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Orthogonal Curvilinear Coordinates

1 Definitions

Let x = (x1, z2, x3) be the Cartesian coordinates of a point M with respect to a frame of
reference defined by the unit vectors e, es, es3,, . We introduce three functions defined
by

Uj :Uj(fEl,JZQ,l'g), ] = ]_,37 (1)

in a region R. The equation u; = ¢;, where ¢; is a constant, represents a surface. The
system of two equations us = ¢ and u3 = c3 represent a line 7, where the two surfaces
intersect. Along 7;, only u; varies. The system of three equations u; = ¢, us = co and
u3 = c3 represent a point where the three surfaces intersect. At every point M € R,
there are three lines 7;(u;). For Cartesian coordinates, these surfaces are planes. For
cylindrical coordinates, we define

w= r= (af+a3)?, (2)
Uy = 0= tcml(ii), (3)
Uz = I3. (4)

(5)

Here r = ¢; represents a circular cylinder of radius ¢, 6 = ¢, represents a vertical plane,
and x3 = c3 represents a horizontal plane. The two equations r = ¢; and x3 = c3 repre-
sent a circle in a horizontal plane, only # varies as we move along the circle.

The position vector of a point M can be expressed in the Cartesian system as

W = X = x;€;, (6)



where the repeated index implies summation, i.e., x;e; = rie; + roey + r3e3. Note that

0x

We now want to use u; as a new coordinate system. We assume that the Cartesian
coordinates z; are given in terms of the new coordinates u;,

x; = wi(ug, ug,uz), i =1,3.. (8)

Differentiating x with respect to u;, we get

0x ((MZ

The vector

A 0x ox;
E, =——¢-—" 10
J 8uj € auj ( )

is tangent to «y;. Note that
~ 0x ds;

D 11
J &sj de ’ ( )
where ds; is the elementary arc length along «;. We also note that the vector E; = g—;

is a unit vector. Thus if h; = %, ds; = h;du; and E; = h;E;. Hence, using (9, 10), we
get

ox;
hE, = e——, (12)
77 auj
dx = hjEdej. (13)
Since both e; and E; are orthonormal vectors,
=S (e (1)
ToI ouyt

Equation(14) defines the three scales associated with the new coordinates system.

2 Elementary Quantities

2.1 Elementary Arc Length

The elementary arc length of a line not coinciding with the three lines defining the
coordinate system at a point M, the elementary arc length is obtained by taking the
magnitude of (13),

(ds)? = hjz'(duj)2 (15)



2.2 Elementary Surface

The elementary surface of u; = ¢; which contains v; and v, (i # j # k) is

2.3 Elementary Volume

The elementary volume

dO’i = dedSk = h]hkdujduk

dV = d81d82d83 = hlhghgduldUQdU;g

3 Differential Operators

3.1 Gradient
The gradient is defined by

We can also express df as

Using (13), we get

3.1.1 Useful Results
1.

2. Equation(22) implies that

Since

then,

df =V f-dx.
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we deduce

V x Ej _ Vh] X Ej
hj
3.2 Divergence
Note that
E,_E E
hohs — hy ~ hs
Using (22),
L Vug x V
h2h3 = VU us.

Taking the divergence of both sides and noting that

V- AxB=B - VxXxA-A .V xB,

we arrive at

where ¢ # j # k.

This gives the expression for the divergence

1 0

v hlhghg 8u2

(hjheF5),

where i # j # k.

(26)

(29)

(30)



3.3 curl
Using (24, 26), it is readily shown that

1
k
or
1 9(hFy)
FLE, = E; x Eg). 32
Vo BB = S By X B (32)

Noting that E; x E; = €5 E;, where the permutation symbol €;;, = 1 for 4, j, k in order
but ¢ # j # k, €, = —1 for 4, 7,k not in order but i« # j # k, and €;;, = 0 when two
indices are equal, we obtain,

hE; 0
v 2 (hoFU). 33
h1h2h3 8u3( F k) ( )

The expression (33) for the curl can be cast in the familiar form,

VXFZGijk

By hoEs  hsEs

1 o] o] 0
V xF = h1h2h3 Buy Bug Sus (34)

hiFy hoFy  hsky




