-layer network withI inputs,J
hidden neurons, andK output neurons that is referred
to as anI -J-K network, to approximate theseK actual
functions based onM input and output pairs (IOPs).
Of course, one has to assume that the local sensitivities
at these design points are available. In the following
development,M will not appear because one can set
M = 1 for a more concise presentation of the approach.
The general case withM > 1 is similar and will be dis-
cussed later. Thus, one can write an expression for the

MSE,

MSE =
1

3K

K

∑
k=1

(e2
kl +e2

kc+e2
kr)

� 1
3
(MSEl +MSEc+MSEr); (3)

where

MSEl =
1
K

K

∑
k=1

e2
kl ; MSEc =

1
K

K

∑
k=1

e2
kc;

MSEr =
1
K

K

∑
k=1

e2
kr;

ekl = tkl �zkl; ekc = tkc�zkc; ekr = tkr�zkr:

Using Taylor Series expansion, one can express the
functional valueszkl at the points in the neighborhood
of the design points as,

zkl = zkc�
I

∑
i=1

∂zk

∂xi
∆xi : (4)

Similarly, one can obtain the expressions forzkr, tkl and
tkr respectively. In above equations,tkc andzkc are the
values of thekth target and network output respectively
at the design points.

Formulation of the GeNNT-LM Algorithm

Two network training algorithms were considered
in this study. Results indicated that the Levenberg-
Marquardt algorithm provides a faster convergence
compared to the standard backpropagation algorithm.
The original Levenberg-Marquardt algorithm9 is pre-
sented as

w(k+1) = w(k)� (H(k)+µ(k)I)�1g(k); (5)

wherew is the N-dimensional vector of weights and
biases in the neural network,H is the Hessian matrix
(second derivatives) of the error function,g is the gra-
dient of the error function,µ is a scalar. Because the
error function MSE in this paper has the form of a
sum of squares, a Levenberg-Marquardt modification
algorithm10 which was designed to approach second-
order training speed without having to compute the
Hessian matrixH was used.

Considering the termMSEl in Equation 3, one can
have

gl =
∂(MSEl )

∂w
=

2
666664

∂(MSEl )
∂w1

∂(MSEl )
∂w2
...

∂(MSEl )
∂wN

3
777775=

2
K

JT
l el ; (6)
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where

Jl �

2
66664

∂e1l
∂w1

∂e1l
∂w2

� � � ∂e1l
∂wN

∂e2l
∂w1

∂e2l
∂w2

� � � ∂e2l
∂wN

...
...

...
...

∂eKl
∂w1

∂eKl
∂w2

� � � ∂eKl
∂wN

3
77775

K�N

;

el �

2
6664

e1l

e2l
...

eKl

3
7775 :

And one can approximate theN�N Hessian matrix
as10

H l � 2
K

JT
l Jl ; (7)

and similarly,

gc =
2
K

JT
c ec; Hc� 2

K
JT

c Jc: (8)

gr =
2
K

JT
r er ; Hr � 2

K
JT

r Jr ; (9)

Then, the Levenberg-Marquardt modification algo-
rithm for GeNNT with the error function in Equation 3
can be updated as

w(k+1) = w(k)� (H(k)+µ(k)I)�1g(k); (10)

where

g =
1
3
(gl +gc+gr)

=
2

3K
(JT

l el +JT
c ec+JT

r er); (11)

H =
1
3
(H l +Hc+Hr)

� 2
3K

(JT
l Jl +JT

c Jc+JT
r Jr): (12)

The algorithm would be complete if one can ob-
tain the three Jacobian matricesJc, Jl andJr . Jc can
be calculated using the chain rule similar to that ap-
plied in the standard backpropagation algorithm10;11,
and the following shows how to deriveJl andJr from
Jc. Because

ekl = tkl �zkl = ekc�
I

∑
i=1

�
∂tk
∂xi

� ∂zk

∂xi

�
∆xi ; (13)

the element ofJl (K�N matrix) is written as

(Jl )kn =
∂ekl

∂wn
=

∂ekc

∂wn
+

∂
∂wn

 
I

∑
i=1

∂zk

∂xi
∆xi

!
: (14)

So, from the definition of Jacobian matrixJc, one can
have

Jl = Jc+∆J; (15)

where the element of the∆J matrix is defined as

(∆J)kn =
∂

∂wn

 
I

∑
i=1

∂zk

∂xi
∆xi

!

=
I

∑
i=1

∂
∂wn

�
∂zk

∂xi

�
∆xi: (16)

Similarly, one can have

Jr = Jc�∆J: (17)

Then, the final step is developing an expression for the
∆J matrix.

Computing ∆J Matrix

The weight spacew of an I -J-K network in Fig-
ure 1 is composed of four different parts, which are
respectively the weights for the hidden layerw1 ji , the
weights for the output layerw2k j, the biases for the hid-
den nodesb1 j , and the biases for the output nodesb2k.

In this section, the term∂
∂wn

( ∂zk
∂xi

) in the elements of the
∆J matrix is derived for each element in the different
parts of the weight spacew.

From Equation 1, the gradient output of a two-
layer feedforward network with the unipolar sigmoid
activation function can be presented as

∂zk

∂xi
� Q1Q2; (18)

where

Q1 � zk(1�zk);

Q2 �
J

∑
q=1

w1qiw2kqyq(1�yq): (19)

Using Equation 19, one can write,

∂
∂w2s j

�
∂zk

∂xi

�
=

∂Q1

∂w2s j
Q2+

∂Q2

∂w2s j
Q1; (20)

wheres is used as the subscript ofw2 in order to be dis-
tinguished fromk in zk. Then using the chain rule and
the functional relationship in a two-layer feedforward
sigmoid network, one can write,

∂Q1

∂w2s j
=

∂(zk(1�zk))

∂w2s j

= (1�2zk) � ∂zk

∂w2s j
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= (1�2zk) � dzk

du2k

∂u2k

∂w2s j

=

�
(1�2zk) �Q1yj ; ass= k

0 ; ass 6= k
(21)

whereu2k is the input to the activation function on the
output nodes, and

∂Q2

∂w2s j
=

J

∑
q=1

�
w1qiyq(1�yq)

∂w2kq

∂w2s j

�

= w1 ji yj(1�yj)
∂w2k j

∂w2s j

=

�
w1 ji yj(1�yj); ass= k

0 ; ass 6= k
(22)

Substituting the above two results into Equation 20 one
can write

∂
∂w2s j

�
∂zk

∂xi

�
=

8<
:

[(1�2zk)Q2+w1 ji (1
�yj)]yjQ1; ass= k

0; ass 6= k
(23)

Similarly asw2k j, one can derive

∂
∂b2s

�
∂zk

∂xi

�
;

∂
∂w1 jp

�
∂zk

∂xi

�
and

∂
∂b1 j

�
∂zk

∂xi

�
;

wherep is used as the subscript ofw1 in order to be
distinguished fromi in xi . In all above equations,

i; p= 1; � � � ; I ; j = 1; � � � ;J; and k;s= 1; � � � ;K:

The GENNT-LM Algorithm with M > 1

In this section the general case of the GENNT-LM
algorithm withM IOPs and the formulation of the Jaco-
bian matrix are overviewed. Similarly as in Equation 3,
the error function withM IOPs can be presented as

MSE=
1
M

M

∑
m=1

MSEm

where

MSEm =
1
3
(MSEml +MSEmc+MSEmr);

and

MSEml =
1
K

K

∑
k=1

e2
mkl; MSEmc=

1
K

K

∑
k=1

e2
mkc;

MSEmr =
1
K

K

∑
k=1

e2
mkr;

whereemkl, emkcandemkr are respectively the left error,
the central error and the right error of thekth state at

themth design point. Similarly as the procedure in the
case withM = 1, one can get

g=
2

3MK
(JT

l el +JT
c ec+JT

r er): (24)

H =
2

3MK
(JT

l Jl +JT
c Jc+JT

r Jr): (25)

Jc and∆J are denoted as

Jc�

2
666666664

J1c

J2c
...

Jmc
...

JMc

3
777777775
; ∆J�

2
666666664

∆J1

∆J2
...

∆Jm
...

∆JM

3
777777775
;

where the elements ofJmc and∆Jm are expressed re-
spectively as

(Jmc)kn =
∂emkc

∂wn
; (26)

(∆Jm)kn =
I

∑
i=1

∂
∂wn

�
∂zmk

∂xi

�
∆xi : (27)

There is also

Jl = Jc+∆J; Jr = Jc�∆J:

With Equation 24 and 25, the Levenberg-
Marquardt modification algorithm for GeNNT can still
be presented in the same form as Equation 5. The key
step in the above algorithm is the computation of the
∆J matrix and the Jacobian matrixJc. The∆J matrix
can be obtained using Equation 27 in the similar way in
the previous section. To compute the Jacobian matrix
Jc efficiently, the weight vectorw is reconstructed into
a matrix. The N-dimensional weight spacew is com-
posed of four parts,[w1 b1 w2 b2], wherew1 andw2
were reshaped from the weight matrixw1 ji andw2k j

respectively. For example,

w1= [w111;w112; � � � ;w11I ; w121;w122; � � � ;w12I ;

� � � � � � ; w1J1;w1J2; � � � ;w1JI ]
T :

So, the element blockJmc in the Jacobian matrixJc can
be presented as

JT
m =

2
6666666664

∂em1
∂w1

∂em2
∂w1 � � � ∂emK

∂w1

∂em1
∂b1

∂em2
∂b1 � � � ∂emK

∂b1

∂em1
∂w2

∂em2
∂w2 � � � ∂emK

∂w2

∂em1
∂b2

∂em2
∂b2 � � � ∂emK

∂b2

3
7777777775

N�K

; (28)
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where the subscriptc is dropped fromJmc andemkc for
the sake of conciseness.

IV. APPROACH EVALUATION

In this section the proposed approach is applied to
two test problems and compared to a non-gradient re-
sponse surface approximation also based on the neural
network training algorithm. Comparisons were made
with the quality of response surfaces approximated and
reliability of the algorithms.

Test Problem 1

In this problem the system analysis representing
the source for the design information are explicit, ana-
lytic expressions in the design variables and non-local
states. This problem operates on three design variables
f~xg and two statesf~yg as given in Equation 29. The
size of this problem was chosen to allow for graphical
presentation of selected results.

State 1 :
y1 = x2

1+x2+x3�0:2y2

State 2 :
y2 =

p
y1+x1+x3

(29)

The system analysis, an iterative process, for this fully-
coupled, nonlinear problem was performed to obtain
the non-parametric response surfacesy1 andy2. The
state and gradient values at 36 design points,i.e., all
combinations of

x1 = (�10;�3;3;10)

x2 = (0;5;10)

x3 = (0;5;10);

were used as the training data to approximate the re-
sponse surfaces in the design space below.

�10:0� x1 � 10:0

0:0� x2 � 10:0

0:0� x3 � 10:0

In all figures hereafter, the state values are linearly
scaled and mapped into [0.1,0.9].

Results
Because most conclusions drawn from the artifi-

cial neural networks based response surface (RS) ap-
proximation ofy2 are the same as that ofy1, only the
approximation ofy1 is shown and discussed here. A
3-Nhidden-1 network was developed to approximate the
response surface ofy1, where the number of hidden
nodesNhidden is case dependent. The only training cri-
terion isMSE= 0:0025, orērms=

p
MSE= 0:05. Re-

sults show that the training criterion was reached for all
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8
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Actual Surface Contour, when x3=5

Figure 3: Nonparametric Response Surface and Con-
tour ofy1 at x3 = 5

cases withNhidden= 6. Because the response surfaces
of y1 in the design space of (x1;x2) for different values
of x3 have similar characteristics, the discussion will
focus on the RS atx3 = 5. The actual nonparametric
response surface and the approximation by the GeNNT
approach are shown in Figure 3 and 4, respectively.

The GeNNT approach was compared with the
non-gradient neural network training (NNT) approach.
Six trials were performed to obtain the approximate RS
of y1 for each of five cases shown in Table 1, which
are distinguished from each other by the termination
criterion MSE (or ērms), and the training approach.
Comparisons are based upon a number of “global er-
rors”: the maximum error ˆemax, the root-mean-square
error êrms and the average error ˆeavg. These global er-
rors were calculated from target and NN output val-
ues at all combinations of integer values of(x1;x2;x3),
i:e: 21�11�11= 2541 data points, across the whole
design space(x1;x2;x3).

The average values of different global errors for all
trials of each group are shown in Table 1 and Figure 5,
and the detailed data of ˆerms, êavg and êmax for each
trial are shown in Figure 6, 7 and 8 respectively. The
cross-section plots of the nonparametric and approxi-
mate response surface atx3 = 5 andx2 = 0, 5 and 10
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Figure 4: Approximate Response Surface and Contour
of y1 at x3 = 5 using GeNNT

respectively, of one typical trial in Group A2 and B2
are shown in Figure 9 and 10. Because the difference
between Group A1 and Group B1 is similar to A2vs
B2, and there is no Group A3 corresponding to B3, the
cross-section plots of Group A1, B1 and B3 are omitted
here.

Discussion of Results

1) From the global errors ˆerms, êavg and êmax in Ta-
ble 1 and Figure 5, the quality of GeNNT group
A1 and A2 is better than the corresponding NNT
group B1 and B2. This conclusion also can be
drawn from comparison between the cross-section
response surface of Group A2 and B2 as shown
in Figure 9 and Figure 10 respectively. Even
the RS of Group A1 with the training criterion
MSE= 0:01 is better than that of Group B3 with
MSE= 0:0001. The cross-section plots of the ap-
proximation using the GeNNT approach in Fig-
ure 9 show that the approximate RS in the neigh-
borhood of the training data is very close to the
actual RS, and this results from the influence of
the gradient information constraints on the ANN
training.

2) The detailed error data of each trial for all groups

A1 A2 B1 B2 B3
−10
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10
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30

40

50

60

Group

e 
(x

 0
.0

1)

Average Criterion Value of All Trials

                          
e

rms
 of IOPs           

e
avg

 of IOPs           
e

max
 of IOPs           

e
rms

 of Design Space   
e

avg
 of Design Space   

e
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 of Design Space   

                          

Figure 5: Average Criterion Value of All Trials
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25

Trial No.

e rm
s (

x 
0.

01
)

A1
A2
B1
B2
B3

Figure 6: RMS Errors of Each Trial

are shown in Figure 6, 7 and 8. These data indi-
cate that the results from the GeNNT approach are
much more consistent than that from NNT. When
taking a look at the approximate response surfaces
of Group A2 and B2 shown in Figure 9 and 10,
one observes that Group A2 is a better approxi-
mation across the range of the variablex1. Actu-
ally, these response surfaces are Trial 2 in Group
A2 and Trial 3 in Group B2 respectively. One can
also use the mathematical criterion to arrive at the
same conclusion. Consider the error ˆerms for ex-
ample. If the dashed line ˆerms = 0:15 in Figure 6
is set as the criterion, and it is assumed that the RS
whoseêrms value is above the line is inadequate,
then there are 2 of 6 trials in Group B2 that are
inadequate. The results of other groups are listed
in the last column in Table 1, which also shows
that the results of the GeNNT approach are very
consistent. One can also draw the same conclu-
sion if one uses ˆeavg= 0:10 or êmax= 0:40 as the
criterion.

3) Even though the NNT approach is not as effective
as the GeNNT approach in most of the above ar-
eas, it requires much less computing time which
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Table 1: Comparison between GeNNT and NNT

ērms Result Errors(10�2) AdequateGroup (10�2) Approach
êrms êavg êmax RS

A1 10.0 GeNNT 6.35 4.46 23.93 6/6
A2 5.0 GeNNT 3.78 2.66 11.83 6/6

B1 10.0 NNT 17.51 12.64 50.84 1/6
B2 5.0 NNT 13.73 9.28 40.51 4/6
B3 1.0 NNT 12.26 8.32 36.14 4/6
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Figure 7: Average Errors of Each Trial
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Figure 8: Maximum Errors of Each Trial

is an advantage. So, if one constrains the approx-
imate RS with a more rigorous termination crite-
rion (e.g. the combination oferms andeavg), one
could get improved training results. But it is still
difficult for the NNT approach to outperform the
GeNNT approach, because the local errors at the
training points that are used in the training process
have limited influence on the global errors for the
NNT approach.

Test Problem 2

This test problem is a response surface approxima-
tion of a polynomial with 20 terms and 15 design vari-
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Figure 9: Cross-section Response Surface ofy1 atx3 =
5 : A2

ables, a problem size consistent with numerous low-
order MDO problems. The analytic expression for the
polynomial is,

y = 5+3x1+20x2+6x3+x8+x9+50x2
1

+20x2
2+7x2

4+13x2
5+x2

6+x2
7+28x2

12

+x2
8+x1x2+x2x10+18x4x5+x9x10

+21x11x12+3x13x14+x1x15: (30)

Figure 11 shows the nonparametric response surface of
the polynomial on

�10:0� x1 � 10:0;�10:0� x2 � 10:0;

8
American Institute of Aeronautics and Astronautics



−10 −8 −6 −4 −2 0 2 4 6 8 10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
y1~x1, when x3=5,x2=0

x1

y1

targets        
NN simulation  
actual function

−10 −8 −6 −4 −2 0 2 4 6 8 10
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
y1~x1, when x3=5,x2=5

x1

y1

targets        
NN simulation  
actual function

−10 −8 −6 −4 −2 0 2 4 6 8 10
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
y1~x1, when x3=5,x2=10

x1

y1

targets        
NN simulation  
actual function

Figure 10: Cross-section Response Surface ofy1 at
x3 = 5 : B2

where xi = 10:0, i = 3; :::;15. In all figures here-
after, the functional value of the polynomial in the
15-dimensional design space is linearly scaled and
mapped into [0.1,0.9].

A 15-Nhidden-1 network was used to approximate
the polynomial, where the number of hidden nodes
Nhidden is case dependent. The training criterion was
MSE= 0:0025, orērms =

p
MSE= 0:05. A selected

number, 50 and 100 respectively, of training data pairs
were randomly chosen from the design space, which
was set as[�10;10] for all xi ; i = 1; :::;15. This prob-
lem was used to explore the effect of selected factors,
like the number of the training data pairs, on the perfor-
mance of the NNT and GeNNT approach. Therefore,
four groups, the combinations of different conditions,
were developed for comparison. For example, Group
“G-100” presents a gradient-enhanced approximation
with 100 random training data pairs. In the numer-
ical experiments, five trials were performed for each
group, whose results were averaged and compared be-
tween the different groups.

The overall characteristics of the response surface
in the 15-D design space can not be depicted by a
2-D graphical presentation. The global error values
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Figure 11: Nonparametric Response Surface

throughout the design space are used for this evalua-
tion. Here, the global error values ˆemax, êrms andêavg,
which are defined similarly as in Test Problem 1, were
selected as performance criteria. The global errors here
were calculated from the errors at 10,000 randomly se-
lected design points in the 15-D design space. To some
extent these values are able to show characteristics of
the response surface for the whole design space. The
average global error values for all trials in each group
are presented in Table 2. The global error ˆerms is the
most useful in evaluating the overall fitness of approx-
imation to the actual response surface, so discussion
will focus on the comparison of ˆerms between the dif-
ferent groups.

One issue regarding the distribution of the training
data needs to be addressed here. The error values in
Table 2, where ˆemax and êrms reach 80% and 20% re-
spectively, are rather large in general sense. For this
specific demonstration problem, however, it does not
imply that the NNT or GeNNT approaches lack the
ability to achieve the reasonable response surface ap-
proximations. The reason for the large error values is
the sparcity of training information in specific regions
of the design space. Assume generally only three train-
ing points are needed for each dimension to obtain an
approximation of a quadratic function with reasonable
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Table 2: Comparison between GeNNT and NNT (¯erms= 5%)

Result Errors(%) TimeGroup
êmax êrms êavg

Nhidden (s)

G-50† 70.982 19.494 14.782 3� 4 � 100
N-50 82.400 29.348 21.924 2� 4 � 1
G-100 64.906 14.956 11.608 7� 10 � 1000
N-100 72.130 18.800 14.680 5� 6 � 10

† ērms= 10%

accuracy, the 315 = 14;348;907 training points would
be required for this 15-dimensional problem. However,
only 100 design points, which are a very small subset
of the training data required for an accurate approxi-
mation, were used in the neural network training.

Some conclusions can be drawn from Table 2.
First, for this somewhat complex problem, the advan-
tage of gradient enhanced approximation over non-
gradient-enhanced approximation is not as significant
as Test Problem 1. From comparisons between the cor-
responding groups, like Group G-100 and Group N-
100, the most important criterion ˆerms of the GeNNT
approach is only 20-35% less than that of the NNT ap-
proach. However, that is still a significant improvement
in overall performance.

Second, comparing groups of 100 data pairs with
groups of 50 data pairs shows there is performance im-
provement due to the increase in training data pairs.
For example, there is about 25% improvement of ˆerms

from Group G-50 to Group G-100, and 30% from
Group N-50 to Group N-100. So, more training data
pairs yield a better approximation as one would expect.

Third, it was not possible to achieve the training
criterion ērms = 5% for Group G-50, so ¯erms = 10%
was used for this group. Even so, its performance is
still better than Group N-50 and has smaller global er-
ror values. Moreover, its performance is very close to
that of Group N-100, which shows the potential of the
GeNNT approach to develop reasonable approximation
accuracy with much less training data.

Last, the gradient-enhanced groups considered in
this paper have more complicated NN architectures
with more hidden nodes, and they require more com-
puting time, which is a result of the computing algo-
rithm presented in the previous sections.

V. CONCLUSIONS

An approach intended to improve the accuracy of
the response surface approximations for application in

an MDO environment has been presented. The ap-
proach has developed the response surface approxima-
tions based upon artificial neural networks trained us-
ing both state and sensitivity information. This ap-
proach introduces an error function, which can effec-
tively express the combination of difference of tar-
gets and gradients between the true function and neu-
ral network approximation. Compared to previous
approaches, this approach does not require weight-
ing the residuals of the targets and gradients and is
able to approximate gradient-consistent response sur-
faces with a relatively compact network architecture.
The implementation of the approach combined with
the Levenberg-Marquardt neural network training al-
gorithm for a two-layer feedforward sigmoid network
with anI -J-K architecture was described in detail.

Numerical simulation on selected problems was
used to evaluate the approach. The approach has been
compared to the non-gradient response surface approx-
imation also based on the neural network training al-
gorithm. Comparisons has been made with the qual-
ity of response surfaces approximated and reliability of
the algorithms. The results showed that the gradient-
enhanced neural network training (GeNNT) approach
has superior performance over the non-gradient neural
network training (NNT) approach.
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